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I n t r o d u c t i o n  

Many contemporary problems of materials technology require studying the macroscopic behavior 
of micro-inhomogeneous perforated media and bodies with rough surfaces. 

The aim of the present article is to consider one model problem for the Poisson equation in 
a perforated domain with a very rapidly oscillating outer boundary in the presence of small dissipation 
on the boundaries of holes. 

In the recent years many mathematical articles were devoted to asymptotic analysis of problems 
in perforated domains. Various results on averaging were obtained for periodic, almost periodic, and 
random structures. We mention the articles [1-4] wherein the reader can find a detailed bibliography'. 
Of particular interest is the most practically realistic case in which we have small dissipation on the 
boundaries of the holes. The corresponding mathematical statement involves the third boundary 
condition (the Fourier condition) with a small parameter; the periodic case was elaborated in [5-S]. 

Another direction of research, dealing with equations in domains with very rapidly oscillating 
boundary, is well developed too (see, for instance, [2, 3, 9-17]). 

The combination of these two phenomena, perforation and oscillation of the outer boundary, is 
natural but leads to additional mathematical difficulties. In the present article we study a particular 
case of such medium in which perforation as well as oscillation of the boundary are locally periodic and 
their structures are assumed to be coordinated. Studying locally periodic perforation, we face another 
difficulty: the geometry of cavities is not fixed. Using the method of compensated comp~tctness [1S] or 
the method of two-scale convergence [19], we can construct a limit problem but the methods provide 
no estimates for the error. In the present article we use the technique of asymptotic expansion [20.21] 
which requires the data to be regular but enables us to estimate the convergence rate. 

In w 1 we introduce the necessary notations, construct a family of domains which depends on 
a small positive parameter ~, and pose the problem to be studied. w 2 is devoted to constructing the 
first terms of the formal interior asymptotic expansion for a solution. The technical results of w 3 make 
it possible to justify this asymptotic expansion and estimate the error. Namely, by Theorem 1 of w 4. 
two terms of the interior asymptotic expansion guarantee an estimate of order Vr~ r in the HLnorm. 
In w 5, we construct a boundary layer corrector and so improve the estimate for the residual, making 
the former of order e. This is the content of Theorem 2. 

w 1. S t a t e m e n t  o f  the  P r o b l e m  

We start with the definition of a perforated domain with oscillating boundary. Let 12 C R ~ N 
{x ] xd > 0}, d > 2, be a smooth bounded domain whose boundary has a nontriviat flat part 

o 

F1 = 0Ft f) {x ] Xd = 0}. We suppose that the (d - 1)-dimensional interior F1 of F1 is nonempty. 
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\Ve wish lo determine a locally periodic interior perforation in such a way that it vanishes in 
a neighborhood of F_, = 0~.)\I'1 and is purely periodic in a neighborhood of F0, where F0 is a compact 

o 
subset of FI. To this end. we introduce a C~'(Ra)-truncator r such that. 0 _ ~(.r) < l. ~(.r) = 0 
in a neighborhood of 1"2. and ~(z) = 1 in a neighborhood of F0 and fix an open set Q with smooth 
bonndary such that Q C [] = {~ I - 1 / 2  < ~j < 1/2, j  = 1 . . . . .  d}. Afterwards, denoting the 1-periodic 
extension of the characteristic function of Q by ~:q(~) and denoting the function :~O.(~/~(.v)) by \(.r. ~). 
we define the domain I-l~ = fl \{x t z4 > el2, x(~,xle) = 1}. 

Fig. 1 

Vv'e now furnish the so-constructed domain ~]  with an oscillating boundary (see Figs. 1, 2). To this 
end, given a smooth nonpositive function. F(k,~),  k = (x l , . . .  ,za-1),  ~ = (~1,.-. ,~d-1), 1-periodic 

in ~ and such that  supp,  F(k,~)  - {zlF(~,~) < 0} C F0 for all d, we put 

II~ = {z ~ R a :3: E [ 'x,~F('k,k/~) < xa < 0} 

and finally define our perforated domain as follows: fl~ = ~ U IIr We also use the notations 

fl'~ = fl '  n n l ,  ~ "  = i f '  n ~l~, ,,, = R a \ { ~  I XQ(~ , , ' )  = 1}.  

x 
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Fig. 2 
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According to the above construction, the boundary 0iV consists of F'2 and F~ = {.r ~ l'~.,rd = 
zI"(.i'. 2Is)}.  forming the outer boundary, and of the boundary 5'e C fl of the cavities, 5'e = (0fl "~) G ~2. 

We study lhe asynq)totic t)ehavior of a solution ue(.r) to the following boundary value problem in 
the domain fF as z ~ O: 

- A u .  = f (x)  in fie, _ _  a,,~ + ply" ~/~)~ = ~(y' ~le) on r~, 

O,,V--'-= = 0 on F2. One + ~.Oq(x,x/~_)u~ = 0 on S~, 

where ve is the outward normal of F{, ne is the inward normal to the boundary of the "holes." .~." 

is the outward normal of F2, p(2,~) and g(&,~) are positive functions 1-periodic in ~, and q(.r,~) is 
a function 1-periodic in ~. Moreover, we suppose that the functions p, g, and q are sufficiently smooth. 
.Also, we suppose that supp~(p(Ye,~))and suppz(9(&,~) ) lie in F0 for all ~. 

DEFINITION. A function u~ ~ Hl(f i  e) is a solution to (1) if the integral identity 

f vue(x)Vv(x) 
fl, 

f f 
dx + e ~ I q(x,x/e)u~(x)t '(x)ds + ! p(k,~/e)ue(x)v(x)d~ 

, 1  . 1  

s~ r~ 

= f f(z)v(z)dx+ f g(,~,2/e)o(x)d~ 

holds for every function v ~ H~(fle). 

