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Abstract

We consider a model homogenization problem for the Poisson equation in a domain with a rapidly
oscillating boundary which is a small random perturbation of a fixed hypersurface. A Fourier boundary
condition with random coefficients is imposed on the oscillating boundary. We derive the effective boundary
condition, prove a convergence result, and establish error estimates.
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

Many problems in modern material sciences and engineering require the study of the
macroscopic behavior of bodies with rough inhomogeneous surfaces. The problem of
electromagnetic scattering by an obstacle coated with an absorbing inhomogeneous paint, the
dynamics of two-fluid flow in porous media and past rough walls, and the hydrodynamic
lubrication of rough surfaces are only a few examples. A fundamental issue is understanding
the link between microscopic and macroscopic behavior.
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Recently, many mathematical works have been devoted to the asymptotic analysis of
problems in domains with random microstructure. The first rigorous homogenization results for
divergence form elliptic operators with random coefficients have been obtained in the pioneer
works [26,27,33]. Then the estimates for the rate of convergence were proved in [38].

Homogenization problems in randomly perforated domains were studied in [39,40]. Notice
that in [40] a rather general random geometry was considered. In particular, this geometry did
not assume the existence of an extension operator.

In [12] the authors introduced the stochastic two-scale convergence in the mean and
investigated its main properties. Later on the realizationwise two-scale convergence was defined
in [41]; this technique also applies to homogenization of random thin structures and singular
measures.

Effective equations of a flow in media with stochastic microstructure were derived in [11].

Homogenization problems for random operators with large lower order terms were considered
in [13,21].

Further information on random homogenization and detailed bibliography can be found in the
monographs [25,20].

The boundary homogenization for elliptic boundary value problems with randomly alternating
kinds of boundary conditions was studied in [8]; the effective boundary condition in a domain
randomly perforated along the boundary was obtained in [16]. The paper [17] dealt with the
homogenization of a thick junction through a thin random transmission zone.

Another field, that of equations in domains with rapidly oscillating boundary (periodic and
locally periodic as well as almost periodic), is also quite well-developed. See, for instance,
[1-7,9,10,15,14,18,19,24,29,31,32,35,34,36].

The combination of the two effects, oscillation of the exterior boundary and the randomness
of its geometry, appears naturally in applications but leads to additional mathematical difficulties.

As a typical example we mention here the morphology of contacting surfaces that plays an
important role in the frictional behavior of deformable bodies. The roughness of the contact
surface and the material properties near this surface are the microscopic characteristics which
essentially influence the large scale behavior. The most realistic case includes a random
statistically homogeneous profile of the oscillating part of the boundary and the Fourier boundary
condition.

In biology, when studying the metabolism of infusoria, the cell membrane has a random
microstructure. The description of life activity in the cell requires boundary homogenization
at the cell membrane.

The most realistic case, when there is a small dissipation at the boundary, is of special
interest. The corresponding mathematical description of this effect involves the Fourier boundary
condition. The aim of this paper is to investigate a model problem in such a context. We study
the Poisson equation in a domain with rapidly oscillating random boundary, in the presence of a
small random dissipation at the boundary.

We assume throughout this paper that all the random functions describing both the domain
geometry and the coefficients of the boundary operator are statistically homogeneous. We
derive the homogenized problem, prove the convergence result, and, under additional mixing
conditions, establish error estimates.

The paper is structured as follows. In the next section we introduce necessary notation,
describe the family of random domains depending on a small positive parameter ¢ and pose
the problem to be studied. In Section 3 we specify the probabilistic framework of our study
and make explicit assumptions on the random fields under consideration. Section 4 contains the
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Fig. 1. Domain with random rapidly oscillating boundary.

statements of our main results. Section 5 deals with various technical assertions that are used in
our analysis. Sections 6 and 7 are devoted to the proof of the convergence result and obtaining
error estimates, respectively.

2. Preliminaries and statement of the problem

Let D c RN {x | x4 > 0}, d > 2, be a smooth bounded domain whose boundary has a
nontrivial flat part I'1 = 0D N {x | x4 = 0} with a nonempty (d — 1)-dimensional interior 1.

We perturb the flat part of the boundary in such a way that the perturbed domain has
an oscillating boundary (see Fig. 1). To this end, we define a smooth nonnegative function
g(x),x = (x1,...,x4—1) such that suppg () C Iy € I}, and, given a statistically homogeneous
nonpositive random function F'(§, ), & = (&1, ..., &4—1), which has smooth realizations and is
defined on a standard probability space ({2, A, i), we set, for ¢ > 0,

o~

I, = {x eR:T el eg®F <Ew> < x4 < 0}
£
and, finally, introduce the desired domain with random boundary as follows:
Df = DU L.

For more detailed definitions of randomness we refer the reader to the next section.
According to the above construction, the boundary 9D consists of the parts I3 and I} =

[x €edD? : (x,0) eI, xg =eg(xX)F (% a))} forming together the domain boundary.
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We consider the boundary value problem

—Au, = f(x) inD?,

ou x x
E+8(@P<—,w)ua=g(@4(—,w) onff, (1)
AV e e
B
ﬂ:O on I,
av

where v, is an outer normal to I’y and v is an outward normal to I; p(g, ) and q(’s\, w) are
random statistically homogeneous positive functions.

