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The aim of the paper is to study the asymptotic behaviour of the solution of a
quasilinear elliptic equation of the form

—div(a® (x)|Vus [P72Vu®) + g(x)|[uf|P~2u® = S¢(2) in £2,

with a high-contrast discontinuous coefficient a®(x), where ¢ is the parameter
characterizing the scale of the microstucture. The coeflicient a®(z) is assumed to
degenerate everywhere in the domain 2 except in a thin connected microstructure of
asymptotically small measure. It is shown that the asymptotical behaviour of the
solution u® as € — 0 is described by a homogenized quasilinear equation with the
coefficients calculated by local energetic characteristics of the domain (2.

1. Introduction

In this paper, we study the homogenization of the following quasilinear elliptic
problem:

—div(a®(z)|Vuf|P~2Vu) + g(@)|u|P~2u® = S¢(x) in £, (1.1)

where {2 C R" is a bounded Lipschitz domain and ¢ is a parameter tending to zero.
We assume that a®(z) does not degenerate along a thin connected microstructure 2§
(called the fracture part), while in the complement to the fracture part £2¢, (called
the matrix part) a®(x) is a positive function vanishing asymptotically as ¢ — 0.
The rate of degeneration will be specified later.

*Permanent address: Department of Mathematics, B. Verkin Institute for Low Temperature
Physics and Engineering, 47 av. Lenin, 61103 Kharkov, Ukraine (pankratov@ilt.kharkov.ua).

(© 2006 The Royal Society of Edinburgh
1131



1132 B. Amaziane, L. Pankratov and A. Piatnitski

The basic set of equations considered here arises, for example, from compressible
flows in porous media, and non-Newtonian flow, etc., through thin fissures. This
problem is closely related to the so-called double-porosity homogenization models
widely discussed in the mathematical literature (see, for example, [17]). The linear
double-porosity model was first studied in [4], and was then revisited in the math-
ematical literature by many other authors (see, for example, [17] for a review).
Nonlinear models were treated in [10,24]. Then a general non-periodic model and
a random model were considered in [6] and [7], respectively. Note also that the
homogenization of nonlinear elliptic equations is a long-standing problem and a
number of methods have been developed. There is an extensive literature on this
subject. We will not attempt a review of the literature here, but merely mention a
few references (see, for example, [9,11,12,14,15,21,22] and the references therein).

In contrast with the works mentioned above, where the measure of the fracture
part remains uniformly positive, in our model we will assume that the measure
of the fracture part is asymptotically small. This problem, in the linear case, was
considered in [1,2,5,25]; the singular double-porosity model was studied in [8].

In this paper we deal with a quasilinear elliptic problem in a domain with an
asymptotically small fissure part. Following the approach introduced in [18], instead
of a classical periodicity assumption, we impose certain conditions on the so-called
local energetic characteristics associated with the boundary-value problem (1.1).
These characteristics include a penalization term. Following the scheme developed
in [1,25], we obtain the homogenization result by combining the local characteristics
method with an appropriate extension condition from the fracture part to the whole
domain 2.

Since the measure of the fracture part is small, we cannot use the usual notions
of convergence and compactness. Instead we introduce the convergence and com-
pactness adapted to the singularity of the fracture measure.

The homogenized equation takes the form

—0y,ai(x, Vu) + B(2)|ulPu = p(x)S(z) in £,

where the functions a;, i = 1,2,...,n, and B(z) are defined in terms of the local
characteristics mentioned above.

The paper is organized as follows. In § 2 all necessary mathematical notation is
defined, the microscopic problem is formulated and the general assumptions are
stated. In § 3 we introduce the notions of convergence and compactness in domains
of asymptotically degenerating measure. The main result of the paper is formu-
lated in §4. It will then be proved in §§5 and 6. Finally, in §7 we present two-
and three-dimensional periodic examples. In these examples the coefficients of the
homogenized problem are calculated explicitly.

2. Statement of the problem and assumptions

In this section, we describe a microscopic model for a quasilinear elliptic equation
in high-contrast fissured media. Let 2 = §2f U (25 be a bounded domain in R",
n = 2,3, with piecewise smooth boundary 02, and let

meas {f — 0 as ¢ — 0. (2.1)
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Moreover, throughout the paper we assume that the set {2f is asymptotically dis-
tributed in a regular way in the domain {2, i.e. there exists a constant C' > 0 such
that, for any ball V(y,r) = {z : |z —y| < r} of radius r centred at y € 2 and € > 0
small enough (¢ < ego(r)),

Clrm >t meas(2f NV (x,r)) = Cr", (2.2)
where 0
meas
e — 0 — . 2.3
H meas {2f (2.3)

We consider the variational problem
,us/ {a®(x)|Vus|P + g(z)|uf P — pS®(z)u} dx — inf, u® € WHP(), (2.4)
Q
where p > 1, g is a smooth positive function in {2 such that g(x) > C > 0,

5°(x) = 1§(2)S(x) (2.5)

with S € LP' (£2), where p’ satisfies (1/p) + (1/p') = 1 and 15 = 15(z) is the char-
acteristic function of the set 2%, a® = a®(x) is a measurable function such that

0<ap<a(z) <ay’ in 025, (2.6)
0<ai(e) <a’(z) <az(e) in 2, (2.7)

with
uas(e) > 0ase— 0. (2.8)

It is known (see, for example, [19]) that, for any ¢ > 0, there exists a unique
solution u® € WHP(£2) of the variational problem (2.4), and that u® solves the
Neumann boundary-value problem for the corresponding Euler equation:

—div(a®(z)|Vuf|P72Vuf) + g(x)|u|P~2u® = S°(x) in 0.

3. Convergence in domains of degenerating measure

Due to the vanishing measure of the fissure part, we should define the convergence
of sequences according to the singularity of the fissure measure. Assume that the
family of domains 2f C {2, ¢ > 0, satisfies (2.1) and (2.2). In this section, follow-
ing [25] (see also [20] or [27] for similar considerations), we introduce the concept
of convergence in domains (2 as € — 0.

