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ASYMPTOTIC BEHAVIOR OF A SOLUTION TO
A BOUNDARY VALUE PROBLEM IN A PERFORATED

DOMAIN WITH OSCILLATING BOUNDARYDY)
A. G. Belyaev, A. L. Pyatnitskii, and G. A. Chechkin UDC 517.946

Introduction

Many contemporary problems of materials technology require studying the macroscopic hehavior
of micro-inhomogeneous perforated media and bodies with rough surfaces.

The aim of the present article is to consider one model problem for the Poisson equation in
a perforated domain with a very rapidly oscillating outer boundary in the presence of small dissipation
on the boundaries of holes.

In the recent years many mathematical articles were devoted to asymptotic analysis of problems
in perforated domains. Various results on averaging were obtained for periodic, almost periodic. and
random structures. We mention the articles [1-4] wherein the reader can find a detailed bibliography-.
Of particular interest is the most practically realistic case in which we have small dissipation on the
boundaries of the holes. The corresponding mathematical statement involves the third boundary
condition (the Fourier condition) with a small parameter; the periodic case was elaborated in [5-3].

Another direction of research, dealing with equations in domains with very rapidly oscillating
boundary, is well developed too (see, for instance, (2,3,9-17]).

The combination of these two phenomena, perforation and oscillation of the outer boundary. is
natural but leads to additional mathematical difficulties. In the present article we study a particular
case of such medium in which perforation as well as oscillation of the boundary are locally periodic and
their structures are assumed to be coordinated. Studying locally periodic perforation, we face another
difficulty: the geometry of cavities is not fixed. Using the method of compensated compactness [18] or
the method of two-scale convergence [19], we can construct a limit problem but the methods provide
no estimates for the error. In the present article we use the technique of asymptotic expansion [20.21]
which requires the data to be regular but enables us to estimate the convergence rate.

In §1 we introduce the necessary notations, construct a family of domains which depends on
a small positive parameter ¢, and pose the problem to be studied. §2 is devoted to constructing the
first terms of the formal interior asymptotic expansion for a solution. The technical results of §3 make
it possible to justify this asymptotic expansion and estimate the error. Namely, by Theorem 1 of § 4.
two terms of the interior asymptotic expansion guarantee an estimate of order /€ in the H'-norm.
In § 5, we construct a boundary layer corrector and so improve the estimate for the residual, making
the former of order €. This is the content of Theorem 2.

§ 1. Statement of the Problem

We start with the definition of a perforated domain with oscillating boundary. Let Q@ ¢ RYN
{r | ¢ > 0}, d 2 2. be a smooth bounded domain whose boundary has a nontrivial flat part

2]
[ =300 {x | ry =0}. We suppose that the (d ~ 1)-dimensional interior I'; of I'; is nonempty.
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We wish to determine a locally periodic interior perforation in such a way that it vanishes in
a neighborhood of I'; = 9Q\I'1 and is purely periodic in a neighborhood of I'y, where I'y is a compact
[s]

subset of I'y. To this end. we introduce a C@"(Rd)—truncator ®(x) such that 0 < () < 1. d(r) =
in a neighborhood of I';. and ®(x) = 1 in a neighborhood of I'y and fix an open set () with smooth
boundary such that @ ¢ O = {£| ~1/2 < & < 1/2,j = 1....,d}. Afterwards, denoting the 1-periodic
extension of the characteristic function of @ by xQ(f) and denoting the function xg(&/®(x)) by \(x.€).
we define the domain Qf = O\{z | x4 > /2, x(z,z/c) =1}.

Fig. 1

We now furnish the so-constructed domain Q2§ with an osc1llatmg boundary (see Figs. 1,2). To this
end, given a smooth nonpositive function F(Z, f), Z = (T1,-.-,Td-1), f = (é1,...,€4-1), 1-periodic

in £ and such that supp, F(%,€) = {z|F(%,€) < 0} C Iy for all E, we put
={z € R*: i € T1,eF(4,4/¢) <24 < 0}

and finally define our perforated domain as follows: ¢ = Qf UIl,. We also use the notations

Qe={z|x(z/e)=1}, ¥ ={z €| 8(z) >0}, @' =Q\{z e Q] &(c) <1},

Q=N =000, w=R\{{[xe(z,§) =1}

X,/

. .o....o-qooondoo
'0000000000.0.0-0
-.o...........oo
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According to the above construction. the houndary JO° consists of [y and '] = {x € I'j 2y =
sF(&.7/2)}. forming the outer boundary. and of the boundary S, C Q) of the cavities, S¢ = (9Q°)N Q.

We study the asymptotic behavior of a solution u.(z) to the following boundary vaiue problem in
the domain Qf as ¢ — 0:

Ju, o )
—Au, = f(r) in Q°, [01: + p(f.1/c)ue = g(£,2/e) on T,
(3
.é)_lii —_ 0 F a'll»g + o _ _ 0 S (1)
ON on L2 on, - g(r.z/e)u. =0 on S,

where ve is the outward normal of I'{, n. is the inward normal to the boundary of the “holes.” .\

is the outward normal of Iy, p(i‘,é) and g(i,é) are positive functions 1-periodic in f, and ¢(z.€) is
a function l-periodic in £. Moreover, we suppose that the functions p, ¢, and ¢ are sufficiently smooth.

Also, we suppose that suppl(p(in,f)) and suppt(g(é,é)) lie in Ty for all £.
DEFINITION. A function u, € H'(Qf) is a solution to (1) if the integral identity

/Vue(x)Vv(r)dx—i-e“/q(r,x/s)ug(z)v(z)ds+/p(i,5:/£)u5(r)v(x)ds

Qs I

Se
= [ Hepwtarde+ [ gtz jernta)ds
QE

0

—
[
~——

holds for every function v € H(Q¢).

REMARK. In the present article, we study the critical case of @ = 1. The other cases are the topic
of independent research.