Definition 1. A function u, € H' (D?) is a solution to problem (1) if it satisfies the integral
identity

/ Vue(x)Vu(x)dx +/ g®)p <)—C,a)> ue (x)v(x)ds
D re €

=/ f(x)v(x)dx—l—f e ®q (fw> v(x)ds, )
D ry €

for any function v € H'(D?).

Our aim is to investigate the asymptotic behavior, as ¢ — 0, of the solution u, to problem (1).
3. The probabilistic framework and main assumptions

In this section we introduce the probabilistic framework of our problem. We refer the reader
to [25] and the references therein for a more detailed description.

Throughout the paper, we assume that all the random fields and random variables are defined
on a probability space ({2, A, n). The random fields considered in the paper are statistically
homogeneous.

Definition 2. A family of measurable maps
T,: 02— 2, xeRY
is called a (d — 1)-dynamical system if the following properties hold true:
e Group property:
Tyyy =TT, Vx,ye€ RI, To =1d (Idis the identical mapping);
e [sometry property:
TUeA Tl =pW), YxeR"' VUeA

e Measurability: for any measurable functions ¢ (w) on (2, the function ¢ (Ty®) is measurable
on 2 x R?~1 where the space R?~! is equipped with the Borel o-algebra B.

Definition 3. Let ¢ (w) be a measurable function (i.e. a random variable) on (2. The function
¢ (Tyw) of x € RU™D and w € 12 is called a statistically homogeneous random field, and, for
fixed w € {2, the function x — ¢ (Tyw) is called a realization of the random field ¢.
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Let L,(2) (g = 1) be the space of measurable functions and integrable in the power g with
respect to the measure i. The following assertion holds; see [20,25] for the proof.

Proposition 3.1. Assume that ¢ € L,(82). Then almost all realizations ¢ (Trw) belong to
LlIOC(R(d_l)).

If the sequence {¢r} C Ly4(§2) converges in L,(§2) to the function ¢, then there exists a
subsequence {¢'} such that almost all realizations ¢y (Tyw) converge in L;OC(]R(”Z_I)) to the
realization ¢ (Tyw).

Definition 4. A measurable function ¢(w) on (2 is called invariant if, for any x €
R4 o (Tyw) = ¢ (w) almost surely.

Definition 5. A dynamical system T is said to be ergodic if all its invariant functions are almost
surely constant.

Definition 6. Let 6 € LllOC (RY~1). We say that the function # has a spatial average if the limit
1
M@®) =1lim — [ 6 ()—‘) dx
e~0|B| Jp \e&

exists for any bounded Borel set B € 1B with |B| > 0, and moreover this limit does not depend
on the choice of B. The quantity M () is called the spatial average of the function 6.

The following result is proved in [20].
Proposition 3.2. Let a function  have a spatial average in R4~ and suppose that the family

{9 (f) ,0<e< 1} is bounded in L4 (K), for some q > 1, where K is a compact in R4~ whose
interior is not empty and contains the origin. Then,

0 (£> —~ M) weaklyin L}IOC(Rd_l), ase — 0.
&

Throughout the article, we make use of the Birkhoff ergodic theorem in the following
particular form (see, for instance, [20,25] for more details).

Theorem 3.1 (Birkhoff Ergodic Theorem). Let Ty be an ergodic (d — 1)-dynamical system and
let ¢ € Ly(82),q > 1. Then, almost surely (i.e. for almost all w € (2), the realization ¢ (Tyw)
admits a spatial average M (¢ (Tyw)). Moreover,

E(¢) = M(¢(Txw))

where E(¢) is the mathematical expectation of ¢.

Definition 7. A random field ¢ (x, w)(x € RY™!, w € ) is called statistically homogeneous if
the following representation holds:

¢(x, ) = ¢ (Tyw),
where E is a random variable on ({2, A, u) and T is a (d — 1)-dynamical system on {2.

We are now ready to make assumptions on the random fields F (E, ), p(g, w) and q(g, w).
First we assume that these random fields are statistically homogeneous, that is

FE 0)=FTo)., pE o) =plo). qE o) =7Tw),
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for all E € R?! where F , p and ¢ are random variables on ({2, A, u), and T% is an ergodic
(d — 1)-dynamical system on §2.

Moreover, we assume that F has, almost surely, continuously differentiable or locally
Lipschitz realizations. We define

W F () =0 F(T;o)le—y.  duF (@) = ViF(T;0)l.

We have VgF (E, w) = 8a,l7 (Tgw) (see, for instance, [25]).
Finally, we make the following assumptions on the functions F, pand q:

(h1) F € Loo(2), F(w) < 0a.s.;

(h2) 3, F € (Lo(2))471;

(h3) p € Loo(£2), p(w) > Oas., pf{w: p(w) > 0} > 0;
(h4) § € L2(2), 33 F € (La(2))471.

Several assertions formulated in this work are valid under a positiveness condition on p stronger
than (h3). This stronger condition reads as follows:

(h3") p~ < p(w) < pT a.s. for deterministic p~ and p* with p~ > 0.

Also in a number of statements we assume that

(h2) 3,F € (La(2)4~Vifd < 5, 8,F € (Lajp(92)4"ifd > 5.