We adopt the following notation: || - || and || - ||1,52 are the norms in the spaces
LP(2) and W1P(£2), 1 < p < 400, respectively; Lip(M, §2) is the class of contin-
uous functions w in 2 such that |u(z)] < M and |u(x) — u(y)| < M|z — y| for any
x,y € £2.

DEFINITION 3.1. A sequence of functions {u® € LP(£2f)} is said to Dgf—converge
to a function u € LP({2) if there exists an approximating sequence

{'LL]\/[ S Lip(M,Q), M = 1,2,...}



1134 B. Amaziane, L. Pankratov and A. Piatnitski

converging strongly in LP({2) to u as M — oo, and

lim limsup
M—oo o0 meas (2§ I

u® — uMH?sz =0. (3.1)

Note that under condition (2.2) the limiting function u in definition 3.1 is inde-
pendent of the approximating sequence {uy;, M =1,2,...}.

REMARK 3.2. If in definition 3.1 u is a smooth function in {2, then (3.1) may be
rewritten as follows:

limsup ————
e—0 measf2f

[u =l = 0. (3.2)
In a natural way one defines the notion of compactness with respect to the Dgfg—
convergence.

DEFINITION 3.3. A sequence {u® € LP(2§)}isa DY <-compact set if one can extract
from any its subsequence a DQE -convergent subsequence

In what follows, we mainly deal with sequences of functions u® € W1P(£2§) such
that

||u€||fﬂfg < C'meas (25 . (3.3)

From now on, C'is a generic constant independent of €. Furthermore, in this paper
we restrict ourselves to domains (2§ satisfying the so-called ‘strong connectedness’
condition (the SC condition).

DEFINITION 3.4. A family of domains (2f is said to satisfy the SC condition if for
any sequence {u® € C'(£2§)} satisfying (3.3), and any M, M = 1,2, ..., there exists
a family of subsets G5, C £2f such that u® € Lip(M, 2f \ G5,) and

¢(M)

meas G3; = [ neas 02, ||U€||Z;u = ¢(M) meas 2§

for all €, € < g9(M), where limys_y00 ¢(M) = 0.

We now formulate a sufficient condition for DQe—compactness in the class of
domains (2§ satisfying (2.2) and the SC condition. The following theorem holds
(see [3,27]).

THEOREM 3.5. Let £2f C {2 be a family of domains satisfying the SC' condition.
Then, any sequence {u® € WhP(028)} satisfying (3.3) is a Dpfg—compact set.

REMARK 3.6. In the proof of theorem 3.5 we construct the sequence {u5, } such that
us;(z) = us(z) for x € 25;, where 25, = 2§ \ G5;. The functions u5, satisfy the
Lipschitz condition and it follows from Witney’s theorem [26] that these functions
can be extended from (25, to the whole (2. This means that the SC condition could
be formulated as an extension condition for the functions defined in the domain f2f
to the domain (2 with some distortion on the set G5, whose measure is small with
respect to the measure of the set (2.
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4. Formulation of the main result

In this section we introduce the local energy characteristics of the sets {27 and (25
associated with the variational problem (2.4), and formulate the main result of
the paper. We study the asymptotic behaviour of u® solutions of the variational
problem (2.4) as ¢ — 0. The classical periodicity assumption is here substituted by
an abstract one covering a variety of concrete behaviours such as the periodicity,
the almost periodicity, and many more besides. For this, we assume that (2f C {2
is a disperse medium, i.e. the following assumptions hold.

ASSUMPTION 4.1. There exists a continuous function p(z) > 0 in §2 such that

lim lim p°h™" meas[2f N K} ] = p(x),

h—0e—0

for any open cube K} centred at x € {2 with lengths equal to h > 0.

AsSUMPTION 4.2. The family of domains (25, ¢ > 0, satisfies the SC condition (see
definition 3.4).

Instead of the classical periodicity assumption on the microstructure of the dis-
perse media, we impose certain conditions on local energy characteristics of the
subdomains (2f and (27 .

For z € 2 we define:

(i) the functional associated with the energy in 2§, by
E"(2:q) = inf u° / {0 (@) Vo P + h "o — (2 — 2, @)"} d, (4.1)
ve KZN0s
where p >~ >0, ¢ ={q1,492,.-.,q,} € R", and where the infimum is taken
over v¢ € WhP(K7 N 0§);
(ii) the functional associated with the exchange between the matrix and the fissure
system, by
05" (2) = inf u° / {0 (@)[Vwr P +g(2)17, (@) |w [P +h7P7 71 (2) [w® — 1P} da,
we Kz

(4.2)
where 15, = 15 (z), 1F = 15(x) are the characteristic functions of the sets {25,
and (2f, respectively, and where the infimum is taken over w® € Wh?(K7).

We make the following further assumptions.
ASSUMPTION 4.3. For any x € {2 there exist the limits

lim lim inf A" E*"(z; q) = lim limsup A "E*"(z; q) = A(z, q),

h—0 &—0 h—0 <0

with the function A(x,q) such that A(z,-) € C?>*4(R"), 8> 0 and A(-,q) € C(£2).
Moreover,

CilalP?I)* = Apop, €& = ColalP?IE%, €1, Co >0, (4.3)
A(z,q) = Cs(lq” — 1), Cs > 0. (4.4)
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ASSUMPTION 4.4. For any x € {2 there exist the limits

lim liminf A=" c,h — lim 1 —nye,h —
lim Hsri)l(l)lh b= (x) Flblg%) 1r€n_%1ph b= () = b(x),

where b € C(£2).
We are now in a position to formulate the main result of this paper.

THEOREM 4.5. Let assumptions 4.1—4.4 hold. The solution u® of problem (2.4) then
DZ;Z? -converges to u the solution of the problem

Jhom [u] = Q{A(a:, Vu) + B(x)|ulf —pp(z)S(x)u} dz — inf, uec WP (02), (4.5)

where B(x) = g(x)p(x) + b(x).

5. Preliminary results

In this section we construct a convenient approximation for the solution of the
variational problem (2.4) in the subdomains (25, £2f C (2. To this end, we first
introduce the following notation.