(~) 

REMARK. In the present article, we study the critical case of ~ = 1. The other cases are the topic 
of independent research. 

w 2. The  Formal  Ave rag ing  P r o c e d u r e  

In this section we construct the first "locally periodic" terms of the formal asymptotic expansion 
and then write down the limit problem. Towards this end, we represent a solution ue(x) to (1) as the 
asymptotic series 

udx) = uo(x) + c~l(z, x/E) + e2u2(x, z/e) + Pu3(z, z/e) + . . . .  (3) 
Inserting (3) in (1) and using the obvious relation 

0r 0r (x, I 0r z, ~) 
-ggz(z ' z le )=(  -ggz ~)+7~  "( ) I~=~/~ 

after simple transformations we obtain the following formal equality: 

-f(x) = A~u~(z) u • + ~(A, ul(z, r + 2(V:, V~U 1 (X: ~))1r 
1 ., +-(A~u~(~, ~))1~=~/, + e'CAru2(~, r162 + 2e(V~, V~u2(~, r 

~+(,:_X~u2(x, ~))1~=~/, + P(~ua(z, ~))1~=~/~ 
+2e~(V~, v~u3(z, ~))1r + e(A~u3(x,,9)l~=,/, + . . . .  (4) 

Similarly, inserting (3) in the boundary conditions of (1), we obtain 

Ot.l~ 
0 = ~ + eq(x, z/due ~ (v~uo; n.) + ~q(x, z/e)uo + e(V~1,  n~) 

+e3q(.r. x/e)w2 + .~3(Vxu3. n,) + e (V,~u3ls ne) + ~.4q(x, x/e)u3 + . . .  (5) 
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Fig. 3 

Observe that the normal vector n. depends on .r and ,r/e in 
f2~\f~" and only on x/s in ~". Considering x and ~ = .r/e to be 
independent variables as usual, we write ne in 9/~\fY ~ as 

,~(x,~/~) = ~(z,~)l~=~/, + ~'~(z, ~)l~=~/~. 
where h is the normal of S(z) = 0{~ ] ~/r ~ Q} and n'. = 
n' + 0(r Simple calculations show that n' is 1-periodic in ~ and 

n = ,~, ( V ~ ( z )  - (v~(x) , ,~ )~) ,  ~ ~ ~. 

Equating the terms of order s-1 in (4) and of order ~0 in (5), we 
obtain the following auxiliary problem (see Fig. 3): 

A ~ u l ( x , ~ ) = 0  in D n w ,  

O~O:'~)=-(v~(uo(x)) ,~) on S(x). 
(6) 

Oh 
This problem must be solved in the space of functions 1-periodic in ~ with x a parameter.  It represents 
a standard problem on a "cell" which results from averaging in a perforated domain in the case of the 
Neumann conditions on the boundary of the holes. It is clear that the solvability condition 

f (y~u0(x), h(~)) d~ = 0 

S 

of the problem (6) is satisfied and the corresponding solution gives the first "interior" corrector in (3). 
Our next step consists in equating all terms of order ~0 in (4) knd of order ~1 in (5). This leads 

to the problem 
A~u2(x,~) = - f ( x )  - A~u0(x) -- 2(V~, Vxul(x,~))  in [] n w, (7) 

Ou2(x, ~) 
O~ =- (V ,u~(x ,~ ) ,~ ) - (V~u~(z ,~ ) ,n ' )  
- (v~ ,0 (~) ,  n ' ) -  q(~, ~)~o(~) on s(~). 

A 1-periodic (in ~) solution to the last problem is the second term of the interior asymptotic expansion 
for ue(x). 

It is natural to represent a solution ul(z,~) to (6) as 

u,(z,~) = (V~uo(z), M(z,~)), (8) 

where the 1-periodic vector-function h i (z ,  ~) = (MI(z, ~), . . . ,  Md(x, ~)) satisfies the problem 

omi(x,~) = --hi on S(x). (9) A~Mi(x, ~) = 0 in [] f'l w, 0fi 

Now, we can rewrite (7) as follows: 

d O2uo(z)aMi(z,~ ) 
A~u2(z, ~) = - f ( x )  - ~ u o ( z )  - "2 

OziOz i O~j 
i 0:1"-- 

,t Ouo(z) OLali(z;~) (i0) 
- 2  Z Oxi O~iOxj i n [ ] N w ,  

Lj=I 

0u_,(x, ~ ) 0 h  - Z a  ~'-,~-J~2 " M,(z ,~ )h j -  Z~ Ou~ OMi(x '~)h iOxi  Ox.i 
i.j=l i,j=l 

OUo(X)OI14,(X,~) n3 _ ~ on S(x). 
-q(x,~)uo(z)- ~ Oxi O~j i,j=l i=1 
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Writing dowu the solvability condition for (i0) in the space of 1-periodic functions, we obtain the 
equat ion 

d 
f 02uo(x)omi(x,~ ) .f(z) +&~u0(:r)+2~ OxiOxj O~j 

Onw i,j=l 

+2~,.j=, o~ o~,o~j j d~= , , j = , ~ i , ( ~ , ~ ) ~ ,  

~ O,,o(~)OM,(~.~)~, d O~o(~)O.U~(~,~) ~ + ' + Z  
,,i=1 Ozi ~ Oxi O~j 

i,j=l 

By the Stokes formula, (11) implies the equality 

(11) 

~. /OM,(,,~)) 0~-,,o(~) d . . . .  0~o(,) 
+i,/-,F==, = -~J OxiOz--~ +lvlnwlf(z)=Q(z)u~ ~--'t"itx)i=, -O~zi ' (12) 

which is the limit equation in fL Here (-) stands for integration over the set f low,  Q(x) = fs  q(x, ~) do'. 
and  

\ 'O~j n1 + ni da. 
S 

Inspect the function Ui(z) in more detail. Fortunately, there is no need to calculate Ui(x). Instead, 
recalling that  the operators of the original problem are selfadjoint and using convergence of the 
corresponding bilinear forms, we infer that  the G-limit operator is selfadjoint by necessity. Thus, the 
limit equation (12) takes the form 

(13) 

consequently, 

v'lx)=Z \ - 
j=l = 

(14) 

OMi(x,~)\ It is clear that (r + ~ /  is a. smooth matrix equal to a constant in 9t" and to the identity 

in Q\9/'. Arguing as in [3]. we can moreover verify that  this matrix is positive definite. 
We have thus found the limit equation inside the domain. Applying a similar technique, we can 

derive boundary conditions for the limit problem (see also [13, 14.16, 17]). Consequently, we arrive at 
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the following averaged problem: 