Parts of the results on the rate of convergence are obtained under the following condition:

(h2") 3, F € (Loo(£2))?-1,

4. Main results

In this section we describe the homogenized problem for (1) and formulate the convergence
results. Applying the formal asymptotic technique, one can obtain the effective boundary
conditions for the limit problem (see [4-7,19], for the periodic case). The homogenized problem
reads

—Aug = f(x) inD,

du

— 2+ g®P@uo = g®OE on I, 3
Xd

a

ﬂ:0 on I5,

av

where

P® = (7 1 + (@aF@)’).

4
0G) =E (a(a)) Vi+(@@0Fw)).
The variational formulation associated with problem (3) reads
[ Vuoeveeods + [ e@P @ uotvde
D I
= /D S@vx)dx + /F g () 0 () v(x)dx 5
1

for any function v € H L(D).
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By the standard regularity results for elliptic equations and thanks to the smoothness of 9D,
the solution u of problem (3) belongs to the space H (D).

Remark 4.1. By construction the function u is not defined in the whole domain D?. Applying
the technique of symmetric extension (see e.g. [28]) allows us to extend uq into a larger domain,
say DT, which comprises the domains D?, for all ¢ € (0, 1]; we keep the same notation uq for
the extended function. In particular, for all ¢ € (0, 1] we have |[uol| y2(pey < Clluoll g2(p)» where
C does not depend on .

The limit behavior of the solution u, of problem (1) is described by the following statement.
Theorem 4.1. Assume that f € leOC (R, assumptions (h1)—(h4) are fulfilled, and F (x, w) has,

almost surely, continuously differentiable realizations. Then, almost surely for any sufficiently
small ¢ > 0, problem (1) has a unique solution, and we have almost surely

lim |lug — uoll,(pe) =0, (6)
e—0
where ug is the solution of problem (3). If in addition assumption (h3') is satisfied, then we have

E (llue — uoll,ps)) —> O, (7)

ase — 0.
Under assumptions (h1), (h2'), (h3) and (h4), we have

sli% lue — MOHHI(DS) =0, ®)
almost surely. Finally, if (hl), (h2), (h3’) and (h4) are fulfilled, then

E (”ue - u()”Hl(Ds)) — 0, 9

as e — 0.

Remark 4.2. Notice that in lower dimensions d < 5 conditions (h2) and (h2’) coincide.

Remark 4.3. In fact, if 3w1? € Lo (£2) then the condition p(g, w) > 0 almost surely, in the
statement of Theorem 4.1, can be replaced with the weaker condition P(x) > 0.

The rate of convergence of u, towards up can be estimated under an additional mixing
assumption on the random fields F (E), p(g) and q(g). In order to introduce this assumption
we first define the so-called uniform mixing coefficient and maximum correlation coefficient.

For a bounded set A in R~ denote by 04 the o- algebrao{F(g ), pE, ), qE, )€ e A},
i.e. the o-algebra generated in Q by F(E 9, p(é ), q(é ), foré € A.

Definition 8. The function «(s), s > 0, defined by
a(s) = sup sup U NU)/ ) — pUh)l,

Ap,AycRI-1 Ujcoy, .
dist(A1,A7)>s UzeoAz

is called the uniform mixing coefficient of the random field (F, p, ¢).
The maximum correlation coefficient p(s), s > 0, of the random field (F, p, q) is defined by

p(s) = sup sup  |E(mm2)l, (10)
Ap.AycRA=1, m€Lly(2,04));
dist(A1,A2)=s meLy(2,04,)
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where the second supremum is taken over all o4,-measurable 1y and o4,-measurable 7, such
that En; = 0and E{(n))?*} =1,/ =1,2.

Since the domain D¢ depends on e, it is convenient to introduce a domain, say D™, which
contains all the domains D¢, ¢ < 1.

Theorem 4.2. (i) Assume that (h1)—(h4) and (h3') are fulfilled, and that F (E, ) has, almost
surely, continuously differentiable realizations. Assume also that f € Lo(DT) with
dist(supp(f), I'1) > O. If, in addition,

/‘mw/(a(s))ds < o0 or /oo,o(s)ds < 00, (11
0 0

then the following estimate holds true:
E(luo — el pey) < Ke'l?, (12)

where uq solves problem (3) and the constant K does not depend on ¢.
(ii) If conditions (hl), (h2"”), (h3') and (h4) are satisfied, and at least one of the conditions in
(11) is fulfilled, then for any f € L*(D7) the estimate (12) holds.

Remark 4.4. Both conditions in (11) are fulfilled if the random field (F, p, ¢) has finite range of
dependence. Also, if the random field (F, p, q) is Gaussian, then (11) follows from fast enough
decay of the correlation function of this field.

In practice, for a generic statistically homogeneous random field (F, p, ¢) it might be difficult
to check rigorously whether condition (11) holds true. In the engineering applications the
supremum in (10) is often replaced with the expression

max (% (F(0,-), p(0, ), g0, Nux(FE, ), p&, ), qE, ),

where |§| = s, and x1, x, ..., xy is a (sufficiently rich) finite collection of Borel functions such
that

E (% (FO,), p(0.),4(0, ) =0, E|(¢;(F(0,), p(0,),4(0,))*] = 1.

If this new quantity shows sufficiently fast decay as s — oo, then it is supposed that condition
(11) is fulfilled.