§ 2. The Formal Averaging Procedure

In this section we construct the first “locally periodic” terms of the formal asymptotic expansion
and then write down the limit problem. Towards this end. we represent a solution u¢(z) to (1) as the
asymptotic series

ue(x) = uo(2) + cus(z, z/e) + 2us(z.zfe) + uz(z,z/e) + ... (3)
Inserting (3) in (1) and using the obvious relation
X ety = (Lte+ 0
—a';(‘rv‘r/e) = (01(I’€) + e 86(1’6) e=s/e

after simple transformations we obtain the following formal equality:
—f(z) = Arue(z) = Azug(z) + £(Artr(7,6))|e=z/e + 2V, Veui(z,8))le=e/e
+ij(35u1(l" E)le=z/e + €2 (Azua(z,6))le=r/e + 26(Va, Veua(2,€))le=c/e
H(Deua(z,6))le=sse + € (Arus(2,€))le=r/e

+252(V17 V£u3(1's f))lf:z)e + E(Afufi('r-«é))lf:.t/s +o. (4)
Similarly, inserting (3) in the boundary conditions of (1). we obtain

0= —a—r—ll sqla,z/e)ue = (Vaug.ne) + eqlz. z/c)ug + e(Vzui.ne)

2

+(\_/£Ul|f=1/s= ne) + EQQ(I~ 3/5)141 + & (Viua,ne) + 5(v€u2|f=z/5v ne)
+3gle.rfe)ur + 3 (Veus.ne) + 52(V£u3|€=,/5. ne) +etq(zxfeyus + ... (:

(w1}
~—

on S..
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Observe that the normal vector n. depends on r and r/¢ in
'\Q" and only on z/:z in Q. Considering r and £ = r/z to be
independent variables as usual, we write ne in Q'\Q" as

. 1
ne(z I/E = n(z,§) |£-—1:/e &n (I f)lf =zrfe*

vshere i is the normal of S(z) = 9{¢ | £/<I>(1' € Q) and n. =
n' + O(¢). Simple calculatxons show that n' is 1-periodic in € and

n = (ﬁ, I%) (V. ®(z) — (Vo 8(z), 7)), €€

Equating the terms of order ¢! in (4) and of order % in (5), we
obtain the following auxiliary problem (see Fig. 3):

Aeur(r,€) =0 in ONuw,

6
2L (Va(wol@)7) on S(z) *

This problem must be solved in the space of functions 1- perlodlc in £ with ¢ a parameter. It represents
a standard problem on a “cell” which results from averagmg in a perforated domain in the case of the
Neumann conditions on the boundary of the holes. It is clear that the solvability condition

/ (V.sua(z), 4(€)) do = 0

Fig. 3

of the problem (6) is satisfied and the correspondmg solutlon gives the first 1nter10r corrector in (3).
Our next step consists in equating all terms of order &% in (4) and of order ¢! in (5). This leads
to the problem

Aeuz(z,f) f(z) = Azug(z) — 2(Ve, Vou(z,€)) in ONw, (7)
a’” Tz, 8),8) - (Veu(a,€),7)

~(Vzuo(z),n') - g(z, E)uo(z) on S(z).

A 1-periodic (in £) solution to the last problem is the second term of the interior asymptotic expansion
for u.(z).

It is natural to represent a solution uj(z,€) to (6) as

ui(z,€) = (Vzuo(z), M(z,£)), (8)
where the 1-periodic vector-function M(z,€) = (Mi(z,£),. .., M4(z,£)) satisfies the problem
AeMi(2,6) =0in ONw, _8_1‘/_{;9(?::_5_) —ft; on S(z). (9)

Now, we can rewrite (7) as follows:

oM;
AEU'.Z(JWE) f(z) — AzUO(I -9 Z ax 33: a(;; 5)
L)

Ouo(r) 6 M.(x f)
=2 Z O0z;  0¢;0z;

nONw, (10)

Jur(r.6) _ i Puolz) . Z Bua(z) OMi(z.8)

()ﬁ =1 8.2‘,’81‘] 52 3_1:1 1:
dup(x) OMi(x.€) | a‘uo(x) ' o
- q(z.&)uo(z) - Z Epe 2 T —————ari n; on S(r).

1=1
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Writing down the solvability condition for {10) in the space of 1-periodic functions. we obtain the
equation

d
/ <f(x)+A:uo(r Z a:%u 3“@; :£)
L J

l:]ﬁu. J=1
duo 1‘4 .’L' 5 62u0 .
+2§[‘1 ax, 3,0z, ) f ( L T, M. €1
Z Jug(z) OM(z, { Z Jup(z) IMi(z,€) ,
52 Jz; dz; 52 Oz, d¢; n;

+ZB“° 7} + g(z, E)uo(z )) do. (1)

By the Stokes formula, (11) implies the equality

d
& Mi(z,£) \ duo(z)
‘(jnwlAzuo(I)+idz=]< 0z;0¢; > Oz;

d W
IMi(z,€)\ O uo(z) Buo(z .
+ Z< 3¢, >8x,~ax,- + |0Nw|f(z) = +ZU , (12)

dz;
t.1=1 i

which is the limit equation in Q. Here (-) stands for integration over the set ONw, Q(z) = [5q(z.£) do
and
OM;(z,
Ui(x) = / (2—-—({—6—)#] +n} | do.
S af]

Inspect the function U;(z) in more detail. Fortunately, there is no need to calculate U;(x). Instead,
recalling that the operators of the original problem are selfadjoint and using convergence of the

corresponding bilinear forms, we infer that the G-limit operator is selfadjoint by necessity. Thus, the
limit equation (12) takes the form

d .
> 5 (8 + )22 4 pnaife) = Qeunta) (13)
=1 t

consequently,
d Mi(z,€) 3*M;(z,€)
— ), 14
2:‘3%< 9¢; > )5;:< 9z;0¢; > (1)

It is clear that (6,, + a_u_(z__g_)> is a smooth matrix equal to a constant in £ and to the identity

in Q\Q'. Arguing as in [3]. we can moreover verify that this matrix is positive definite.
We have thus found the limit equation inside the domain. Applying a similar technique, we can
derive boundary conditions for the limit problem (see also [13,14.16,17]). Consequently, we arrive at
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the following averaged problem:

d
9 Mz, 6)\ Sug(z |

= 55<<6'j ' 3(61 6)> L:?O.zfl)) — Qz)uo(z) = ~{HNw|f(z) in Q,
=1

d

- M;(zx, ) ) i

;;'<6id * ° [8(;4 5)>3‘g}$) + P(z)ug(z) = G(Z) on Iy, (15)
31(;?;[3:) =0on Iy,

where

P = [ a1+ (VeF 62, G = [a@& Vi + (VeF. a2

T T

andT={{:0<¢<1,j=1,...,d-1}.
The integral identity for (13) has the shape

d i\ L Ul v
/ ( > (8 + HEE Bule) 1) Q(x)uo<x>v<z)> dr
§] i Zj

o \ij=1

+/P(i)uo(z)v(m)di= /l[]ﬂw|f(a:)v(m)da:+/G(i:)v(:c)di: (16)
I Q ry

for all functions v € H!(Q).

