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Abstract

We study the averaging problem for a divergence form random parabolic operators with a
large potential and with coefficients rapidly oscillating both in space and time variables. We
assume that the medium possesses the periodic microscopic structure while the dynamics of the
system is random and, moreover, diffusive. A parameter o will represent the ratio between space
and time microscopic length scales. A parameter f§ will represent the effect of the potential
term. The relation between o and f is of great importance. In a trivial case the presence of
the potential term will be “neglectable”. If not, the problem will have a meaning if a balance
between these two parameters is achieved, then the averaging results hold while the structure of
the limit problem depends crucially on « (with three limit cases: one classical and two given
under martingale problems form). These results show that the presence of stochastic dynamics
might change essentially the limit behavior of solutions. (©) 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction

We study the averaging problem for a random parabolic operators with symmet-
ric elliptic part in the presence of a large potential, all the coefficients being rapidly
oscillating functions both in space and time variables.

The homogenization problems for various random structures are widely discussed in
the physical and mathematical literature, see, for example, Jikov et al. (1994) and its
bibliography.

In multidimensional case the first rigorous results for the divergence form random
elliptic operators with stochastically homogeneous coefficients were obtained in Kozlov
(1980). Then, another approach was developed in Papanicolaou and Varadhan (1982).
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Later, many other random structures were investigated, among them the random porous
media (see, for instance, Hornung, 1997), the equations with lower-order terms in
Avellaneda and Majda (1991,1994) Fannjiang and Papanicolaou (1996,1997), systems
of equations, nonlinear models and others. An efficient method of homogenization
of random structures was proposed in Bourgeat et al. (1994) where the technique
developed earlier for periodic micro-structures (Allaire, 1992) was generalized to the
random case.

Currently, there are several mathematical approaches which allow to examine ho-
mogenization problems in random media, but in all the studied models the randomness
in spatial variables and the presence of a group of transformation preserving some
probability measure, are supposed.

In our model, we assume that the medium possesses the periodic microscopic struc-
ture while the dynamics of the system is random and, moreover, diffusive. The equations
without potential were previously considered in Kleptsyna and Piatnitski (1997).

The problems of this type appear, for instance, when one studies the macroscopic
behavior of micro-inhomogeneous locally periodic dissipative media whose properties
change randomly in time, or the effect of random action on locally periodic structures
with large dissipation.

The corresponding parabolic operator is of the form:

u,(t,x) — div {a (;, f,/gx) Vu(t,x)} —¢Pe (%, ft/gx) u(t,x), xeR",

where ¢ is a small positive parameter, o, >0, the coefficients a”(z, y) and c(z, y) are
periodic in the first argument, and & is a diffusion process with values in R? solving
the following stochastic differential equation:

dé; =B(&)dr + o(&) dI.

The parameter o represents the ratio between space and time microscopic length scales;
in the “self-similar” case o =2, a coupling between space and time averaging appears.

Regarding the process &, we suppose good mixing and localization properties. Our
approach requires a sufficiently fast decay of the density of the invariant measure of &
at the infinity; for instance, a condition of the Khasminski type B(y)y/|y|< —¢, ¢>0,
is sufficient. In fact, quoting a new work Pardoux and Veretennikov (2001), we will
assume a weaker condition:

B(y)2: < — |y
¥

for some > — 1 and ¢>0. The exact assumptions on the regularity of coefficients
and the process ¢ are given in Section 2.2.

The relation between o and f is of great importance. If f<a/2A1 then the presence
of the potential c¢(z, y) is neglectable in a proper sense. If, on the contrary, > o/2 A1
then, in general, the family of solutions is not compact. The only exception is the case
where «>2 and where the mean value of ¢(z, y) in z is equal to zero for all y. In this
case, the proper choice is f=u/2 instead of f=1.

We will show that for f=o/2 A 1 under the natural regularity assumptions, the
averaging results hold while the structure of the limit problem depends crucially on
whether =2, or <2 or a>2.
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If o>2 then the family of solutions of corresponding Cauchy problems converges
in probability in a proper functional space to the solution of the Cauchy problem for
parabolic operator with constant nonrandom coefficients. This result looks like clas-
sical homogenization result with the only difference that we obtain convergence in
probability. The almost sure convergence is an open question.

If oo < 2 then the family of measures generated by the solutions, converges weakly to
the unique solution of the limit martingale problem which involves the one-dimensional
Brownian motion. The formula for the coefficients of the limit problem are rather
different in the cases o =2 and o <2.

These results show that the presence of stochastic dynamics might change essen-
tially the limit behavior of solutions. It is interesting to note that in a particular case
¢(z, y) =0 the limit equation is always deterministic Kleptsyna and Piatnitski (1997).

In Section 2 the precise setting of the problem is given and some auxiliary statements
are quoted.

The main results of the paper are formulated in Section 3.

The next section is devoted to the proof of the main statements. It should be noted
that, in general, the expectation of the norm of »° does not admit uniform in & upper
bound. Thus, we cannot apply the standard technique in order to obtain weak com-
pactness results. Instead, we decompose u° into the product:

u’(t, x)—f:xp( 1/}1/2/<C( ) ds> v'(t,x)

and introduce in this way new unknown function v*; (-) stands for the mean value of
a periodic function.

For the family of functions v* we obtain a priori estimates, prove the convergence
of v* in probability to a deterministic limit in a suitable functional space and find
the auxiliary homogenized equation for the limit function. To this end we introduce a
family of correctors involving the solutions of proper Poisson equations and vanishing
in a suitable sense as ¢ — 0, and, with the help of It6’s calculus, reduce the problem
to studying the limiting behavior of a family of semi-martingales. Then, the technique
developed in Viot (1976) and Bouc and Pardoux (1984) can be applied.

The description of the limit distribution of

1
eXp( l/\a</2/<c( Sy )) d )

is due to Pardoux and Veretennikov (2001), where the weak convergence of the
integrals

I
m /0 <C( 5 gs/e:" )> ds

has been proved.

Finally, the passage to the limit in the product relies on the deterministic nature of
the limit of v°.

The analysis used in this paper is essentially based on the properties of the density
on the invariant measure of &, and of a solution of a Poisson equation stated in the
product of R and the torus T”. Although the statements that characterize the said
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properties are of the same nature as those of Pardoux and Veretennikov (2001) and
can be obtained by similar methods, they are not presented in the cited works and thus
are to be proved. The appendix deals with a number of technical extensions of the
results from Pardoux and Veretennikov (2001).

2. The setup

We consider the asymptotic behavior of the solution of the following Cauchy problem
as ¢ | 0:

it =div [a (2. & ) Vi) + gm%ﬁc (2. ) wien), (1)

u*(0,x) =up(x), xeR", t€[0,T], 2)

where a>0 is a parameter and 7' >0 is fixed.