Let {2} be a periodic grid in £2 with a period h' := h — h!*7/P ¢ < h < 1. Let
us cover the domain {2 by the cubes K;* of length A > 0 centred at the points 2. We
associate with this covering a partition of unity {¢a} : 0 < @ (x) < 1; 9o (x) = 0 for
z & KfY, po(z) =1forz e Kﬁ'L‘\Uﬂ#aKf, Yoaalz) =1for z € 2, |V, (z)| <
Ch—1-7/p.

Denote by K}, and IIf the cube of side length i’ centred at the point %, and
the set K} \ K}, respectively.

LEMMA 5.1. Imagine that assumptions 4.1 and 4.4 hold. Then, for each h > 0,
there exist sets B; C §2f and functions Y}, such that:

(1) 0<YF(x) <1in £2;

(i) Vi () = 1in O \ B

(iii) limsup,_,o p° meas B5 = O(hY) as h — 0;
)

(iv) for any function w € C*(£2), we have

lim sup i° / {a* (@) VY5 P + g(a)| Vel da < / B(a)[wl? de + o(1),
(9] (9]

e—0
(5.1)
as h — 0.

Proof of lemma 5.1. Let w;’® be a minimizer of the functional in (4.2) with z = z°.
It follows from assumption 4.4 that, as h — 0,

PP+ g(x)15, () |w, P} dz = o(h"), (5.2)

lim sup p° {a®(z)|Vw,
e—0 e

lim sup ,uE/ 15 (z)|wy ™ — 1P da = o(R"TPHY). (5.3)
1

a
e—0 f
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In addition, using assumptions 4.1 and 4.4, we obtain

lim sup p° / {a®(z)|[Vw; P + g(z)|w;“|P}de < " B(z®) + o(h") as h — 0.

e—0
(5.4)
Besides, since w;’* minimizes the functional in (4.2) we obtain 0 < w}; *(z) < 1 and
lim sup p° meas By < Ch"*7, (5.5)
e—0

where B;* = {z € K N 82§ : w;® < 1— h}. The inequality (5.5) means that the
measure of the set B;'”, where the function w;® minimizing the functional in (4.2)
is not close to 1, is small with respect to the measure of the set £2f N K.

Let us introduce the function

1, it WS >1-—h,
W = { h (5.6)

(1 —h)"twy®, otherwise.

It is clear that |[W; " — 1| < Jw;,™™ — 1]. One can easily show that the function W,
satisfy the estimates (5.2)—(5.4). We set

5 =Usi. = S W @)palo)

[e3%

Then, using the properties of the functions W,'* and {¢,} and taking into account
the estimate (5.5), it is easy to show that the functions Y;7(x) and the sets Bj
satisfy lemma 5.1(i)—(iv). This completes the proof of lemma 5.1. O

LEMMA 5.2. Let assumptions 4.2 and 4.3 hold and let w be a smooth function in (2.
Then, for any h > 0 and M € {1,2,...}, there exist functions W§,, € WhP(£2),
such that:

() (W5 (@) — w(a)| < CMh in 2;
(i) [Wip(x) = Wi (w)| < CM|z —y| for any z,y € £2;

(iii) the inequality

lim sup lim sup lim sup ;f/ a®(z)|VWis P de < / Az, Vw) dz
H 9]
f

M — 00 h—0 e—0
holds.

Proof of lemma 5.2. Let w be a smooth function in 2 and let v;’® be a minimizer
of the functional in (4.1) for z = 2® and ¢ = Vw(z®). Since v;’* minimizes the
functional in (4.1), we have

h. (5.7)

sup [v; ()] < 3

TEKN0E
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Besides, by virtue of assumption 4.3, for & small enough (e < £(h)), we have
ue/ |Vo, “|P de = o(h™), (5.8)
mpnos
W[ (e et Ve )P de = o), (5.9)
mpns
/f/ o ()| Ve da < WP A, V(@) + o) (5.10)
Kgnos

as h — 0. The estimates (5.8)—(5.10) are uniform with respect to £® on any compact
subset of (2.
Let us consider the function

Z{w +07% (@) — (x — 2%, Vu(zY)) }pa(2). (5.11)

Then, using (5.8)—(5.10) and the properties of the functions ¢,,, we obtain

uE/ a®(x)|Vuwy, [P dz < / Az, Vw)dz + o(1) (5.12)
: o)
f
as £ < &(h) and h — 0. Besides, according to (5.7) and (5.11), we have
sup |wj,(z) — w(z)| < Ch. (5.13)
rENf

Since the domains (2§ satisfy the SC condition (see definition 3.4), for any M =
1,2,..., there exist sets Q5,, and functions W5, € Lip(M, £2) such that W5, =
wy in 025 \ Q5. and

lim sup M lim sup lim sup p° meas Q9;;, = 0. (5.14)

M—o0 h—0 e—0

Now the statements of the lemma follow from (5.12), (5.13) and the properties of
the functions Wy, . Lemma 5.2 is proved. O

LEMMA 5.3. Let assumptions 4.1 and 4.4 hold. For any function w € WP(2),
there then exists a sequence {w® € C1(£2)} that Dpfs—converges to w and such that

e—=0 e—0

lim sup I°[w®] = lim sup ,ua/ {a® (@) Vw®|P + g(2)[w®|P} dz < Collw|]f o, (5.15)
17

where Cy > 0 is independent of w.

Proof of lemma 5.3. The proof of the lemma will be given in two steps.