5. Preliminary lemmas
This section is devoted to various technical assertions which are used in the further analysis.
Some of these assertions have been proved in [19] (see also [5]); for them we do not provide

detailed proofs but only stress the difference from the periodic case.

Lemma 5.1. Almost surely, the inequalities
< Civelvllgpe)s (13)

v (35, eg(X)F (J—C, a)>> —v(x,0)
€ Ly(I)
lvllL, iz = C2\/E||U||H1(DS), (14)

hold for any function v € H'(D?), with deterministic positive constants Cy and C».
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If u € H*(DF) we have, for d > 2,

u <3c\, sg(X)F (g, w)) —u(x,0)

with a deterministic constant C3.

d+2
< C3e ™ ||u||H2(D+)7 (15)
L@aja—2)I)

Proof. The proof of estimates (13) and (14) is completely identical to that of Lemma 1 in [19].
The constants C and C» are deterministic due to assumption (h1).

To prove estimate (15) it suffices to justify it for smooth functions; the validity of this estimate
for a function of H2(D™) will follow by a density argument. For u € C*®(R?), by Holder’s
inequality we have

/ u <f cg(D)F (f, a))) —u(®,0)
I &

eg(X)F %,w 9
/ / < ) —u(X, xg)dxy4 dx
ry |Jo 0xq

c Ziz/ /eg(f)F(f,w)
cd-
Iy |Jo

By the Sobolev embedding theorem (see, for instance, [37]), [VullL, ,, \(p+) < Clullg2p+)
i

d-2
o~

dx

2d

-2 ~ d+2 P

dxg|dx < Ced—2 ||Vu||L( R )(D+)'
i

0
@M(X, Xd)

IA

with a constant C which does not depend on u. This yields (15). O

As a consequence of the previous lemma and the trace theorem we have

. x
v<x,8g(5DF (—,w)) < Clvllgi(pey (16)
€ Lo(I')
and
. x
u <x, eg()F (—, w)) < Cllull g2(p+) A7)
IR

with a deterministic constant C which does not depend on ¢.

When computing boundary integrals over I, it is convenient to choose the coordinates
X =(x1,...,X4—1) on Ff . Then we need a convenient expression for the element of the (d — 1)-
dimensional volume of I'{ in this coordinate system, which is the purpose of the next lemma.

Lemma 5.2. Let (ds) be an element of the (d — 1)-dimensional volume of I'f. Then, almost
surely,

~ 2
ds = \/1 T ‘g(@BwF <Tgw>‘ 4% (1 + 0(e)), (18)
where |O(e)| < Ce with a deterministic constant C.

Proof. According to our assumptions, the boundary I'f is defined by the equation

xg —eg(X)F <£, a)) =0.
g
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Hence, omitting the variable @ (which is the usual convention), we have

@

ds = \J(eFiu g + g0 F)> -+ (€Fy,_, 8 + g0, F)> + 1

_X
e

Defining

2
S = \/82 Vgl F2 + 2¢Fg (V;;g, VgF) + g2 ’ng‘ 1,
by direct calculations we get, almost surely,

2
Slgz — |1+ 82| VeF|

€2 |Veg|? F* + 2¢Fyg (V}g, VgF)
2
S+ 1+ ’ng) R
&

< Cse,
where the constant C3 is deterministic and does not depend on . This inequality implies
(18). O

The next proposition is a direct consequence of the Sobolev embedding theorem (see
e.g. [37]).

@)

o)

Proposition 5.1. The inequality

/ uvdx
I

holds uniformly inu, v € H? ).

< Ci|lu v
<Gl g o 00y

The uniform coerciveness, with respect to &, of the bilinear form in (2) is the subject of the
next statement. It implies, in particular, that problem (1) is well-posed. For the proof of the lemma
see, for instance, [30].

Lemma 5.3. Under the assumptions of Theorem 4.1, almost surely for sufficiently small ¢ > 0,
the inequality

VoPdr + [ ¢@p (2 w) v ds = Callvl3, (19)
D¢ re € il
1

holds for any v € H'(D?) with a deterministic constant Cy that does not depend on «.

Proof. Consider, for a given pg > 0, the random variable on {2 defined by

~

me(w) = HI™! {x el :p (£w> > Po},
I3
where H9~! stands for the (d — 1)-dimensional Lebesgpe measure on I, and fl is an open
Borel subset of I'] such that g(x) > go > 0 for x € I'|. We have almost surely, due to the
Birkhoff theorem,

me‘:/: 1 df—"fl‘~E(l{g(w)>po}), as e — 0.
r {p<T§w)ZP0] =
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Then, assumption (h3) ensures the existence of py > 0 and mo > 0 such that, for almost all
w € {2, there exists &9 = go(w) such that m.(w) > mg for ¢ < gp. This implies the desired
inequality (19). Indeed, if (19) fails to hold, then there is a sequence {wg, },fil such that gy — 0
as k — oo, and

-1 X
. 2 2 2 —
khm |:(||w8k ”H'(DSk)) </ ) |[Vwg, |“dx /::k g@p <_8k ) a)) We, ds):| =0.