The coeflicients a(z, y) and ¢(z, y) are periodic in z (or z belongs to the unit torus
T"=R"/Z"), and {&},> ¢ is stationary ergodic diffusion process, with values in R9,
given by

d& =B(&)dt + a(&) dW. 3)
Let us introduce the following operators:

e the infinitesimal generator of the diffusion process {&}:

9= > g+ D B ()9 (4)

I<kl<d 1<k<d

*

with ¢ = %00 ,
e and

epin i (X
of h(x)fdlv(a <g,y) Vh(x)) . (5)
o/ will denote .o7° for ¢=1.

Note that, applied to a function f(z,y), £ acts on the function y+— f(z,y) for z
fixed, and .&/° acts on the function z— f(z, y) for y fixed.

2.1. Notations
e In R”, x-x’ will denote the scalar product and |- | the corresponding norm.

e In the space L?>(R"), (-,-) will denote the inner product, and || - || the norm.
e For a function (z, y)+— f(z,y), we use the following notations:

TN = [ [ rernodyas
o= [ sepad

7E= [ Gy
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here and in what follows p(y) stands for the density of invariant measure of process
&;. The question of the existence of invariant measure and the properties of p(y)
will be discussed later.

e For a function or process (¢,x)+— u(t,x), u(t) will denote an application x — u(t,x).
Hence [ju(?)|| is ([, u(t,x)|?> dx)"/2. This notation is also used for u?(¢,x) and for
the gradient Vu®(z,x). We use, as well, the contracted notation:

= C(%a ét/c" )7 a‘= a(%a ét/l;" )9 a&ij = a” %: ét/«';" )9

and for a generic function g(z, ) : ¢° = g(x/e, &y ).
2.2. Hypotheses

In this section, we provide the precise assumptions on the coefficient of (1) and on
the process &,.

Hypothesis 2.1. The coefficients a, ¢, and ¢ as well as their derivatives are uniformly
bounded: there exists C; >0 such that for all (z,y) € T" x R?

@’ (z, )|+ [Vea(z, )| + [Vya”(z, p)] < Cu,

ez, )| + [Vec(z, )| + [Vye(z p)| < s

"+ Vg7 (0] < €,

for all 1 <i, j<n, 1<k [<d'. The vector function B as well as its derivatives
satisfy polynomial growth condition:

IB(y)| + [V,B(»)| < Ci(1 + [y))"

for some py > 0.

Hypothesis 2.2. Operators ¥ and .o/ are uniformly elliptic: there exists a constant
C> >0 such that for all (z,y) € T" x R?

G2 < (a(z, y)') 2 V' eR",
G P <(gz)y)y vy eR”
Hypothesis 2.3. There exist constants > — 1, Ry >0 and C; >0 such that

B(y)2 < — Goly|* Yy st |y[>R.

|yl

Under Hypotheses 2.1, 2.2, and 2.3, process {¢,} admits the unique invariant measure
with smooth density p(y) given by

Z*p=0on R? and /de(y)dy:l. (6)

! Notations: V4, V, are the space gradient with respect to z and y, respectively. When there is no ambiguity
about the argument of the function we use the notation V, for example Vu®(t,x) is Viu(z,x).
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Moreover, the density p(-) decays faster than any negative power of |y| as |y| — oo
(see Lemma A.l in Appendix). In fact, the following bound holds:

p(y) < crexp(—cy|"™), ¢>0.
Hypothesis 2.4. We will suppose that (c(-,-)) =0.

This hypothesis is, in fact, not a restriction. Indeed, considering the new unknown
function @ “(¢,x) = e~"{/°u?(¢,x), one can always achieve the relation (c)=0.

2.3. Auxiliary results

Let {(17:, &)} be the diffusion process associated to the infinitesimal generator .o/ +.%,
and let Lf,(T" x R?) denote the weighted space with the norm:

1= [ [ resromaes
T JRe
Also, we introduce the spaces:

(T x RY) = {f €2(T" x R, (£, ) =0},

Ay (T x RY) = {f € Ly(T" x RO Vi f | + [V € L(T" x R},

The next statement is a generalization of [16, Theorem 1]. It is proved in Appendix.

Lemma 2.5. Let fe]:i(TF" x RY), and assume that

[fE <G+ [yP) Yz eT" xR
Jfor some constants Cs>0 and p € N. Then the equation

(A + Lu(z, y)= f(2,y) (N
does have a unique solution u GI:I;('U'” x R?) and the estimate

|u(z, )| < Co(1 + |y[?) Yz ) eT" x R

holds; moreover, p, depends only on p and p and the constant Cg depends only on
Cs and p and p (we assume that the dimensions are fixed).

If, in addition, there exists N >0 such that for all ny, n, € N with ny +n, <N we
have

0207 f(z )| < Cs(1 + [y|?) V(z,y)eT" x R
then
|02 07 u(z, )| < Co(1 + |p|”') Wz, p)eT" x R

Applying the technique developed by Pardoux and Veretennikov (2001, Proposition
2), leads to the following statement (proved in the Appendix):

Proposition 2.6. For any fixed T>0, p>0, >0, and >0:

lim E < sup 8/}|ét/£x|p> =0.
ljlo l<T
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3. Main results

Here we formulate the main results of the paper; the proof will be given in the
following section.

It should be noted that for o < 2, we obtain the weak convergence of the law of
u*(t,x) to the nontrivial limit law which solves a proper martingale problem, while for
o>2, the limit law is a Dirac measure concentrated on the solution of the Cauchy
problem for the limit deterministic parabolic equation with constant coefficients.

Let L2(R") denote the space L*(R") endowed with the weak topology. Define

Qr =Ly ((0,T); H'(R") N ([0, T]; L3(R")) (®)

endowed with supremum of the topology of uniform convergence over the space
%([0,T]; L2(R")) and weak topology over the space L*((0,T); H'(R")). Qr is a Lusin
and regular space; denote by  its Borel o-field.

For any ¢>0, let O° be the Radon probability measure on (Qr, %) which is defined
by the law of {u®(¢); 0 < ¢ < T'}. The asymptotic behavior of u*, as ¢ | 0, depends on
whether <2, a =2, or o>2.

Theorem 3.1. Let a <2, then under Hypotheses 2.1-2.4, the law Q° of the solution
u® of Egs. (1)~(2) converges, as ¢ | 0, in space Qr to the law O of the solution i of
the SPDE

dii(t,x) = [div(aVi(t,x)) + Gi(t,x)] dt + Ai(t,x) dI, )

with initial condition 1(0,x)=uy(x), where (t,x) € [0, T] x R", {W,} is standard Brow-
nian motion in R and

a=(a(l +\. V1)),

é={(Gc) which is also equal to gV G-VG,

2 =2¢qVGVG,

and the functions G € I:II:([R“’) and V' € I:I/:("ﬂ'" xR?) are the solutions of the equations:

LG(y)= = (c(-, 1), (10)
AV (zy)= - dl(z ), (11)
j=1

for (z,y)€T" x RY and 1 <i < n.