STEP 1. Let us first assume that w € C*°(§2). We then construct a sequence {w*®}
as follows. Consider the function wf(z) = w(z)Y (), where Y7 (x) is defined in
lemma 5.1. According to lemma 5.1, there exist sets Bj C {2f with measB; <
Ch” meas 2§ (here ¢ is sufficiently small; ¢ < £(h)), such that w§ = w in 2§ \ B
and

/ |wf, — w|P dz < / |wl? dz. (5.16)
: B

£
h
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Consider now the integral I°[w§] (see (5.15)). Using (2.6) it is easy to show that
Fluil < o' [ VP e+ 27 [ @ @IV + g@lVi PHop ds
f
+oplpe / o (2)|YE P VwlP dz. (5.17)
B U2s,

Moreover, it follows from condition (2.7) and lemma 5.1 that

lim sup 42 / o (2)|YE [P | Vl? de = O(hY)
BsUSs,

e—0

as h — 0. On the other hand, assumption 4.1 and equation (2.2) imply the conver-
gence

;f/ |Vw|pdm—>/ p(2)|VwlP dz, as e — 0. (5.18)
o o

Define a sequence {£;}, €; | 0, such that for each h; = 1/, it holds that &; < é(h;)
and set

w® = wj,|p=1/; Wwhen &; > ¢ > £&;41.
It follows from (5.17), (5.18) and lemma 5.1(iv) that {w®} satisfies (5.15) with
Co = max{aal maxeq p(z), 2™ max,co B(z)}. From the definition of the func-

tion w® and (5.16) we also get
1
im ———
e—0 meas {2f

/ |w® —w[Pdz = 0. (5.19)
QF

This means that the sequence {w®} D’f’zg—converges to the function w (see remark
3.2).

Clearly, the functions w® can be approximated by smooth functions in such a
way that, for the approximation sequence, (5.15) and (5.19) hold true.

STEP 2. Now consider an arbitrary function w € WP(£2), and approximate w by
the smooth functions wys € Lip(M, 2), M =1,2,..., such that

1
lw—wnl1.0 < —= with k(M) — +oc0 as M — +o0. (5.20)
T k(M)
According to step 1, there is a sequence {w$,} such that
! / s P e < - (5.21)
_ wi; — w < —, .
meas 2§ /- M M M

and
IFlwiy] < Cifwllf o
where ¢ is sufficiently small, e < §(M), C; does not depend on ¢ and M. Here

0(M) — 0 as M — oo. Moreover, in view of (2.2), §(M) can be chosen in such a
way that, as e < §(M),

1

Ineas_(zf‘?/(zfg |U)]\/[_'UJL|pd.T < CQHU}M_U‘)LH?Z’ for all L = ].,...7J\4'—].7 (522)
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with a constant C5 independent of ¢ and M. We choose a sequence {57‘}3‘:172,_“,
d; 1 0, such that §; < 6(j) and set
w® =w§, fore 6]5M+1,3M}.
It is easy to see that the sequence {w®} satisfies (5.15). Moreover,

1 2

€ P
—_— w® —wp |Pde < —————
meas 2§ /Qfa | o meas 2F

[ 1wy = wail o+ 2Calwss — wu, I
2

for any My and € € ]5M+17 5M]. Therefore, according to (5.20)—(5.22), the sequence
{w*®} ng—converges to w. Lemma 5.3 is proved. O

LEMMA 5.4. Let assumptions 4.1-4.3 hold, and let {v¢ € C1(£2§)} be a sequence
satisfying (3.3). There then exists a family of continuous functions {v5,}, M =
1,2,..., in £2 such that the following conditions apply.

(i) lim MPlimsup u® meas{z € Of : v°(z) # v (x)} = 0.

M—o0 e—0
(ii) v§; € Lip(CM, £2) with a constant C > 0 independent of € and M.

iti) For any M, there exists a subsequence {v3,}, €; — 0, converging uniformly
M Ej
in §2 to a function vy € Lip(CM, §2).

(iv) For any sequence of sets Q5, C (25 such that

lim MP limsup p® meas Q3; = 0, (5.23)
M—o00 e—=0
we have
liminf{/f/ a®(x)|Vof|P do — / Az, Vupr) dx} =o(1), (5.24)
e=¢g;—0 08\ 05 N
f M

as M — oco. Moreover,

L cienp
A/}gnmllr?j(l)lpu [0%]lgs, = 0. (5.25)

Proof of lemma 5.4. Using 4.2 we have that there is a set G§; such that
pfmeas Gy = MPO(M) and  pf|vf|[ge = G(M)

for e < eo(M) with ¢(M) — 0 as M — oo and v° € Lip(M, 25 \ G5,;). This implies
that (5.25) holds. Moreover, according to Witney’s theorem [26], the functions v¢
can be extended to {2 so that v§, € Lip(C'M, 2) and v® = v5, in £2f \ G5;, where
C > 0 is independent of ¢ and M. Then, for any fixed M, {v5,} is a compact set
in C(£2). Therefore, there is a subsequence {v}}}, €; — 0, converging uniformly
in (2 to a function vy, € Lip(C'M, 2). Thus, the family {v$,} satisfies assertions
(i)—(iii) of lemma 5.4.

It remains to prove lemma 5.4(iv). Let vpss be a smooth function in {2 such that

[vars — varll1,0 < 6. (5.26)
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We want to construct a sequence {v$,4} satisfying
limsup i [[05 5|2 e < OO amd  limsup o5 — (vars — 0ar)s = 0. (5.27)
e—0 o e—0 £
For this we introduce a sequence of smooth functions wy such that, for any k =
1,2,...,
1

1
/ |[Vwg|P dz < 6 + -  and / |lwe — (vars —var) P de < —.
2 k 2 k

Then, since wg, |Vwg|, vars and vy are continuous functions in 2, from (2.2)
and assumption 4.1 we obtain

e—0

lim;f/ \Vwk|pdx:/ |Vwg|P p(z) d,
0f 2

lim p® /
e—0 0

This implies that there exists a sequence {&x}, &k | 0, such that

|lwi — (Vs — v )|P de = / lwi — (vars — var)|Pp(z) de.
< I?)
f

1
;f/ Vwk|pdm<0<5p+), ,us/ |wr, — (vars — var)|P de < g,
0 k 0 k

as € < €. For ép4q < e < &y we set v5;5 = wy. Then the sequence {vy,;} satis-

fies (5.27).
In order to prove (5.24) we first note that

J,

@IV de = [ o (@[T + i) da
3 QF
+ [ a @90l = 9w + vigs) ) do

f

Then, according to (5.27) we have

lim inf ;° /
e—0 N

where & (d) - 0 as d — 0.