.0(< 
,~, = ~ ~ij + 

~ @ ~ + - -  
i=1  --  

OMi(.r, ~) } O~,o(x) "~ O~.i ~ , ]  - Q(x)uo(x) = -[[::] n , o i l (x )  in fl, 

O i m ,  ~) \ 0.o(~) 
O~d / Oxi + P(&)uo(x) = G(i:) on F1, 

O,*o( z ) 
- 0 on F2, 

0 H  

(15) 

where 

T T 

and T = { ( :  0 < ~,/< 1,j  = 1 , . . . , d -  1}. 
The integral identity for (13) has the shape 

~i + ~ T  + Q(z)~0(~),(~) dx 
f~ \ i , j = l - -  

+ / P(z?)uo(x)v(z)d2= f Innwlf(x)v(z)dx+ / G(~)v(z)d.~ 
F1 fl F1 

(~) 

for all functions v E Hl(f l ) .  

REMARK 2. According to the above construction, the functions uo(x) and M(x, x/s) are defined 
not in the whole of fte and M(x, x/z) is purely periodic in a neighborhood of F0. Application of the 
symmetric extension technique [22] enables us to extend uo(x) to some neighborhood He and M(x, ~) 
to the interior of the "holes" so as to preserve regularity of the functions. We use the same notations 
for the extended functions. 

In particular, in Theorem 1 below, uo(x) belongs to Ca(f/) due to the s tandard elliptic estimates. 
Thus, uo(x) can be extended to fl~ as a Ca-function. 

The limit behavior of a solution to the problem (1) is described by the following assertion: 

T h e o r e m  1. Assume f(x) e C I ( R  •) and suppose that g(k,~), p(&,~), and q(x,~) are sufficiently 
smooth functions. Also, suppose that p(:?, ~) and q(z, ~) are nonnegative and at least one of them is 
strictly positive in at least one point. Then the problem (1) has a unique solution for all sufficiently 
small e and the following estimate holds: 

IIuo + eu, - '~:[IM,(a,) -< Kirk, (17) 

where uo and Ul are solutions to the problems (13) and (6) and K1 is independent of z. 

REMARK 3. In the s tatement  of Theorem 1, the conditions q(x,~) >_ 0 and p(~.,~) > 0 can be 
replaced with the weaker conditions Q(x) > 0 and P(:~) >_ 0. 

w 3. P r e l i m i n a r y  L e m m a s  

This section is devoted to various technical assertions to be used below. Some of them are proven 
in [171 (see also [141). We omit their proofs. 
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L e m m a  1. The inequalities 

Ilv(.~,cF(3",,~/e)) - v(.i',0)llL2(r,) _< 6'1 v/Tll,'llH,(m--/, (18) 

IIvIIL~_(~,) < C2v~ll,,lln,(~,) (1.9) 

are valid t'or every v E Hl(fl~). 

It is convenient to choose the coordinates k = ( z l , . . . , z ~ _ l )  on F~. The ( d -  1)-dimensional 
volume element on I'~ is calculated in the following lemma: 

L e m m a  2. Let ds stand for the (d - 1)-dimensional volume element of F~. Then 

ds = r  (V~F(~,~))21s d2(1 + O(e)). 

The following assertion is a straightforward consequence of the Sobolev embedding theorem (see, 
for instance, [23]). 

A s s e r t i o n  3. The inequality 

[f~.,d~ < c311.ll.,/~(r,)lloll~z~/=ir,) 
Fl 

holds uniformly in u, v 6 HI/2(F1). 

The uniform (in s) coerciveness of the bilinear form in (2) is the topic of Lemma 4 which in 
particular implies that the problem (1) is well-posed. 

L e m m a  4. ff  the conditions of Theorem 1 are satist~ed then the inequMity 

f l v v l 2 d z + , f q ( . v , x / e ) v 2 d s + / p ( k , k / e ' v 2 d s > _ _ C 4 t l v n ~ t ( f ~ , ,  

fz~ & r~t 

holds for all v E HI(Q'~), with C4 a constant independent o f t .  

The following assertion will be used below systematically: 

L e m m a  5. Suppose that h( ~, ~) is a Lipschitz function 1-periodic in ~ and such that 

1 1 1 

//  
0 0 0 

Then the estimate 

f /h(~,~/~)u(~)v(~)  d~ I -< Cs~ll~llz~z-.(r,)ll~llH,/.-(r~ 
rl 

(21) 
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is valid for arbitrary fimctions u. t" E HI/2(F1). 

REMARK 4. For smooth functions h(2,~) in the two-dimensional case, the assertion was proven 
in [1-1] and independently in [24] (see also [2.5]). A proof for a Lipschitz function is given in [17]. 



L e m m a  6. 

where 

The following estimates are valid: 

I / g(2,.Ue)c(x)ds- f G(3:)v(".O)d~l <_ C6vff~[lVHH~(n, ), 
F~ Fl 

[ / p(2.:i'/z)r(x)u(.r)ds- / P(k)v(k,O)u(k,O)d2 <_ C7X/~I,V,,HI(Ft~),,U,IH,(~2~), 
r~ r, 

T T 
The following assertion is essentially a modified version of Lemma 5. 

