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ON THE ASYMPTOTIC BEHAVIOR OF EIGENVALUES AND EIGENFUNCTIONS
OF NON-SELF-ADJOINT ELLIPTIC OPERATORS

A. L. Pyatnitskii and A. S. Shamaev UDC 517.9

The article concerns the study of conditions on the non-self-adjoint elliptic operator defined in the
whole space R", ensuring the existence and uniqueness of a constant-sign eigenfunction tending to
zero at infinity. We also study the asymptotics of the corresponding eigenvalue as the coefficient in
the highest-order derivative of the operator tends to zero. The result is formulated in terms connected
with the variational problem for the Lagrangian on one-dimensional trajectories in the space R™. The
explicit form of this Lagrangian is given in terms of the coefficients of the original operator.

1 INTRODUCTION

Problems pertaining to the asymptotic behavior of spectral characteristics of non-self-adjoint operators in
unbounded domains arise in connection with various topics in mathematical physics, the theory of control of
stochastic dynamical systems, and problems of financial mathematics. This paper is aimed at studying conditions
ensuring that a non-self-adjoint elliptic operator in the entire space R™ admits a unique eigenfunction which is of
fixed sign and tends to zero at infinity (the so-called ground state; see Conditions A and B below). We also examine
asymptotics of the corresponding eigenvalue as a small parameter by the highest-order derivatives of the operator
tends to zero. The result is formulated in terms of a variational problem for the Lagrangian (functional of action)
on one-dimensional trajectories in R™. The Lagrangian is explicitly expressed through the coefficients of the given
operator.

Let

2

= aijm + C(x)

+ bi(I)i

L
axi

be an elliptic differential operator, a;;&§; > o€ |2. Here and in what follows, summation is assumed over repeated
indices.

Definition 1. Condition A holds for the operator L if its coefficients satisfy the following conditions:

|b(x)] < Clx| + Cy for all x € R™, where C and C; are constants;

C(z) - —0 as |z] — oo.

Definition 2. Condition B holds for the operator L if

(z,b(z)) > a|z|? for all x such that |z| > ¢1, where o > 0 and ¢; > 0 are constants;

C(z) < r(|z|)|x|? for some function r(s) which tends to zero as s — oo;

|b(x)] < Clz| + Cy for all z € R™, where C and C are constants.

Definition 3. A function u(z) belongs to the class Z if u(x) > 0 and u(z) — 0 as |z| — oco.

Definition 4. A function u(z) belongs to the class Y if u(z) > 0 and u(z)exp(y|x|?) — 0 as |z| — oo for
some 7y > 0.
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For our next definition, we introduce an increasing sequence of domains Qur, Qar C Qary1, U Qun =R,
and in each of these consider the spectral Dirichlet problem M=1

Lupy + Apupyr =0 in Qpy,  uns 90 =0. (1)

According to [2], for each Qps, there is a unique eigenvalue Ay for which this problem admits a real-valued solution
of constant sign.

Definition 5. We say that a function u(x) of class E is a ground state which can be realized by a sequence
of solutions in finite domains if there is a sequence of domains QQy; with the above properties and hm AM = A,
hm up(x) = u(x) uniformly on each compact set. Moo

With the help of standard estimates of solutions of elliptic equations, it is easy to show that the function
u(z) introduced in Definition 5 is a solution of the equation Lu + Au = 0 in R™.

Theorem 1. Suppose that Condition A holds. Then there is a unique real A for which the equation
Lu + M = 0 admits a solution in the class Z. Moreover, this solution is unique (to within an arbitrary constant
coefficient) both in the class Z and in the class of functions which decay as |x| — oo (no condition of fixed sign is
needed). Moreover, A satisfies the inequality

In a(to)

—O(x*) <A< — — O(zy), 2)

0

where x, is a point of minimum of the function C(x) on the ball Q2; x* is a point of maximum of the function C(x)
inR", Qr = {|z| < R},
a™(to) =P{& € Q1, £ € Q2 Vs € [0, 4]},

where zg € Q1, a(ty) = luelf a®o(tg), and %0 is a diffusion process with the generator
0 1
0? 0
L=aj;——— +bi(z)=—
ij 89318% + 1(I) 8:@

issuing from the point xg; to is an arbitrary positive number. The function u(x) satisfies the inequality |u(x)| <
Cn(|z| + 1)~ with an arbitrary N > 0, where Cy > 0 are constants. The ground state u(z) can be realized by
a sequence of solutions in finite domains.