Now we cover the domain {2 by cubes K = {z € 2 : |z; — yj*| < h/2} with non-
intersecting interiors. Consider an arbitrary cube K such that K N 92 = 0. We
set

a®(z)|Voy, [P de > limiélfug/ a®(2)|V(vi + vigs) P dz + £1(9),
e—

€ €
f ‘Qf

(5.28)

Pius(x) = viy (2) + Vigs (@) — vars(y”)-

The sequence {v}}} converges uniformly in {2 to vy as e; — 0. Then (5.27) implies
that

/ 0 (@) [V da
QENKE

:/Q X {a® (@) [Virs” + R [Whgs — (Voars(y®), ¢ — y®)[P} dz — &5 (e, h, M)
FNER
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with limsup,_. _,&5'(g, b, M) = O(h™™P=7) as h — 0. Therefore, it follows from
assumption 4.3 that

lim inf ,uE/ a®(x)|V (vi + viss)|P do = liminf ug/ a® ()| VpiyslP de
9] 2f

e=¢e;—0 e e=e;—0
f f
> / A(x,Voys)de. (5.29)
Q
Now, passing to the limit in (5.29) as 6 — 0 and using (5.26), (5.28) we obtain
lim inf u® / a®(z)|Vuy|Pde > | Az, Voy) de. (5.30)
e=e;—0 Qs N

Finally, it is easy to see that

lim inf ;f/ a®(z)|Vo®|P de > liminf ug/ a®(z)| Vo P de — &(M), (5.31)
E:Ej—>0 ‘Qfe\gi/[ (o

e=e;—0
J i
where

§(M) = hmsup/f/ af(z)|Voiy|Pdz =o(1) as M — .
GV Q5s

e—0
Assertion (iv) of Lemma 5.4 follows from (5.30) and (5.31). This completes the
proof of Lemma 5.4. O
6. Proof of theorem 4.5
We begin this section by obtaining a prior: estimates for the minimizer of prob-
lem (2.4):
JE ) = /f/ {a®(2)|Vuf|P + g(x)|uf|P — pS(x)uf} dz — inf, u® € WHP(0),
o)
(6.1)

Since Je[uf] < J¢[0] = 0, by virtue of the Young inequality and (2.5) we have

p* [ e @IVl + gl Py do < Cue1, < Co, (6:2)

where the constants C; and Cs do not depend on e. It then follows from (6.2) that
I yet (6.3)

Hence, {u¢} is a D? <-compact set and one can extract a subsequence (still denoted

by {u¢}) D%fa—converging to a function u € LP(2). Let us show that u = u(z) is a

solution of the variational problem (4.5). This will be done in two steps.

6.1. Step 1. Upper bound

Let w = w(z) be an arbitrary smooth function in (2 and let Y2, W5,,, B, be the
same as in lemmas 5.1 and 5.2. We set

Darn (@) = Yy (2) Wiy (2).
It is clear that 95, € WhP($2).
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First we prove that

lim sup lim sup lim sup J¢[95;1,] < Jhom[W], (6.4)
M—oco  h—0 e—0
where
Tmfi] = [ (Al Vu) + B@uP = pp@)S@uyds  (65)
with B(z) = (gp + b)(x). We have
=i [ (@ @IVl + o@D =05 @i} o (66)

Consider the third term in (6.6). It follows from assumption 4.1, (2.5), lemmas 5.1(i),
(ii), and 5.2(i) that
lim lim limsup u / S (x) 05, (z) de = / S(x)w(x)p(z)dz. (6.7)
M—00h—0 o0 0

Consider the second term in (6.6). We have

e /Q g (@) |05 P d = i /Q 9(@) |V PluwfP de+pe /Q 9 ()| YE LWl — [w]?} de.

(6.8)
By lemmas 5.1(iv) and 5.2(i) we obtain
nmsupnmsupnmsupm/ G@)YVEP{WEL P — [wPydz =0, (6.9)
M —o0 h—0 e—0 0

For the first term in (6.6) we have
i [ @@ de = [ (@)W P da
o :\B;
+ ,LLE/ a®(x)| VY Wi, + VWi Y|P de
R
+ ;LE/ a® () |\VYi Wi, + VWi Y|P de. (6.10)

Assertion (iii) of lemma 5.2 implies that the following limit relation holds:

M — o0 h—0 e—0

lim sup lim sup lim sup ;f/ a® ()| VWi P do < / A(z,Vw)dz.  (6.11)
Q8\B§, 2
It is clear that
i [ VYW + W Vi da
B,
= ,ua/ a® VY |Plw|? dz
B,

i [ VP WP ~ ol da

h

[ VI - WP e (612

h
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Lemmas 5.1(iv) and 5.2(i) imply that

Jimn sup lim sup lim sup ¢ / 0 ()| VYEP{WE, P — [wP}dz = 0. (6.13)
M—o00 h—0 e—0 Bs

Assertions (i), (iii) and (iv) of lemma 5.1 and (i) and (ii) of lemma 5.2 imply that

Jimn sup lim sup lim sup 2° /B @IV~ VY Wi Py dr =0, (6.14)

M—o0 h—0 e—0 g

For the third term on the right-hand side of (6.10) we have

o /Q VYW + IWE, YEIP da
i [ VYl do
£2s
b / EVYEP{WE PP — [wl?} de
b [ (VB - VW e (1)
o

and by the condition (2.7) and lemmas 5.1(i), (iv), and 5.2(i), (ii), we obtain

lim sup lim sup lim sup ,uE/ a® (@) |VYS P{WimlP — |wPdz =0 (6.16)
M—oco  h—0 e—0 0
and
limsuplimsuplimsup,ue/ a® (){|VIuLlP — VY WinPde =0.  (6.17)
M—oo  h—0 e—0 Qe
We now obtain (6.4) from (6.7)—(6.17) and assertion (iv) of lemma 5.1. Since u®
minimizes the functional J¢, it follows from (6.4) that

lim sup J*[u®] < Jhom[W] (6.18)

e—0
for any smooth function w. By density arguments, (6.18) also holds for any function
w e Whr(0).
6.2. Step 2. Lower bound

Let {u®} be a sequence of solutions of the variational problem (6.1) which szfa—
converges to a function u. We want to show that

lim inf J*[u®] 2 Jhom[u]. (6.19)

e—0
According to lemma 5.4 there exists a family of functions
{uf; € Lip(CM,2), M =1,2,...}
such that

lim limsup p°||u® — uf]|he = 0. (6.20)
M—oo  ¢—0 £
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. E4 . .
Moreover, for any M, there is a subsequence {uy}}, €; — 0, converging uniformly
in {2 to a function uys, and

M—o0

lim inf ug/ a®(z)|Vus|P dz > limsup/ Az, Vupr) de — E(M), (6.21)
EZEJ'*)O ‘Qfa N

where £(M) — 0 as M — oo. Since the sequence {u®} ng—converges to u and
{u3;} converges uniformly to uys, (6.20) implies that the functions uys converge
in LP(£2) to u as M — oo. In addition, it follows from (6.21) and (4.4) that the
sequence {uys} is bounded in WP (§2). Thus, u € WhP($2).