REMARK 2. According to the above construction, the functions ug(z) and M(z,z/¢) are defined
not in the whole of Q° and M(z,z/¢) is purely periodic in a neighborhood of T'g. Application of the
symmetric extension technique {22] enables us to extend ug(z) to some neighborhood Il and M(z,£)

to the interior of the “holes” so as to preserve regularity of the functions. We use the same notations
for the extended functions.

In particular, in Theorem 1 below, ug(z) belongs to C3(R) due to the standard elliptic estimates.
Thus, ug(z) can be extended to 0 as a C3-function.

The limit behavior of a solution to the problem (1) is described by the following assertion:

Theorem 1. Assume f(z) € C}(RY) and suppose that g(Z, &), p(2,€), and q(z, ) are sufficiently

smooth functions. Also, suppose that p(%,£) and q(z,£) are nonnegative and at least one of them is

strictly positive in at least one point. Then the problem (1) has a unique solution for all sufficiently
small ¢ and the following estimate holds:

Huo +cuy — us”H‘(Q‘) < Kl\/é:, (17)

where ug and u; are solutions to the problems (13) and (6) and K is independent of e.

REMARK 3. In the statement of Theorem 1, the conditions g(z,£) > 0 and p(.ir,f) > 0 can be
replaced with the weaker conditions Q(z) > 0 and P(%) > 0.

§ 3. Preliminary Lemmas

This section is devoted to various technical assertions to be used below. Some of them are proven
in [17] (see also [14]). We omit their proofs.
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Lemma 1. The inequalities

(& e F (3, 3/¢)) = (&0l 150,y £ Crvellellgyas, (
ol o) < Cavzlivll gqe) (

—_—
[v.a
~

—
(=
—

are valid for every v € H'(QF).

It is convenient to choose the coordinates & = (ry,...,z4-1) on I'{. The (d — 1)-dimensional
volume element on I'] is calculated in the following lemma:

Lemma 2. Let ds stand for the (d — 1)-dimensional volume element of I'{. Then

ds = \/1 +(VeF(2,6))2l;_ 0 di(1+ O(e)).

The following assertion is a straightforward consequence of the Sobolev embedding theorem (see,
for instance, [23]).

Assertion 3. The inequality

‘/uvdé

Iy

< 03”““111/2([‘1)”U”Hl/?(rl)

holds uniformly in u,v € HY*(I'y).

The uniform (in &) coerciveness of the bilinear form in (2) is the topic of Lemma 4 which in
particular implies that the problem (1) is well-posed.

Lemma 4. If the conditions of Theorem 1 are satisfied then the inequality

f!Vu[ dz + ¢ / T, z/e) ds+/ (2,2/e)v” ds 2C4||v||i,1(g¢}

0

holds for all v € HY(QF), with Cy a constant independent of ¢.
The following assertion will be used below systematically:

Lemma 5. Suppose that h(z‘:,é) is a Lipschitz function 1-periodic in £ and such that

11 1
// fh:ié (20)
0 0 0

Then the estimate

‘/h(z z/eyu(i)v() di

< CS\/_”““HI/’(rI)”v“HI/"(rl) (21)

)-

1
£) in the two-dimensional case. the assertion was proven
23]). A proof for a Lipschitz function is given in [17].

is valid for arbitrary functions u.v € HY/*(T
£,

REMARK 4. For smooth functions A(
in [I4] and independently in [24] (see also |
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Lemma 6. The following estimates are valid:

l/g(.i‘,.i‘/c‘)v(r)ds—/G(i)’l:(i‘.O)diﬁ < Cs\/EHUHHI(nc)’ (22)
re I
/ p(F.5/2)e(2)ulz) ds ~ / P(#)e(#,00u(2,0)d2| < Crvelol o lull gy, (23)
re I,
where
P) = [0 1+ (VeF@ORE 6@ = [o(2. 01+ (VeFa. bR &
T T
The following assertion is essentially a modified version of Lemma 5.
Lemma 7. If .
— —_ = V]
o | Qo= [azede=o (24)
ONw S
then .
I - & <C 4 25
oo [ Qenterde - < [ e zfenie)as] < Culolimary 25
QL e
for every v(z) € H'(QF), with Cs a constant independent of €.
Proor. It follows from (24) that the problem
1 av
TN me——— 1 — )
Afw(rvg) |D nle(‘t) in O Nw, an q(zvﬁ) on S (-6)

has a solution 1-periodic in £&. Moreover, this solution is unique up to an additive constant.
Multiply (26) by a function v(z) € H!(Q) and integrate over the domain .. Integrating the
left-hand side of the so-obtained formula by parts, we obtain

|Dr11w| ‘/Q(I)U(I)d”“S/Q(x,if/e)v(x)ds
2

€

= l/Af\li(:v,ﬁ)lfm/sv(x)dx-—e/q.(z,x/s)v(a:)ds
Qé €

6/(Vz[Ve‘I’($,§)Is=z/e] = ((V2, V) ¥(2,6))lg=z/eJv(2) dx
2

—s/q(z,w/e)v(x)ds

4

<e

[(TeRtzElemsses Vevta)) e
Q

+¢

/ (2, Vo) U2, €))ems/et(z) d

€

/ (VeW(2,€))lgms/ernl)o(x) ds
SE

2

+&

< Caclloll g e)- (1)

The lemma is proven.