If Condition B holds, then there is a unique A\ for which the equation Lu + Au = 0 admits a solution in the
class Y, and this solution is unique to within a constant coefficient. Moreover, for this A\, the solution is unique in
a wider class, namely, the class of functions u(x) such that |u(z)| € Y, with no condition of positivity. This solution
is a ground state which can be realized by a sequence of solutions in finite domains.

Theorem 2. Let )

0
LN = [ Qg axlaz] + :u’bl(x) axl (I)

and suppose that either Condition A or Condition B holds for the operator L;. Let

T

S(z0.T) = inf(T)"! / (a9 (i — bi(2) (5 — by(2)) — C()) dt,

()
0

where the infimum is taken over all absolutely continuous curves x(t) such that z(0) = x(T) = xo; a* are the
elements of the matrix inverse to the matrix of coefficients a;;. Let the function u,(x) and the real number A,
be such that L,u, + Ayu, = 0 and u,(x) is either of class = or class T, depending on whether Condition A or
Condition B is satisfied (these quantities are defined uniquely in view of Theorem 1). Then there exist the limits

Aim S(zo, T), T, Ay,
the first limit being independent of xy € R™. Moreover,

ZJLII;O S(xo,T) = }ng%) A
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Remark. Direct calculations show that the differential equation

x? 1 2

+ T — u=
VIita?  (14a22)5  1+a?

admits the solution u(x) = exp(—+v/1 + 22). Obviously, Condition B holds for the operator L. However, the solution
u(zx) does not belong to the class T but belongs to the wider class Z. By Theorem 1, for some A there is another
solution @(x) of the equation Lu + Au = 0 in the class Y. Thus, in the case of Condition B, there is no uniqueness
of the ground state in the class =. Moreover, it can be shown that the solution u(x) is not a ground state that can
be realized by solutions in finite domains.

Lu=u"(z) + au'(x) + 0

Theorem 1 will be proved in several steps.

Step 1. Suppose that Condition A holds. Let us establish the existence of a real A for which the equation
Lu + Mu = 0 admits a solution of class E. Consider a sequence of balls {Qas} of radii M = 1,2, ... with center at
the origin and the corresponding sequence of boundary-value problems

(L+Am)um(z) =0 in Qum, um(z) =0 on IQu. (3)

According to the Krein—Rutman theorem on positive operators (see [2]), for each M, there is a unique real Aps for
which problem (3) has a positive solution. Let us normalize this solution so that uj/(0) = 1. Our aim is to show
that the sequence {ups} contains a subsequence {up; } uniformly convergent on each compact set K C R™, and
also that the sequence {As} is convergent, i.e., A}}Lnoo Anpr = A

First, let us show that the sequence {Ays} is bounded, more precisely, that the estimate (2) from Theorem 1
holds with A replaced by Aps. For this purpose, in (0,00) x @ we consider a parabolic equation with the elliptic
part (L + Aps) and the initial value ups(z) coinciding with the solution of problem (3). Then, uas(z) is a stationary
solution of the parabolic equation. Let us utilize its probability representation. For each positive ¢, we have

tATM

we) = Blusi(&iu e[ (€€ +anas)) (1)
0

where a A b = min(a,b), 7as is the Markovian time at which the trajectory of the process 7 reaches the boundary
of the ball @js, and the symbol E denotes the mathematical expectation. Now, let xg be a point of minimum of
the function ©™(z) on Q1. By ;1 we denote the following event:

Q= {0 €Q1, §° €QaVt[0,t0]}.
Since the function wyy(z) is positive, the probability representation of ups(x) yields

to

@) > B v w6y exn [ (C&) + anas)}

to

> uM(:co)E{XQl exp(/(C(f?“) + AM) ds)} > upr (o) exp(toC(xy) + Anrto)a™ (to).

Therefore, 1 > exp(toC(zx) + Aprto)a™ (tg). Taking the logarithm of both sides of this inequality, we find that
—toAm = toC(xx) + Ina® (tp). Hence, we obtain the upper bound in (2).

In order to establish the lower bound, assume the contrary: —C(z,) > Apr. Then, using the probability
representation (4), we obtain ups(ro) < K exp(Sto), where 8 = C(x.) + Ay < 0, |uy| < K, and K > 0 does not
depend on tg. But then the inequality uns(zg) < K exp(fto) cannot be valid for all ¢y > 0, and this is a contradiction.
Using the Harnack inequality, combined with interior estimates of derivatives of solutions of elliptic equations, and
taking into account that the sequence {Ap;} is bounded, we can find a subsequence {M’} such that for each
compact set K in R”, the sequence {uy;} is uniformly convergent on K to a function u(x) defined for all z € R”
and satisfying the equation Lu + Au = 0 in R”, where A = lim Apyp.