Let us approximate u by smooth functions us(z), § > 0, in £2,

s —ull? o <6, (6.22)

and set ws(z) = us(x) —u(x). By virtue of lemma 5.3 there exists a sequence {wj}
that D%fg—converges to wg and satisfies the bound

lim sup I¢[w§] < C0, (6.23)

e—0

where C' does not depend on us, and the functional I¢ is defined by (5.15). We set
uj = wi + u’. (6.24)
The sequence {u5} Dgf—converges to us and according to (6.23),
H € € < 3 3 € € s .
lim J [u5] < lugl_%lfJ [u®] +4°(d), (6.25)

where i(0) — 0 as § — 0 (by passing, if necessary, to a subsequence we can assume
that the limit on the right-hand side of (6.25) exists).
Since us(z) is a smooth function, from remark 3.2 we may deduce that

tim s — g = 0. (6.26)
Inequality (6.25) and lemma 5.4 imply the existence of functions
WSy € Lip(CM, ), M=1,2,...,
and sets Q3 such that u§,,(z) = u5(x) for x € 2§ \ Q3 and
psmeas Qi = M™PH(M),  pflusllgs, = ¢(M)

for e < &(M) and ¢(M) — 0 as M — oo. Moreover, for any M € {1,2,...} fixed,
one can extract a subsequence {u3),}, ; — 0, converging uniformly in £ to a
function uspys € Lip(CM, §2). At the same time, due to condition (2.2), functions
ugps converge in LP(§2) to us as M — oo, since

/ |usar — us|? do
Q

< C’limsupua/ {Jusar — u§ps P + Ju5pr — us|P + |us — us|P}dz —— 0.
e=e;—0 0f M—oc0



1146 B. Amaziane, L. Pankratov and A. Piatnitski

It follows from (6.26) that there exist a sequence {r¢ > 0}, r* — 0, and sets 535,
such that
liH(l) pfmeas By, =0 and |u§y(z) —us(z)| < rfin 2§ \ 25,
e—

where Z5, = Q5, U Bj,. Let us define the functions

us(x) +re, if u§y, (@) > us(z) +7°,
Vip () = S u§y, (), if |u§,, (z) —us(x)| < 78, (6.27)

us(x) —re, if u§y, () < us(x) —re.

Clearly, v$,, € Lip(CM, £2). Moreover, the functions v§,, converge uniformly in {2
to us as € — 0.

We set Vi), = u§ — v5,, and consider the left-hand side of the inequality (6.25).
Since v5,,(z) = u§(z) for x € £2f \ Z5;, we have

1 [ug] =;f(/gg

+ pf (/ a®(z)|Vug|’ dz + / g(@)|ugl? dl")
QE\Z5, o

f

sif([ a@miran- [ @Ivs - gl )
2:N25, QFNZg,

F@TEP [ e @Ivip +g<x>|us|p}dx)
Qe

Consider the first term on the right-hand side of (6.28). First we define £2, C £2:
Q¢ ={z e 2:|us(x)| > 2(},

where ¢ > 0. Let us cover {2 by cubes K} of length h centred at z with non-
intersecting interiors. For € and h sufficiently small, we have |v5,,| > ¢ in K}'. One
can show that for z € £2f N K}* we have

(1 + ALhP/P= 1 (@) V (w5 — v5pg) [P

V(i)
Vs

where A; and As are positive constants independent of £, § and M. In a similar
way, for x € £2f N K} we have

V(i)
Usm

where ay(e) is defined in (2.7).

[Vosal?

[W5arlP

P _ 1
> 0% (@)l ~ g Aa (14 g )15 = il (6.29)

(1 + A hP/P~ a8 ()| Vs P

P 1

e | VUG |P
— ay(e) Ay (1 + hp) |u6|pw

|U§M|p

. (6.30)

> a®()|vsa |’
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Now we make use of (6.26) and of the definition of the function v$,,(x) and its
properties. For any K}’ C {2, we obtain

e / 0 (@) | YV P da + / (0 (@) VPP + g(x) 5P} do
Kenos Konoe,

£ p £
>|ua<wa>|pm{ / af(wW(?) dot [ )2
K Vs Kpnoe v

4
for € small enough (e < é(h)) and h — 0. Assumption 4.4 implies that

’ dm} + o(h™),
(6.31)

oM

Ut p Ut p
liminf,ua{/ a®(x) V( 2 ) dx+/ glz)| =2 dx} > h"b(x“) +o(h"™)
e—0 Ky ’U6M Kone, vé]\/f
(6.32)
as h — 0. It now follows from (6.31) and (6.32) that
liminf 6; > / b()us|P dar. (6.33)
e—0 2

Taking into account the definition of {2, and passing to the limit as ¢ — 0 in (6.33),
we get

liminf 6y > / b(x)|us|? da. (6.34)
e—0 0

In order to estimate 65 from below in (6.28) we argue as follows. Using lemma 5.4,
(6.26) and assumption 4.1, we obtain

liminf 65 > / Az, Vusyr) doe + / g(x)|usPp(x) dz + o(1) (6.35)
e=e;—0 0 N

as M — oo. Since the first term on the right-hand side of (6.35) is a weakly lower

semi-continuous functional in WP (£2), and functions usys converge in LP(£2) to us

as M — oo, we have

i inf lim inf 05 > / (Alz, Vug) + g(2)p(x)|us|?} da. (6.36)
M—o00 e=¢g;—0 0
Finally, we consider the third term on the right-hand side of (6.28). Using (6.27)
and (2.6) we get

