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HOMOGENIZATION OF ELLIPTIC DIFFERENCE OPERATORS*
ANDREY PIATNITSKI' AND ELISABETH REMY#

Abstract. We develop some aspects of general homogenization theory for second order elliptic
difference operators and consider several models of homogenization problems for random discrete el-
liptic operators with rapidly oscillating coefficients. More precisely, we study the asymptotic behavior
of effective coefficients for a family of random difference schemes whose coefficients can be obtained
by the discretization of random high-contrast checker-board structures. Then we compare, for var-
ious discretization methods, the effective coefficients obtained with the homogenized coefficients for
corresponding differential operators.
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1. Introduction. We develop some aspects of general H-convergence and ho-
mogenization theory for second order elliptic difference operators and consider several
homogenization problems for random discrete elliptic operators with rapidly oscillat-
ing coefficients. More precisely, we study the asymptotic behavior of effective coeffi-
cients for a family of random difference schemes whose coeflicients can be obtained by
the discretization of random high-contrast checker-board structures. Then we com-
pare, for various discretization methods, the effective coefficients obtained with the
homogenized coefficients for corresponding differential operators.

Many results can also be formulated in terms of the central limit theorem for
random walks in random statistically homogeneous media.

Originally, G- and H-convergence of differential operators and I'-convergence of
the corresponding functionals were introduced by Spagnolo [27], De Giorgi [7], [8], and
Murat and Tartar [22]. Then these notions were developed and generalized essentially
in the works of Bensoussan, Lions, and Papanicolaou [4], Tartar [26], Murat [21], Jikov
et al. [28], G. Dal Maso [18], and many others. This resulted in the appearance of
advanced homogenization theory.

In recent years, significant progress has been achieved in the homogenization
theory of random differential operators. We refer to the original works of Kozlov
[13] and Papanicolaou and Varadhan [24], and to the book by Jikov, Kozlov, and
Oleinik [11] wherein an additional bibliography can be found. In particular, in case of
random high-contrast checker-board structures, the asymptotics of effective diffusion
have been constructed in Jikov, Kozlov, and Oleinik [11]. Berlyand and Golden in [5]
have improved this result in a special case.

In contrast with differential operators, the homogenization theory of difference
operators is not so well developed. There are only a few mathematical works on this
subject, among them Kiinnemann [17], Kozlov [14], [15], and Krasniansky [16]. In
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[17] it is proved that the central limit theorem holds for symmetric random walks
in random ergodic statistically homogeneous media. Then, many interesting results
for various kinds of random walks in random media were obtained in Kozlov [14].
The first homogenization results for difference schemes were formulated and proved
in Kozlov [15]. We also mention the work Bricmont and Kupiainen [6] where the
central limit theorem was obtained for a class of nonsymmetric random walks.

Perhaps the difference operators with rapidly oscillating coefficients did not at-
tract the attention of mathematicians because these operators did not appear in the
classical difference schemes approximation approach (see, for example, Quarteroni
and Valli [25]): the fast oscillation of coefficients of difference schemes would contra-
dict the regularity and even the measurability of coefficients of the initial differential
equations.

On the other hand, many modern practical and numerical applications involve
various homogenization problems for discrete operators with rapidly oscillating coeffi-
cients. For instance, when discretizing microinhomogeneous media, due to the natural
restrictions, it is not possible to keep the size of the numerical grid much smaller than
the typical size of inhomogeneity (the microscopic length scale) of the medium. This
leads to the appearance of difference operators with rapidly oscillating coefficients
(see, for instance, McCarthy [19], Noetinger [23]). The most important question here
is, How far could the effective coeflicients of a difference scheme diverge from ones
of corresponding differential operators? The first successful attempt to answer this
question was done by Avellaneda, Hou, and Papanicolaou [2] where it was shown that,
in the multidimensional case, the finite difference approach does not provide the right
homogenized coefficients unless the ratio of the size of a discretization mesh to the
microscopic length scale goes to 0.

In the present work we show that the effective coefficients of the difference schemes
approximating a family of elliptic PDEs with rapidly oscillating coefficients depend
essentially on the discretization method.

The paper is divided into two parts. The first one is devoted to H-convergence
and homogenization of difference operators.

Earlier homogenization problems for difference operators were investigated by
Kozlov in [15] where a number of homogenization results for difference schemes were
obtained. In the present work we extend further the homogenization theory of dis-
crete operators and prove a number of basic statements such as convergence of so-
lutions of the Neumann problem, convergence of energies and of arbitrary solutions,
I'-convergence, and some others. To this end we mainly use the discrete analogue
of the compensated compactness technique originally introduced in Murat [21] and
Tartar [26] for functions of continuous arguments. Namely, we prove a version of
compensated compactness lemma, adapted to difference operators, and then apply
it systematically in our considerations in combination with the method of correctors
and variational techniques.

For the sake of completeness we also formulate some technical results from Kozlov
[15] and give another proof of the homogenization theorem for random difference op-
erators. An additional reason for this is the fact that we use a more general definition
of ellipticity than that in [15].

It should be noted that although some basic ideas here have been borrowed from
homogenization theory of differential equations, still the peculiarities of difference
operators such as the big dimension of difference gradient, the irreducibility and ellip-
ticity conditions in the case of boundary-value problems, and the asymptotic nature
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of difference schemes, create additional difficulties in studying these operators and
make the generalization of homogenization theory to difference operators nontrivial.

In the second part of the paper, we discretize high-contrast two-dimensional
checker-board structures, find the asymptotics of effective diffusion, and show that
different discretization methods lead to different asymptotics.

1.1. Difference elliptic operators. Let Q C R? be a smooth bounded domain
and let Q. = Q NeZ?, where Z? is the standard integer lattice in R? and £ > 0. We
consider the discrete Dirichlet problem in Q.:

(1.1)
Acut () = Z 0%, (al, ()05 uf(x)) = f(x) in Q., u(z) =0 on QY.

z,2' €A

Here A is a fixed finite subset of Z? symmetric with respect to 0, the matrix A° =
{aZ,.} is symmetric, 5‘@? is the boundary of ). defined by

QM 2 (Qe +eM)\ Q. ={z+ez|zeQ., 2 €AY\ Q.|

and 02 is the standard difference derivative: (95v)(x) 21 (v(z+ez)—v(x)) . For

any v° : Q. — R, we introduce the following norm (the L?(Q.)-norm): HUEH%Z(QE) 2

g > e, |v°(x)|?. We say that a function v® defined on £Z¢ belongs to the space
W 2(Q.) if v(z) = 0 for & ¢ Q.. We define the norm on the space Wy*(Q.) as
follows: ||v5||?/V01,2(Q5) =ty o S 10%,v°(2)[?, where {e;}i—1,.q is the stan-

dard basis in R? and Q. 2 Q- +eA =Q.U0QY; W~12(Q.) is the dual space to
Wy ?(Q).

In the summation in (1.1), we can consider only the elements from the set A\ {0},
as the contribution of the element {0} is null.

DEFINITION 1.1. We say that the family of problems (1.1) (or, simply, problem
(1.1)) is uniformly elliptic if there are c1, co > 0 and g9 > 0 such that, for any
vt € WOI’Q(QE) and any € < €,

(1.2) |z (2)] < e,
(1.3) CQHUE\@V&,Q(QE) <t Y > as(2)007(2)00% ().
xe@z,z’EA

REMARK 1.2. The uniform boundedness of the matriz A° implies the following
upper bound:

e Z Z as, ()0, (x)0,v°(x) < c(A)HUEH?/VOLz(QE).

we@ z,z' €N

Indeed, it suffices to represent z as a sum z = z' + 22 + -+ + 2N with |2°| = 1 for all
i=1...N. Then,

N
v (x) = Z@ikvs(x T Zk—l)

k=1
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and the required bound is the consequence of the finiteness of A.

In what follows we always assume the uniform ellipticity conditions (1.2)—(1.3) to
hold.

It should be noted that, in general, the uniform ellipticity condition (1.3) is rather
implicit. For instance, it neither requires the positiveness of the matrix {a<,, (z)} nor
follows from the estimate

(1.4) aléf < Y at(@)(€2)(62) S el EER e3> 0,

z,2' EA

where (-,-) is the scalar product in R%. One can easily see this by considering the
one-dimensional problem with

e B
. (x)—{1/2 if z=2 2| =2,

a. . = .
zz 0 otherwise.