/—00

1413



Let us show that u(z) — 0 as |z| — oo and for u(x) the following estimate holds:
lu(z)] < Cn(1+|2z)~™ VN > 0.

Let Ry be so large that for |z| > Ry the function C(z) + Ajs is negative for all M. We choose the constant Cy so
large that Cx|x|~™ > |uar| for |x| = R (this choice is possible, since the sequence of functions s is uniformly

bounded on each compact set K C R™ in view of the Harnack inequality). Since up(xz) = 0 for |z| = M/,
we have Cn|z|™™ — upr > 0 for |z| = Ro and |z| = M’. Let us apply the operator L + Ay to the difference
wy v (r) = Onlz|™ — upp(z) and examine the sign of the function (L + Ay )wn pr in the spherical layer

{Ro < |z| < M'}. Simple calculations show that (L + Ay )wn ar < 0 for large enough Ry > 0, and the magnitude
of Ry depends only on N > 0 and the coefficients a;;, b;, and C' of the operator L, but it does not depend on M.
Here, the condition |b;(x)| < Ci|z| + Cs should be used. We assume that initially Ry has been chosen such that
(L + Mv)wn, vy < 0 for |z| > Ry, and wy,amr > 0 for |x| = Ry. Using the inequality wy s+ > 0 for |z| = M’
and the maximum principle, we conclude that wy > 0 for Ry < |z < M/, ie., Oylz|™ > upr(z) = 0 for
Ry < |z| € M’. Let us pass to the limit in the last inequality as M’ — oo. Taking into account that Ry > 0 and
Cx > 0 is independent of M’ and using the uniform convergence of {u™ /} on an arbitrary compact set K C R™, we
find that C|z|™™ > u(z) > 0 for |z| > Ry. Increasing (if necessary) the constant Cy > 0, we obtain the estimate
Cn(lz| + 1)~ > u(z) > 0 for z € R™.

Step 2. Let us show that every other solution @ of the equation Lz + A% = 0 that decays as |z| — oo and
is not necessarily of fixed sign is proportional to the function u(x) constructed above, i.e., @ = yu(x), where v # 0
is a constant. First, we note that if v(z) is a positive solution of the equation Lv + Av = 0 decaying as |z| — oo,
then any solution @ which also decays as |z| — oo satisfies the inequality |u(x)| < Kv(z), K = const > 0. Indeed,
consider a ball @, of a sufficiently large radius p > 0 such that C(z) + A < 0 for all x outside @,, and choose
a constant K > 0 such that Kv(z) > u(z) for |z| = p. For |z| > p, the maximum principle can be applied, since
C(x) + A is of a suitable sign. Therefore, Kv(z) > a(x) for |z| > p, but since %(z) is bounded in the ball @Q,, the
inequality Kv(x) > @(z) holds for z € R™ with a constant K’ > 0. The inverse inequality Kv(z) > —u(x) is proved
in a similar way. We finally have Kv(z) > |u(x)|.

Now let u(x) be the positive solution constructed above and let u;(z) be a solution that decays at infinity
(it does not have to be of fixed sign). Then the function w(x) = ui(z) x (u(z))~! is defined for all z € R™ and is
bounded in R™ in view of the above estimate, and it is easy to check that it satisfies the equation L'w(z) = 0, where
L’ is a second-order elliptic operator without a potential. It would be easy to obtain an explicit expression for L/,
but this formula will not be used here and is, therefore, omitted. Let v = mienﬂgn w(z). Here the infimum exists, since

the function w(x) is bounded. Then L'(w(z) —v) = 0 and inﬂ{ (w(z) —v) = 0. Consider a sequence of points {z,}
TER™
such that lim (w(z,) —7) = 0. Let 2* € R™ be a limit point of this sequence. Since w(z*) — v = 0, the maximum
n—oo
principle implies that w(z) = const and u;(z) = const u(z), i.e., the desired statement is proved. If lim inf |z, | = oo,
n—oo

then ui(z)(u(z))~ — v = h(z), where h(x,) — 0 as n — oo. Consequently, ui(x) — yu(z) = h(z)u(z). Let
up(x) — yu(x) = uz(x). We obviously have ua(z) > 0 and us(x) — 0 as |z| — co. According to what has been
proved above, |u(z)| < Kua(z) = Kh(z)u(z), and, therefore, 1 < K|h(z)|, which is a contradiction with the fact
that h(z,) — 0 as n — oo. This contradiction completes the proof of the linear dependence of the functions uj(x)
and u(z).