Theorem 3.2. For a=2, under Hypotheses 2.1-2.4, the law Q° of the solution u® of
Egs. (1)~(2) converges, as ¢ | 0, in space Qr to the law O of the solution 1 of the
SPDE

di(t,x) = [div(@Vi(t,x)) — b-Vi(t,x) + éi(t,x)]dt + Ad(t,x) dI, (12)
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with initial condition #(0,x)=uy(x), where (t,x)€[0,T] x R, {W,} is a standard
Brownian motion in R, and

a=(a(l +\V.¥)),

b=(¥Yc + aV.G),

¢={(Gc),
2 =24(V,G)-(V,G),
and the functions G, ¥/ € H ;(T” x R?) are the solutions of the equations
(A +2)G(z,y)= —c(z,y), (13)

(A + L)W (zy)= = dl(z) (14)
i=1

for (z,y)€T" xRY and 1 < j < n.
Theorem 3.3. For oa>2, under Hypotheses 2.1-2.4, the solution u* of Egs. (1)-(2)

converges in probability in the space Qr to the solution i of the following limit
Cauchy problem:

u(t,x) =div(aVi(t,x)) + ci(t,x), 4(0,x) =up(x) (15)
with (t,x)€[0,T] x R" and
a={a(l +Ww.¥)), <¢={(Ge),

L N . ' .
where the functions G, W' € H (T") are solutions of equations

AG(z)= —c(z,-), (16)
AV(2)= = dl(z") (17)
j=1
for ze T" and 1 < i < n, where the operator </ is defined by
o f(z)=div(a(z, )V f(2)). (18)

From which we deduce the following

Corollary 3.4. For a>2, under Hypotheses 2.1-2.4, we have
. P -
P- lelf{)l [ =4l 20,7y xry = O (19)
where u® (resp. i) is the solution of Egs. (1)~(2) (resp. (15)).
Comparison with systems without potential or without “noise input”: It is interesting

to compare the limit problems (9), (12), (15) above with the limit problems for the
equation without potential:

w(t,x) = div (a (f 5,/81) Vu(t,x)) (20)
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and the equation “without noise input”:

u(t,x)=div (a (%) Vu(t,x)) + éc (z) u(t,x). 21)

According to Kleptsyna and Piatnitski (1997), the absence of the potential in (20)
always leads to the deterministic form of homogenized problem:
2

_ P
a(ex)= ) @),
L}

1<ij<n

this operator involves neither stochastic nor lower-order terms. The limit problem for
(21) takes the following form:

"
u,(t,x)= Z d’/axaxﬁ(t,x)—i—c_ﬁ(t,x)
(i}

1<ij<n

where ¢ is the so-called “strange term”.

Comment on the limiting Eq. (12): The appearance of the first-order term bV in
the drift part of the limit problem (12) is of special interest. It should be shown that
this first-order term is not necessarily null.

To this end, let us propose an example with n=1 and d =2. We take ¢"' =5, in
(4) and choose

B(y)= _2<y‘+vy2>
Y2 =N

where v>0. One can easily check that the density p(y) of the invariant measure of &,
is given, under this choice of ¢’ and B(y), by the formula

p(y)=ce P,

here ¢ is a normalization constant. We consider the one-dimensional case (w.r.t. z):

b= /T [ e ) + ale )G o) 2,

Integrating by parts and taking into account Eqs. (13) and (14), we obtain

13:/ /(WzG—GglP)(z,y)p(y)dzdy. (22)
T JR2

here we also used the divergent form and the symmetry of the operator .o7.
Finally, in view of (6), after integrating by parts, we get

A

b

- / / [(V,%)-G(V,p — Bp)l(z.y) dzdy
T! R2

== [ [ ®®E6en (if) dzdy. (23)

Denote k(y)= (% —1)sin(y;) and construct the operator .o/ to be a small perturbation
of operator with constant coefficient:

a(z,y)=14+Nd(z, y) (24)
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where X is a small parameter and d(z, y) = sin(z)k(y). It is easy to see that the function
Pl(z, y) =cos(z)sin(y;) solves the following auxiliary problem:

d2
<d22 N g) W(z, )= — cosz k().

Now, substituting the function R¥!(z, y) in Eq. (14) which in our particular case reads

d d d
—a(z,y)— + L | V(zy)= —R—d(z,y)= — Rcos(z)k(y)
dz dz dz
and taking into account the coerciveness of the latter problem, we get
[P — RP'|=0(R?) as | 0.

Thus, it suffices to show that the integral

/m /Rz(vy‘l’])(z,y)-G(z,y) (ﬁ) o1 dzdy

= [ [ costemzcostrGea e dzay
Tl RZ

is not equal to zero under the proper choice of G(z, y).
To do so one can construct a smooth nonnegative function G(z, y) with a small
compact support concentrated near the point (z°, °) such that

39 cos(z%) cos(y))e T 0,
say (2%,3°) = (n//4, (r//4,7//4)).

4. Proof of the main results
4.1. Decomposition of the solution u®: Auxiliary homogenization problem

The expectation of the L? or L*((0,T); H'(R"))-norms of u® in general does not
admit uniform in ¢ estimates. Thus, in order to obtain the compactness of u® we need
an approach that does not rely on estimates of the expectation.

In this section we decompose #° into the product of the exponent of given function,
and of new unknown function v°(x,¢):

1 t
u®(t,x) =exp (W /o (e(-, Ege)) ds> v°(t,x). (25)
Direct calculations show that the function v® satisfies the following equation:
. X 1 ./x
vi(t,x) = div {a (E:ét/s“) va(t,x)} + Wc (;f;@) ve(t,x), (26)
v*(0,x)=up(x), x€eR", t€][0,T], 27)

where &(z, ) =c(z,y) — (c(-, ¥)).
In the following sections we show that v* converges in probability in the space Q7
to nonrandom function being the solution of Cauchy problem with constant coefficient.
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4.2. Tightness result for auxiliary homogenization problem

This section deals with the tightness of the family of distributions associated with
solutions v* of Problem (26)—(27). We start by obtaining uniform estimates for v®.

Proposition 4.1. The inequalities

(E1) sup, 7 [o'()]* < c.

(E2) fOT HVU'S(S)HZ ds < ¢, hold uniformly in ¢>0. For any test function ¢ € €5°(R")
the inequality

(E3) |(@,v(t) — v°(s))| < c|t — s|'? holds uniformly in &¢>0.