6] < Cupi® / Vusl{|Vug P~ + [Vus P~} de,
QfEﬁZﬁl

where C} is a constant independent of €, § and M. Since us(x) is a smooth function
in £2, we finally get

|05] < C2ME/

for e

{1+ |Vus|P~t} da, (6.37)
Zir

where C5 is a constant independent of € and M. It is now easy to see that the
definition of the function u§, (6.24), (6.3), (6.23), the estimate for the measure
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of Z3,, and Hélder’s inequality yield
im limsup |05] = 0. (6.38)

|
M—oo  ¢0
Thus, it follows from (6.34), (6.36), (6.38), (2.5) and assumption 4.1 that

lim inf J®[uj] = Jhom[us)- (6.39)
e—0

This inequality, (6.22), and (6.25) immediately yield (6.19).

Inequalities (6.18), (6.19) mean that if a subsequence of solutions of problem
(6.1) D?ng—converges to a function w = u(z), then v minimizes the functional Jhom
in WLP(02), i.e. u is a solution of the problem (4.5). Since b(z) > 0, this prob-
lem has a unique solution and the whole sequence of solutions of problem (6.1)

Dgf—converges to the function w. This completes the proof of theorem 4.5.

7. Periodic examples

As an application of the previous general result, we now give two examples of
fissured media, where the distribution of the fracture part is specified.

Theorem 4.5 of §4 provides sufficient conditions for the existence of the homog-
enized problem (4.5). The goals of this section are to prove that, for appropriate
periodic examples, all the conditions of theorem 4.5 are satisfied and to compute the
coefficients of the homogenized problem (4.5) explicitly. We will study the following
variational problem:

/f/ {a®(z)|Vus|P + glu® [P — pS®(z)u} do — inf, u® € WHP(R2), (7.1)
7

where p > 2 and
a*(z) = as1f (z) + ame’15, (2),  S°(z) = 1§ (2)S(), (7.2)

with S € L¥' (2), g, o and «, are strictly positive constants and 6 > 0 is a param-
eter.

In the following subsections we study a periodic thin connected microstructure {2¢
of two different types.

7.1. Two-dimensional periodic example

Let 2 = 2§ U (25, be a bounded domain in R? with piecewise smooth bound-
ary 2. We define the set (2§ as follows. Let P° C R? be the simplest lattice struc-
ture consisting of two e-periodic systems of thin strips oriented in the coordinate
directions. The width of the strips is equal to d, given by

de =de®?, d>0,0>p>2. (7.3)

This case describes the critical thickness of the fissures when the exchange process
between the matrix and the fissures is not negligible. We set 27 = 2N P*°. Then
§2;, is made of periodically (with period ¢) distributed squares M; with centres at
xh® € (2.

Let us formulate the homogenization result for this example.
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THEOREM 7.1. Let {u®} be the sequence of solutions of problem (7.1), (7.2). {u®}
then D%fa—converges to u the solution of the problem:

[ Batllua, P+ fusal?) + Blul? ~ pS(a)u} do — inf, we WO(2), (7.4
2

where

2y, )1 /P (p—1)/p
Bg+(d)(pf1> . (7.5)

7.1.1. Proof of theorem 7.1

We must verify assumptions 4.1-4.4 and calculate the functions p(z), A(z,q),
and b(x). For this example, the main difficulty is the verification of assumption 4.4.
First, it is easy to see that meas £2f = 2d.e~! meas 2 + o(1) as € — 0 and, con-

sequently,
€

¢ = 1 — 0. 7.6
b= o ol ¢ (76)
Now let K7 be an open square with length h (0 < ¢ < h < 1) centred at z € (2.
First we check assumption 4.1. Since meas(K7 N §2§) ~ 2d.e = h?, it is clear that
assumption 4.1 is satisfied and

p(z) = 1. (7.7)

The fact that the family of domains {(2f} satisfies assumption 4.2 (the SC con-
dition) is known from [27] (see also [20]).

Assumption 4.3 was considered in [3,23] in a more general situation. Applying
the results of [23] we get

Az, q) = sar(lq1|” + [2]")- (7.8)

It remains to check assumption 4.4. Denote by M the unit square in the space R2,
M={zeR?: |z < %} Consider the following boundary-value problem:

AWE + FEWEP2WE =0 in M, (7.9)
W& =1 on oM, .
where A, denotes the p-Laplacian and
g (e—d)P
= 7.10
=L (7.10)

The functional b°"(2) in our case has the form:
b (2) = inf puf {a®(2)|Vw®|? + g1, |w|P + P77 15 |w® — 1P} dz,  (7.11)
we K

where a° is defined in (7.2) and the infimum is taken over w® € W1P(K7). We seek
for a function w® minimizing (7.11) in the form

w®(z) = V°(z) + (*(z), (7.12)
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where )
xr — xh¢
WE 3 E KZ
0 (z) = < c_d. ) i M K (7.13)
1 in £2fF N K}.
Then
b (2) = {a®(2)|VO° + VP + 17, [9° + P + h7P771E |97 + (¢ — 1[P} d.
Kh
(7.14)

We will prove that the function (¢ gives a vanishing contribution (as ¢ — 0 and
h — 0) in (7.11). Since the function w® = ¥° + (¢ minimizes the functional (7.11),
and ¥* =1 in (2f, we have

bh(2) < ,us/ {a®(z)|VO°|P + g1 |0°|P} do = O (2). (7.15)
K3

Now let us estimate the functional (7.11) from below. To this end we make use of

&1+ &P = &P+ pl&lP +pl& P26 &), (7.16)
where & and &> are arbitrary vectors from the space R", n = 2,3, 0 < d, < 1
(0p = 1 when p = 2). We have
" (2) > O°"(2) + 5pu€/ {a®(2)[VCIP + 917, ¢ P + A7P715[CF" b da
K
b [ {0 @)V VE) + g1, TP o (707)
Ki

It now follows from (7.9), (7.15) and (7.17) that

ThC] = / {0 (@) [VCPP + g15, |5 + AP~ 15|} da
m ove
< %/ | IV do (7.18)
P K7nogns,