Without loss of generality we assume that ||we, ||z, (pexy = 1. Then

lim ||[Vwg L, pexy =0 (20
k— 00
and
. X )
lim g@)p| =, @) w; ds=0. (21)
k—00 plﬁk Ek

It follows from (20) and our normalization condition that, along a subsequence (still denoted by
&), We, converges in H'!(D) norm to a constant Cp equal to either |D|~/2 or —|D|~!/2, This
implies by the trace theorem that wg, converges in Ly(I") to Cp. Finally, by Lemma 5.1, 5.2
and by the definitions of mg, pg and fl, we have

X X Iy X -
f g®p (—, w) wﬁk ds > [ g®p (—, w) wﬁk (x, erg MO F (—, w>> dx
I €k I €k &k

x o~ 0
> f 2op (—, w) wl, (%, 0)dF + O(J/&r) = % pomo + o(1),
7 5P e D]

where, almost surely, o(1) tends to zero as ey — 0. The last inequality contradicts (21). This
completes the proof. [l

The following result is also a direct consequence of the Birkhoff theorem.

Lemma 5.4. Let h(’é\, w) be a random statistically homogeneous function such that ||ﬁ|| Loo(f2) <
oo and assume that

E(h(, w)) = 0.

Then, almost surely,
/ h (f a)) u® () vf(x)dx — 0, (22)
I &

1
0, ilies u®, v® € H2 (I h that < C and <C.
as ¢ — 0, for any families u®, v (I'1) such tha ||u8||H%(F1) < Can ||v5||H%(F1) <

If ﬁo : 2 —> RK k > 1, is a random vector such that Eo € (LQ(Q))]‘, and a function
R(X,2) : I't x RK > R has the following properties:

R e C(I' x RY),

IRG, 0 < C(A+ (¢

forallX € I't and ¢ € R, and

(23)

ER(X, ho(-)) =0 foreachx € I, (24)
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then a.s.

/n R (f Fo (T:w)) v ®)dE —> 0 (25)

e—0
for any family v¢ € H'(D?) with 01l g1 (pey < C.
Proof. From Proposition 3.2 and the Birkhoff ergodic theorem it follows that

h <fw) —~ 0 weaklyin L,(I')¥ p > 1,
&

as ¢ — 0. This limit relation combined with Sobolev embedding theorems implies (22). Then,
again by means of the Birkhoff theorem, one can easily deduce from (23), (24) and the bound
||h0||L2(Q) < C that, almost surely,

R (f ﬁo( ;w)) =0 weakly in Lo(I)).

According to the trace and Sobolev embedding theorems, the inequality [|v® || 41 (pe) < C implies
that a.s. the family v® is compact in L,(I7). This yields (25) and completes the proof of the
lemma. [

Lemma 5.5. Almost surely, for any v¢ € H'(D?) such that vl g1 (pey < C and u € C*®(RY),

as ¢ — 0, the following limit relations hold:

‘ /F 8@ (gw) v ()ds - /F g@®O@V’ X 0)d?| > 0, 26)
1 1

‘/ gx)p <§, a)> V8 (x)u(x)ds —f g@ PV (X, 0u(x,0)dx| — 0 27
Ie I

with P(x) and Q(x) defined in (4).

Proof. Letting

’

I = ‘/ g(X)q (fw) v® (x)ds —f 2(X) Q(@X)ve (x, 0)dx
Iy € Iy

we have, according to Lemma 5.2,

< ‘/ g [q (f, w) v (55 g F (f, w)) \/1 + \g@)awf(nw)f
I & & 3

— QN X, 0)] dF

+C8/
I

=1L+ DL.

~
A

¢@)q <§ a)) Ve (f eg®F (g a))) \/1 n )g(f)awf(Tgw)‘z &%
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Inequality (16) implies that, almost surely,

. ~ ~ 2
L < Celv Il 1 pe) | (Tgw) 1+ ‘8wF (Tgw)‘ (28)
Ly(I)
We also have, by Proposition 5.1 and Lemma 5.1,
X I X -
Il S (g(f)q <_va)>> I:vg (-xv Eg(’);)F (_760)) - vé‘(x’o)}
I & I3
2 1~
1+‘g()a F( @ )‘ &5
@V 0)[ (— w) \/1+ @0, (720)| - Q(A)}
~ 2
< CVel e |3 (Tgw) \/1 + ‘8wF (T:w)’
' Ly(I")
~ x ~ 2 N
gV (x, 0) 61(;60) 1+‘g(?)3wF (Tzw)‘ — Q) | dx].
I e
Combining this inequality with (28) we obtain that almost surely, for ¢ small enough,
- - 2
1= CVEl gy |7 (Tzw) 1+ [0,F (Tz0)|
' Lo(I'r)
R 0)[ (— w) \/1 + @, F(m})\ - Qm} (29)

Now, let

R (% (7. 0, F.q0,F)) = g(fﬁ(w)\/ 1+ |g®F@)|* - e® 0.
Taking into account the definition of Q(X), we get
E{R (%, (7, 9uF,§0,F))} =0 forallx e I.