L e m m a  7. If 
/ / ID n ~1 Q(=) d~ - q(x, ~) da = 0 

[3nw S 

then 

(22) 

(23) 

(24) 

[[[]lcl w[ / Q(x)v(x) dx - e / q(x,x/e)v(x) ds I < Cs~llvll//,(n:) (25) 

nl s, 

/or every v(x) 6 Hl(f~e), with Ca a constant independent ors 
PROOF. It follows from (24) that the problem 

1 0~  A(q~(x, () = ---~wlQ(x ) in [] M w, 0-n- = q(x,~) on S (26) 
__1[] 

has a solution 1-periodic in ( Moreover, this solution is unique up to an additive constant  
Multiply (26) by a function v(z) 6 HI(~ e) and integrate over the domain fl ' .  Integrating the 

left-hand side of the so-obtained formula by parts, we obtain 

I / / I i n n ~  I Q(=)v(x)dx-~ q(~,z/~)v(m)ds 
n, s, 

= l / A,q~(x,')l,=,l,V(x) dx -- s / q(x,x/')v(x) dsl 
n,~ s, 

a'  

-s / q(x,x/r dsl <- sl /((V~kO(x,~) )l~=~/~, V xv(z) ) dx I 
s, n" 

+, /((V, ,  V,)~(x,~))i,=,/,v(x)dx I 

+~.21/((~7~fft(x,~))l~=x/~,n'e)v(x)dsl <_ Cse,lvHH,(f~, ). (27) 
& 

The lemma is proven. 
The following lemma enables us to neglect the right-hand side of (1) in the thin layer FL. without 

worsening the estimate. 
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L e m m a  8. Let ye be a solution to the problem 

Oye 
-Ay~ = he(x) in f~,  Oue + p(2'x/~)ye = 0 on F~, 

c3ye 
One + eq(x, x/s)ye = 0 on SE, Oh rOyE = 0 on F2, 

where h"(.r) = f ( x )  for x E II~ and 0 otherwise. Then 

PROOF. Put  

(2s) 

IlY, IIH'(n') < C9~. (29) 

Xd 

He(z)= / he(z)dz~. 
ga 

~g 

It is easy to see that  H e = 0 on F~ and [He(x)[ < C10~ in He. The integral identity for the problem 
(28) has the shape 

for all ~ E Hl(fi~). Extend y~ to the "holes" so as to have 

I I~l lH,(n~n,)  < C ,  IlY, IIH,en,): (31) 

where 1)e denotes the extended function. Putt ing ~2 = !)e in (30), we obtain 

i I I  ' i ~ IV~)el2dx+ p(2,.~z/~)~ ds + r q(z ,x /e)yr  ds = -~x.dy, dx. (32) 

fl~ V l & fit 

Integrating the right-hand side of (32) by parts and recalling the boundary condition in (28), from (31) 
and Lemma 4 we infer that 

[[yeH~/l(~.) _< C4( I ,V~l.i2dx+ lP(x.,x/,,y2ds +~ Sq(x, xl~)~l~ d.s) 

n, r,. 
< C~2 ~ x  IH~(~)I II~llx,r < C~3~lly~ll~,(n~). 

Now. we obtain (29) immediately. The lemma is proven. 
The following assertion can be proven by analogy with Lemma 7: 

L e m m a  9. Suppose that a 1-periodic (in ~) [unction w(~) belongs to L2(Q) and 

i w(~) d~ = o. (33) 
Q 

Th ell 
L=(Q) II~'II H ' ( ~  ) (34) S w(~)l~=~/eV~:u~ ~C14~3/2]Iw1[ 

Q~NII~ 

for every l.(x) E Hl(fi'~). with C14 a constant independent orb. 
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w 4. The Main Estimate 

PROOF OF TitEOREM 1. We have to estimate the H~-norm of the residual [[uo +~u~ - u.[[g~(~.~). 
To this end, we extend the functions uo(x) and Mi(x,~) to the layer [I~ (see Remark 2 above) and 
insert the expression z~(x, x/•.) = uo(x) + r x/~) - u~(x) in (1) to obtain the equality 

Using the relations 

A~(Mx, xle)) = ~u0(z) + ~ u ~ ( x ,  f)lr 

+2(V~, 

A~ul(x,~) = 0 Vz ~ fl~l, A~u~(x) = - f ( x )  in fl", 

2(Vz, V~Ul(X,~)) =2 s Oii(x'~)O2u~ d 02Mi(x,~)Ouo(x ) 
i,j=l O~j OXiOX--------~ + 2 E OXjO~j OXi i,j=l 

~,r o~j ~ .1 - Q(~).0(~) - IO n,,.,IS(~) in fl, 

we can rewrite (35) in fl~ as follows: 

(35) 

(36) 

(37) 

d Oi,(z, OO2uo(x ) 
a~j cgxF) zj  ~=z/e i,j=l 

d ahv/i(x, O0zp~j Ou~ IOxi +2 ~ + A~uo(x) 
i,j= l ~=~: / e 

1 d 0 ( < OAli(x,~) ~ Ouo(x)~ 1 
lanai ~ ~ 6~i + O,~j / Ox~ ,I + Ic]n~---~ Q(x)'~~ t 

Similarly, on Se we have 

(3s) 

O n , ,  - - (v~ .~(x) , .~ )  + (v~.o(~),  .~) 

+~(v:,~ (x, ~)le=~/~, ,,~) + (v~,.,~ (~, 0 le=~/~, ,,~) 
= ~q(x, x/~)u,(x)+ (Vxuo(x), n , )+  e(Vtul(x, ~)[~=z/,, n,) 

+ 
i,j----1 ,~=z / r 

whereas on r~ we have 

Oz,(x, x /r ) 
- (v~uJz) ,a)  + (v~o(x),.~) 

Ov~ 

= p(~, ~l~)u:(x)  - g(~, ~1~) + (V~.o(x), a )  

d Ouo(x)(O3.t~(x, O j~[ 
+~(v~,l(x.~)l~=~l~,~)+ ~ Oxi O~j -') ~=~/: 

i,j=l 
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Finally. on F., we have the trivial boundary condition 

O.:,(~',z/~) ; O~(z) Ouo(x) ~ O"uo(z) 
a..v - [ a:v + -8:F- + ~ r  i,j=l OXiOXj 

d Ouo(x) OMi(x, d Ouo(x) OMi(x. 1 
i.j=l Oxi Ox 3 Oxi O(.j f i,j=l ~=zl~ 

Multiplying (38) by v(x) and integrating over CU, we now obtain 

S A,(z,(z, zle))v(z) dz = .. f A,ul (z, f)l~=,/,v(z) dx 

+ / ~A,u,(x.,)l,=./.vdx+/ck.uo(x)v(x)d= 
Q, nIIe qe 

' /  / +l[:]n~------] Q(x) ,o(xM=)d= + 7(=Mx)d=.  (39) 
ft~ IIr 

On the other hand, we can transform the left-hand side of (39) by using the Green's formula as follows: 