Proof. Multiplying Eq. (26) by v* and integrating by parts we get
%||v‘p‘||t2 = —(a’Vv*, Vo©) + e~ WD (@0, o)
= —(a’V*,Vv*) 4 26" (0%, V©),
where y=1—(1Aa/2) and «(z, y) is z-periodic vector function defined by the relation
div. x(z, y) = é(z, y). (28)
In order to construct such a function x(z, y), one considers the equation
A K(z,y)=2E(z,y), zeT"

Thanks to the relation (&(-, y)) = 0 this equation is solvable for any y € R?. Moreover,
since ¢€@}(T" x RY), all the derivatives of K(z,y) in z up to the third order are
uniformly bounded. By putting k(z, y) = V.K(z, y) we obtain the desired representation.

With the help of the Cauchy—Buniakovski inequality after simple transformation we
obtain

1 1 t t t
S < §||u0||2—/(aSVUS,Vvs)dS—i—é/ \|vu8||2ds+%/ [o°]* ds
0 0 0

1 t t
< lwl =4 [ vePasse [ ol
0 0

for some A>0. Now (E1) and (E2) follow from Gronwall’s lemma.
For any test function ¢ we have

t t
(.0 -6 < [ (Toaveyar+d [ oV ar
< cft =]
This completes the proof. L[]
For any ¢>0 denote by QH a Radon probability measure on (27, %) defined as the

law of {v%(#);0 <t < T} in Qr. According to Viot (1976) and Bouc and Pardoux
1984, Theorem 2.5), Proposition 4.1 implies the tightness of the family {Qé} in Qr.
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4.3. Description of homogenized operator for auxiliary problem — convergence in
probability

In this section we prove the convergence of v° in probability and show that the limit
function satisfies parabolic equation with constant coefficients. We study the cases a>2,
o=2 and <2 separately.

Case a<2: Let 0(t,x) be the solution of the following Cauchy problem:

8, = div(aVd), 6(x,0) = uo(x), (29)

a has been defined in Theorem 3.1.

Proposition 4.2. For any test function ¢(x,t) € C*°([0,T]; Cg°(R")) the following limit
relation holds:

(o(2), (1)) — (¢(0),u0) — /0 (@s(s), v"(s)) ds

lim E sup
610 t < T

- / (Z @7 9, (5), US(S)> ds| =0. (30)
0 T
Proof. Let us introduce a process:
HY(0)=(0,0°() + & 3 (P (e, &) V(). (31)

k=1

where the z-periodic functions V% € A ;('ﬂ'" x R") are defined as the solutions of the
following equations:

AV ()= = dizy), k=1...n (32)
J

From Proposition 4.1, (E1), (E2), Lemma 2.5 and Proposition 2.6 we have
lim E sup |(p,v") — H*(¢)| =0. (33)
e—0 t < T

Indeed, according to Hypothesis 2.1 the function on the right-hand side of (32) is uni-
formly bounded in |y|. Therefore, by Lemma 2.5 the solution ¥* admits a polynomial
estimate, and from (E1) and Proposition 2.6 we have

E sup [(¢,0%) = H'(1)| = ¢E sup |(¥*F g, v%(1))]

t<T t<T

N

CEE sup | ¥4 [
t<T

N

CeE sup |y |" — 0.
t<T €l0

Now, in order to prove (30), we assume for a while that a(x, y) is three times differ-
entiable in x and y, and that all its derivatives up to the third order admit polynomial
estimates as |y| 1 oo.
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Then, clearly, we have for some m > 0:
P 2)] + [ 2)] + [V P ()] + [V, PE ()] < L+ [y
Applying Ito’s formula to the process H*(¢) and integrating by parts one has

dH(1) = D (@ s, ) dt 4671 Y (a5 . 0%) d

ij ij
+e (.o )d + (¢, 0%) dt
+3 LY g ) d + & (VP gy, 000t AT
k

+ e (AP )y 0% ) dt + &' P (P E 17 dt

D (@ W)y, v) di

ij
—¢ Z(as’ij S”S’k(pxkxl., vfcj )de| .
ij
The functions Y* satisfy the relation (¥*(-,y)) =0, thus
(LY ) = LW, ) =0,
and in the same way as in (28) we have
Lz y)=div.*(z, )

with continuous x*(z, y) of polynomial growth in |y|.
Taking into account (32) after simple transformation we get

dH® = (@ @u ) dt + Y Y (@7 W)y v7) dt + (g1, 0°) dt
ij

ko0
+&2(1°, V(@u)) dt 4 &2 (k%% V(¢ 0°)) dt + (P> @y, v°) dt

e Y Y (@ gy, vl ) dt + @V gy, v dt
— £

Y

+ 85/2(vy 'fjs,k(pxk, US)O'S dW

- Z(a“’f%m, v¥)dt + (%, V(pv®)) dt

ij

0D (@), e, + @ TP 07
k ij

+ (s, v") dt + 22 dRY (1)

69

(34)

(35)

(36)
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where 6 =2 — «, and lim, o £ sup, . 7|R*(¢)] < C. This limit relation follows immedi-
ately from (E1), (E2) and Burkholder—Davis—Gundy inequality. Therefore,

t t
(0. = @)~ [ (s = [ 3 @eusitrds
0 (N

t
= / [Z (ag’ Y (Pxix/-s UE) + Z Z (a&lj qj;;k qoxkx,-a US)
oLy T,

ds + &2 R¥(1);

- Z (dij(pxix,'s US)

i

where we have also added and subtracted the term Zl_].(ci"j P U°) di.
It remains to show that

t
§ : &, E &ij gye.k ~lj &
/ ( ¢ jq)xix-/ + : : a j,}IZ/ Pxixe — § :aj(p)"x.f’v > @
0 ij ki ij

which is the aim of the following Lemma 4.3.

P-lim sup =0

l:lo t<T

Lemma 4.3. For any z-periodic function (z,y)w— h(z, y) such that (h) =0 and |h| <
c(l+ |J’|)0 for some 0 = 0, we have

/0, (h (;5/) o, uﬁ(s)) ds

for any test function .