Hence, by Lemma 5.4 the second term on the right hand side of (29) almost surely tends to zero,
as ¢ — 0. By the Birkhoff theorem and condition (h4), almost surely and for sufficiently small

& > 0, the following inequality holds:
a(Tgw> \/l—i—‘BwF(T;a)) < CH G 1+ 19, F 2
This gives (26).
Convergence (27) can be justified in the same way. This completes the proof of
Lemma5.5. O

Lz(Q)



14 Y. Amirat et al. / Stochastic Processes and their Applications 121 (2011) 1-23

6. The basic convergence

For the sake of clarity, the argument w will be omitted in the rest of the paper. Moreover, we
use the notation p?(x) = p (g a)) and ¢g*(x) =g¢q (g w)

This section is devoted to the proof of Theorem 4.1. The proof relies on the following result.

Proposition 6.1. Under assumptions (h1)—(h4), there exists C > 0 such that, almost surely for
all sufficiently small ¢ > 0, the following estimate holds:

||”8||H1(D8) <C.

If in addition assumption (h3') is fulfilled, then

E (||u€ ||H1(D€)) <C. (30)
Proof. Choosing v = u, in the variational formulation (2) yields
Va2, e, + /F @ @ul(x)ds
1
= /DS J()ue (x)dx +/F8 8 (%) ¢° ()ue (x)ds. 3D
1
By Lemma 5.3, for almost every w there is gg(w) > 0 such that, for all ¢ < &g, the bound
IVuellZ, pe) + /F g@p° @z (0)ds = Cllue |3 e, (32)
i
holds true. By the Birkhoff theorem, almost surely for sufficiently small ¢ > 0, we have
gy 1+ 19, F |2
Combining this with the Cauchy—Schwarz inequality we obtain

el ey < C <||f||L2(D+) + Ha\/l 10, F P ) .
L2(§2)

This yields the first estimate of the proposition. We have also shown that, almost surely and for
& > 0 small enough,

< Clluell g1 (pe) (33)

UF g () ¢° (Xue(x)ds
1

Ly(£2)

f g@pf@u(x)ds < C (34)
ry

with a deterministic constant C.

To prove (30) we observe that, under assumption (h3’), the bound (32) holds uniformly in
e > 0 and w € (2. Then, taking the expectation on both sides of (31) and using (32) and
the Cauchy—-Schwarz inequality, we obtain the desired estimate. This completes the proof of
Proposition 6.1. [
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Proof of Theorem 4.1. The existence and uniqueness of u, follow from (33), Lemma 5.3 and
the Lax—Milgram lemma (see [20] for details). We then deduce from (2) and (5) that, for any
v e H\(D?),

/ V(g — ug)Vodx + / gp° (uy — ug)vds
Ds e
:/ VMOVvdx—/ fvdx—/ gqgvds+/ gpfuguds
© © Iy Iy
:/ Vrovdx—/ fvdx—/ gqgvds—i—/ VMOVvdx—i—/ gpuovds
D De e I, re

= (/ VuyVudx —/ fvdx) + / ngdf—/ gq°vds
c & I Fla
+ (/ gpfugvds —/ ngwdf) . (35)
Ie I

1

Let us estimate the terms in the right hand side of the last relation. According to the
Cauchy-Schwarz inequality, (14) and the regularity of u(, we have

‘ / VugVudx
I,

/Hg Sfudx

Then, according to Lemma 5.5, as ¢ — 0, almost surely we have

/gqgvds—/ g0vdx|
re I

/ gpsuovds—/ gPugvdx| — 0 37
re n

< ||VMO||L2(H£)||U||H1(DE) < CZ«/EHMO”HZ(DS)||v||1-11(Ds) (36)
and

< I fllLycmy vl Ly < Cov/ell Fllame 10l gt ey

— 0

and

for any v € C®(RY).
It follows from Proposition 6.1 that, for a subsequence &y — 0, we have ug, — u weakly in
H'(D), as k — oo. This implies that, for any v € C®(R%),

lim (Vug — Vug,)Vodx = f V(ug — u)Vudx.
D

k—o0 J pek

Passing to the limit, as k — 00, on both sides of (35) and exploiting (36)—(37), we conclude that,
for any v € C®(RY),

/ (Vito — Vi) Vdx + / P&y — vdT = 0.
D I

By density arguments the last relation also holds true for any v € H!(D). This implies that
ug = u. Therefore, a.s. the whole family u, converges to ug weakly in H 1(D), and (6) follows
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from the compactness of the embedding of H 1(D) in L3(D) (see the Rellich—-Kondrachov

theorem in [22]).
In order to justify (7) we notice that, under assumption (h3’), the estimate (30) holds. The

Lebesgue theorem then applies and (7) is a consequence of (6).
We now turn to proving the H 1 convergence (8). We choose v = (up — u;) as a test function

in (35). We then have

/ |V (up — ue)*dx +/ gp°(uo — ug)*ds
D¢ e

1

= f VuoV(ug — ug)dx — f f(ug — ue)dx + (/ g0 (g — ug)dx
I, 11, I

- / gq° (up — us)dS> + (/ gpfuo(ug — ug)ds —/ gPug(uop — us)df) .
re re n

(38)

We are going to estimate the four terms in the right hand side of (38). First, in view of (14)
we have

/ VuoV(ug — ug)dx
1,

< IVuoll L,y luo — uell g1 (pe)

< Covelluoll g2 pey o — uell g1 pey < C/e (39

almost surely for sufficiently small ¢. Similarly,

/ Sfuo —ug)dx
11,

Then, using Lemma 5.5 and Proposition 6.1, we deduce that

< I fll,cmlluo — uellLy iz < Cav/e.