[ az, v(x) az: az, . 
S A~(zr162 dOn~ "+f '. ~v(x )  + / ds = ~(,~) 

W S~ S~ 

+6 f (~zttl(Z,~)[,=z/e;ne)~(x)d8-t'~ f (~,Ul(X,~),nt.(x,~))l,=z/.?)(x)d8 
S, & 

+ f i,j=l ~ Ouo(X)oxi ( OJli(x'')hJ(x''))O~j ,=z/ev(x)ds+/p(k,k/e)ue(x)v(x)ds- f g(k,k/,)v(x)ds 
s, r~ r~ 

,: ,: ,: ,,,., o., (o.,,,,..,, i o,, ,..,:,) v(x) ds 

+/&" f vz.(x.x/~)Vv(x)dx. ~ v ( z ) d s -  . . (40) 
F2 fl~ 

From (39) and (40) we derive 
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i i i Ouo(x___~)v(x)ds VzE(.r. x/z)Vc(x) dx = s q(,r. x/s)u.~(x)v(x) ds + cone 
fl-" & & 

+~ f (v:,,,(.,e)i,=:/.~:)<,(~)d~ + ~ i(v,u,(~,e),n':(~:e>)I,:.:o(.)<,~ 
& & 

7 o,,o<.> co..,,,..,<>)t . . , . .  + cgzi c3{.i ~=.1. 

+ i , < ' , . . , . , * > ~ , -  I , ' , . , , , . > ~ +  i ~176176 " " 
r~ rl r~ 

+-/(,,,,(,, ~,,,:,:,,,,>,<,, ~,- i :<')'('>" 
r~ 11, 

sm.-<.,(...,<.,.l 0<, i o..... 
r~ i,i=l r2 

i S~-~OMi(x'~)O'2u~ v(z)dx 
- ~  A~ui(z,~)l~=,~/,v(x)dx- 2 O~j OziOzj 

fl, fl~ i,j=l 

7 .<.>,._/...o<.>.,.>,. -2 Oxjcg~ i Oxi ~=,:1~ 
i, = fl~ 

- i  ~ Aful(x'~)if=r/evdx 
QcnI1, 

, / f o ((,,, + o~,,..~> ~ o.o<.,~ .,~.>,. + 
Im n o.,----[ ~ 06 / o.~ ) fl{ i,j=l 

In n ~ol O(x>0(x)v(x) & .  
nl 

In view of the  obvious relation 

a , . , (~ (~ , , , ( x ,~ )~ ) ) l ,= . ,  a ,v . (~( . - . . .O~o( .> ,  

-ediv'(o~7(Mi(z' ~:]i,=,:/.' 
application of the Stokes formula yields 

(41) 

O,%li(x.~) 02uo(x) v(x) dx + OxjO~j Oxi t~=,l.. 
I'I" i.j=l O~j OxiOxj  (=x/.. fie i,j=l 

= ~  i(v.,,,(.,., e> ,=..,,,. >,(~) a.. +< f(~.,.(., e>,,=.....).(.> ~., 
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f 
/ (Vr , , l ( x .  ()lf=,/~,.u + O(e)llvllH,(a<)- +e 
J 

Using (41) and the boundary condition in (15), we estimate the expression 

~ ~ V~(.~..~`~vt~(~r)d~ + ~. ~ <~(z~:~).~-(x.x/~)v(~)ds + ~ p(:~U~)~(x~e.)~(.~.)ds I 
fl" S~ r'l 

<_@. f q(x,xl~)ui(z,xlr f p(~,.~lr zl,)v(x)ds I 
s. r,~ 

+l~ S q(z, zle)uo(x)v(z)ds 
S~ 

ir71n~,l i Q(:)uo(~)v(,~,)<Szl + l< i A:,~,(z,~)l~=:/:<'(z) <~x 
d Ou~ ~v(x)ds I 

i,j=l 

ds- i e(~)uo(z)v(:)d~t + t S a(~)v(:)d~- i g(~,~l~)'>(z)d~ I 

(42) 

+ ip(~, ~I~)~o(~)~(~) 
r~ r~ r~ r~ 

+ Ou, + ~ Oz, O~ i v(z)ds 
i,j=l 

rl i=l Q, 

I f  CO OMi(x,~)l COuo(X)~ 
i,j = 1 

' o 

+ irln~Loz~ \ o~i Oz~ l 
fl. --I 

} 

0 v(x) dz [ o.j [co.,(.,~)O,~o(.11 _, l(ve,,(,,~),,,,(,,~)),<__,/,,,(,) d~ 

IS ~ 

+ J 
t2\fl' II~ 

-" [I + 1"2 zr I3 + I4 + [5 zr 16 + I7 + Is + I9 + II0 "{- 111 + I12 + O(s)ll,llH~(n,)- (43) 

Lemmas 1 and 6 imply that  17 < C1v/~iltqiHl(fle), /9 _< C2v/~i]viiHl(flc), 15 ~ CTvqllvllH,ta<), and 
I6 < c6v~llvll~,~a,i. Since Q(x) = 0 in f i \ f l '  and Mi(x,~) = 0 for x 6 f i \ f l ' ,  we have Il l  = 0. 
Est imate  I-2. According to Lemma  7. 
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/ 2 =  

< ClszlluoIIu,(n,)llt'llH,(n:). 

It is cleat" that I1 and 13 admit the estimate 

I/t[ + 1/31 < C16~llullH*(a,). 

The identity/4 -= 0 follows from the boundary conditions of (6). By Lemma 8, we may assume that 
the function f(x) equals zero in the layer He. Then I12 = 0. Estimate the integral I10. Using (14), 
we can easily verify that 

/ [[ONwloxjl 0 (\Sij + OMi(x,{).~j / ~ - ~xjO @ij OMi(x,~).'~]O(j ] d( - Ui(z) = 0. 

or~ 

Applying the technique of the proof of Lemma 7, we can demonstrate that the preceding relation 
implies the inequality 

11101 < C17e 02U0(X) 
- ox ioz j  H,r 

Here we have used smoothness of f(x), i.e., the fact that f(x) S C 1 (a~). Finally, Lemma 9 yields the 
estimate 

Is <_ Cx4x/'~llVllsqa~). 