Let us show that for no other constant X does the equation Lu’ + Mu' = 0 admit a solution in the class Z.
Suppose the contrary. Then there exists A’ # A such that Lu’ = —Xu/, v’ belonging to the class 2. Adding (if
necessary) a constant to C'(x), we may assume without loss of generality that both —\ and — )’ are strictly positive.
Consider the operator L* formally conjugate to L and let ¢(z) > 0 be a solution of the equation L*q = —Ag. The
existence of such a solution is established by arguments similar to those used in the first step of the proof. These
arguments show that the function ¢(z) can be obtained as the limit (with respect to uniform convergence of each
compact set K) of a sequence of solutions of the following problems: L*qy = —Aypqar in Qar, g = 0 on the
boundary of Qs, gar > 0 in Q s, qar(0) = 1. However, we still do not have estimates characterizing the behavior
of ¢(z) at infinity. Let us obtain some integral estimates for gps(«) uniform in M (thereby, we obtain estimates for
q(zx) for large |z|).

Let Qg, be a sufficiently large ball, so that C(x) < 0 outside Qg,, and let M > Ry. We have

) [ Lawde= [ aweds (5)

Qm\QRg Qm\QRrg
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for any test function ¢. We take as ¢ the solution of the Dirichlet problem

LSDZfTa mGQM\QRm
=1 x2€0Qpr,, v=0, x€IQum,

where f = min{0, Ly} in Qu \ Qr,, and ¥ = H for some s > 0. Then, by the maximum principle, the
following estimate holds: ¢ > v in Qp \ Qr,, since the functions ¢ and ¢ coincide on the border of the spherical
layer Qar\ Qr,, and L(p — ) = min{0, Ly} — Ly < 0. Integrating by parts and taking into account the boundary

conditions for the functions ¢ and q,s, we obtain

0 0 _
(f)\M)_1 / Liqyppdr = (f)\M)_1 / ( ;ZI w— aZ’qu + (b, n)gqu> do + (f)\M)_1 / qm f dz, (6)
Qm\QR, OQr, Qm\QR,

where % is the conormal derivative. The left-hand side of the last relation is positive in view of (5) and the positive
sign of the functions ¢p; and ¢. It remains bounded as M — oo, since the first term on the right-hand side of (6)
is bounded uniformly in M and the second term is always negative. Thus, we have

/ b de < / arpdr < (—Aar)™! / L*quepd < G,
Qm\QRg Qm\QR, QM \QRry,

where C' is independent of M > 0, and s > 0 is an arbitrary constant. Hence, using the Fatou theorem, we obtain

the existence of the integrals [ ¢(z)(|z| + 1) 7% dz. We obviously have
R’IL

/u’qda: = (—A’)fl/Lu’qdm = (—A’)fl/u’L*qu = A(A’)fl/u’qdax.

Since the integrals in these relations are positive, we must have A = X, which is in contradiction with our initial
assumption.

Step 3. Consider the case where Condition B holds for the operator L. First, let us make the following
observation. Suppose that a twice-differentiable function u(z) is a solution of the differential equation

9%u ou
Then the function
v(x) = u(z) exp(—|2[?), (7)

with a real constant -, satisfies the differential equation

0%v ;L 0V
i 89318% + bz (I) 8:@

+ C'(z)v = 0,

with
Vi(z) = bi(z) + dyaiz;, C'(x) = C(x) + yaibi(x) + 2vay + 4y2a; 2.

The above formulas can be verified by direct calculations.
Now suppose that Condition B holds for the operator L. Let us choose the constant v < 0 such that

yaibi(x) + 472aijxixj < —olx|?
for some constant 9 > 0. This can be done, since Condition B ensures that

xibi(x) > alz)?.
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It follows that Condition A holds for the operator L’ with the coefficients a;;, b}, and C’, provided that the constant
~ < 0 has been chosen in a suitable manner. Let us construct a solution of the corresponding equation L'v+ Av = 0
and pass to the function u(z) = v(z) exp(y|x|?) (see (7)). We obtain a solution of the original problem in the class Y.
This solution is unique in the class Y, since otherwise we would have a nonunique solution of the corresponding
problem for the operator L’ in the class Z.

The solutions obtained in both cases considered above are ground states which can be realized by sequences
of solutions in finite domains. Indeed, for the operators subject to Condition A this is clear from the construction of
the solution, and in the case of Condition B, the realizability by solutions in finite domains can be easily established
with the help of the transformation (7). The proof of Theorem 1 is complete.

Let us prove Theorem 2. For this purpose we will need some auxiliary statements.