The following lemma enables us to neglect the right-hand side of (1) in the thin layer Il without
worsening the estimate.
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Lemma 8. Let y. be a solution to the problem

a0 .
~Aye = hS(x) in F, Ye +p{#,2/¢)ye =0 on 'Y,

dye o dye (28)
T +eq(x,z/e)ye =0 on Se, TN = 0 on T2,
where h®(r) = f(r) for r € I, and 0 otherwise. Then
yell ey < Coe. (29)
PROOF. Put .
He(z) = h*(z)dzq.
eF(£,3/e)

It is easy to see that H® = 0 on I'{ and |H*(z)| < Cjo¢ in [le. The integral identity for the problem
(28) has the shape

/ (Vye, Vo) da + / p(3,2/e)yends + ¢ / oz, 2/e)gep ds = / K (2)olz) de (30)
0 re 5 e

for all o € H}(0). Extend y. to the “holes” so as to have

Ngell arrquney € Cullvellmia.); (31)
where . denotes the extended function. Putting ¢ = y. in (30), we obtain
.2 e ey . JH® |
/|Vy5]" dr + /p(z,m/s)y? ds + 6/q(r,x:/r:)y;" ds = / i Je dx. (32)
Qe re S Qr

Integrating the right-hand side of (32) by parts and recalling the boundary condition in (28). from (31)
and Lemma 4 we infer that

el e < 04( [1vidtan+ [otesierids +e [ otz /et ds)
QZ

e S,
<o )

1 £
< Cro max |H*(z)] ldell ar1ey < Crzellyell miaey-

/H’(z)age dr +]/H‘(a:)g5./\fdds
Ozq ;
Qe 2

Now. we obtain (29) immediately. The lemma is proven.
The following assertion can be proven by analogy with Lemma 7:

Lemma 9. Suppose that a 1-periodic (in £) function w() belongs to L2(Q) and

/w({)d{ = 0. (33)
Q
Then

l / w(€)|gmrje Vauo(z)e(z) da 501453/?||w||L2(Q,||v||,,,1ms) (34)

Q:NIi:

for everv v(r) € HY(QF). with C14 a constant independent of z.
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§ 4. The Main Estimate

ProoF OF THEOREM 1. We have to estimate the H!-norm of the residual |[ug +cu; — Uell 17 e
H1{Qf)

To this end, we extend the functions ug(z) and M;(x,€) to the layer II; (see Remark 2 above) and
insert the expression z¢(z,r/c) = ug(z) + su1(z,z/¢) — ue(x) in (1) to obtain the equality

Ar(ze(r,z/e)) = Aguo(z) + e Arur(2, )le=y/e
1
+2(v£? Vful(‘z’f)lfzz/e) + gAful('zaé)If:r/e - A,us(r). (35)
Using the relations

Beta(e,g) =0 Yo €8, A,ue< )= ~Jla) in 2,

OM;i(z,£) Puo(z O*M;(z, €) Buo(z) (36)
AV, Veu(,8)) = 2 Z a¢; 81,811 z oz;0¢; Oz
1,j=1
d
a OMi(z,£)\ duo(z) . -
;:1 - (<5,-, t e > o ) ~ Qa)uole) - (BN wlf(z) in 0, (37)

we can rewrite (35) in Q0 as follows:

OMi(z, €) 8%uo()

Az(ze(z,2/€)) = cDpur(z,€) |E I/5+2 Z

) a¢; Oz 01, €=/
O* M;(z,€) duo(z)
+2 ,Z_: T e N + Azug(z)

d

__1! 9 ([ | OMi(z,€)\ duo(z) 1 .
Onwl ”2_::1 9z, (<5u + 3, > o, ) + = mL)|Q(:r)uo(1‘). (38)
Similarly, on S, we have
a 3 k)
—z_*(a‘tl—x/el = _(vrue(l), ne) + (V;UO(:C), nE)

+5(V1u1($’£)l£=z/ev ne) + (Vﬁul(z,f)k:z/svns)
= gq(z, E/E)ue(lf) + (Vzuﬂ(x)’ ne:) + E(VIul(l"é)lE:z/e’ ne)

Ouo(z) [ OMi(z,¢) _;
+Z Or; ( 0¢; n’(z,{))

+ E(vful(xv é)’ n,e(xa 5))lf=z/ea

1,7=1 =z /e
whereas on I'f we have
Oze(z, /e
_"“‘(';—U}/"")' = ~(Vyue(z), ve) + (Vouo(z), ve)
+£(Veu(z,§) lE-—z/e ve) + (vEul Ly é)lf:z/s”’s)
= U8 8/e)ue(e) = 5(d.3/2) + (suole). o)
Quo(z) [ OM;(z,£) ; )
+£(V 7 rup(x.€) =rferVe) + Ve
1 lf / IJZI al', k af) E=r/e
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Finally. on ' we have the trivial boundary condition

Oxla.afe) _ {_aue(z) fouln) | Pua) g
= 2 LSRR

AN N ON = Or;0z;

= 0.

d
1i(
s _Duolz )aA (z, 5 duo(z) OM;(z. 5)4\5}
E=z/e

oz; , Oz; a¢;

1=l i,7=1

Multiplving (38) by v(z) and integrating over ¢, we now obtain

/A,(zs(;r,z/s) v(z)dz = f/A,:ul(x Ele=zsev(r) dz

Qs

OMi(z,¢€) 3 uo(z
+)/Z 0¢; Oz 0w,

:‘11

O*M;(z,€) Ouo(z)
z)dz + / Z 92,08, 0z

Qe 1)=1

+ / EAEul(x,f)k:,/evd;t-f/Azuo(r)v(r)dx

QNI o
IM;(z,€)\ Buo(z)
IElrml/Z << LTS > Oz >v($)d1
+W/Q(I)uo(z)v(z)d$+/f(l)v(z)dz' (39)
Qtl HE

On the other hand, we can transform the left-hand side of (39) by using the Green’s formula as follows:

/A:(ze(x,x/e))v(x)dxz/gz /g x)ds-{-fa 9% (2)d
0 5 Pe

-/vzsvv(x)dx=e/q(z,x/e)ue(x)v(z)ds+/6'(‘3‘;(:)1;(7;)413

+e /( sui(z, f)lé—zle Ne v(a: ds+€/(Vfu1(x £), 5(.1,' 6))'&'—.:/5”(1') ds
Se

[E % (o

v(r)dr

E=z/e

E—z/e

v(x)ds+/p(§:,:‘c/e)ue(:c)v(z)ds—/g(i,i/s)v(r)ds

t,y=1 §=z/e I" rgl-
dug X . 0’“0 IM;(z,€) i RN
re re re #=1
+ ae /v (z,7/)Vo(z)d (40)
BV 2e v(r)dr.