Inserting v = uo + EUl - u~ in (43) and using the above estimates and Lemma 4, we arrive at (17). 
The theorem is proven. 

w 5. A B o u n d a r y  Layer  C o r r e c t o r  

The aim of this section is to construct a boundary layer corrector which helps us to improve 
the asymptotic behavior of ue(x). We fix the asymptotic expansion of the solution ue(x) to the 
problem (1): 

,~dx) = uo(x) + c,~(~, ~/e) + cv~(:~, ~/~) + d~2(~, ~/~) + . . . .  

The function uo(x) is defined in the problem (15), 

x -!.  O u o ( x ) . , ,  , , 
u l ( x , x / e )  = Z., .  ~ lui tx ,  z/e~, 

i=1 

and Mi(x, ~) satisfy the problem (9). We construct a boundary layer function va(x, z/e) of the shape 

d 

t'l (~', .r/~) = :\'(.~., x/r) + :%(x. x/e)u0(z) + ~ &(x .  x / ~ ) 0 ~  ') . 
d=l 

(45) 
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All functions iV(z,(), N0(x,~), and Ni(.r,~), i = 0, i , . . . . d ,  are 
defined in 

B= {~ l ~ e T d-l, 

F(},~) < ~ < ~}\{~I~ > O; XQ(~) = ~}: 

moreover, we identify 1-periodic functions in ~ with functions de- 
fined on the standard ( d -  1)-dimensional torus T d-1 = R d-~/Z d-t. 
Also, we suppose that N(x,~), No(x,~), and Ni(x,~), i = 0, 1 . . . .  ,d, 
decrease exponentially as Q --* +oo. To find N(x,~), No(x,~), and 
Ni(z, ~), we insert the formal asymptotic series 

u~(x) = uo(x) + e(N(x, x/e) 
d 

+N0(z,~/~)~0(~) + ~ O~xiX)(Ni(x, ~:1~) 
i=1 

O 
+Mi(x, :~le))) + e'=2(~, ~/e) +. . .  (46) 

in (1) and equate the terms of the same, order in e. We arrive at the equations 

AeN(x,() = O, A~No(x,~) = O, A~B~(x,~) = -AEMi(x,(). 

Observe that L~Mi(x,~) has compact support in/~ which lies in Q = {~l~ E B,~d < 0,.~Q(~) = 1} 
(see Fig. 4). Similarly, inserting (46) in the boundary conditions of (1), we obtain the following formal 
equality on F~: 

O~(x) d 0~o(~) i 
o = o.---7- +P(~'~/~)"~(~)-g(~'~/~) ~ ~ o~  "~ +e(v~(~'~)l~=~/~'"~) 

i=l 
+(V~N(x, ~)[E=z/~, v~) + e(VzNo(x, ~)1~=~/~, v~)uo(x) + (VENo(x, ~)[~=x/e, v_~)uo(x) 

+eN0(x,()l~=~/~ 0.~ + ~=1 

i=1 (=z/e i,j=l 

I d Ouo(x)OMi(x,~) I . + ~ O~,o(Xloz~ 0N~(~,~)06 4 + ~ ~ a~, o~j 4 
i,j=l ~:z/~ i,j:l ~:z/e 

+ Ed O uo(x)OMi(x,~)Oxi O~j E=~/,vJ'+P(:~'&/r176 -g(&,&/e) + O(e) 
i,j=l 

- - Z  4 +  + Z  . . . .  
i----1 j=l j--1 ~/1 -[- ( ~ ( F ( : ~ , ~ ) ) - /  ~--t/e 

+ ;_ ,  
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( ~-~ O.\'o(z, ~) 
+~to(x) O(z v, + p(}, }/e.) - 

i=1 
P(~:) / 

V/1 + (V~F(&,~))2/ I~=~/, + .. . .  

Here we have also used the fact, that 

-~ Ouo(z) ( 
i=1 Oxi bid + 

Oi,(x, ~) ) 
0~,~ + P(3:)uo(x) = G(&) + 0(~) 

for all x E F~. To remove the terms that involve the functions N, No, and Ni in the above formula, 
we must choose the following boundary conditions on F: 

ON(x,() a(3=) 
0~, = g (~ '  ~) - 

V/i + (V~F(~:, ~)) 2' 

ONo(z, ~) = P(~:) _ p(}, ~), 
o.  ~/1 + (v~F(~,~)) -~ 

ON,(x,~) <~,~ + ~ >  , Oi,(x,~) 
...... . . ~  ~ I,I.7. 

Ov V/1 + (V~F(~:, ~1)2 Ov 

Arguing similarly, we obtain the homogeneous Neumann conditions on the boundary of the "holes." 
Finally, the flmctions N(x, ~), No(z, ~), and Ni(z, ~) satisfy the following problems in B: 

ON(x,O 
Ov 

A~N(x,~)=0 in /3, 

= 9 ( ~ ,  ~) - a ( ~ )  

ON(z,O 
Oh = 0 on S(x), 

on F, 
(47) 

ACNo(x,~)--0 in B, 
0No(x,~) P(i:) - -p(~ .~)  

Ov ~/1 + (V~F(k, ~)) 2 

ONo(z,~)--0 on S(x), 
0n 

AcVi(x,~)=-A~It'Ii(z,~) in B, 

V~ 
o~ ~/1 + (V~F(~, ~))~ 0~ 

og~(x,O 
Oh - 0  on S(x). 

on F, 

on F, 

(4s) 

(49) 

We consider these problems in the space of functions with bounded Dirichlet integrals in/3. 
Al)plying the technique of [26, 27], we can verify that each of the problems (47)-(49) has a unique 

solution vanishing as ~d --+ +c~. Moreover, these solutions decrease exponentially. 
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Theorem 2. Suppose that f (x)  e Ct(Rd). F(.i',~), g(.i'.~), and p(]',~) are the above-de{(ned 
smooth fimctions l-periodic in ~, and q(x,() is a. smooth function t-periodic in ~. Then the following 
estimate is valid for all sufficiently small e: 

Ituo + eu,  + e.v~ - u, ltHqn,) <- fQe, (50) 

where K2 is independent of G uo is a solution to the problem (15), u~ is a solution to the problem (6), 
and vt is the boundary layer corrector given by (45) with the functions N(x,  ~), No(x, ~), and Ni(x. ~) 
saris(ring the respective equations (47)-(49). 