Proposition 1. Suppose that Condition A holds. Then for all T > 0 there exist curves {z (t)}, t € [0,T],
realizing the minimum in the variational problem
T

(T) "' 1(x(),T) = (1) / (a3 (d; — bi(x)) (&7 — b; () — C() dt — inf, (8)

where the infimum is taken over all absolutely continuous curves {z(-)} with arbitrary values at the end-points of
the interval [0, T]. Moreover, there is a ball Qg of sufficiently large radius R such that the extremal curves {zT (t)},
t € [0,T1], belong to Qg for any T.

Proof. Suppose the contrary. Then there exists a sequence of time instants {7}, }, T}, — oo, and a sequence of
points {Y;,} on the curves {z7" (¢)} such that |Y,,| — oo as n — oo. We further note that there exists a ball ), having
a nonempty intersection with each curve {z7»}. Otherwise, there would be a sequence of balls Qp,/» P — 00, such
that the curves {z7='} lie completely outside the balls Q p,,+» but this is in contradiction with the fact that {zT'} are
extremal curves of the original variational problem. Indeed, we have min (—C(z)) — oo as n’ — oo and the

x

R
Pyt

stationary curve z(t) = 0 being substituted into the functional yields the value Iy = a*b;(0)b;(0) — C(0). Therefore,

for large enough n the curve {27}, which belongs to the exterior of the ball Qp,,, cannot be an extremal curve of

the original functional. Thus, there exists a ball (),, having common points with any extremal curve {2},
Further, let us take pg sufficiently large, so that

min (—=C(z)) > 21,

2€R™MQ,,,
and denote by [t9,¢1] the time intervals on which the trajectory {z7»} is outside the ball Q,,. Let us show that
the sequence t. — t9 cannot grow to infinity as n — oo. Consider two cases. If t. # T, and t) # 0, then

|zTn (t2)] = |2 (t})] = po and the piece of the trajectory {z7"} on the interval [t ¢1] for large n may be replaced
by a curve which, moving with the unit velocity along the radius-vector, during the time py comes from the point
{2z (t2)} to the origin, stays at the origin for the time t1 — Y — 2pg, and then the rest of the time, py moves to
the point 277 (t}) along the radius-vector. For instance, if t} = T},, then the piece of the trajectory {z7} on the
interval [t),T},] can be replaced by the trajectory which moves with the unit velocity from the point {z"(¢1)} to
the origin, and then the rest of the time up to the instant T, stays at the origin. In a similar way, we consider
the case t) = 0. In all cases considered above, simple calculations show that if the length of the interval [t2,¢1] is
sufficiently large, then the replacement of the piece of the trajectory leads to a smaller value of the functional on
the modified trajectory, and, therefore, {z’»} cannot be an extremal trajectory of this functional. It follows that
the quantities t} — 9 are bounded uniformly in n.
1

¢
Let 27n — b(2™) = f"(t). The quantities { S (t))? dt} have to be uniformly bounded. Otherwise, one
t0

could replace the said piece of the trajectory by a more economical one (from the standpoint of the functional of the
original variational problem), namely, by a uniform rectilinear motion from the point 7= (t2) to the point z7= (t}).
On the other hand, in view of Condition A and the known estimates for solutions of differential equations
(estimates of the Gronwall-Bellmann type), we have
tn
T (62)] < Coxpli(th — I [ (0P dr+ o521 )
tO

n
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where #2 is the time instant when the quantity |z7" (¢)| attains its maximal value on the interval [t2,¢1], and C and k

are positive constants independent of n. If |#7» (t0)| = pg, then, according to our assumption, the left-hand side
of the last inequality goes to infinity as n — oo, while all terms on the right-hand side remain bounded. This
contradiction proves the statement of the lemma. If |27 (t2)| # po, then |27 (¢1)| = po. The inequality (9) remains
valid if the last term on its right-hand side is replaced by |z (¢})|, which also leads to a contradiction.

Proposition 2. Suppose that Condition A holds and let {z7(t)}, t € [0,T], be extremal curves of the
variational problem (8) in which the infimum is taken over all absolutely continuous curves {z(-)} such that x(0) = x
and z(T') = yo, where x¢ and yo are arbitrary points. Then there exist compact sets K and Ky in R™ such that
for arbitrarily chosen xo,yo € K and T > 0, the corresponding curves {1 (t)}, t € [0,T], always remain within the
compact set K.