Clearly, (1.3) is not satisfied although (1.4) holds.
In order to ensure the uniform ellipticity of problem (1.1) one should combine esti-
mates such as (1.4) with a proper irreducibility condition. Below we show that for two
important particular classes of difference operators commonly used in applications,
the ellipticity conditions can be easily verified.
Suppose we are given a family of functions pS(z), z € Q., z € A, possessing the
following properties:
L. positiveness: pS(z) >0, > ., pi(z) =1 for each x € Q.,
2. pi., () >6>0,i=1,...,d,
3. symmetry: p5(z) = p° (x +€2).

Then, the family of problems

(15) wuf(x) = Zpi(x) uf(z+ez) +e? f5(x) inQ., u(z) =0 on Q"
ZEA

can be easily rewritten in the form (1.1) with

! .
2z 0 otherwise.

(1.6) a(z) :{ pi(z) ifz=2, 2#0,

PROPOSITION 1.3. Let {p5(z)} possess the abovementioned properties (1), (2),
and (3). Then problem (1.5) is uniformly elliptic.
Proof. Summing by parts, one can show after simple calculations that

d
S g = 5 32 D108

veqy i=1
< Z Z al, (2)0,v%(x)0,0° (x)
xeaz,z’EA
<C Y S0P < e o g
z€Q. 2EA
uniformly in €. This yields the desired result. O

Assumption (2) can be relaxed as follows:
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(2") For some N > 0 and § > 0 and for any a, 3:” € Qe, |2 —2"| = ¢,
there is a finite sequence of vectors y_ ,y ,...,y € A, k < N, such that
' =a "‘523 1 ¥ and pg; (2 +eXI Y >
Another important class of unlformly elliptic operators is formed by matrices
{aS,/(x)} that satisfy the estimate

d
Z aiz/ (LU) NzMzr 2 € Z |77:|:67; 27 ne RIA‘ ;
z,2' €A i=1
uniformly in € and z € Q. ; here we assume that all the vectors te;, i = 1,2,...,d,

are elements of A; if it is not the case, the right-hand side (RHS) of the latter formula
does not make sense.

Clearly, the uniform ellipticity implies the coerciveness of problem (1.1) and we
have the following statement.

PROPOSITION 1.4. Let problem (1.1) be uniformly elliptic and f¢ € L*(Q.). Then
there exists a unique solution u® € W01’2(Q5) and the estimate

el zoy < ellflzon)

holds uniformly in €. Henceforth we usually suppose that f€(-) is a discretization of
a given function f € L?(Q).
We also define the norm on the space W12(Q.) by

1o [fy12i.) =7 D Z|8:I:e @)1 + v 172 e »

weQ’Ll

where we use the notation

B o(z) = { () fr+ezeq.,

0 otherwise.

2. Tools for discrete operators analysis.

2.1. Compensated compactness lemma. One of the main tools in the ho-
mogenization of differential operators is the so-called compensated compactness lemma
(see Murat [21] and Tartar [26]), which gives a sufficient condition for passing to the
limit in the inner product of two weakly converging sequences of vector functions.
In this section, we prove the discrete version of this result that serves the case of
functions defined on a grid.

First of all, we introduce the discrete divergence as follows: for any vector function

e (L2(Q )™,

divf ¢(z Z 0% .q.(x

zEN

It should be emphasized that the above divergence operator depends on the choice of
the set A.

LEMMA 2.1. Let ¢° and v° be sequences of vector functions from (LQ(QE))W
such that

q° —y q° weakly in L*(Q.) ,div5 qE Y 2 in Ww(Q.),
v° — v* weakly in L*(Q.) wi(x) = aiug(x) for some u® € WH2(Q.).

£—
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Then, the sequence (q° v°) converges x-weakly to ¢° v°:  ¢°v° %} q° 0.
E—

Proof. According to Kozlov [15, Proposition 3|, the weak convergence of ¢°
L?(Q.) implies the following weak convergence in W~12(Q.):

divi¢® —>Zazqz ZZ quv

zEN z€EA

here the standard notation a% f(x) = z - V,f(x) for the derivative along arbitrary
vector z has been used. Thus, > ., 2 - V¢ = O, and we have

lim [|div (¢ — ") lw-1.2(q.) =0-

From now on, the notation like ¢° or v° is used both for the functions of continuous
argument and for their discretization (see Appendix A). Using the representation
¢ v° = (¢° —q°) v +¢°v° and taking into account the x-weak convergence of ¢° v° to
q° v°, one can assume, without loss of generality, that ¢° = 0. Also, under the proper
choice of additive constant, » .o u®(z) = 0. Then, by the Poincaré inequality, the

sequence ¢ is uniformly bounded in the W12-norm. For any ¢ € C5°(Q) we get

e Z ¢ (z) v° (x) ) =& Z Zqz ) Ozut (z) ()

TEQ: TEQ: zEA

=t ) > AdE(2) 0w (2) p(x) — a2 () u(2) p(a)} + 7(e)

TEQ: zEN

with lim._,g7(¢) = 0 (see Appendix B). Summing by parts in the latter expression
leads to

e Y @ (@) v (@) p(a)

TEQ:

=3 N {0 (@) i (@) () — g () wE (2) Dip() } + 7 (e)

TEQ: zEA
=t Y (divigt (@) utp) —et > Y gi(w) ut(w) Op(x) + 7(e) -
TEQ, TEQ: zEA

Since ¢ is uniformly bounded in W12(Q.) and div} ¢° converges to 0 in the W—1:2-
norm, the first term in the RHS goes to 0 as ¢ — 0. The second term goes to
0 because ¢S 05 converges to 0 in L?(Q.) weakly. Finally, for any ¢ € C5°(Q),

lime 03 peq. 2ozen (@) vi(2) p(2) =0. O

2.2. H-convergence and homogenization. In this section, we give the defi-
nitions of the H-convergence and the homogenization of discrete operators and then
study the main properties of this convergence (see Spagnolo [27], Murat and Tartar
[22] for the relevant definitions in case of differential operators).

Consider a family of uniformly elliptic discrete Dirichlet problems,

(2.1) Ao = divy (Z as., a;m) =75, ut e WQ.),

z'eA

and denote by A®(x) the matrices of the coefficients {aS_, (z)}. Let A(z) = {a,»(x)}, x
€ @, be a |A| X |A| matrix.
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DEFINITION 2.2 (H-convergence). We say that the matriz A° H-converges to A
(A® io) A) if, for any sequence f¢ € W=12(Q.) such that f¢ — finWw=5%Q.),

we have

. 1,2
u® — u? weakly in Wy (Q:) ,
0 .
5¢ = g as, Osu’ — sV = g Ay 8—u0 weakly in L*(Q.),
e— 4
zEN z€A

where u° is the solution of the limit Dirichlet problem,

Z —% (azz/(x) aazluo> =f, ue W(}’Q(Q).

z,2' €A

The homogenization is a particular case of H-convergence. Given a matrix-valued
function A'(z) = {al.,(7)}, 2, 2/ € A, x € Z¢, we define the sequence A° as follows:
As(x) = Al(z/e), x € Q.. Suppose that the corresponding family of problems
(defined in (2.1)) is uniformly elliptic.

DEFINITION 2.3. The constant matriz A is the homogenized matrix for A°(z) =
{as_,(x)} if, for any sequence f& € W12(Q.) such that f¢ — fin W=52(Q), the

solutions u® of the Dirichlet problems
mﬁ(i%a$f>—f”f“W%@x
z'eN
converge to the solution u® of the limit Dirichlet problem
0 0]
(22) - Z %CLZZ’QUO = f7 U‘O € W()172(Q)7
z,2' €A

in the following sense:

u® - u? weakly in W, (Q),
e—
0 .
g al . 05u° - Z Gy auo weakly in L*(Q).
z'eA z€EA

REMARK 2.4. The dimension of the difference gradient of functions defined on
Q- is equal to |A| and does not coincide with the dimension of the standard gradient of
functions defined on QQ. This is the reason we write the limit equation in the definitions
above in a nonstandard form. This allows us to define the convergence of streams. Of
course, one can easily transform the limiting equation to the standard form

d

> grel)gn = 3 grin@gr . @) = 3 e e).

z
z,2' €A i,j=1 z,2' €A

One of the remarkable properties of H- and G-convergences of differential oper-
ators is the compactness of a family of uniformly elliptic operators; see, for example,
Murat and Tartar [22], Zhikov et al. [28]. We proceed by quoting the compactness
result for a family of uniformly elliptic difference operators.
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PROPOSITION 2.5 (see Kozlov [15, section 2]). Any uniformly elliptic sequence of
problems defined in (2.1) contains an H-convergent subsequence. The limit problem
inwvolves a second order uniformly elliptic operator in divergence form:

d

Au=— Y % (azzf(:c)éi,u) =-> % (aij(m) 82]“> :

z,2' €A i,j=1

In the subsections below we prove a number of general results on H-convergence
and homogenization of difference operators that are not exhibited in the existing
literature.