PROOF. To estimate [[u0 + eu~ + evl - ue[l//t(f~,), we insert the expression 

~,.(x,~/~) = uo(~) + eu,(~,~/~) + ~, , (~,~/~)  - u~(x) 

in (1) and after simple transformations obtain the following equality in Qe: 

+ ! ~ , ( ~ ,  ~)1~=~# + ~ , , ( ~ ,  ~)1~=~/~ + 2(v~, v~,,(~, ~)1~=~#)+ ~,,(.~, ~)1~=~/~ A~u~(x). 
(51) 

Using the relations (36), (37), and 

d -~ d 

2(V~,V~tq(x,~)) = 2 Z O'N(x,~) 02No(x,~) 
i=, O~iOzi +2Y~i=l O~iO~:i uo(z) 

d ONo(x,~)Ouo(x___~) d 02Ni(x,()Ouo(x ) d ONi(x,~)O2uo(x ) 

i=1 i,j=l i,j=l 

we rewrite (51) in f~ as follows: 

d OMi(z,~) O2uo(x) I 
A,(w~(~,~/~)) eA~u~(z,~)l~=,/_. + 2~,j~.= 0~i Ox~Ox# ~=~/. 

i,j=1 OXi [~=zle i=1 ~=zle 

d ~ d O~o(x) I +'2 y ~  O-No(z,~) , ,I ONo(z,~) 

L OU,(~,,)0%(~) I O~0(z) I +2 ~ OxiOxj I~-xle + 2 L 02Ni(x' ~) 
i.j=l -- i,j=l OXjO~j OXi ~=z/~ 

(52) 

Similarly. insertion of w=(x. x/z)  in the boundary conditions on S~ yields 

aw=(x, x/~) = -(%,=(x) .  n=) + (V~o(x). n~) + - (V~l(x .  ~)t~=~/.. ,~.~) 
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+(V~,,~(.r, ~)1~=,t:.,,,) + ~(V',v~(~', f)t~==/:, ,~) + (Vfv~(.r. ~)1~=~/~. ,.-) 
= ~q(,r..r/~:)<.(,)+ (V ,uo ( . r ) ,  n . . ) +  ~ (V~ ,~ ( . r .  ~)1~=~/~, "-~) 

y.~ Ouo(.r) ( &,ldx,~)~d(x,<)) I +,(%u,(x,~)l~=,l~,,.'Ax,<))l~=.l~ + 
- -  &r i ;')~j ~,X=l ~=,/e 

ON(x,~) + uotx)" 

<~ o,,o(.) ( &','~(~, ~) . j ,  . ,k  t + ~ Oz~ \ ~ n tz,r +e(V~Vl(Z,f),n',(x,f))lf==l:.. 

On F{ we obtain 

&,~(z, zle) 

= ~(~, ~/~)u,(z) - g(~, Ue )  + (v=u0(z), ~,~) + e(v=u~(z, ~)1r ~'~) 

+{ ~ Ou~ 
i,j=l (gxi O~j 

+ Ov~ Ov~ + &ri O~i i,j=l {=z/e 
Finally, on  F2 we have the trivial boundary condition 

aw~(z, ~:/e) = O. 
oar 

Multiplying (52) by v(x) and integrating over fl ~, we now obtain 

+e Azvl(x,{)14=ztev(x ) dx + 2 O(i axioxj le=,/~ 
fie 1-1~ i,j=l 

S ~ OlMi(x'~)Ou~ i ~ 02N(x'~)lOxiO~i 
+2n~ ij=l OxjOG Ozi a, i=~ 

~==/t,(z) dz + 2 . ~=~lV(Z) dx 

O~'No(z,~) 
O" i,j=l OXjO~j ~Xi I~=~/, ~, i=1 OXiO~i I~r 

iE  1 I -4"2 O/~tt(X' f) 02frO(X) V(X.) dx -it" 2 
f~ i,j=l ~J  OZiOXj I~=z/r O~i OZi ~=x/e i.)~ i=1 

i S ' i •176 + A.uo(x)v(x)dx + f(x)v(z)dx lon~t  ~ 6i~ + 
fl" II, fl~ 1 i,j----1 

On the other hand. using the Green s formula, we find that 

OMi(x, ~) ) &o(~)'~ O~j ~ ,] v(x) dx 

(53) 

($38 



S.x,(w~(.r..r/z))v( r) d.r= S Ow~ [ Ou,~ o~L <,(x)d~ + j -g-;7~ ,~(x)d~ + f o ~  b--~7 ~'(.r) d.~ 

- f vivWt'(x)dx = ~ f q(z, xl~)u,(z)v(x)ds+ f O;~ 
W- St St 

+e i(v~u](z,r + e S(VsUl(X,~),n'e(x,~))i~=x/e.v(x)d8 
s.. st 

Ozi \ Of s f)'~s(z'f) 
+ ds 

Se i'3=1 

& st 

+ i ~ ( ~ ~)) v(x)ds d ONo(x, so)) ~=~/ v(x) O,, ') h'(x, + S Z uo(x)( O~i ') h'(x, ds 
St i=1 ~=x/e St i=1 

soS j~l OttO(Z)(9xi (_ OIVi(x"')rtJ(x''))L(9,j =x/e i)(x)ds+iP(~"2;i~)it'(x)L'(x)ds-ig(~;"ri~)u'(;r)d" + 

i, = r,~ r~ 

+ s 0.o.. ,. + 
r'~ r,~ rl i,j=l OXi O~j ~=.lJ v(x)ds 

F~ F] i=1 t O~i ~r lP / V(X) d8 

F] i=1 

) i + 
r~ i,s=l Oxi O( i ~==lUl v(x)ds -at Vw=(x, zle)Vv(z) dz. (54) 