— 0

/FS 8q° (ug — ug)ds — / g0 (up — ug)dx

1 Iy

almost surely, as ¢ — 0. The most technical part of this proof now consists in estimating

Jo = /F gpuo(uo — ug)ds — f gPug(ug — ug)dx.

1 I
We are going to show that almost surely

lim J, = 0. (40)
e—0
In order to prove this, we first introduce the following notation:

Uo®) = uo®, eg@®F @), U@ = ue(® eg @ F* (@),
5'® = (1+ £ F ®F)° .

Notice that although it is not indicated explicitly, the function Uy does depend on €. Then we
write J, as the sum of four terms:

(41)

Je = </F€ gpfuo(uo — ug)ds — /F gp°Uo(Up — Ue)Ssdf>
1 1
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+ (/ gp*Uo(Uo — Ug)Ssdf—/ gp“uo(Uo — Us)S"Edf>
F] Fl
+ (/ gpuo(Uop — Up)S*dx — / gpuo(up — Mg)Sgdf>
F] Fl

+ (/ gpfuo(uog — ue)SSdf—/ gPuo(uo — Mg)df) -
Fl Fl

We are going to prove that each of these terms tends to 0 as & — 0.
First we note that, under assumption (h2), by (17), (18) and the Holder inequality, almost
surely for sufficiently small & we have

g 2 e 2 & 2 172 2~ e -~
/Fsp udds < 2/F P® 1+ 2@, OF) BE eg@®F @)
1

1
< Cllpllae (1 + ||awF||Ldv2<m) luol 2 iy < Cilluolagpey  (42)
2

with deterministic constants C and C1; the notation % V 2 is used for max (%, 2). Combining this
bound with (34) we conclude that almost surely for sufficiently small ¢ the following estimate
holds:

/ gp°(up —ug)*ds < C 43)
Iy
with a deterministic constant C. Then, it follows from (42) and (43) that

/ gpfuo(ug — ug)ds — / gp°Uo(Up — U,)S* (X)dx| < Ce.
F€

1 I

Then, considering (42), (43) and (34), applying Lemma 5.1 and the Holder inequality we
obtain

'/ gp°Uo(Up — Us)Sgdf—/

F] F]
< /F |Uo — uo| (vgpgSson - Ugl) VgptSedx
1

d+2
Iy = CS% =< C«/E

gpfuo(Uy — Ue)Sedf'

< ClUo —uollL, ,,
(#)
Ngtice that Lemma 5.1 applies here since Uy admits an extension 170 e H 2(DS) such that
I1Uollg2(pey < CllUollp2(p,y with deterministic C > 0 independent of ¢. This technique fails
to work in dimension 2. In order to justify the last inequality in 2D case we use the Holder
continuity of ug.

Next we want to show that almost surely

lim
e—0

/ gp°uo(Uy — Up)S*dx — / gpfuo(ug — ug)Sdx| = 0. (44)
F] Fl

To this end we observe that, by the Sobolev embedding and trace theorems, ug €
L3@-1)/(—4)(I"1). Combining this with (15) and assumption (h2) and using the Holder
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inequality, we deduce that almost surely
llgp®S*uo(Uo — uo)liL, ) < C/e.

Notice now that almost surely the function (U, — u,) tends to zero in L,(I'1), as ¢ — 0, and
by assumption (h2’) the family gp®S® is bounded in Ly (I'). Then gp®S®(Us — u) converges
to zero in measure on [, and so does gp®S®uog(Us — ug). It remains to check that this family
is uniformly integrable. The relation (44) then follows from the convergence in measure by the
Lebesgue theorem.

In order to prove the uniform integrability of gp®S®uoU, we represent it as

gr°S*upU;s = (\/gpsSst) uoy/ gpeSe.

Since almost surely (v/gp®S?U;) is bounded in Ly(I'1) (see (34)), /gp®S? is bounded in
La(I'1) and ug € La—1y/a—4)(I'), then the product is bounded in L(Zdzfzd)/(2d273d72)(Fl)’
which ensures the uniform integrability of the function gp®S¢ugUs,.

Similarly, since almost surely u, is bounded in H'/?(I") then, by the Sobolev embedding
theorem, u is bounded in Lyy—1y/a—2)(L1). By the Holder inequality gp®S®ugu, is bounded in
L 24224242 —24—4)(L'1) and thus uniformly integrable. This implies (44). Here we assumed that
d > 4; for lower dimensions the validity of (44) can be justified in a similar way with obvious
simplifications.