2.2.1. Convergence of arbitrary solutions. One of the significant properties
of H-convergence is the fact that the H-limit operator depends only on the original
sequence of operators and does not depend on the type of boundary conditions and
on the domain. In a general form, this can be formulated as follows.

THEOREM 2.6 (convergence of arbitrary solutions). Let a sequence of uniformly
elliptic operators A, H-converge in a domain Q to the limit operator A, and suppose
that a sequence of functions w® € W12(Q.) satisfies the conditions

w® —— w®  weakly in W2(Q.),

e—0

(2.3) divyy (Z az. (92 + 3§/w5)> =/

z'eA

where g € (LQ(Q))W and f € W=12(Q) do not depend on €. Then, w satisfies the
homogenized equation

0 9 o\l _
- Z az|:azz’ <92’+82,w ):|—f7

z,2' €N

and the streams do converge in L*(Q.) weakly:

0
Z aiz’ (gz’ + 6?’[05) ?_‘)0_) Z Qzz <gz’ + 8Z/U/O> .

z'eN z'eA
Proof. Under the conditions of the theorem, the streams are uniformly bounded in
L?(Q.) . Thus, taking a proper subsequence, we have Doen 0oy (g + 05 wT) —
E—

& weakly in L?(Q.) . Passing to the limit in (2.3), one can easily check that —»>__, 8%52
= f. We have to prove the relation &, = Y, @220 (92 + 2=w?) . Let u® be an ar-
bitrary function from W, %(Q). Denote by u® the solution of the Dirichlet problem,

. 0 0
lef\ (Z aiz/ 8§/UE> = Z @ <azz/ % u0> )
z'eN z,2' €N

and consider the following identity:

@4) (g o) Y a5t = Y 0" Y atu (g + D).

z€EA z'eN zEA z'eA
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By the definition of H-convergence, we have
€ e , € 9 0 : 2
Z as, 05U - Z Gaal U weakly in L*(Q.) ,
z'eN z'eN

while the limiting relation

0
(o +00) —p X (4 0] weakly in £2(Q.)
zEA

zEN

is an evident consequence of the weak convergence of w®. Now, passing to the limit
on the left-hand side (LHS) of (2.4), with the help of Lemma 2.1 we obtain

>0 0007) 3 st 3 (e ) B gl

zEA z'eA z'eA

The fact that g, does not depend on ¢ has also been used here.
Similarly, passing to the limit on the RHS of (2.4) gives

> 0> al. (g + 05wT) —— 9 0 £ .

e—0 82
ZeA Z1EA U ZeA

Finally, considering the fact that u° is arbitrary function from W,"*(Q), we deduce

. 0
gz = Z Az (gz’ + 82,1110) . 0

z'eA

COROLLARY 2.7 (local property of H-convergence). If A, v% A in a domain
E—
Q, then A, i{; A in any subdomain Q1 C Q.
£—

2.2.2. Convergence of energies. In this section, we address a family of Dirich-
let problems with nonhomogeneous boundary conditions:

(2.5) divg (Z as., a;m) =f, ut —u’ e Wy(Q.),

z'eN

where 1 € W12(R9) and f € W12(Q) are fixed given functions.

We suppose that the family {A.} is uniformly elliptic and H-converges to the
limit operator A. Then, one can assume without loss of generality that the function
u? satisfies the equation Au° = f in the domain Q.

In order to show the uniform boundedness of {u¢} in W2(Q.), we replace u® by
u® — ug in (2.5), multiply the resulting equation by u® — ug, and then sum over Q..
After summation by parts we get

Do D ab(@) O (ut () — uo(x)) 9% (u () — uo(2))

xE@z,z’GA 2€Q.

I
=
—

8
S~—"
—~

I~
™

8
N~—

|

g

(=}

8
N—
SN—

=D Y ab (@)% (u (@) — uo(x)) Aruo(a).

we@ z,z' €N
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This implies the required boundedness.
By Theorem 2.6 (convergence of arbitrary solution), any weak limiting point of
the sequence {u°} coincides with u? in Q. Hence, the whole family {u®} converges to
Yin WH2(Q.) weakly.
PROPOSITION 2.8 (convergence of energies).  Let A, io) A and let u® be the
E—
solution of problem (2.5). Then the following limit relation holds true:

Y Y o @ o) [P el @) @) de.

zEQ, %7 EA 2,2 €A
Proof. By (2.5) we have

eSS A (@) O (uf — ) (@) 5 (uF — u0)(x)

r€Q, %% EA
= Y Y atu(2) Out(2) 95 (uf — u¥)(x)
z€Q, %% EA
0
d R 0 . .
o z; Z az (@) 92 () 0% (u® —u')(z) + 7(e)
zeQ. %7 €A
0
= 5d Z f U —Uu )(SC) *sd Z Z aiz/(x) EUO(I) 82/716(1‘)
TEQ: ZGE—’%Z’EA
0
Tt ) D k(@) ') 574 (@) +7(e);
r€Q, 57 €A

here and afterwards 7(¢) stands for a generic function that vanishes as ¢ — 0. On the
other hand,

eSS A (@) O (uf — u) (@) 95 (uF — u®)(x)

z€Q. %% €A
= ST at (@) Ot (0) 05 (a)

IEQ z,z' €A

—2e4 3" Y atl(w) %uo(x) A5 uf ()

weQy 2% EA
+e ) Y d() 2uo(a;) iuo(sc) +7(e).
— #z 0z 0z
2€Q. z,2' €N
After subtraction we find

A Y @O @ @)~ Y Y ahle) Lal(@) 05 (o)

TEQ, %% e TEQ. %7 e

(2.6) — ¢ Z fx) (u® —u®)(z)+7(c) =0.

z€Q-

Passing to the limit in the last relation, and taking into account the weak convergence
of uf —u® to 0 in Wy*(Q.) and the weak convergence of the streams a<,, 8%,u®

zz!
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L?(Q.), we obtain

d Z Z sz 8; 6( )86’u 0 / Z azz a._ 0( )8(2 O(l’)dﬂ? 0

z€Q. %% €A zzEA

In fact, the result on convergence of energies can be formulated in more “local”
form, as follows.
PROPOSITION 2.9. Under the assumptions of Theorem 2.6 one has

2.7)
Z az (x)0w* (2)(0w (x) + g/ () — Azz! (x)ﬁwO(x) i/wo(x) + g (2) ).
e—0 0z 0z
2,2’ €N z,z'EN

Proof. In the expression

Y Ouwt(@)as, (2) (0wt (z) + g ().

z,2' €A

the streams a<_, (z)(0w®(x) + g»-(x)) converge weakly in L?(Q.) ( by Theorem 2.6)

to the limit stream a,.,/ (x)(az, wO(z) + g (QL“))7 and the family 0,w®(z) converges

to %wo (z) weakly by the assumption of Theorem 2.6. Now, the desired statement
follows from Lemma 2.1. O
REMARK 2.10. In the case of elliptic differential equations, H-convergence of
operators implies weak L'-convergence of the corresponding energy functions. This
result relies on the Meyers estimates of the gradient of solutions; see Meyers [20].
For the difference operators the Meyers-type estimates have not been obtained, so
the weak L'-convergence of energies is an open question.

2.2.3. Neumann problem. The notion of the H-limit operator has been ex-
pressed in terms of the operators of the corresponding Dirichlet problems. But, as
was already mentioned in the previous section, we can also consider other boundary
value problems. In this section, the Neumann problem is investigated.

DEFINITION 2.11. Let f € (LQ(Q))W. We say that u® € WH2(Q,) is a solution
of the Neumann problem for the equation

div <Z as, a;m) =3 .f
z'eA zEA
if the relation
(2.8) S (@) et (@) eut(x) = Y > fi(x) 05 (x)
ze@z,z’EA z€Q. EISAN
holds true for any ¢ € W12(Q); here we use the notation

52@2{ O if vtezeqQe,

0 otherwise.