Ta

From (39) and (40) we derive
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/ el x/z)Ve(x (lr_,/q(r /s uc(x)e(x)ds ()g{;( )L(I)ds
Qs

bg SE

#e 190000 )lgmspernelulz)ds + / (Veur(2.€), mb(2. €))lecs/ev(z) ds

Ss st

/Z auaoz, <8M ©8), 6))

i,7=1

v(z)ds
E=z/e

+/p(§t,5r/e)ue r)v(x)ds——/g(r z/e)v ds+/—~L(

I re

te / (Vo1 (2.€)lms e ve)0(z) ds / f(e)w

rs

Oug(z) { OMi(z,§)
+/Z Oz; ( 0¢;

ig=1
0

yg) v(z)ds+/ﬁv($)ds
IM;( d

/A u(e,€)lg=g ev(z)dz -2 /Z ag = 6:031,)
v(:z:)dav—]A ug(z)v(z) dx

Q¢ W= =1
9 M;i(z, &) Juo(z)
/Z 313)8{] Oz J

1
— / EAEul(z, )le=z/e? dzx
annz

1‘4 .’L‘ f) 8u0 ))v .
Qe i,j= lazJ (< i ¥ 0¢; > Oz; (=) de

_Hlm / Q(z)uo(z)v(z) dz
o
In view of the obvious relation

dive <an (M (z, é)atgg)» T e div, (5‘% (Mi(”f)a%f)>

~e divg ( ai, (M,( 5)8"6"5)))

application of the Stokes formula yields

/Z ()1[ .l’f auo )
J¢;  Oridzx;

Qs L= =1

=z /(Vrul(.r,f)
Se

E=z/e

v(z)dz
£=z1fe

E=zfe

e=r/s)

£=z/e’

=zfe

O M;(z,€) Quo(x)
U(J:)dlj'l"/’z al']aél al'g
l.]"‘

Jnele(z)ds + /(Vzul(.l Ele=zje- ve)u(x) ds

E=1/e

g=r/e
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te / (Vrtt1(- E)lems jer V)e(2) ds + O [0l 1) (42)
Ia

Using (41) and the boundary condition in (15), we estimate the expression

}/V«e xr.x/e)\Volr dx+g/ r,xfe)ze(z /s )ds+/p(i,i/s):e(r,r/s)-t'(l')ds

rf

Se

s‘:/q(r z/e)ui(z, z/e)v ds+/ p(z,z/e)ur(z, z/e)v(r)ds

rt

+ s/q(x,z/e)uo(x)v(a:)ds - m/@(a:)ug(x)v(x}dx

SE
Jug(z) duo(z) ( OMi(z,€) _;
/< One iz Oz; ( af] (I’é))

/ Acur(2,6)|es et (2) dz

)v(m)ds
=z/e

Se
p(&,2/e)uo(z)v(z)ds — [ P(Z)uo(z)v(z)dE| + l G(2)v(z)dz — | g(Z,%/e)o(x)ds
S
duo(z Buo(r) Mi(z,£) ; ’
o (e S22 (5o
/Z < o+ 220 >azgoi?)v(z)d5 [ e Ol de
’ QNI
d 3 OMi(z,€)] Buo(z)
bi; + :
+I{z12:1 Oz; ([ i 9¢; } 0z > E=I/£v(z)dr
d 1 8 [/OMi(z,€)\ uo(z)
" /Z(tcmeIJK 3 > 9z; ]
QL 1,=1
3 [OMi(z,6)d '
- [l )| wteie-e S/ (Ve (21£), (. 8) emeyevle) ds
i 9 IMi(z,€) (?M;(x,é) Buo(z)
o/ Z_’a—(K ) o |%%2) ey
Q\q W=
/ Q(z)ug(z)v(z) dx} + )/f z)v(z) dz| + O(e)llvll r(ar)
QY
=h+hb+hL+L+++1:+ Is + Ig + Iig + Iy + Iz + O(E)ivl gyney- (43)
Lemmas 1 and 6 imply that [z < Cl\/—“l’ﬂgl(Qz Iy < CovEllvllgyqe), Is < Crvellvllgiae), and

I < Cs/Eljvllg1(qs)- Since Q(z) = 0in O\ and M;(r,£) = 0 for = € Q\Q', we have I3 = 0.

Estimate 2. According to Lemma 7.
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1

I = E/q(.t.r/e)uo(.r)v(.t)ds—— LM /Q(I)uo(r)v(r)dx
Se o)

< Ciselluollgrae)llvll ey
It is clear that /| and I3 admit the estimate
11} + [13] < Creelloll g qey-

The identity I3 = 0 follows from the boundary conditions of (6). By Lemma 8, we may assume that

the function f(z) equals zero in the layer Il,. Then ;2 = 0. Estimate the integral I19. Using (14)
we can easily verify that

L 0 /o  OMz&\ 8 [ 3Miz,E) o
/ [lDﬂwI8m1<5”+—a§,- > 5z (5" o )] 4 - Ui(z) = 0.
N

Applying the technique of the proof of Lemma 7, we can demonstrate that the preceding relation
implies the inequality
3%uy(z)

Ig| € Crre || ——
| 1o] < Cire az,‘axj

vl g1qe)-
HYOE) :

Here we have used smoothness of f(z), i.e., the fact that f(z) € C! (92%). Finally, Lemma 9 yields the
estimate

Is S 014\/5“'0“}11(9;).

Inserting v = up + eus — ue in (43) and using the above estimates and Lemma 4, we arrive at (17).
The theorem is proven.

§5. A Boundary Layer Corrector

The aim of this section is to construct a boundary layer corrector which helps us to improve
the asymptotic behavior of ue(z). We fix the asymptotic expansion of the solution ue(z) to the

problem (1):
ue(z) = uo(x) + eui(z, z/¢) + evi(z, z/e) + e2ua(z, z/e) + . . ..