It is easy to see that, for any v € WP(£2), the following inequality holds:

1
/ o < C{/ |U|de+dg*1/ |W|de}, (7.19)
K;nogQs, de Jrznos Kinog

where C' is a constant independent of . Then, from (7.18), (7.19) and Holder’s
inequality, we obtain

rcreons (S A%
zm £
1 1/17
x (/ |gE|de+d§—1/ |vg8|1’dx) . (7.20)
de KinQs KinQs

The estimate of the first factor on the right-hand side relies on the following
lemma.

p/p—1 (p—1)/p
VY|P~ 2} do*)
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LEMMA 7.2. Let 9° be defined by (7.13), where W€ is the solution of problem (7.9).
We then have

|VYe| + ‘%ﬂy <Ce P on OME. (7.21)

Proof of lemma 7.2. For simplicity of notation, we assume that M = {z € R? :
0 <z < (e —d.)}. Tt follows from (7.9) that ¥° satisfies

A 95 — Qe 9¢ p72195 _ : €
P 6 | ‘ 0 in Mzﬂ (722)
9° =1 on IM:,
where
Se g
oame?”

Consider the function

oF — exp{— (pff 1>1/px1}. (7.23)

It is clear that v°(z) satisfies (7.22) and that v®(x) = 1 on the face {z; = 0}.

Then, according to the comparison principle for quasilinear elliptic equations
(see, for example, [16]), the function (9° — v®)(x) attains its positive maximum (or
negative minimum) on MS5. Since the function (¥¢ — v°)(x) = 0 on the face {z; =
0} and it is positive on the other faces of the cube M5, we have

-0t >0, zeM. (7.24)
On the other hand, ¥¢ < 1 in M;. It then follows from (7.24) that
1—v°21-9°>0 inM, (7.25)
and, since v=(0,29) = ¥°(0,22) = 1, we get

ve(0,22) — v°(5, 22) S V°(0, 22) — 9°(5, 72)

> >0, §>0. 7.26
5 5 > (7.26)
Passing to the limit in (7.26) as § — 0, we obtain
avE  oE
< < =
S o T dv on {z1 =0},
with
ovE B g —o/p
=——¢ .
o |, o am(p—1)
Moreover, since
,196
gxg =0 on {z; =0},
we have g
VI ||gy—0 < ———— /7,

Clearly, the other faces of M can be treated in the same way. Lemma 7.2 is
proved. O
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It now follows from (7.21) that

e p/p—1 B2 2
Z 67 |V196|p72 do < 078[(8*9/17)17*1]]0/(;071) _ CTH
i RNOMS v € c
(7.27)

Then it is easy to show that
Ts,h[cs] < Ch3+('y—2)/p(ffe,h[cs])l/p

for e sufficiently small. Therefore, the function ¢° gives a vanishing contribution in
the functional b*"(z), namely

limsup 7" [¢°] = o(h?) (7.28)
e—0
as h — 0. This yields
bh(z) = /f/ {a®(x)|VO°|P + g15,|9° [P} dx + o(h?) (7.29)
K7,

as h — 0 for sufficiently small e. Thus, by (7.13) and (7.29) we obtain

lim A2 limsup b°"(2) = lim A~ 2 liminf b*"(z)

h—0 e—0 h—0 e—0
— lim g / We (@) [We(@)P2dz,  (7.30)
e—0 M

provided that the last limit exists.
Now it remains to obtain an asymptotic formula for the integral in (7.30). Let

2

US() = V) + V5 ) (7.31)
with
€ 1/p
Vi@ —en{=(-5) wEh) i-12 (7.52)

and (¢ defined in (7.10). Following the arguments from [25, lemma 7.2], we can
show that

lim /fg/ We(z)|We(2)|P~? dx = lim ,usg/ (U (x))P~ ' dz
e—0 M e—0 M

e—0

= lim 4ug /M(V:{(z))pl dz. (7.33)

After straightforward computation we have

) e gO/p . g (p—1)/p
4pcg /M(V;{(x))p_ de = 4m?(am) /e <p—1> +o(1), €—0.
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Figure 1. A three-dimensional example of the microstructure of the domain 2.

Thus,

) B 2« )1/p g (p—1)/p
_ € € € p—2 _ m
b(z) = b= lim g/MW @)W @) 2do = 20 (S (730)
Moreover, since the solution u of (7.4) is a smooth function in 2, it follows from
remark 3.2 that

g _ P _
=20 meas 05 lu uHQfE 0-

Thus, theorem 7.1 is proved.

REMARK 7.3. Let us notice that if the thickness d. > /7, then {u®}, the sequence
of solutions of problem (7.1), D’f’zfs—converges to u the solution of the following
problem:

/ {Sa(|ua, P + |u,|?) + glul’ — pS(z)u} dz — inf, we WHP(2).  (7.35)
7

This case corresponds to a model where the process is governed only by the fissures
system.

7.2. Three-dimensional periodic example

Let 2 = QF U2, be a bounded domain in R® with piecewise smooth bound-
ary 0f2. Following [13], we assume that the fissures system (2§, i.e. the highly
permeable material, is distributed in thin orthogonal layers of thickness d. = de?/?,
(d > 0,0 >p > 2) and the matrix part {2 is made of low-permeability cubic
porous blocks M¢ centred at ¢ € 2. The centres ¢ are periodically distributed
in §2, with period e (see figure 1).

Consider the variational problem (7.1), (7.2). The homogenization result for this
example is as follows.

THEOREM 7.4. Let {u®} be the sequence of solutions of problem (7.1), (7.2). Then
{u®} Dpfs-converges to the solution u of the problem:

/ {A(Vu) + Blu|P — pS(z)u}dz — inf, ue W'P(§),
7
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where

B. Amaziane, L. Pankratov and A. Piatnitski

A(Vu) = go(|(tay)? + (0, ) 1772 4 [(way)? + (g )P 172 4 [ (ua)® + (uay)*[P/2)
and B is given by (7.5).

The proof of theorem 7.4 is similar to that of theorem 7.1.
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