Clearly, the functions u® are defined up to an additive constant. To fix the choice
of the constant, we assume that Zwé@ uf(xz) =0.
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In order to study the Neumann problem, we should modify the definition of
uniform ellipticity and impose a slightly stronger condition because Definition 1.1
above does not ensure the coerciveness of problem (2.8).

DEFINITION 2.12. We say that the family of operators {A.} is N-elliptic in a
domain Q. if the inequality

(2.9) Z Z as, 2)0%p(x) > ¢ Z Z 9%e 0( , ¢>0,

IEQ z,z'€N wEQ =1

holds for any ¢.

It should be noted that N-ellipticity implies the uniform ellipticity in the same
domain @) and that, under the condition of Proposition 1.3, the family of operators is
always N-elliptic.

Ezample. To clarify the difference between the uniform ellipticity and N-ellipticity
we provide below a simple one-dimensional example which shows that due to “bound-
ary effects,” a uniformly elliptic operator is not necessary N-elliptic.

Let @ be an open interval (0, 1), and suppose A = {0, £1, +2, £3}. If we set

1 .
p1(0) = 5, p=(0) =0if 2 # +1;
1 1 )
p-1(1) = 2 Po(l):§7 p.(1)=0if z # —1,0
ps(2) =3, p=(2) =0if 2 # 43,

and extend this function periodically with period 3, then for ¢ = 1/n with integer
n > 3 we have

1 2 n—1 — -2 -1 1 2 n—1 n+1 n+2
Qa_{va"'a }7 Qg_{vaoyva"'a 71a 9 }
nn n nn n n n

Consider the following test function:

(z) = 1 ifx:—%,—%,
=90 otherwise.

For this function the LHS of (2.9) is equal to zero while the RHS is strictly positive.
Thus (2.9) cannot hold. On the other hand, one can easily verify that this problem
is uniformly elliptic.

PROPOSITION 2.13.  Suppose that a family of N-elliptic operators {Ac.} H-
converges to the operator A in the domain Q. Then the solutions u® of problem
(2.8) converge, as € — 0, in WH2(Q.) to the solution of the limit Neumann problem.:

for any ¢ € WH2(Q),

L Z e e | ar= | (Zfz >dx.

z,2' €N zEA

Moreover, the streams also converge.
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Proof. Using the Poincaré inequality, we derive from the N-ellipticity the uniform
coerciveness of problem (2.8). Thus, the family u¢ is uniformly bounded in W2(Q.).
By Theorem 2.6, any limit point w® of the family u® satisfies the H-limit equation
and

0 .
E as, 05u® - E Ay @wo weakly in L?(Q.) .
z'eA z'eA

So, for any ¢ € W12(Q), passing to the limit in (2.8), we get

L e gt | an= | (Zfz(w);zw(x))dm-

z,2' EA zEA

Moreover, [, w(z)dz = 0. 0

2.2.4. T'-convergence. The results proved in this section exhibit the relation
between the H-convergence of operators and a special kind of convergence of corre-
sponding quadratic forms, so-called I'-convergence, that was introduced originally in
De Giorgi [8].

PROPOSITION 2.14. Let A. be a N-elliptic family of operators in a domain Q.
Then, A. E—HO> A in Q if and only if the following conditions are satisfied:

1. For any u° € WY2(Q) and for any sequence w® € WhH2(Q.) such that
w® — u® weakly in Wh%(Q.), the following inequality holds:

E—>

lign_}élfsd Z Z as, () Oiw (x) 0%, we (x)

16@272/61\
E/Q Z Ay (T) %uo(x) %uo(x)dx.
z,2' €A

2. For any u® € WhH2(Q), there exists a sequence u® € W12(Q.) such that
uf — u® weakly in WH2(Q), u® —u° € W01’2(Q), and

£—

lim 4 Z Z as,/(z) Ocus (z) 05,us ()

e—0 —
2€Q. 2,2’ EN

_ /Q 3 azz/(x)%uo(x) %u%;) dz.

Proof. Suppose that A, i0> A.
E—

1. Consider the Neumann problem (2.8), with f, = (ZZ,GA Gy %—fj) K where
zE

u® is the solution of the H-limit Neumann problem. The solution u® of
(2.8) provides the minimum in the following variational problem: E =
inf,ewr.2(q.) J*(v), where

Jw)y=et > Y {a;,(x) dEv(x) O v(x) — 2a,. () Bv(x) (f,uo(x)] .

z
we@ z,z' €N
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For any sequence {w®} such that w® — u® weakly in W2(Q.), we have

(2.10) JE(w®) > JE(u).

Then, by Proposition (2.13), 95u® - aguo weakly in L?(Q.) and, there-
£— VA
fore,

e Y () Bt (@) D (o)

xe@z,z’GA
0
=J(w) +2 Z Z a0 (2) 05w (2) 8—u0(m)
r€Q, %7 EA
. 0
> W) +2 Y D e (@) 2w (2) 5 -u()
r€Q, %7 EA
:*Z Zazz ) Ou 6()67 u®(x)
z€Q, %7 €A
0
+2 Z Z Gz ( w® (x )a— u®(x)
z€Q, 57 EA
9 0 9 0
E’/QZ;A%'(@ 5z (@) gy (@) d

Equation (2.8) has also been used here. Now, taking the infimum limit in
both sides of (2.10), we obtain the required inequality.
2. It is the statement of Proposition 2.8.
The remaining part of the proposition is an easy consequence of the uniqueness of the
H-limit. O
REMARK 2.15. The statements of Propositions 2.8 and 2.14 remain valid if we
replace the sums over x € Q. by the sums over x € Q..

2.3. Description of the random environment. In this section we introduce
random difference elliptic operators with statistically homogeneous rapidly oscillating
coeflicients.

Let (2, F, 1) be a standard probability space, where F is a o-algebra of subsets
of Q and p is a probability measure. Let {T, : Q — Q; x € Z?} be a group of
F-measurable transformations which preserve the measure p:

1. T, : Q+— Qis F-measurable for all z € Z¢,

2. u(T,B) = u(B), for any B € F and z € Z4,

3. To=1,Ty0T, =Tyyy.
In what follows we assume that the group T, is ergodic. That is, any f € L*(£2) such
that f(T, w) = f(w) p-a.s for each x € Z¢ is equal to a constant p-a.s.

Let A be a finite subset of Z?. Given a matrix-valued F-measurable function
{az2 (W)}, 2,2 € A, with values in the space of symmetric |A| x |A| matrices, we
define a family of difference operators A® with the coefficients
(2.11) as, (2) = azo (Tyjew), m €L 2,2/ €A.

zz
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We suppose here that £e; € A, i =1,...,d, and that

d
(2.12) Z Az (W)N:Mr 2 CZ ‘nﬂ:ei|2a ne RIM .
z,z' €N i=1
(2.13) la.. (W) < e, 2,2 €A

It is easy to see that these inequalities imply the N-ellipticity and the uniform ellip-
ticity of the corresponding family A. in any regular domain Q.
In applications, especially in those related to random walks, we usually deal with
the following particular case of the above construction.
Let {g(w, 2), z € Z?} be a family of random variables such that j-a.s,
1. Y qlw,2)=1,
2€74
2. Q(Tzw7 Z) = Q(Tx+zwu _Z) )
3. q(w,2) >0, glw,£e;) >8>0, i=1,...,d (ellipticity condition).
We introduce a family of transition probabilities as follows:

p:(z) = ¢(Tow, 2),

where the argument w, treated as a realization of the medium, is omitted. The
important characteristic of a family of transition probabilities is the structure of its
support:

A= {z € 74| ess supp.(z) # 0}.
Q

In all the models considered below, the set A is finite.
Now, if we denote pS(x) = p.(¢7'z), z € Q., z € A, then due to the assumptions
on ¢(w, ), problem (1.5) is uniformly and N-elliptic.
It is convenient to define the “w-divergence” operator:
for any random variable v € L(Q),  div, v(w) 2 Z v(T_,w) — v(w).
zeEN
We will use it in the following analysis.

2.4. Homogenization of random operators. This section is devoted to ho-
mogenization of the random difference operators introduced in the preceding section.
The first proof of the homogenization theorem for such operators was obtained in [15],
where the “corrector technique” was used. Here we give another proof of the theorem,
which relies on the compensated compactness lemma.

2.4.1. Auxiliary problem. Let us define the following subspaces of (LZ(Q)) Al

(see Kozlov [15]):
L2,,(Q, A) is the closure of the set
{ve (L2Q)M; v, (v) = w(T.w) — u(w) for some u € L>®(Q)},
L2,(€, A) is the closure of the set: {v € (L2(Q)M divy, v = 0} .