P-1lim sup =0

el0 t<T

Proof. Denote by H a z-periodic vector function (z, y)+— H(z, y) given by
div. H(z, y) = h(z, y) = (h(-, ), [H| <c(1+|y)";

for instance, one can put H(z, y) = V.H(z, y) where z-periodic H(z, y) solves the equa-

tion AZH(Zs y) = h(Z: y) - <h( ) y)>
In view of the identity

t

/Ot (h (é,fs/gx) o, vﬁ(s)) ds = 3/0 (H (é,fs/gx) ,V((pvﬁ(s))) ds

+ /0 (- &) (0, 0°(s)) ds

and the estimates

[0 () corion.) o

it is sufficient to obtain the following limit relation:

E sup

2112
e < CE(|0* |20,y ey < €
t <

P-1lim sup =0.

el0 s <

/o (h(-, &g )) (@, 0°(s5)) ds
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Note that the family of distributions of the processes (¢, v%) is relatively compact in
%[0, T]. That is, for any y>0, there exist N>0 and f',..., /¥ € %([0,T]; R") such
that P(oZ,) <y for all £>0 with

0<t<T

N
Ay = { sup (<P,v*’(f))—f'k(f)|>“/}-
k=1

Hence /¢ is of the form (J, jk ﬂk {supg <, < 7 (@, u(1)) — f*(1)] <7}, s0 ol =
Us e/fy, where j}, C #5 and e%, N j}. = for k # 1. Then,

t

E sup | [ (0 &) (,0) ds

t<T

_E{ly/ sup /O (h(- ) (@2 0) ds

t<T

|

+E[1W sup /0 (- &) (. %) ds

lt<

|

SCVit+ Y E [1,, sup ‘ /0 (- o)) (.07 ds
T S

|

and the required statement follows from the averaging principle of Liptser and Shiryaev
(1989, Theorem 9.6.1) if we pass to the limit on the right-hand side first as ¢ | 0 and
then as y | 0.

|

<Ci+ Y E [ sup ’ / (h(- . &) ¥ (5) ds
i t<T|JO

This completes the proof of Lemma 4.3. [

Proof of Proposition 4.2 (Conclusion). Lemma 4.3 proves Proposition 4.2 in the
smooth case.

For a general matrix-valued function a(z, y) satisfying Hypotheses 2.1 and 2.2, Re-
lation (30) can be achieved by approximation of a(z, y) with smooth functions. Denote

a(z, y,0)= n+d/ /Rd ((Z y) =@y )) a(z',y)dz' dy', 0>0

where @o € 65°(T" x R?), ¢g =0, [[ ¢o(z,y)dzdy=1. From Hypothesis 2.1 we ob-
tain

|a(z, yae) - a(z, y)‘ < Cco

la(z, y,0)| + [Vya(z, y, 0)| + [Vza(z, y,0)| < C. (37)

Higher-order derivatives of a(z, y,0) show polynomial growth in |y| although the cor-
responding estimates are not uniform in 6>0. For each fixed 6>0, Relation (30)
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holds
(@(1),v°(1,0)) — (9(0),up) — /0 (@s(s5),v°(s,0)) ds

lim E
glf%)l sup

0<t<T

=0. (38)

-/ t (Z &0) P (51,05, 9)) ds
o \Z

The difference v* — v°(0) satisfies the following equation

: : 0
(=0 =35 ( e, e (- vﬂ(0)>)

i

+ le: 6% ([a[j(x/S, Eyer) — a” (x/e, Eyn, 9)]610”(9)) ; (39)

(v = " (0))li=0=0.
Multiplying the latter equation by v* — v%(0), we have after integrating by parts:

((0%(1) = v*(1,0))?
[er

t 6 i 0 . B 0 . .
+/0 / IZja J ((%c,-(v (s)—v (S,H))) (axj(v (s) — v (s,H))) dxds
/ / Z(as Y —a(0)) < v'(s, 0)) (aij(vs(s) - v£(s,9))> dxds

< C9||U€(9)||L2(O,T;H'(R~))

< CO.

v — UE(H)HLZ(O,T;Hl(R"))

This results in the following uniform upper bound:

[v° — UE(H)HLoo(o,T;LZ(R")) + [lv* — U8(0)||L2(o,T;H1(R~)) < 0. (40)

Now we want to estimate the difference @ — d(0). To this end we consider the

corresponding auxiliary equations .o/ ¥* = — 3. a¥ and Z(0)P*(0)= — Y, a¥(0).
Subtracting we find

A~ R0 = Y (@ (0) — a¥) + (A(0) — A)PHO). (41)

Again, multiplying by Y% — W*(0) and integrating by parts, one has
0 0
/ > al (P — PR 0)) (P — PH(0))dz
n 7 62,' Ozj

. .0
= — /T > (@ () —a’k)g('llk — PR))dz

-/ Z(a”w) S - vz
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< QO — 5O g1y + COI P — 5O 1

O |17
< (0.
Therefore, |[V¥* — VW5 (0)] 21.) < CV0 uniformly in y € RY. Hence,

| —a(0)| =

/W /Rd [+ V¥)a— (I + V¥(0))a(0)] p(y)dydz| < CV0. (42)

It remains to note that (38), (40), and (42) imply (30). Proposition 4.2 is completely
proved. [J

It follows from Proposition 4.2 that v® converges in probability to the solution ¢ of
(29). In order to show this, let us introduce a bounded continuous functional @,(u)
on the space Qr:

Py(u) = lAtSEI;‘(fp(t),u(t)) — (¢(0),u0) — /0 ((ps(s), u(s))ds

- <Z d"f’wx,x,.(sxu(s)) ds|.
o \F

From (30), we get lim,)o E®,(v*)=0, so for any limiting point QO of the family Q%,
we obtain EQ<D@(u):O and therefore any limiting measure Q is concentrated on the
weak solution of the deterministic equation (29). Thus, the uniqueness of the solution
of the latter problem implies the desired convergence in probability. [J

Case oo=2: We follow the same scheme as above: let i(x,#) be the solution of the
Cauchy problem
0 =div(aVi) — bV + éﬁ, 0(x,0) =ugp(x), (43)

where d and b were defined in Theorem 3.1, and ¢ = (Gé).
We are going to prove that any limit point of the family {Qg} is the J-type measure
concentrated on 0.

Proposition 4.4. For any test function ¢(t,x) € C*([0,T]; C°(R")) the following limit
relation holds:

lim £ sup ‘((P(t),ve(t))— (¢(0),u0) — / (@s5(5),0°(s)) ds
sl <7 0

=0.

- / < [Z @ @y, (5) + bV o(s) + czqo(s)] ,v”(s)) ds
0

ij

Proof. Consider the auxiliary process:

H(0) = (@) +e Y (P (280 ) 00 v'()) +2 (G (5802 ) 007()
k

where ¥ is defined by (14) and G(z, y) satisfies the equation
(A + L)G(z,y)= — &z p). (44)
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It follows from Proposition 4.1, (E1), (E2), Lemma 2.5 and Proposition 2.6 that:
13{})1 E tsng |H (1) — (@, v°(2))| =0.