The proof of Proposition 2 is based on the following four lemmas.
Lemma 1. Let (At); be the time during which the trajectory = (t) remains within the spherical layer
Kr_1,r = {R— 1< |z| < R} after crossing the sphere {|z| = R — 1} at the instant to. Then
thr(At)l
/ & — b()[2 dt > max{C(At)1 B2 — C'R, 0},
to
where C and C" are positive constants independent of R and (At);.

Proof. Denote by b,.(z) and 4, the projections of the corresponding vectors on the radius-vector. In view of
the conditions on the vector field b, we have

toJr(At) 1

br(z)dt = a(At)1 (R —1).

to
Let us subtract from this inequality the following obvious identity:

toJr(At) 1

/ B dt = 1.

to

We get
toJr(At) 1

(=& + br(z)) dt =2 a(At)1(R—1) — 1.
to
Using the Cauchy inequality, we find that
to+(At)1 to+(At)1 9
(At / | &+ b(x)2dt > ( / (= + b,.(x))dt) > (A1 (R—1) — 1)2.
to to
Hence we obtain the statement of the lemma.

Lemma 2. Let (At)y be the time during which the trajectory z* (t) remains in the spherical layer Kp_1 g =
{R -1 < |z| < R} after crossing the sphere {|z| = R} at the instant t,. Then

to+(At)2
& — b(x)]* dt > C((At)2R? + ((At)2) ™),

to

where C > 0 is a constant independent of R and (At)s.
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Proof. In view of the restrictions on the vector field b (see Condition B), the following estimate holds:

to+(At)2
/ by () dt > a(R — 1)(At)s.
to
Moreover, it is obvious that
to+(At)s
Ty dt = —1.
to

Taking the difference of the last two relations, we get
to+(At)2
(br(x) — &) dt 2 a(R — 1)(At)2 + 1.
to
From the last inequality, using the Cauchy inequality, we obtain
to+(At)2 to+(At)s )
(At)y / |b(x) — &|? dt > ( / (by(x) — &) dt> > (a(R —1)(At)y +1)2
to to
The last inequality for large R yields the statement of the lemma.

Lemma 3. Let (At) be the time during which the extremal curve x” () stays outside the ball Qg, and let
Ruiax be the maximal value of |x7'(t)| during this stay. Then the infinite growth of Ryax as T — oo implies the
infinite growth of (At).

Proof. Assume the contrary, namely, that (At) remains bounded as Rpyax goes to infinity. We have
to+(At)
— / & dt = Rpax — R,
to
where t( is the instant at which the trajectory attains the level Rimax, Rmax = |27 (t0)], and (At) is the time of
descent to the lower level R. Moreover, according to Condition B, we have
to+(At)
/ by () dt > 0,
to

Therefore,
to+(At)

(by(x) — @) dt > Rinax — R.

to
By the Cauchy inequality, we obtain
to+(At) to+(At) )
(A1) / Ib(z) — 2 dt > ( / (b(z) — ) dt) > (Ruae — R)2.
to to

Hence, in view of Condition B, for large Ry.x we have
to+(At)
(Ib(x) — &|* = C(x)) dt > (Rmax — R)*(At) ™" — o(1) R}

max

(A1),

If (At) were to remain bounded, we could have replaced (for large Rpyax) the curve z7(¢) by the curve yT(t)
representing uniform motion from the point at which the curve x7(t) enters the ball Qr to the point at which this
curve abandons the ball Qg, so that the value of the functional on y* (t) would be smaller than on z%(¢#). This
contradiction completes the proof of the lemma.
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Lemma 4. Let (At) = (At); + (At)y be the total time during which the trajectory z'(t) stays in the
spherical layer Kp_1 r. Then the value of the original functional (8) on the intersection of the curve z* (t) with
the layer Kp_1 g is estimated from below by koR*(At), where the constant kg is independent of R and (At).

Proof. On the basis of the previous two lemmas, we have

/ | — b(x)|>dt > coR*((At) — c; R7Y), (10)
r

where I' is the intersection of the curve with the spherical layer mentioned in the statement of the lemma. Let us
choose a constant A > 0 such that 2¢; < A, where c; is the constant from the preceding inequality. If (At) < AR™!,
then by Lemma 2 we have

/|:t —b(z)|?dt = C(At); ' > C(At) ™' > CAT'R> CA'R(R(AH)A™Y) > C'R?*(At),
N

and the desired inequality is proved.
Now let (At) > AR™!. Due to our choice of the constant A > 0, we have c; R~! < 0.5AR™! < 0.5(At), and,
therefore, with the help of the inequality (10), we obtain the estimate

/|3'c Cb()2dt > coR2((AF) — %(At)) > %CORQ(At).
T

Since C(z) < o(1)R2, it is obvious that

/ (I — b(a)> — C(a)) dt > ko RPAt.