For A € RIAl we denote by V2,04(Q, A) the closed set {v+X;velZ, (2 AN} .



68 ANDREY PIATNITSKI AND ELISABETH REMY

Consider the following auxiliary problem: given A € RIAl, find v € V2, (9, A)
such that

(2.14) div,, <Z Uy (W) Uy (w)) =0.

In order to prove the existence and uniqueness of the solution of this problem we
introduce the operator

Apot + Lo (0, A) = L2,(Q, A)
(v2)zen = ot (Z Ay (W) Uy (w)) )
z'eA

where II,,, is the orthogonal projection onto the subspace Lfmt(ﬂ, A).
In view of the Weyl decomposition (see Kozlov [15]) (L?(Q2)) Al _ L2, (L A) &
IA]

L%,,(Q,A), we can rewrite the problem (2.14) in the following form: given A € R
find v € L2,,(2) such that

pot
Aporv = I, (Z a0 (W) )\Z/> .

z'eA

The operator Apg is coercive. Indeed, for any v € Lf,ot(Q, A), we have

(Aporv,v) = Z (Hpot (Z Ay (W) Uy (w)) , vz(w)>
L2(9)

ZEA z'eN

= Z (Z Az (w) Uy (w)a Hpot (’Uz(w))>
L?(Q)

ze€AN \z’€A

-y (Z s () ), W)) -
L2()

z€AN \z’€A

According to hypothesis (2.12), this implies (Apotv,v) > ¢ E [Y0; [vte,|?], where
E stands for the expectation with respect to the measure p. On the other hand, for
any v of the form v, (w) = u(Tyw) — u(w), u € L*(Q2), we have

Ntz yini = B | D lo-@)P| = E D [u(Tow) - U(W)|2]
LzeA zEA
[ N(z)—1 2
=F Z Z u(Te,,w) —u(Tgw)| |,
zeN| =0

where (o =0, (n(z) = 2, [Gi41 — G| = 1, and N(z) < ddiam(A). Therefore,

d
Z(’Uiei (w))2‘| .

i=1

d
0l egyyias < E | didiam(8))21A] 3 (e, <w>>2] <ci(dA)E
i=1

By definition, the said set of v(w) is dense in L2 (92, A), and by the continuity argu-
ments, the latter estimate holds for any v € L2,,(Q,A).
Thus, (Apotv, v) > ca(d, A) ||v||?L2(Q))W , and the desired existence and uniqueness

follow from the Lax—Milgram lemma.
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2.4.2. Homogenization. In this section, we study the family of random oper-
ators {A.} with statistically homogeneous coefficients given by (2.11). The homog-
enization theorem for such operators was originally proved in [15]. We give another
proof based on the compensated compactness lemma, which seems to be easier and
shorter. The main result here is the following theorem.

THEOREM 2.16. Let the coefficients of A. be given by (2.11), and suppose the
condition (2.12) is fulfilled. Then, a.s., the family {A:} admits homogenization and
the limit matriz A° does not depend on w.

Proof. For a fixed f € W~12(Q), consider the following Dirichlet problems:

(2.15) divy (Z a;,a;uf> =f, ueW,(Q.).

z'eA

Since u® and ), a5, 05u° are uniformly bounded, respectively, in Wh2(Q.) and

(L2(Q2)), we have

u® —— v’ weakly in W&’Z(Qa) )

e—0

s —— 5% weakly in (LZ(QE))‘AI ,

e—0

€

where 5% stands for ), ., a5, 05,u®.

Let v, (w) solve the auxiliary problem (2.14). If we denote v° (z) 2o (Tyj-w) 5 2

vRAS de, V2 €A, ¢S =, ) V5 al,,, then, the identity

zz/’

(2.16) DN st i) = >0 D gi(x) osu(

TEQ: zEA TEQ: zEA

obviously holds. We introduce a constant matrix 4 to satisfy the relation E(¢%) =
A A°. This matrix is well defined because ¢° is a linear functional of A\. By the Birkhoff
ergodic theorem, we have
v© — E(v®) =\ weakly in L*(Q.) a.s.,
£—
q° - E(¢°) =AA weakly in L*(Q.) as.
E—
It follows from (2.14) and the definition of div,, and div§ that for almost all realizations
we have divyg® = 0, while the fact that v — A € L2,,(Q, A) implies a.s. the relation
ve = 056° for some (in general not statistically homogeneous) functions 6. Also,
from (2.15) we have div}s® = f. By Lemma 2.1,

e, € * 0
E sSv, —— E 55 Az
e—0
zEA zEA

and

9]
€ 95us * § : A 0 0
U — a,.,.r —U
Zqz z £e—0 Z Pzz 62,/ )

zeN z,z' €N
or, equivalently,
0
E ve a,, Out —— A, al u®;
e—0 (9 !

z,z'EN z,z'EN
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] permeability 5

[] permeability 1

Fic. 3.1. Example of a realization of the random medium.

we have also used here Proposition 3 from [15]. Hence, passing to the limit in (2.16)
and bearing in mind the fact that X\ is an arbitrary vector, we find

0
0 _ 0 0
s, = g Aoz U

z'eN

Since Y., 259 = f, the function u® is the solution of the homogenized problem
and A is the limit matrix. a

3. Asymptotic behavior of the effective coefficient. In this second part
of the work, we consider the difference operators obtained by discretizing a random
two-dimensional high-contrast checker-board structure, as various discretization pro-
cedures are applied. For each discretization method, we find the asymptotics of the
effective coefficient. The results obtained in this section rely essentially on the fine
results from the percolation theory, such as channel property and related statements.
For the reader’s convenience, we formulate these results and provide necessary defini-
tions in section 3.1.

To define the random media, we split the plane R? into regular squares {[—1, 3]>+
j}, j € Z2, and assign a value of permeability, independently at each square, as follows:

( )é 6 with probability p
PYI=1 1 with probability 1—p

1171?
) ye|:_2a2:| +j,]€Z27

where ¢ is a small strictly positive parameter (see Figure 3.1). Then, we consider the
grid Z2, fix a finite set A C Z2, and define the transition probabilities {p.(z); z €
Z2, z € A} to be a function of {k(x + 2)}, 2 € A. Finally, we define the coefficients
of operator A, in terms of {p,(x)} by (1.6).

Henceforth, we suppose that the properties (1), (2), and (3) in section 1.1 are
satisfied. It then follows from the independence of k(j) for different j € Z? that the
family {p.(x)} is ergodic. Now, the following assertion is a direct consequence of
Theorem 2.16 (see also Kozlov [15, section 2]).

ProroSITION 3.1.

1. The operators A. G-converge as € — 0 to an elliptic operator
with constant nonrandom coefficients A = {a..'}. .ren\(0,0)-

2. The limit matriz is isotropic: A = a®(p)I (I is the identity
matriz).

We call a®(p) the effective coefficient and study its asymptotics as § — 0 for
various p € [0, 1].

3.1. Some results from percolation theory. In this section, we quote and
discuss briefly several results from percolation theory. We consider the so-called site
percolation model (see Grimmett [10]) and, following the tradition, say black and
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n|
X
X x| x| x
x| ®|[x X|x|®|x]|x
X x| x| x
X
0 n
n
0 n

FIG. 3.2. The neighbor squares and black channels in the cases v = 1 (left) and v = /2 (right).

white squares instead of “6” and “1” squares, respectively. All the squares are enu-
merated by the coordinates of their centers and the distance dist(i, j) between squares
i and j, (i,j € Z?), is defined as the Euclidean distance |i — j|.

DEFINITION 3.2.

e Two black squares i and j are ~y-connected if dist(i,j) < 7. As soon as the
value of v is fized, we just refer to connected squares or neighbor squares.

o (Consider the random subgraph containing only the black squares. The con-
nected components of this graph are called black clusters.

e A finite set of black squares forms a black channel if the squares can be enu-
merated in such a way that any two successive squares in this enumeration
are y-connected (see Figure 3.2 for examples).

Similarly, we define y-connected white squares, white clusters and white channels.
When the probability p varies, the geometric properties of the black clusters are
modified. The more p increases, the bigger are the sizes of the clusters, and they
eventually form the unique infinite cluster (see, for example, Grimmett [10]). Below,
some basic constructions of percolation theory are presented.