Applying Ito’s formula to H*(¢) gives

dH® = 3 (@ rn0) + &7 (a5 9y, 0")) e + &7 (. 0) dt
ij

+(%G o+ Y VP oy, )0 d
k
e Y (L0 + ) (P 0 + (10
k k
+eT D) (AP g )+ (P g th)
k k
+ Z((as,ij ll/é),k)Zi (px’{xf + as,ij Tﬁ;k(pxkxp l)s)
ijk

E & ijgye.k &
+8 (a jl[l (Px,-xjxkav )
ijk

+e (LG 9.0 + (G Ep.1h)
+e  (AG @0 + Y (@G ) px, + a" VG 0%
ij
+¢ Z(ag’ij(?sgoxixj, v*) | dt.
ij

Taking into account Eqgs. (14) and (44) we simplify the expression on the right-hand
side as follows:

st _ Z(as,ij (pXixj’ 1)8) + Z((as,ij n{/b‘,k)z’ qu]txj + ab‘,ij 'Ili;-k(pxkx,: US)
i ik

+ Z(Wﬁ’kgg(/)xk; v;;) + (GECNE([), Ua:)
k

+) (@G, gy, + @ TG puat”) + (g 0") | dt

i

+ (vyé”<p + ey, v) 0* AW + e dR*(1) (45)
k
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where Esup, . 7|R*(¢)] < C. Denote by M*(t) the stochastic term on the right-hand
side of the latter formula:

t .
Ms(t) = / <VyG (E: és/sz) ¢+ Z vy lpgﬂk Py US(S)> 'G(és/sz )SdVK/sz,
0 ’ k

clearly M*®(¢) is & {-adapted square integrable martingale.

Proposition 4.5. The following limit relation holds true:

hm E sup [M°(t)| =

t<T

Proof. It is easy to see that the operator ¥ does commute with averaging in variable
z. Thus, taking the mean value in z in Eqgs. (14) and (44), we find (V,P(-,y)) =
and (V,G(-,y)) =0 for all y. Therefore,

E sup / [Z(vyav%xk,uﬁ(s))+<vyé‘2 qwﬂ(s))] 0 (&g ) A
t<T 0 I
=¢E sup /0 l} (HY V(0 v(5))) + (H, V(QDUS(S)))] 0 (&g ) AW
t< &

where H*(z,y) and H(z, y) are given by
div. H'(z, ) = V, V(2. ),
div. A(z, y) = Vyé(z, ).

By virtue of (E1), (E2), and the Burkholder—Davis—Gundy inequality we have:

t
lim E ,P::,k £ . , | —
do e zk: /0 (V¥ 0, 0(9)) 0(Cyp2) | =0,
llmE sup /(VGQD, =0. 0
(<T

Passing to the limit on the right-hand side of (45) by means of Proposition 4.5 and
Lemma 4.3, we complete the proof of Proposition 4.4.

Now, the convergence of v° in probability can be derived in the same way as in the
case o <2.

Case a>2: The approach used in this case is quite similar to that of the preceding
cases so we consider it briefly. We introduce a function 6(x,7) to satisfy the Cauchy
problem

b, = div(aVd) + 6, 6(x,0)= up(x), (46)

with 4 and ¢ defined in Theorem 3.3. The proof of the fact that v° converges to ¢ in
probability relies on the following.
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Proposition 4.6. For any test function ¢(x,t)€ C*>([0,T]; C§°(R")) the following
limit relation holds:

lifloiE sup ‘(fp(t),vg(t))—(qo(O),uo)—/(ws(S),vs(S)) ds
€ t<T 0

=0, (47)

- / (Z Q7 @y (5) + Co(s), u“(s)> ds
0 -

ij

Proof. We define the functions Ge]:ll(T”), ge[-—ll('ﬂ'” x R?), to be solutions of the
system of equations:

AG(z)= —c(z,),

Lg(z,y)= — [&(z p) = c(z,-) + 4 G(z) =/ G(2)], (48)

and the functions ¥* € ' (T") and (15"61:1:,('[" x R?), k=1,...,n, to satisfy the
system

AP )= = ak(z),
Lz, y)= - [(&/ — )P 2) + ) (a2 y) - di(z, '))] (49)

k=1,...,n, =0 —2>0. Applying Ito’s formula to the expression

HL‘ — (go’ Us) 1g <Z qj&,kqox“ UE) + 81+(3 <Z ¢E’k¢xA> UC)

k k
+e(G, v°) + &' (gf , v)

we obtain after simple transformations:

dH? = (@, v°)dt 4+ ¢! (Z aﬁ;’:"@xj,v‘;) dr + e (&, v°)dt
ij

ij

ij

+e! (Z &/'I’g’k(pxk,v*’> dr + <Z Zaa’ii‘I’g;k(pxkx/,v£> dt
k k ij

+¢ <Z Z a®v ?’E’k(pxkx,.,vij> dr+¢ (Z ek (ptxk,f) dt
T, k

+ (Z 5ﬂw~’f<pxk,u£> dt
k
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+e! (Z AP F v )dt—i—s (Z Zas T v )dt

k

6+1 (Z Zaé U@l k(Pka/ ) dt + (c.5+1 (Z ¢1 Prxgs U > dr

k

+é& (Z Estbe’k(pxk,v£> dt + ¢! <Z($<I>)s’kq)xk,vs> dt
k k
+86/2 (Z vy¢c,kq)x/;’vc> dW
k

N AGp,v°)dr + (Z @I GE o0 ) dt

i

(Z @I G s 0F ) dt + &e(G* @, 1v°) dt + (¢° G, 0% ) dt
+e0 (g p. ') dr 4 ¢ (Z D a4 s "8> a
ki

(z St ) -+ 7 g g

+2(Eg e, v°)dt + e ((Lg) o, v dt + & (Vygt o, v°) AT

According to (48) and (49) the following terms on the right-hand side are mutually
cancelled:

‘ (Z g, vﬂ) +e! (Z APy, vﬁ) +e! (Z L0 s, vﬁ) =0,
ij k k
871(58(/), vl:) T gil(ﬁiGﬁ(P, UL‘) 4 Sfl(ggli(p, Ul:) — 0,
and we obtain

H = (@, 0v°)dt + (Z as”:f(px,xj,vs> dr + (Z Zae PR sV ) dt
ki

ij
+ (Z ct ‘I’”’k(pxk,v”> dr + <Z aﬁ’ijGjiqoxj,vﬁ> dt
k ij
+ (&GP, v%)dt + /M dR

where E sup, AR () < C
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In the same way as above one can check that (33) holds. The passage to the limit
is straightforward by virtue of Lemma 4.3.