Now, in order to prove (40) it remains to show that

lim (gp*?S"E — P) uo(ug — ug)dx = 0. (45)
e=~>0J)p

This convergence follows from the Birkhoff ergodic theorem. Indeed, by the definition of P we

have
E {g(ﬂﬁ\/l + g2(®)18, FI? — P(@} =0,

for any X € I'1. Then, using the Birkhoff theorem, one can easily prove that under assumption
(h2’), the function (gp®S® — P) converges almost surely to zero weakly in L., d (I'1). Since

up € H3(D%) and (up — u,) is bounded in HY2(I7), the family ug(ug — ue) is compact in

Ly,,_a_(I"); here the notation 2 A 75 is used for min (2, 74 ). This implies (45).

a3
Combining now (39)—(40) we arrive at the conclusion that all the terms on the right hand side
of (38) almost surely tend to zero, as ¢ — 0. This yields

2A

lim =0,

=0

/ IV (uo — ue)|*dx + / pf (o — ug)*ds
DS £

I

and by Lemma 5.3 we derive that a.s.
lim |jug — u ey = 0.
8_)0” 0 s”Hl(D)

Then, under assumption (h3’), estimate (30) holds and we obtain (9) by the Lebesgue theorem.
The proof of Theorem 4.1 is completed. [
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7. The rate of convergence

This section is devoted to the proof of Theorem 4.2 which relies on the following result.

Lemma 7.1. Let h(g, w),g € R" L, be a statistically homogeneous random field with values
in R¥, and suppose that at least one of the conditions in (11) is fulfilled. Then, given a smooth
function R(x,z),x € I'1,z € RX such that

IR, R( DL, <C, ER(x, hE, ) =0, forallx eI,

we have
X 2
E sup / R (x, h (—)) o)dx| | < cv, (46)
161 1720y =114 I €
with a constant C that does not depend on €.
Proof. First, we are going to prove that
T 2
E sup / R (55, h (—)) o(x)dx| | <Ce 47
”9”11({(1"1)=] I €

with a constant C that does not depend on &.
Define

HE _ i / rox' ’r_
(x) = Rlrx',h Pty dr, x =xo,...,%x4-1,
0

RGex%7) = B (RG h@RGE AE +7)))

and

so that R is the correlation function of R(x, h(?)). According to Lemma 3.102, p. 456 in [23],
the function R admits the estimates

IR, X2, < Cla@mm, IRE X2, DI < Co(7),

uniformly with respect to x! and x2, where « and p are the mixing coefficients introduced in
Definition 8. If we define

R(s) =sup{|R(x", x>, M| : 7l =s.x" € I, x> € I},

then, due to (11), the integral fooo R(s)ds converges. Clearly,

/n R (f h @)) 0)dT

and thus to prove (47) it suffices to show that

2
sup < ||H*

[
- LI’
mlap~

el

2
E(IH® |2, ) < Ce.
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We have

E (/Fl (/OX' R(r,x’,h (g %) dr>2d5c‘)) |
=¢’E (fn (/Oxl/gn <sr, x',h (r, g)) dr) df)
N N A 5 RS O

X|/£ X]/S _
< 82/ / / R(|s — r|)drdsdx < Ce,
I Jo 0

and (47) follows. Finally, applying the interpolation inequality and using (47) we deduce (46),
which ends the proof of the lemma. [

Proof of Theorem 4.2. Case (i). Since f vanishes in the vicinity of I'1, the solution uq is smooth
in a sufficiently small neighbourhood of I} and thus has a smooth extension in DT as above,
we keep the same notation u¢ for the extended function.

Consider the identity (38). Using again the notation (41) introduced in the proof of
Theorem 4.1, it reads

/ V(o — ue)l dx +/ gp° (uo — ug)*ds
D* rs

_ / VoV (o — e)dx — / Flo — ug)dx
11, 11,

+ (/ 8q°S*(up — ue)df—/ 8q° (uop — ue)dS>
n re

1

+ (/ gp uo(ug — ug)ds — f gpSug(uo — us)df)
re I

+/P 8(Q —q°8)(uo — ua)df+/r g(p*S* — Puo(uo — ug)dx. (48)

By our standing assumptions, the second term on the right hand side is equal to zero. Then,
applying (36) with v = ug — u., we have

/H VoV (uo — z)| < C/e|V (o — ue)lly(pe)-

&

It follows from (13) and Lemma 5.2 that

/ 8q° (ug — ug)ds — / 8q°S®(ug — ug)dx
re I

< C/ellup — uell g1 (pey-

Taking the smoothness of u( in the vicinity of ' into account, one also has

< C/ellug - uell g1 (pey-

/ gpuo(uo — ug)ds — / gp°Sfuo(ug — ug)dx;
re I
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Now, for z; € R4~ and 22 € R, let us define

R, 21, 22) = g®)z2y/ 1 + (8(0)222 — g(X) Q).

One easily checks that the function R(X, 3, F, p) satisfies the assumptions of Lemma 7.1.

Therefore, applying Lemma 7.1 and considering the boundedness of (ug — u.) in H 2 (I), we
have

E / 8(Q — q°S)(up — ue)dx’
I

}fcﬁ.

Similarly, in view of the smoothness of u( in the neighborhood of '}, we obtain

E / g(p*S® — Plug(uo — ug)dx
I

} <CE 49)
Combining (48)—(49) yields
E / |Vite (x) — Vuo(x)|*dx + E / p <5> (e (x) — up(x))*ds
D¢ re €

< CVeE|ue — ugll y1(pey + C/e.

Thanks to Lemma 5.3 this implies the bound (12).
Case (ii). The proof is rather similar to that of the previous case. All the estimates obtained in
the case (i) remain valid. The function R in this case is to be defined as follows:

R, 21, 22) = up(X, 0g@ 224/ 1 + (8(0))%2} — g(® 0 ®).

We leave the details to the reader. This completes the proof of Theorem 4.2. [J
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