The probability space is introduced as follows. As sample space, we take K =
M cz2{6, 1}. Each point of K: xk = (k(s);s € Z?) is called a configuration. We take
G to be the o-field of subsets of K generated by the finite dimensional cylinders.
And, for each p € [0,1], we define the probability measure P, as the product measure
on (K,G) such that the random variables x(s),s € Z? are independent and satisfy
Py(k(z) =6) =p.

In what follows we identify the probability space (K, G, P,) with the general prob-
ability space (2, F, P) defined above.

Let |C| be the cardinal of the cluster which contains the origin. The cluster-
size distribution is given by 6,(p) = P,(|C| = n), n € N*. The probability 0(p) =
P,(]C| = +o0) that the origin belongs to the infinite cluster is called the percola-
tion probability. There exists a critical probability p.(7y), also called the percolation
threshold, such that

{9(17):0 if p<pelv),
0(p) >0 if p>pe(y).
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TABLE 3.1
Ewvolution of the number of infinite cluster with respect to p.

\ p O pe(2) pc(V2) pe(1) 1—pe(2) 1
y=1 White No infinite cluster Black
v=2 White Black and White Black
v =2 || White ‘ Black and White ‘ Black

Thus, for each fixed v, the critical probability is p.(y) 2 sup{p : 6(p) =0}.

Figure 3.2 shows the sets of neighbor squares, with respect to the marked square,
in the cases v = 1 and v = /2, and it emphasizes the difference between the structures
of channels.

In Table 3.1, we can see, for three different values of -, the presence of white
and black clusters with respect to the values of p. The following relation holds:
pe(1) + pe(v/2) = 1, while p.(1) ~ 0.59 and p.(v/2) ~ 0.41 (see Kesten [12]).

Moreover, according to Aizenman and Grimmett [1], p.(2) < p.(v/2) .

3.1.1. The channel property. Denote by N(n) the number of mutually non-
intersecting black channels joining the left and the right sides of the box [0, n]2.

PROPOSITION 3.3 (see Kesten [12, section 11]). Let v = 1 or v = /2. If
p > pe(7), then for almost all k € K the inequality

N(n) >c(p)n, c(p) >0,

holds for any n > ng(k)

REMARK 3.4. In fact, this result holds true for any value of v (see Golden and
Kozlov [9]).

REMARK 3.5. For all v > /2, the percolation models admit the coexistence of
the channels of both colors (see Figure 3.2). The geometry of the white and black
subgraphs is rather different in subcritical and supercritical zones. In this connection,
it is interesting to study carefully what happens near p.(7).

PROPOSITION 3.6 (see Kesten [12, section 11]). There exist some strictly positive
constants c1, ¢z, 3, 61, 63 such that, for p > p.(7),

Py (N(n) = ¢ (p = pe(7)*n) 21— ca (n41) =" 07pe)™,
By the Borel-Cantelli lemma, we have

(3.1) c(p) = c1 (p—pe(7)* .

REMARK 3.7. One can easily check that all the channels can be chosen to be no
longer than 0(p)n .

3.2. Behavior of the effective coefficient. In this section, for the checker-
board model introduced above, we consider several discrete models characterized by
e the set of admissible jumps, i.e., the set A;
e the corresponding transition probabilities {p, }.cx -
In all these models, the distribution of {p,}.ca will be invariant with respect to
rotations at the angle 7/2. This symmetry implies the isotropy of the effective tensor,
and thus there is only one scalar effective coefficient a®(p) to be determined.
For each model, we study the limit behavior of the effective coefficient as § — 0.
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3.2.1. Harmonic mean. We begin by considering the “harmonic mean” model.
Namely, we assume that

A = {£(1,0), £(0,1), (0,0)}

and define the transition probabilities as the harmonic mean of the values of x(-) at
the corresponding points:

1 2k(z) k(z + 2) g
il_(m(gc)+/<;(gg+z)) fzeA\{(0,0)},
0

p=(r) = ZzeA\{(oyo)}Pz(m) if z=(0,0),

if 2 AL

Clearly, the family {p.(x)} satisfies the conditions (1), (2), and (3) in section 1.1, and
moreover, its distribution is isotropic.

REMARK 3.8. The choice of the harmonic mean is natural in the framework of
the finite volume approach. Indeed, with this choice for the coefficients, we conserve
the fluxes. This conservation is violated under another choices (see explanations in
McCarthy [19]).

The asymptotic behavior of the effective coefficient a’®(p) as § — 0 is described
by the following statement.

THEOREM 3.9. The effective coefficient a®(p) satisfies, for small §, the following
inequalities:

0<ea(p) <a®(p) <1 if 0<p<pe(v2),
§<a’(p) < ca(p)é, c2(p) >0 if pe(V2) <p<l
This means, in particular, that a®(p) does not vanish as § — 0 if p < p.(v/2).
Proof.
1. Case 0 <p< pc(\/ﬁ).
Consider the percolation model with v = 1. By Proposition 3.3, for 0 < p <
1 — pc(1) there are at least N(n) = c¢(p)n mutually nonintersecting white
channels joining the left and the right sides of the square [0,n]2. We denote
by Cj the kth channel, 1 <k < N(n).

Define on the space (L*(€)) M the following seminorm:

(3.2) 6|2 = E {szw) <¢Z<w>>2},

zENA

where F is the expectation related to the measure p. In fact, under the
assumptions of the theorem, it is a norm, but we will not use this fact.

Let Pi(z) = z1 be the projection onto the first coordinate of vector z. Ac-
cording to Kozlov ([14, Chapter II, section 2], the effective coefficient a’(p)
can be calculated as follows:

3.3 ®(p) = inf Pi(2) — ¢|?,
(3.3) a’(p) @eLézﬁlA)H 1(2) — @l

where the subspace L2;(€2, A) has been defined in section 2.4.1 of this paper.

Denote by H the linear set H = {¢,(w) = ¢(Tow) — ¢(w); ¢ € L>(Q)} . This
set H is dense in L2, (€2, A) (see section 2.4.1) and the functional ¢ — ||z; —¢||

pot
is continuous in L2,,(€2, A). Therefore, the infimum over L2 (€, A) in (3.3)

pot
can be replaced by the infimum over H.
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Let ¢ belong to H: there exists ¢ € L () such that ¢, (w) = ¢(T, w)—P(w).
Then,

1P1(2) — ol = E {sz(w)(21 — ($(Tow) - &(W)))Z} :

zEN

Since Ty, is ergodic, by the Birkhoff theorem we have for almost all realizations

. 1 - - 2
[1Pi(2) — ¢l = Lm o S pThw) <Z1 = ¢(Toyzw) + O(Ty w))
z€Z2N[0,n]? z€EA

(3.4) = lim i? S pala) (z1 = $(Topzw) + ST w)>2 :

n—-—+oo
T€Z2N[0,n]? z€A

Our goal now is to construct a uniformly positive lower bound for a®(p). To
this end, on the RHS of the last formula, we first take into account only the
points x located inside the channels:

|P1(2) — ¢|* > hmlnf— Z Z p.(x ( — )Ty w) + G(T, w))2 ,

zeC zeA

where C' stands for the union of white channels. Then, we enumerate the
points = along each channel in such a way that any consecutive numbers
correspond to neighbor points, and we replace the inner sum over z € A(z)
by the sum over z such that = + z belong to the same channel as x and have
greater index than z. Denote this latter set of z by A(z), and notice that for
each x from the union of white channels A(z) is not empty and consists of
only one element. For z € )\(:1:), we clearly have p,(z) = 1/4. Hence,

”Pl <»0H2 > hmlnf A2 Z Z (Zl z+z ) + (E)(TI w))Q ’

z€C zeX(z)

If we denote S(x ) =2 e (31 — €(Tpy2w) + (T w)) , and enumerate the
channels C = Uk 1)Ck , then, for the kth channel, we have

Z S Z Z 21 — x-f—zw) +¢( ))

z€C z€Ck z€X ()

—n+z Z m+zw +¢( ))

z€CK z€X(x)
_n+¢( g(Cvk )_(Z;(Tmf(ck)w)zn_c,

where ¢ =2 ||Q£HLOO(Q) , and z,(Cy) and z¢(Cy) are, respectively, the starting
and final points of kth channel. Summing up over the channels, we obtain

(3.5) Z S(x) > (n—c)N(n).
zeC
By the Cauchy inequality, taking into account Remark 3.7, we get

S (s zxec S()”

= O(p)n N(n)
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In view of (3.5) this implies

2o (n=0)° N(n)”
(3.6) 2 5@ 2 TN

and

6D IRE -0l 2t ot -z e > 0.