It remains to show that the first-order terms in the limit equation are equal to zero
or, equivalently, that

(eP* +avG)=0.
Indeed, Definitions (48) of G and (49) of ¥* lead to
(P +avG) = (—(AG)PH* +aVG)
= (G(AP*" 4 Va))
= 0. O

4.4. Convergence in law of the solution of initial problem — description of the limit
distribution

In this section we establish the convergence of the family {u°} in law. We start by
studying the limit distribution of the exponent from (25). According to Pardoux and
Veretennikov (2001, Theorem 3) the family of integrals

ba_ L[
Jt :M/O«f(',fs/g))ds

converges in law in €[0,7] as ¢ — 0, to JW,, where W, is a standard one-dimensional
Brownian motion and A is defined as follows:

#=2qVGVG, — ZLG= —(c(-,y)).

In fact, this definition coincides with that of Theorems 3.1 and 3.2. In particular, the
above result implies that for o>2

1 t
P-tim = [ (et &) ds =0
e—0¢ 0
and, therefore,
1 t
P- lim exp(s / (el &g ds) =1. (50)
For o < 2 the family exp(J**) converges in law to the distribution of exp(iW,).
In order to pass to the limit in the product exp(J;>*) v*, we represent it in the form
exp(J"* )" = exp(J;"*)d + exp(J*)(v" — ). (51)

It is easy to see that the map v(-)— v(-)0 is a continuous map from €[0,7] to Q7.
Thus, the first term on the right-hand side of (51) converges in law to exp(AW¥,)d in
Qr as ¢ — 0.

The second term converges in probability to zero. Indeed, by Prokhorov’s theorem
(Billingsley, 1968), for any y>0 there is a compact subset K’ of %[0, T'] such that

Plexp(J**)eK'} =1 —y.
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For a finite y-net fi(¢), f2(¢),..., fx(t) in K7, we construct mutually nonintersecting
sets K{,K3,...,K}, such that K] belongs to y-neighborhood of fi(-), /=1,2,...,N, and
K7=J,K]. Now one can rewrite the expression studied as follows:

XD = 6) = ey ¢ 0 XIS N(W = 0)

™ Z 1°Xp(J,“) eK;'fl(t) (v* =)
/

+ 3 Mg exi[exp(J)%) = fi)] (0 — B). (52)
!

It remains to notice that by (E1) and (E2)
||1exp(J,‘*“) €K [exp(J*) — fi(H)] (v — ﬁ)”LOC(O,T;LZ(R"))

+ Hlexp(‘],""’)el(l" [exp(‘][s,u) - fl(t)] (UE - ﬁ)HLZ(O’T;Hl(Rn)) <cy,

and pass to the limit in (52) first as ¢ — 0 and then as y — 0.

Finally, in order to show that the limit distributions obtained satisfy the limit SPDEs
(9) or (12) one can apply Ito’s formula to the product exp(/th)ﬁ(t,x) and use the
auxiliary homogenized equations (29) or (43), respectively.

With evident simplifications, one can use (50) to pass to the limit in the product:

ug(t,x):exp<l/0 (e(-, Eer)) dS) v(2,x)

in the case «>2, and to show that the functions v* converge in probability in Q7 to
the solution ¢ of problem (46).
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Appendix A

In this appendix we prove the properties of the process &, of its invariant density,
and of a solution to the Poisson equation (7) which were formulated throughout the
paper, in particular Lemma 2.5 and Proposition 2.6.

Lemma A.1. Under Hypotheses 2.1-2.3, the process &, governed by the operator &
possesses a unique invariant measure whose density decays at the infinity faster than
any negative power of |y|.

Proof. The existence and uniqueness of the invariant measure of &; have been ob-
tained in Veretennikov (1997, Theorem 6) and Pardoux and Veretennikov (2001,
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Proposition 1). The density p(y) of the invariant measure satisfies the stationary
Kolmogorov equation:

L*p=0 (A.1)
that is

0? 0
P L -5
: ayiayj(qj(y)ﬂ(y)) Xi:@yi( () p(»))

0 o
“L 3, (q,,(y) 3y PU)) 2o (( 5 q,,(y>) p(y))

0
-> 3y, BP0

=0.

Our regularity assumptions of Hypotheses 2.1 and 2.2 imply (see, for instance, Gilbarg
and Trudinger, 1994, Theorem 8.24) the Holder continuity of p(y) and the following
Harnack inequality (cf. Gilbarg and Trudinger, 1994, Theorem 8.20): in a ball

|y*yo| }
=y o
Or {y ETE

we have
maxyc o, P(¥) -
miny c g, p(¥)

Indeed, if we make a change of variables
Y=+ |y y=00y0) y

then in the coordinates y’, Eq. (A.1) reads

O (Y >a < Y )
,Zjay:» ("”(fxyo) oy, " \oG) )
Y v
Z oy, (( i (0(yo)>>p<0(yo))>

w2 o (2 (@) (a)) -
_ B; =0.
9(yo)Z 0y£< <9<yo> P\ 000)

In the ball {y;]y" — »o|/0(»0) < 2}, the coefficients of the latter equation admit an
upper bound uniformly in y,. Therefore, in the smaller ball

={: 1y = »l/0(») < 1}

(A2)

9()

we have

max 1 10
Ve s o, p(¥'/00)

min (y'/60) <C
P U pLY /Yo
Y€ 0oy o
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and (54) follows. Proposition 1 of Pardoux and Veretennikov (2001) states that, for
any m>0

/Q (11 y") () dy < Cm). (A3)

From (A.2) and (A.3) we obtain
(I + |y
(1+ [yo])”

Finally, the desired statement follows from the fact that m is an arbitrary positive
number. [

max p(y) < Ci(m) =Ci(m)(1+ [y} ™.
Y€ Qy

Proof of Lemma 2.5. The statement of Lemma 2.5 is similar to that of Theorem
1 of Pardoux and Veretennikov (2001), but in our case the diffusion process under
consideration takes on values on the product of the torus T” and the whole space R?
while, in the cited paper, a process with values in R? is studied.

A simple analysis of the proof of Theorem 1 of Pardoux and Veretennikov (2001)
shows that this statement relies crucially on the estimate of the variance of the difference
between invariant measure of a diffusion process and the law of this process issued
from a given point at time 0.