The function ug(z) is defined in the problem (15),

<. Bug(z)
zq(z,z/s):Z_ e Mi(z,z/¢),

i=1
and Ai(r,§) satisfy the problem (9). We construct a boundary layer function v)(z, z/¢) of the shape
d

vi(x,r/e) = N(z,z/e) + No(z.x/2)uo(x) + Z Niz.z/2)

=1

OJug(x)
dr;

(5)
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All functions N(x,€), Vo(r,€), and Ni(x,€),i=0,1,....d, are
defined in

A ={€|feT*,
F(2,€) < &g < oo\ {€[€4 > 0;1q(€) = 1}:

S S(x) moreover, we identify 1-periodic functions in & with functions de-
fined on the standard (d — 1)-dimensional torus 79~! = R4~1/Z4~1,
Also, we suppose that N(z,¢), No(z,&), and Ni(z,£),1=0,1,...,d,
decrease exponentially as £; — +o00. To find N(z, ), Ny(z,€), and
Ni(z,€), we insert the formal asymptotic series

0/0]0]0

-
- -
4 -

-

ue(2) = uo(z) +5(N(x x/e)

+No(z,z/e)ug(z) + Z auo

¢

(N( ,Z/€)
Fig. 4 +M,(z,x/€)))+€ uz(z,x/s +.. (46)

in (1) and equate the terms of the same order in €. We arrive at the equations
N(z,€) =0, AelNo(z,§) =0, AeNi(z,8) = —AeMi(z,£).

Observe that A¢Mi(z,€) has compact support in B which lies in Q= {€|€ € B,& < 0,xq(€) = 1}

(see Fig. 4). Similarly, inserting (46) in the boundary conditions of (1), we obtain the following formal
equality on I'§:

d
) 4 pla, 3/ Ducle) = 002, 3/0) = 3 0O 4 (TN (2, ) enyove)

i=1

+(V£N(r, E)lf:z/ev VE) + E(VINO(zvg)I&':z/sa VE)UO('T) + (VENO(z’é)k:z/ev Ve Juo(z)

d

0

sz\fo(z,ﬁ)le:z/s—-——az:?oy(z) +e€ E (Vz—-—lgﬁ.x),w) Ni(z,z/¢)
€ =1 T

0=

d

+e ; (vz ( a—'g’fi’flM.-(z,e)) ,us)

Oug(z) ONi(z,€)
Z 0z; 0¢;

4o S Duolx) BNz, )

vl
=z /e ij=1 - azi az‘]

4

E=z/e

J e Z Jup(z) IMi(z, )

E=z/e ij=1 Oz; azi

vi
E=z/e

1)1

Z auo aM .Z‘ f)
Oz; a¢;

vi+ p(2, & /e)uo(z) ~ g(2,2/€) + Ofe)
i,y=1

‘ = f \/1+(V<F(x é))?

AN G(3
+<Z a(gﬁ) - g(#,%/2) ) 0)

= \ﬂ +(VeF(3.6))2

=rfe

g=1/e



+....

d ~a- -
ol g e )
: ! 1+ 5 If

=1 =zr/e

Here we have also used the fact that

d (g

=1

for all z € I']. To remove the terms that involve the functions N, Ny, and N} in the above formula,
we must choose the following boundary conditions on I

ONG,E) _ o d)_ G(3)
o V1 (VeF(2,6)
ONy(z,€) P(z) o2, €)

ONi(z,€) _ (8 +—#—'9> i M=)
o Jrrwwbr o

Arguing similarly, we obtain the homogeneous Neumann conditions on the boundary of the “holes.
Finally, the functions N(z,£), No(z,&), and Ni(z, ) satisfy the following problems in B:

AeN(z,&)=0 in B,
ML) gad) - =2 o,
V1+(VeF(3,6))?
ON(z,§) _
5 = 0 on S(z),
A¢No(z,€) =0 in B,
Mo IO _h oo
v V1+(VeF(,6) (48)
aNO(zaé)
an
AeNi(z,€8) = —AeMi(z,§) in B,
aNz,6)  (6u+2EEDY  aMie,g)
v ==v-—p, D (49)
1+ (VeF(3,6)
aNz(x’é)
on
We consider these problems in the space of functions with bounded Dirichlet integrals in B.

Applying the technique of [26,27], we can verify that each of the problems (47)-(49) has a unique
solution vanishing as 3 — +oc. Moreover, these solutions decrease exponentially.

=0 on S(z),

=0 on S(z).
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Theorem 2. Suppose that f(x) € CYRY). F(, £), g3 €). and p(%, €) are the above-defined

smooth functions [-periodic in .f, and g{x.,£€) is a smooth function 1 penodlc in £&. Then the following
estimate is valid for all sufficiently small ¢:

“ug +euy +evy — usﬂgx(ge) < [\'26, (50)
where K is independent of &, ug is a solution to the problem (15), u; is a solution to the problem (6),

and vy is the boundarv laver corrector given by (43) with the functions N(z, ), No(x,§), and Ni(z.€)
satisfying the respective equations (47)-(49).

PROOF. To estimate [jug + u1 + €v1 — uel| g1(q¢), we insert the expression
we(z,x/€) = uo(x) + eur(z, z/e) + cvi(z,z/e) — ue(x)
in (1) and after simple transformations obtain the following equality in §2°:
Ar(we(z,z/€)) = Azuo(z) + eArur(z,€)|e=cfe + 2(Vz, Veui(z,€)|e=z/e)

i 1
+:A£ul(37€)|£=z/e + SAIvl(zvé)k:z/e + 2(vrava1(xa£)‘£=r/e) + ;Afvl(xaf)k:t/e - AIUS(‘?)- |
I3 51

Using the relations (36), (37), and

PN 32 Nol
Ve Ven(z.£) “22 a&.ng ”Z agfre (z)

ONo(z, &) Ougla azN, (z,€) Qup(= ON(z,§) B‘uo(t)
+~Z D¢, ax, 2 Z 0¢;0z; 82, +2 Z ¢  Oxidx;’

i=1 i,5=1

we rewrite (51) in Qf as follows:

OM;(z,€) 8%up(x)