Hence: a®(p) > ¢; > 0. The upper bound a®(p) < 1 is obvious and, finally,
0<c §a‘s(p) <1.

. Case p.(vV2) <p< 1.

Consider the percolation model with v = v/2. There are at least ¢(p) n non-
intersecting black channels Cy, k = 1,2,...,N(n), joining the left and the
right sides of the square [0,n]? (see Proposition 3.3).

Let us denote ¢ = 1/n and define functions w® on €Z? N [0, 1]* as follows:

e we(-,0)=0, w(-,1) =1 (boundary conditions),

o wi(x) = (k]\?él/f) for x € eC}; ,

o w(x) = % for x from the set bounded by ¢C}, and eCjy .

Here, we suppose without loss of generality that the channels do not intersect
the bottom and top faces of the square. The above function w® has been
designed to possess the following properties :

e In the area situated between any two consecutive channels C}, and C41,
this function is equal to a constant, the constants are different in distinct
areas.

e At each channel C}, the function w® makes a jump. The values of jumps
are uniformly distributed on the channels so that the total increment of
w®, as xy varies from 0 to 1, is equal to one.

By the definition and according to Proposition 3.3, the sequence w® is uni-
formly bounded in W12(Q.) and uniformly Lipschitz continuous; moreover,
the Lipschitz constant is less than or equal to ¢~!(p). Thus, for a proper
subsequence, we have

we — uo weakly in W2(Q.),
E—

sup [0° — o] —— 0,
z€Q =0

where ug € WH2(Q), uo(+,0) =0, uo(-,1) = 1, and
uo(2!) —uo(2®)] < H(p)lat —2?|, o', 2 €[0,1]%.
Consider the expression

(3.8)
T =¢e> " > al.(2) 0w (2) Bw (z) =€ Y Y pi(x) (Qus(x))” .

TEQ: 2,2’ EA TEQ: zEA

It follows from the definitions of w® and p<(z) that
(3.9 JE(w®) < c%(p)§.



76 ANDREY PIATNITSKI AND ELISABETH REMY

FIG. 3.3. Illustration of Theorem 3.10. The behavior of a’(p).

Moreover, by Proposition 2.14, lim inf, ¢ J¢(w®) > a®(p) f[o 12 |Vug(z)|*dz >
a®(p) . Combining the last two estimates, we get the desired inequality a®(p) <
¢ 2(p) 6. The lower bound a®(p) > 6 is evident. 0

The next result describes the behavior of the effective coefficient a®(p) for p from
a neighborhood of the critical point p.(v/2).

THEOREM 3.10. In the vicinity of p.(v/2), the following inequalities hold:
c1 (pe(V2) =p)™ < a’(p) if p <p(v2),

a® 2 if pe
W) <o et T (V2) <p,

where c1, ¢, a1, and ag are strictly positive constants.
Figure 3.3 illustrates this result.

Proof. It is sufficient to substitute the estimate (3.1) in (3.7) and (3.9). The
required estimates are now straightforward. O

3.2.2. Comparison with the behavior in continuous media. The asymp-
totic behavior of the effective coefficient described in the previous section (section
3.2.1) differs essentially from that obtained for the case of differential equations (see
Jikov, Kozlov, and Oleinik [11, Chapter 9]). One of the reasons for this disagreement

is the fact that we ignore the streams through the neighborhoods of vertices of the
checker-board structure.

Here we modify the model of the previous section by involving the streams along
the “diagonal directions,” so that the asymptotic behavior of the effective coefficient
as 6 — 0 in this new model is similar to that obtained for the corresponding differential
operator.

Let us begin by describing the scheme of discretization. We set

A ={(0,0), +er, e, £(e1 + €2), £(e1 —€2)},  e1 = (1,0), ez = (0, 1),

(so, at each step, a trajectory of the corresponding random walk can choose one of
the eight nearest points of Z? or keep the same position).

In order to assign the values for p, (), |2| = v/2, we consider auxiliary periodic
checker-board structure with a cell of periodicity shown in Figure 3.4. The effective
coefficient of this medium is equal to v/ (see Jikov, Kozlov, and Oleinik [11, section
7.2]). This gives us an idea that, for the combination of squares shown in Figure 3.4,
the coefficient p. (x) with z = (e; + e3), should be of order /6.
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K=1
%%— X+Z
/

/
/
/
X
K=1/I\
| X
Fia. 3.4.

Inspired by these heuristic arguments, we define the transition probabilities by

8 k(z)+r(z+z)?

1 min 2 k(z) k(z+2) \/H($+21€1);K($+2262) H(ﬂf)‘f‘;(?ﬂ""z)) if |Z| — \/5,
1 2k(z) k(z + 2)

= _ if =1

p=(2) 8 k() + k(z + 2) if |2 ’
1- ZzEA,z;ﬁ(0,0) p:(z) if z=(0,0),

p.(x) =0 if 2z A.

The following theorem describes the asymptotic behavior of the effective coeffi-
cient a®(p).

THEOREM 3.11. The effective coefficient a®(p) satisfies, for small §, the estimates

0<c(p) <a’(p) <1 if 0<p<p.(vV2),
e (p) Vo < al(p) < eslp) Vo if pe(V2) <p<1—pe(V2),
§ <a®(p) <calp)d if 1-p.(V2) <p<1,

where c1(p), ca(p), c3(p), and ca4(p) are strictly positive.
Thus, the effective coefficient is uniformly positive when p < p.(v/2), is of order
V6 when p is between p.(v/2) and 1 — p.(v/2), and is of order § when p > 1 — p.(v/2).

Proof. The cases 0 < p < p.(v/2) and 1 — p.(v/2) < p < 1 can be studied exactly
in the same way as in Theorem 3.9. O

Now, we proceed with the case p.(v/2) < p < 1 — p.(v/2).

Consider the percolation model with v = v/2. Again, for sufficiently large n, there
are at least ¢(p) n mutually nonintersecting black v/2-channels and white v/2-channels
joining the left and the right sides of the square [0,n]? (see Figure 3.5).

Lower bound. We consider the infinite white cluster. In order to obtain the lower
bound for a®(p), we follow part (1) of the proof of Theorem 3.9. We point out that,
along each white channel, if both x and z + z belong to the channel and |z| < \/5,
then p.(z) > v/6/8. Indeed, in this case k(z) = k(x + z) = 1 and, by the definition,

p-(x) takes on one of the following values: % , %\ / # , %\/S
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.

FIG. 3.5. Intersection between a black and a white channel; p €] pc(vV/2), 1 — pe(V2)].

From (3.4), (3.6) and the above estimate of p,(x), we get

. 1 - - 2
1P =l = tim o S Y palfew) (21— H(Terew) + H(Tw))
z€Z2N[0,n]? z€A(x)

Y i IR
2 lim inf Fps >y (Z1 = (Tptzw) + ¢(Ts w))
zeCv zeA(x)
Ve ¢(p) 2
—— X (n—c)* >ceVé
= e 82 6(p) (n=e)” 2 Vs,
where symbol C'* stands for the union of white channels. By virtue of (3.3), the last
inequality implies the required lower bound.
Upper bound. We consider the infinite black cluster and the N(n) = c¢(p) n black
channels C, k =1,2,..., N(n) in the square [0, n].
The upper bound a®(p) < c3(p)v/é can be established with the help of the
following auxiliary functions:
i ws('vo) = Oa ws(.7 1) = 17
o wi(zr) = (k]\?(lrff) for z € eC}Y;

o w(x) = % for z from the set bounded by eC? and EC};H ,

where ¢ = 1/n. Direct calculations show that J(w®) < ¢~2(p)V/§; indeed, by the
definition of {p,(z)}, we have p,(x) < /8 if = belongs to a black channel, and

p.(z) < g if x and = + z are situated at the opposite banks of a black channel. If
we denote by ug an accumulating point of w*®, then we have by Proposition 2.14

o) VB 2 i S (0F) 2 0 p) [ [Fuow)f do > 0’ (o).
e [0,1]2

Comparing these results with Jikov, Kozlov, and Oleinik [11, Chapter 9, Theorem
9.5] shows that the discrete operators considered in this section adopt the asymptotic
properties of the corresponding differential operators.