It follows from (53) and (54) that 

i Vw~(x,x/s)Vv(x)dz=e iq(x,x/r i ~ v ( x ) d s  
fl~ & s, 

& st 

J ( v .  <,1 (x. ~)I,=~/.., ,.).(x)d~ +~ / (v ,~ ,  (~, r ~', (x, ~))j,=./.,,(x)~., 
St S.. 
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Ik( ~ ),__.,. I' ( ),:.,. + t)~i ;;'(.".0 r(z)ds + ~ uo(z) O'\'~ v(.,') ds 
Sr i=l Se /=I 

. j  ~ Ouo(x) (O.\~.Ohi(x,O)~=z/~v(x) ds+jp(&,H,.)udx)v(x)ds - f g(&:~:/r 
ri r~ 

f Ouo / + I-a--v(z)&+~ (V.Ul(X,Ol~=,/,,u,)v(x)& 
J OV~ 
r~ ri 

+ Oxi 
, = rl 

/' .(~)d. + )-'~.0(-) .(.)d.~ 
r~ i=, r~ i=~ 

+ 

f f~OM'(x'r176176 ..,.., --~. AxtL 1 (.r, ~)I~=z/ey(x) dx -- 2 ~ dx 

~e fie i,j=l 

i=l OxjO~j Oxi I~=,/, a. 

f ~ f ~ ON~176 I v(x)dx --2 02N(x '  ~) v(x)  dx - 2 O~i Oxi 

10 : 0.,0., -2 uotx) v(x) dx - 2 .= Ozicg~i ~=~/o {j=l ~=~/~ 
tic 

_,/~ o,~,(.,~>o.o(.>l .(.>,._/~..o(.>.~.>,. 

n~ i.j=~ 
1 

IH n ~.,I f O(x)uo(x)v(x)dx- f f(x)v(x)dx. (55) 

Recalling (42), the boundary conditions in (15), and (47)-(49), from the last relation we derive the 
estimate 

I f V w ~ . ( x . x / s 1 6 2 1 6 2 1 6 2  

n~ s~ r~ 
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<- s / q(x.x/e)ul(x,x/~)v(x)ds + g / q(x,x/~)vl(x,:ci~)v(x)d~ 
�9 ~ s,. 

+ i P(.~,~/s-)Ul(.r,x/~)v(x)ds+ i p(~,~/r l 
r~ r i 

S, n" 

+l, f (V.Vl(X.,)l,=./..n~)v(x)ds-e f zx.Ul(X.Ol,=.l.V(z)dz 

+~ f (v.~,(.,e)l,=./.,~lo(=)e. + f (v,o,(=,~)l,=./.,~).(=),. 
r2 r~ 

-t-C/(VzVl(X,~),5=z/~,u~)v(x)d.s-~ f /',zVl(Z,D,~=,,/~v(z)gz I 
F, t f~ 

+ 0,,----7- + ~ o=~ a~s ~=, / ,  i,j=l 

P(k)  uo(x)v(x) d ,  - fP(~).o(x)v(z) d~ +1 i ql + (V,F(~,~)) 2 ,=~1. r~-- r~ 

F~ r~ 

F~ " = 1  

f 15 + i~Mi(z'r I +i~o..o<.,/,,,_,_.--~, , o . , ( .  ~)1 
,= ,  oz~ - "  ~ Jl .(~)a, r~ t ql  + (W,,F(k,~/)) ~ ,~=:# 

0.o,.,.<. IlL ' 

i f~ 0..o<., 1 d aZNi(z,~)O.o(x) ,,. a~v~(z,~) ] 
H, i,j=l OXjO~j OXi I~=z[r n, i,j=l 

Ij ( ' <' rl<~"<"")) <~'~ + s Inn~lo,~ l \  ~ W J  .. i,j=l 

_ ~  O~o(~)1~ 
O~j Ozi J ) ~=~1. s. I.=./" I 
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Q i4 =1 

jr. S Q(x)uo(x)v(x)dx + ] / f ( z ) v ( z ) d z  I 

d O2N(x,~) v(x) dx + 2 uo(x) dx 
+ 2 OxiO~i OziO~i 

f~c = Q~ i=1 

d ONo(x,~)Ouo(x) v(x) dx+2 v(x)dx +2 
"--" O~i Ozi OziO~ j Ozi ~, i=1 N~ i,j=l 

+2/s ONi(x,~) 02uo(X)v(x)d x + o ( ~ ) H v H  
nl i,j=l O~J ~=~/~ OxiOxj g~(n,) 

= I1 + I2 + I3 + h + Is + I6 + h + Is + 19 + Ilo + O(~)llvllu,.(n,). 
Since Q(x) = 0 in fl\fY and ll/li(x,~) = 0 for x 6 fl\fl ' ,  we have /s  = 0. We now estimate the 

t e rm/2  on the right-hand side. By Lemma 7, we have 

I2 = z q(x,x/e)uo(x)v(x)ds , O n e ,  Q(z)uo(x)v(x)dx < Clsel]uOl,H,(n,)HVHH,tn,). 

Clearly,  the  t e rms  I1 a n d / 3  can be  e s t i m a t e d  as follows: 

I l l l  + Ihl < C19ellvllH1(~,). 

The identity 14 = 0 ensues from the boundary conditions of the problem (6). Lemma 8 enables us to 
assume that the function f (x)  vanishes in the layer He. Consequently,/9 = 0. The integral I7 has 
been already estimated in w 4: 

OXiOZj Hi(n]) 

Recalling the boundary condition of the problem (15) and Lemma 5, we infer that  

'15'= / <6id + OM'(~")'+ / v(x)ds 

rl ~/1 + (V~F(~,~)) 2 k'=~/~ 

Similarly, using the technique of the proof of Lemma 8, we obtain 

/6 < C2- ell,llH,tn,). 
Finally. owing to  the exponential decay of No(x,~) and Ni(x,~) as ~d "* +o0, we conclude that 

Ilo < C23.~]IVHHl(n~. ). 
Letting e = uo + ~ul + ~-Vl - u. and recalling all above estimates and Lemma 4, we arrive at (50). 

The theorem is proven. 
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