Az(we(xvx/e)) = EA;U.l(J?,{)‘g =z/s T 2 Z 861 835.81'1

11’—1

e=z/<

AERY

2
2 Z 82 M;(x, £) Buo(z) +eAgui(a, §)|£_,,e+22 Fe 06

Oz;0¢; Oz

g=z/e

82 No(z
+zz 6085, uo(z)

E=z/e

ONo(z,§) auo(z)
f=z/e * 2,_21 aét Jz;

g=x/e

azNi(I1 6) auO(I)
0z;0¢; Oz

+2 Z BN,'(z,é)a ug(z)

0¢j OOz +2

§=z/e ij=1

l-.j=1‘ E=z/e

| 1 &9  OMi(z,€)\ dug(z) 1 . .
+Azuo(1’)-—mi§1}h—j(<5u+ 2, > az. )+|an|Q(l-)uo(I)~ (32)

Similarly. insertion of w¢(z.z/z) in the boundary conditions on S, yields

BwE(:r,r/a)

m —(Vrue(z)ne) + (vr‘“O(‘ane)+f(vxlll(-l'-'f)k:r/r”s)
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H(Veur (0. E)ezrse-tte) + S(Vevi{d, E)leyp e ne) + (Vevr(r. E)e=rje-ne)
= zq(r.xfeue(x) + (Vrug(x). ne) + e(Veur(2.E)g=z/er ne)

Que{x) { IM(x.€) .
Z Oz ( 73] J( é))

(vful lf—z/sv e *ZE ]‘-’—.t/s

,7=1 E=zfe
o ON(z,€) (2, €)
+e(Vio1(2,€)emz/er e) + B e uo(z) e
Jue(x) [ INi(z,€) . )
+ 1321 dx; ( 6{1 J(‘r’E)) fmz/e + e(Veul(z, ) ne(‘rvg))lf=1/5'

On I'¢ we obtain
1

Qw_e(a%i/‘iz = ‘(Vzue( ) Vs) + (V;\:uﬂ(l‘) Ve) +5(Vzul(1' f)lf:z/ev Ve)

+(V£U1(i7«'a€),£=z/ea ve) + €(Vu(z, f)'s =z/er ve) + (Veui( -‘C,f))£=x/e,l/e)
= p(i:,;i/s ue ) (-i j,‘/‘, (Vzuo Ve) +5 zul(x1£)|€=z/s$”5)

duo(z) ( OMi(z,€)
{Z_ oz, ( o€, )“W‘”l‘“’ $rve)

8N(r £) BNO dNo(z,§) duo(z) [ ONLz,€) ; )
Taw. T Z 8:::, 36 )\,
Finally, on T'; we have the trivial boundary condmon
OQwe(z,z/e) 0
N e
Multiplying (52) by v(z) and integrating over (¥, we now obtain

/At(we(;c,z/e))v(:c)dx =5/L\zu1(z €)=z /ev(z) d

G
/ Bov(2,6)lgmsjev(z) dz +2 / ;1 5Mé(g ) %z"fazj) s
+2 / Z 0251‘::8’2 16 613)5) RCLES / 23 é;:,;gf e
b a;fz,af [zy;os:g,@
+Q/€Azuo(1')v(r)dx +I{f(.z)v(,zr) 7 - ll:muq/ Z (< - M(;(;E)> alg,;:c)) o(z) d
+m0[Q uo(z)v(z) dz. (53)

1
On the other hand. using the Green s formula, we find that
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/.&,(u's(.r..r/ (r)dy —/

Qs
auo
= | Vo Ve(r)de =< | g(x,z/e)uc(z)v(z)ds +
Qs

Se

81L5 OwE ()LLE
ds-}—/ t)ds + 8./\ v(x)ds

+< /(vxul(l'-,é)fé':z/sanﬁ)v('r)ds +€/(v£ul('r,§)ane Iaf) |£=z‘/ev($)d$

S; Sg

0 IM;
[ 3 kel (B0 )

e1_11

+ / (V01(2,6)lgmrjesne o) ds + ¢ / (Vev(, ), 7(2,6))lemzyev(z) ds
d

ON(z, { ONp(z f)
+s/z< 6& (.8 )) 5:;/5 d3+/zu (1' ( afz (x’f)) £

+/ Z atglfi 2) (alvgé’é)ﬁj(z,fo L— ) v(x)ds+/p(:f:,ﬁ:/e)ue(x)v(;z)ds - /g(i,i‘/s)v(r)ds

v(x)ds
E=zfe

v(z)ds

S, W=l re re
b [ S0y ds + e J@aue Oleapereduiards + / > Bt (aMgg’O ) v;') o(z) ds
I rs re o=l t=ale
+€/(Vzvl($7€)‘£=:/eaVe d3+/z 8N(-T ‘) V: v(z)ds
i=1 a&x {=z/e
re I
+/Zu0 (31\%& 5 5=:/5V:) wz)ds
re =1
+I['§=:1 01:9(1(11:) (ON(;(;,Q E=I/Eug) v(z)ds —[Vwe(x,z/e)V1w(x)dx. (54)
1
It follows from (53) and (54) that
/Vu (r,x/s)Vo(zx = / z,z/e)us(z)v(z) ds + al;;z(x)v(a:)ds
Se Se )
+2 [(Vanle Elesyornelu(a) st [(Teun(e,,m e, esser(z) ds

-

Se Se
Juo(z) [ IM;(z,¢€)
/ Z ol ( % n(x,e))

+e / (Veer(2.6)lems/er ne)olz) ds +¢ / (Vevi(2,€),nL(2.6))lempjev(x) ds

Se Se

v(z)ds
E=zfe
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v(x)ds

§=r/e

0\15 dNo(x.€) _;
B e [ S
[ ()