3.2.3. Geometric mean. We modify here the scheme of discretization of section
3.2.1 by taking the geometric mean in the definition of transition probabilities instead
of the harmonic mean:

i w@) R+ 2) it 2 € A\ {(0,0)},
P(T) =9 1= 3 0oy =) if 2= (0,0),
0 it g A
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FiG. 3.6. v = 2. The neighbor squares (left), a black channel Cy (center), and one of its
possible modifications Cy, (right).

the set A being the same as in section 3.2.1 (i.e., with displacements toward the four
nearest neighbors). Then, the asymptotic behavior of the effective coefficient a®(p) is
described by the following statement.

THEOREM 3.12. The effective coefficient a®(p) satisfies, for small §, the esti-
mates:

0<ei(p) <a’(p) <1 if 0<p<pe(V2),

ca(p) V6 < a®(p) < es(p) Vo if pe(vV2) <p<1—pe(2),

§ < a®(p) < ca(p)d if 1-pe(2) <p<1,
where ¢1(p), ca(p), c3(p), and cy(p) are strictly positive.

Proof.

1. In the case 0 < p < p.(v/2), we need to justify only the lower bound. It can
be done exactly in the same way as in Theorem 3.9. Another way to obtain
the lower bound is to notice that for |z| # 0 the coefficients p,(x) under
consideration majorate the respective coefficients defined as the harmonic
mean. By virtue of the convergence of energy result and Theorem 3.9 this
implies the desired lower bound.

2. In order to obtain the upper bound for p.(v/2) < p < 1 — p.(2) one can apply
the technique developed in the part (2) of the proof of Theorem 3.9.

To justify the lower bound in the case p.(v2) < p < 1 — p.(2), we consider
the percolation model with v = 2 (see Remark 3.4). Here we encounter an
additional difficulty: for p €]1 — p.(v/2),1 — p.(2)[ the white 2-channels are
not connected in a usual sense.

We proceed as follows. For each channel Cy we introduce its 1-neighborhood:

C;:{erQ |z —j| <1 for some j € Cy}.

It is easily seen that C’,j contains a sequence of squares {x;} denoted by
Cr, which joins the left and the right sides of the square [0,n]? and has the
following properties:

e |z;11 — x;| =1 for any consecutive z; and z;11;

e p.(z) > +/6/4 for any x and z such that =, z + 2z € Cy and |2| = 1
(see Figure 3.6) These sets Cj, are connected in a usual sense and consist

in general of both white and black squares. Clearly, the number N(n) of
mutually nonintersecting sets Cj, still satisfies the estimate N(n) > é&(p)n,
é(p) > 0, for sufficiently large n. Then, one can use Cy instead of Cj, and
argue like in part (1) of the proof of Theorem 3.9.

3. The upper bound in the case 1 — p.(2) < p < 1 requires slightly different
arguments than above. Consider the percolation model with v = 2, and for

each white cluster C denote by C* the 1-neighborhood of C:

Ct={x€Z®: |xr—j| <1 forsome j € C}.
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Let C*(0) be the set C* containing 0, and denote by W (0) the size of CT(0).
If 0 does not belong to the 1-neighborhood of the union of white clusters,
then C*(0) is empty and W(0) = 0.

We introduce the following sequence of random variables ¢V (w) € L*°(Q):

N { —jer(rcl}rr(lo)jl if1<W(0) <N

0 otherwise,

and put ¢ (w) = PN(T,w) — N (w), 2 € A. Tt is clear that oY (w)| < 2N.
According to Kesten [12, Theorem 5.1], the estimate

(3.10) Pp{W(0) > n} < c exp(—c(p)n), c(p) >0,
holds for all p > 1 — p.(2). Therefore, by the definition of ©Y, we have
(3.11) Pp{goiv >n} <cexp(—ci(p)n), ca(p)>0, n=12,...,2N.
The random variables ¢ and p, possess the following properties:

e if both 0 and 2 belong to CT(0) and W (0) < N, then P;(2) — ¢ =0;

e if at least one of them does not belong to C*(0), then p, = §/4.
In combination with (3.10) and (3.11), this implies

a*(p) < |P1(2) = oY || = B palzn — ol

zEA
2N
<8k exp(—ci(p)k) + ¢ exp(—c(p)N)
k=1

<6+ cexp(—c(p)N),

where ¢ does not depend on N. Passing to the limit as N — oo gives a®(p) <
é. O

3.2.4. Arithmetic mean. This section deals with another modification of the
scheme of section 3.2.1. Namely, the transition probabilities are defined as the corre-
sponding arithmetic means

1

Z—“(x)+§<x+z) if € A\ {(0,0)},
I*ZzeA\{(o,o)}pz(x) if z=1(0,0),

0 it2 g A,

px(z) =

while the set A remains the same as in section 3.2.1.
THEOREM 3.13. The effective coefficient a®(p) satisfies, for small §, the estimates
0<eci(p) <a®(p) <1 if 0<p<1—p(2),
§<a’(p)<eap)d  if 1-p(2)<p<1,
where ¢1(p) and ca(p) are strictly positive.

Proof. The first estimate relies on the channel property of the percolation model
corresponding to v = 2. As in the preceding theorem, we enlarge the white 2-channels
to make them connected, and note that along each modified channel the transition
probabilities are uniformly positive: p,(z) > (1+6)/8if z € A and = and x + z belong
to a modified channel. As above, this implies the lower bound a®(p) > ¢;(p) > 0.
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The proof of the second estimate is exactly the same as that of the last estimate
in the preceding theorem. ]

REMARK 3.14. The statements of Theorems 3.9-3.11 remain unchanged if we
assume that the size of mesh h(g) of a grid is less than e while h(e)/e is a constant.

Appendices.

Appendix A. Convergence of discrete functions. Let f° be an arbitrary
function defined in the discrete domain Q. = €Z? N Q, and let f¢ be the piecewise-
constant interpolation of f¢:

d
) —€ €
ff@)=f(y) ifyeQcandzey+ {2,2]
DEFINITION A.1. We say that a family of functions f¢ € L*(Q.) converges
strongly (resp., weakly) to the function f € L?(Q) as € — 0 if f¢ converges strongly
(resp., weakly) to f in L*(Q). For this convergence we use the notation

fe — f in L*(Q.) (resp., weakly in L*(Q.)).

Similarly, one can define the W12(Q)-convergence of discrete functions with f<
being the piecewise linear interpolation of f¢ (instead of the piecewise constant one).

The convergence in W~12(Q) can be defined in terms of duality. Namely, we say
that f¢ € W=12(Q.) converges to f € W~12(Q) strongly (resp., weakly) if for any
sequence g° € WO’Q(QE) and g € Wol’2 (Q) such that ¢¢ — g weakly (resp., strongly)
in W12(Q), we have

<f57 gs>~°_)<fag>

e—0

DEFINITION A.2. Let w® € L*(Q.) and w® € L*(Q). The sequence w® converges
x-weakly to w® if for any ¢ € C°(Q),

lim ¢ Z w® () p(x) :/ w(x) () dr .

e—0
T€EQ-. Q

Appendix B. The derivative of a product of discrete functions.
PROPOSITION B.1. Let f and g belong to W 2(Q.). Then,

> |05 (fg) — f05g — goifl < > |05f]0g]

z2€Qe 2€Q¢
Proof. We have

e0Z(f(x) g(x))

flx+ez)g(z+ez) - f(x)g(z)
9(x) (f(z+e2) = f(2) + flz+e2) (9(z +€2) — g(x))
elg(x) O f(x) + flx +e2) 0Zg(x)] -

We have f(x +¢ez) = f(x) + €05 f(z). Therefore,

OZ(f(x) g(x)) = g(x) O, f(x) + f(x) OZg(x) + €07 f(2)0g(x),
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and the desired estimate immediately follows. 0

Appendix C. The Friedrichs and Poincaré inequalities.

This appendix is devoted to the Friedrichs and Poincaré inequalities for grid
functions. In fact, in order to prove the propositions below, one can follow the same
ideas as in the case of the continuous argument. For this reason, we omit the proof.

ProposiTiON C.1. Let Q be a bounded domain with piecewise smooth boundary
and denote the discretization of Q by Q.. Then, for any v° € Wol’Q(QE) the following
inequality holds:

d
(C.1) 1o liF2 (g, < e@)e® D D (95,0 (@)*.

z€Qe =1

ProroSITION C.2. Let Q be a smooth bounded domain. Then, for all sufficiently
small e and for any v¢ € WH2(Q..) such that Zzer ve(x) = 0, the following inequality
is satisfied:

d
(C.2) Y W @P<C@et Yo Y 105, (@)

T€Q. z€Q: i=1

REMARK C.3. The statement of Proposition C.2 remains valid for the domain

@5'
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