The lemma is proved.

Now, we turn to the proof of Proposition 2. Let T" be the time during which the trajectory stays outside the
ball Qg,, and let Ryax be the maximal radius attained by the extremal curve z7(t). We choose a radius R* such
that the curve z7(t) stays for time T'— 2 in the ball Qg~. Then,

/(|¢ b)) — Ca)) dt > koRoX(T — 2)

I

due to Lemma 4. Here, I'y is the part of the curve 27 (¢) lying in the spherical layer K g+. Further, by Lemma 4
we have

[ = b - c@) e > mo2 ()

s

where T'y is the part of the curve 27 (¢) lying in the spherical layer Kg- g Thus,

max *

/ (| = b(x)|* = C(x)) dt > ko(2(R")* + Ro*(T - 2)).

I'iul's

Consider the trajectory y” (¢) lying in the ball Qr, and formed by three pieces:
(1) uniform motion from the point A to the origin;
(2) staying at the origin for the time T — 2 (stationary curve);
(3) uniform motion for the time 1 from the origin to the point B.
Here, A and B are, respectively, the points at which the extremal curve enters and leaves the ball Qg,.
Direct calculations show that the value of the functional on this curve does not exceed

(4Ro* + K (Ro)) + (T = 2)(]b(0)| + C(0)),
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where K (Ry) > 0is a constant. Assume that as T goes to infinity, Ry« also becomes infinitely large. Then R* must
also go to infinity, for otherwise we would obtain a contradiction with Lemma 3. But then for large enough Ry ax
and Ry such that koRo> > [b(0)| + C(0), we have

(4Ro? + K (Ro)) < 2ko(R*)?, (T —2)(|b(0)] +C(0)) < ko(T — 2)(Ro)*.

Thus, the original functional on the trajectory y?(t) takes a smaller value than on the trajectory z7(t), and,
therefore, 27 () cannot be an extremal trajectory. This contradiction completes the proof of Proposition 2.

The following statement gives estimates of eigenfunctions and plays an important role in the proof of Theo-
rem 2.

Lemma 5. Suppose that Condition A holds for the operator L and the solutions of the equation L,u, +
Aty = 0 in the class Z are normalized by the condition [ wu,(x)dx =1. Then, in each ball Q, the following
estimates hold for the functions uy,: R

n

up(z) <cop™™, z€R™  uy(x) > cqexp(—

?)7 T e Qm

where ¢g and c¢; are constants independent of  and p and C(p) is a constant that depends on p but is independent
of p.

Proof. Note that in the variables y = (1) "'2 the equation Lyuy, + Ayuy, = 0 takes the form

~ 9%u ou
L = i‘—“ i £
( Tian Au)“;t(ﬂy) (a J dy:0y; + bi(py) dy

_t + C(uy)uu(,uy) + )‘u) U;L(My) =0,

K3

and the small parameter p is present only in the arguments of the coefficients which are bounded. Therefore, if
dist(2’, ") < p, the Harnack estimates guarantee that cy < u,(z')(u,u(2”)) ™! < ¢1. Therefore,

uu(z) < czrgg}E up(z) < Zrélgi ()" / dz' < c’/uu(x) dep™™ < p™",
3 3
Qz R™

and the first inequality of this lemma is proved.

Now let =,z € K be two given points of a compact set K. Then there is a sequence of points
Z1,...,xn such that 1 = z, xy = 2z, and dist(x;,z;41) < p, and the length N of the sequence satisfies

the inequality N < C(K)(u)~t, where C(K) is a constant depending only on the compact set K. But then,
C(K)
co < uy(w)(uy(wiv1)) ™ < c1, and, therefore, u,(2)(u,u(z)) ™ = (¢; ') # , which implies that

w(2) > e (-8 ), (1)

Just as in the proof of Theorem 1, applying the operator (i’u + Ay m) to the difference

_N
_ p
cop” " (|y| T + 1) — v (1Y)

in the exterior of the ball Q,/,, and using the maximum principle, we see that u, rs, together with u,,, satisfies the
following estimate for |y| > p/u:

—N
n p
wa(1y) < con Qm;+Q ,

where p = p(N) is independent of p. In the variables z, we get

u(2) < cop™N " (W +M) -N
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for |z| = p(IN). Taking N = 2n + 1 in the last inequality, it is easy to see that the following estimate holds in the
ball of radius 2p:

N =

/ uy(x)de >
Q2p

Therefore mgx u,(z) > c2 > 0, where ¢, is independent of p. Taking into account the estimate (11), we obtain the
z€Q2p

statement of the lemma.