+/ 61;:) (x)ds+E/(v”ul('rﬁg)lfzz/e’Ve)'U(I)d.s

0
/ Z OJug(z) [ OMi(z,€)
31‘, 9¢; =

Ué) v(z)ds + e/(vrvl(r7£)|f=£/€a VE)U(‘T')dS
E=z/e

v(:v)ds+/p(:?:,:&/s)us(x)v(x)ds—/g(a‘:,i:/s)v(:z:)ds
t=z/e fe

1 i

re W=l i
[; (aj\a;‘ - §=z/e ) L /Z <Qé%£) £=z/ey‘§> v(z)ds
. r/ z otz (BN;Z@ Em/:g) () ds
2 / ; yé‘ijaif azg;(i z) szzlev(z)dz—e / Av1(2,6)lgmsyev(z) da
fz aajj,;ff f-—z/et(z )dz —2[2 BNoa; ,€) auaoz(jr) £=z/€v(x)dr

9*No(z,6) , ONi(z, €) F*uo(z) N
[Z 006 (I) f"z/et(z /tg:l aé] a.’c,’afﬂj E=z/sv(‘r)d‘r

. O*Ni(x, €) up(z)
2 Q/ Z: 92,96, 0z

z)dz — /Azuo(z)v(x) dz

e t,7=1 E=z/e
L d i 3 8M,'(1‘,€)> auo(z)> S\ ds
+|an|9[i§=:1 0z; <<6” "o 5z, ) %)
T | Qe e - [ flenta) e -
Qo M,

Recalling (42). the boundary conditions in (15), and (47)-(49), from the last relation we derive the
estimate

1/sz(r..l'/s)Vv(r)dr+s/q(r,w/e)we(.z'.r/s)v(x)ds+/p(iﬁ.i/s)ws(r.r/s)v(x)d.s
Qs 3. re
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’/ (r.x/shuz.z/c)e(x)ds + ¢ / glz,z/e)vi{z, z/e)v(r) ds

+/p(.i,i-/s)ul(r,z/a)v(x)ds+/p(i,i/e)v;(z,z/e)v(r)ds
re

1

+F!¢aﬁamuwum&75%3/Qmwawdﬂw

+{5 /(vrvl(x7€)|f=t/€1n€) S—E/Azul Ly f |£ I/ev(x
Se

+f/mexmnmNmna+/kuxmmwquws
Iy )

+e /(Vtvl(z Ele=z/es ve)v(z) ds—e/szl(x le=z/ev(z) dz

Q:
) v(z)ds
E=zfe

/ (22 -3 2l (e )

uo(x)v(z)ds—/P(:i:)uo(.r)v(x) dz
Ty

+

2ig=zfe

l/\/1+(V£F(a:§

+ / G(é)v(z) di G(e)

/w+wwmm2
Quo(z Oug(z) [ OMi(z,€) '
f[( E Z oz; ( 2 £=I/Eug>)v(x)ds

v(z)ds
E=xfe

+/zd:8uo(x { (6ia + 24528y _Ui_aMg(x,g)} o(c)ds
rg = oz \/1+(V£F(z £))? ) 9ve =z/e
d
 OM(z,€)\ Ouo(z . OMy(z,8) Buo(a:))
—1‘/,;<6‘d+ 8q > ( & l /Z ([ LA ] dz; £=z/ev(x)dx
O*Ni(z,€) Bug(x) IN(z,§) 8ug(x)
/Z dz;0&  Ox; E_:/:(I)d$+2/2 O le=z/e 0z:0z; v(z)dz
1,j=1
( [<3ﬁ’l’i(1¢,§)> 3’&0(1‘)]
L \I@nelaz; [\ o dz;
D [DMi(r.6)0 ,
81] [ a(f‘j £) zgﬂj;r)j!) €=I/€v(1‘)d1“"E](vEul(l‘,é),ne(l‘,f)) c'_I/gv(.l‘) ds
Se v
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d

d ([<0A11,-(z,§)> aM,»(z,f)] auo(x))
+ dz: : - v(x)dr
Q\/Q‘/ iJz=1 Jz; 0¢; a¢; Oz; g=r/e
+ / Q(z)uo(z)v(z)dr +‘/f(a:)v(1:)dz
O\
9*N(z, f PlNo(z,6)
z)dz +2 ) d-
ERCLE / z Tt wia)as
. ONo(z,€) Quo(z) Ni(z, &) Quo(z)
+2/; 0¢; dz; E=x/‘v(ﬂ:)d:1c+2/ Z 51:1851 B2, 5—;/51,(I)d$
Qe = Qs =
3N .T 5 azuo(x)
+9 d +0 (e
Q[,; 9 le=g/e Oilz; v(z)dz Ellvll gae)

=h+hb+LB+Li+Is++Ir+1Is+1g+ o+ O(e)lvll g1 (qe)-

Since Q(z) = 0 in Q\Q' and M;(z,£) = 0 for z € Q\Q', we have Iy = 0. We now estimate the
term I3 on the right-hand side. By Lemma 7, we have

s/q(:c,:c/e)uo(z)v(x)ds— |D;1w| /Q(z)uo(m)v(z)da:
QI

3

I =

&

< Cuselluoll gjaeyllvll g1qe)-

Clearly, the terms Iy and I3 can be estimated as follows:
|1 + I3} < Croel|vll g1 (qey-

The identity I4 = 0 ensues from the boundary conditions of the problem (6). Lemma § enables us to

assume that the function f(zr) vanishes in the layer II.. Consequently, Iy = 0. The integral I7 has
been already estimated in §4:

2
9 ulz) vl zrigqe)-
azial'j H].(Qi)

Recalling the boundary condition of the problem (15) and Lemma 5, we infer that

7| < Cae

d Odug(z : IM;(z,€ a _ “
|Is] = / (Z‘=1 W(i_l“'d + 4354_1) i f"(:v)uo(:t) G(a:)) v(z)ds
& V1+(VeF(2, ) gse

S C215”’U“H1(Qs).

d
: Mi(z, . R .
_./ Z Duo(7) <6,~,i + -a—-—(:—t-—é—)-> + P(2)ug(z) — G(z) | v(z)dZ
‘ dz; 0¢4
[\l =1
Similarly. using the technique of the proof of Lemma 8, we obtain
Iﬁ S C22€HUIIH1(QS)-
Finally. owing to the exponential decay of Ng(z,¢) and Nj(z,€) as £ — 400, we conclude that
o £ 0235”1)“”1(92).

Letting v = ug + cuy + vy — u¢ and recalling all above estimates and Lemma 4, we arrive at (50).
The theorem is proven.
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