Denote by v*¥(dx’,dy’) the distribution of the diffusion process (17, ¢;) governed
by the operator .o/ + . with the initial conditions 1§ =x, & =y, x€T", y € R?. Then
we have

ver(dx',dy') = p(t,x, y,x',y)dx' dy

where a positive continuous density p(t,x, y,x’, ') exists for all #>0.
Our aim is to obtain an estimate

var(v; " — viny) < (1+6)7 (1 + [y])" (A4)
with arbitrary m >0, 0 <k <m/2; here v;,, is the invariant measure of (1, ¢&;):
viny(dx',dy") = p(y") dx" dy'. (A5)

Denote by ¥, (dy')= p(t,y,y")dy’ the distribution of &, t>0. Since the coefficients
of # do not depend on x, we have an evident relation

[ ey s ax = ey (A6)
We want to estimate

var(vi? — viny) = / / dIp(t,x,y,x’,y’)—p(y’)|dx’dy'
T JR
</ / | p(t,x, v, x', ') — p(t, v, y")| dx’ dy
n Rd

[ 1 = p0lax dy
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_ | ¢ / A - t / | d /d /
- g p(,xay,an/) P(a)/aJ’) x dy
o J R

+ [ 1= 0l ay
R

The second integral of the right-hand side has been estimated in Veretennikov (1997,
Theorem 6), and Pardoux and Veretennikov (2001, Eq. (6)).
We are going to show that the first one admits the upper bound:

var(v” =) = / /d |p(tx, y,x', ") — p(t, v, y)|dx"dy’ < Ce™, 1>0.
T JR

(A7)

Denote by 2(y,de(-)) the law of & in the space (%[0,7])¢ of the continuous
trajectories in RY, and by 2(t,x, y,dx’,do(-)) the joint distribution of (', {&’}) in
T" x (%[0, T])". For any trajectory &, the process n* is governed by the operator

0 0
67;611']'(36/, & 87]’

Thus
2t,x, y,dx’,do) = g(t,x,x', p)dx’ 2(y,de) (A.8)

where the function g(z,x,x’, @) satisfies the following equation:

0 0 0
&g(trxaxla ()0()) = Z & (aij(x/s (p(t))&g(tsx,xla @())) P g|t:0 = 5(xl - X).
i J

1

(A9)
Now, we need the following lemma:
Lemma A.2. Uniformly in x and ¢(-) the following estimate holds:
/T lg(t,x,x", () — 1|dx" < Ce™, 7>0. (A.10)
Proof. By the Harnack inequality (Trudinger, 1968, Theorem 5.1):
max, g(1,x") (A1)

miny g(1,x')

where the constant C only depends on the upper and lower ellipticity constant of {a;;};
for brevity here and afterwards we omit the arguments x and ¢(-) of g.
In view of evident relation:

/ g(t,x")dx' =1 (A.12)
TVI
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Eq. (A.11) implies the upper bound

191, Il grny < C.

We want to show that |g(¢,x") — 1| decays exponentially as z | co. By (A.12), we have
J7.(9(t.x") — 1)dx’ = 0; thus it is sufficient to show that

os¢ g+ 1,x)Y<C os¢ g(to,x") with 0<C <1, (A.13)
x/e n xle n

for any 7, > 1. Making an appropriate linear transformation k| g + k, and considering
the fact that (A.13) is invariant with respect to such a transformation, we may assume,
without loss of generality, that max, ¢ 1 g(fp,x') =1, and miny ¢ 1+ g(fp,x’)= — 1.
Denote gt (to,x") = g(to,x')V 0, g~ (to,x") = — (g(to,x') A0), and consider the following
two problems:

g = Z ox! (a,j(x (/’(t))a ,g (f,xl)> , X eT" t=t,

G (t0.x") = g% (t0,x').
Clearly

g(t.x")=§"(1.x") — § 7 (1.x"). (A.14)
According to the maximum principle:

0<gEex)< L, 1 =0 (A.15)
Again, by the Harnack inequality one has

max jrex)y<c min, JgE@,x"). (A.16)
From (A.14)—(A.16) we derive

max ¢g(to + 1,x') = max (§ (to + 1,x') — § (1o + 1,x))
x/e—l]'/l x/eTﬂ

< max §7(t+ 1,x)— min § (4 + 1,x")
X T X ET

N

~ 1 -
max, Gt +1,x) — C max g (to + 1,x").
Similarly,
1
mn% g(to +1,x") = — max gt + 1,x) — max g (to + 1,x)).
x'edr

Subtracting the two last 1nequahtles leads to

1
osc g(to+ 1,x") < <1 - > (max G o+ 1,x')— max § (o + 1,x’)>
x'eTn C x' el x' el

1
< (1-¢) oo, o000 1)

It remains to put A=log(l — 1/C). I
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We can, now, return to the proof of Lemma 2.5.
By virtue of Lemma A.2 we obtain the following upper bound:

var(2(t,x, y,dx’,dg) — 2(y,dep)dx")

< / |g(taxaxla(p('))_ 1|’@(y7dq))dx/
([0,T)? J 1"

<Ce™ / I(y,do)
(%[0,77)¢

=Ce "
which, in turn, implies the estimate
var(vPY(dx’, dy" ) — v/ (dy')dx") < var(2(t,x, y,dx’,d@) — 2(y,de)dx") < Ce 7.
(A17)

In order to justify the first inequality here it suffices to note that if we reduce in the
second variance the collection of test subsets and consider instead of all Borel subsets
of (%[0, T])¢ only the collection of cylindrical subsets of the form

{o();, 0(t) € G}
where G is a Borel set in R?, then we will obtain the first variance in (A.17). Estimate
(A.4) is now straightforward. Now, let f(x, y) satisfy the estimate

£ p)| < C(L+ |y

with some f. From the inequality of item A of the proof of Pardoux and Veretennikov
(2001, Theorem 1), it follows that the function

ww)= [ an [ a6

is well-defined and

lu(x, y)| < C(m) (1 + |y|)"

for any m>2 Vv fi. Moreover,

u(x, ) - /0 S [ /R d v’f’y(dx’,dy’)f(x’,y’)> —o.

Furthermore, items C and D of the said proof of Pardoux and Veretennikov (2001)
only rely on probabilistic representation of solutions of Cauchy problem for a parabolic
operator and Dirichlet problem for an elliptic operator, and on local regularity properties
of these equations. Thus, all the arguments apply in our case and we have

(o + L u(x, y) = f(x, y),
which ends the proof of Lemma 2.5. [

li 1 —m
Jim le,lf (( + 1D

Proof of Proposition 2.6. As was shown in Pardoux and Veretennikov (2001, proof
of Proposition 2)

E sup |E]7 < C(p)(1+[x[)P~"2 Ve

0<s<t
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for any x € R?, p>0, t>0. By introducing # = T/¢* with T >0 fixed, we get
E sup |E|" S VT C(p)(1+ ™12 a2,
T

0<s<

Multiplying by &* gives
E¢* sup |&.17 < VT C(p)(1+ |x[)P~ "7 2,

0<s<T

For the stationary process & distributed with the invariant law p;,, we find

Epp (s“ sup |fs/ea|”) < &PVT C(p) / (14 )P~ piny (dix)
R

0<s<T

< VT Ci(p)e™.

Here Proposition 2.5 has also been used. This implies the required statement for f > o.
In case f<a we have by Holder inequality

B/
o (4w ) < (e (2 s ) 0 o
0<s<T 0<s<T 10
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