Proof of Theorem 2. First, we consider the case of operators satisfying Condition A. Let Qs be the ball of
radius M with center at the origin. Consider the spectral problem

Lyu=M in Qu, U‘BQM =0, (12)

and denote by A, as the principal eigenvalue of this problem and by u, s the corresponding eigenfunction.
With the help of ideas used in the proof of Theorem 1 in [1], one can show that for each M > 0,

li = li T 1
i s = it Swa (o, T, 1

where
i ! (g — by(x T; —bj(x —C(x
SM(xO’T):{xé?}chTO/{“ (@i — bi(x(1))) (@5 — b;(x(t))) — C(x(t))} dt,

and the infimum is taken over all smooth curves z(-) that do not abandon the ball Qs on the interval (0,T).
We will need two auxiliary parabolic problems:

0 1

avu = ;L#v#, vy, Uy, (14)

t=0 —
where the initial value is the first eigenfunction w, of the operator L, in the entire space, and

0 1
avu,M = ;LMUMM’ vaM|t=0 = Up,M>  Vu,M|pq,, = 0, (15)

where u,, as is the first eigenfunction of problem (12). We obviously have

Aut

o) = exp (<2 Y (o). yna(t0) = xp (=220 ) ). (16)

_ Let us prove the estimate from above. For a given (small) § > 0, there is a sufficiently large Tp such that for
all T > Ty, we have S(0,7) < A+ . Here, for the sake of brevity, we use the notation A\ = Tlim S(0,7). With the
— 00

help of the lower estimate of the principle of large deviations for the diffusion process £, with the generator

0? 0
Hai; 0wi0z, + bi(x) B

(see [4]), just as in Theorem 1 from [1], we find that for each v > 0 there exists puo > 0, such that
. C TS(0,T C TA+T6
oul0) > exp (_ﬁ> oxo Qﬁ) - o (_%) oxo <_¥>  Vu<m
1 1

Here, we have also used Proposition 1 and Lemma 5. Taking the logarithm of this inequality and using the estimate
from Lemma 5, we get

pooow 1

C(p) 7)\_T~> Clp) TA+Té+y
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Dividing this by T and taking into account that 7', §, and ~ are arbitrary, we find
T A, < A
n—0
In order to obtain the estimate from below, we note that, due to the principle of large deviations for the
process &, and the Varadhan theorem (see [3]), the following relation holds for all T":

o) dt) — T5(T),

1
lim ulnEexp( —
n—0 H

O\’ﬂr

where

S(T) = il(l_l;(f)*l /{a”(iﬂz‘ = bi(x(8)) (&5 — bj(x(t)) — Clx(t))} dt,
0

and the infimum is taken over all absolutely continuous curves with arbitrary end-points. Writing out the probability
representation of the solution of problem (14), using Lemma 5 and the preceding equality, for each § > 0 we obtain
the estimate

pIn(v(T,0)) = pln Euu(gg(f’))exp(%/cgg(t)) dt) < —Culn(p) +TS(T) + 96,

which holds for all sufficiently small . Further, observe that in view of Proposition 1, the difference (T'S(T") —
T5(0,7)) is bounded uniformly in T > 0, and, therefore,

A, 51010 = iy, ST

Taking the logarithm of the preceding inequality and dividing the result by 7', we find that

lim A, > A
n—0
This, together with the upper estimate, implies the statement of the theorem under Condition A.

Let us make an important observation. In view of Proposition 1, for all large enough M, we have
SM(Ov T) = S(Oa T)a

and, therefore, by (13)
lim A, a7 = lim A,. (17)

p—0 1—0
In the case where Condition B is satisfied, we change the unknown function by letting
u(z) = /O (),
Then the problem L,u = Au transforms to LJU = AU, where
2 0
L) = N2aijm + ulyaie; + bi(2) 5 -
For v < 0 sufficiently small in absolute value, Condition B yields

+ (Vagziz; + bi(x)z; + C(z)).

(vaijz; + bi(z),z) > ez, ¢>0,
Yaijziw; + bi(z)z; + Cz) < —clz|?.
Thus, Condition A holds for the operator L), and, according to what has been proved above, we have }ng%) A M =
iig}) Au. By Proposition 2, for large enough M, the quantities S(0,7") and Sa(0,T) coincide, and, therefore,
using (13), we obtain

lim X, = lim X, = Jim Sy (0,7) = lim_S(0,7).

pn—0
Theorem 2 is proved.
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