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ABSTRACT. The paper deals with a periodic homogenization problem for a
non-stationary convection-diffusion equation stated in a thin infinite cylindri-
cal domain with homogeneous Neumann boundary condition on the lateral
boundary. It is shown that homogenization result holds in moving coordi-
nates, and that the solution admits an asymptotic expansion which consists of
the interior expansion being regular in time, and an initial layer.

Introduction. The goal of the paper is to study the asymptotic behaviour of a so-
lution to an initial boundary problem for a convection-diffusion equation defined in a
thin infinite cylinder with homogeneous Neumann condition on its lateral boundary.
We assume that the coefficients of the equation are periodic in the axial direction
of the cylinder and that the period is of the same order as the cylinder diameter.
The corresponding parabolic operator takes the form

atu—div(a(g)Vu) +§(b(§),Vu); (1)

here ¢ is a small positive parameter, and we assume the standard uniform ellipticity
conditions on a(y) and the boundedness of the entries of a(y) and b(y).

Notice that the scaling factor 1/¢ is natural for the convection term. Indeed,
if one wants to consider the long-term behaviour of a convection-diffusion process
described by the equation

dsu — div(a(y)Vu) + (b(y), Vu) =0
in a fixed infinite cylinder, then making the diffusive change of variables
T=cy, t= e2s
leads to a convection-diffusion problem for operator (1) in a thin cylinder.
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Closely related problems for a convection-diffusion equation defined in the whole
space have been considered in [6] and [1]. It was proved in particular that the
homogenization takes place in moving coordinates (z,t) — (z — (b/e)t,t) with a
constant vector b.

Homogenization problems for divergence form operators and systems in thin
bounded domains have been investigated by many authors, we mention here the
works [7], [10] and [11]. General homogenization theory results for parabolic equa-
tions can be found in [5] and [12].

In the paper we first prove uniform in € a priori estimates for the solution. This
requires integration in weighted spaces where the solution of the periodic adjoint
cell problem is used as a weight. Then we construct the leading terms of the
asymptotic expansion in moving coordinates, determine the effective speed, and
obtain the estimates for the rate of convergence. Additional difficulty appearing
in the problem under consideration is the dimension reduction issue. Indeed, the
solutions of the original problem belong to variable Sobolev spaces, which makes
the convergence analysis rather involved.

The paper is organized as follows. Section 1 contains the problem setup. In Sec-
tion 2 we deal with a priori estimates and study auxiliary parabolic cell problems.
In Section 3 we construct formal asymptotic expansion which includes the corre-
sponding initial layers, the presence of the initial layer allows us to satisfy the initial
condition in higher order approximations. Section 4 is devoted to the convergence
analysis.

1. Problem statement. Let @ be a bounded domain in R with the Lipschitz
boundary 0Q. For any £ > 0, we denote by G. a thin infinite cylinder R x ¢ @
with the axis directed along x;. The lateral boundary of the cylinder G, is denoted
by ¥. = R x 9(eQ). We study the following non-stationary convection-diffusion
equation:

Ous(t,z) + Acuf(t,x) =0, (t,z) € (0,T) x Gg,

B.u(t,z) =0, (t,x) € (0,T) x ¢, (2)
u®(0,7) = p(x1), r € G,

where

Acu = —div(a(g)ku) + é (b(g),vggu),

x (3)
B.u = (a(g)vmu, n),

and n stands for the exterior unit normal on ¥.. We suppose that the following

conditions are fulfilled:

(H1) Q is a Lipschitz bounded domain in R4~1;

(H2) a;i(y),bj(y) € L>*(G), i,j =1, ...,d, are 1-periodic functions with respect to
Y1;

(H3) The matrix a(y) satisfies the uniform ellipticity condition, that is there exists
a positive constant A such that, for almost all z € R¢,

d

AP <> aiyy) &g, VEeR? (4)

i,5=1

(H4)  ¢(z1) € C5°(R).
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Definition 1.1. A function u®(¢, z) is said to be a weak solution of problem (2) in
(0, 7] x G, if

u® € L6, T; LE (G.)] N L2[0,T; HL .(G.)], &€ (0,T)

and u® satisfies

T
// [~ 0+ 0Vt V) + (6%, V) 0 } it = /(p(ml)w(O,x) do
0 G Ge

for any v € L?[0,T; H*(G.)] such that 9,¢» € L?[0,T; L?(G.)] and ¥(T,z) = 0.

We are interested in the asymptotic behaviour of u®(¢,x), as ¢ — 0. Notice that,
for any € > 0, the existence and the uniqueness of a generalized solution to problem
(2) is given by classical theory (see, e.g., [8]).

2. Some preliminary results.

2.1. A priori estimates. In what follows we denote ¥ = [0,1) x @,
Av = —divy(a(y)Vyv) + (b(y), Vyv), Bv = (a(y)Vyv,n);
A*p* = —div(aVp*) — div(bp*), B*p* = (aVp*,n) + (b,n)p",
By the Krein-Rutman theorem and the Harnack inequality, the adjoint periodic

problem
A p*(y) =0, yey,

B*p*(y) =0, ye€oY, (5)
p*(y) is periodic in y;,
has a positive solution p*(y) € C(Y) N H(Y) such that
0<p” <p*(y) <p™ < oo (6)
We fix the choice of p* by the normalization condition
[rway=1.
Y
The goal of this section is to obtain a priori estimates for a non-stationary convection-

diffusion equation stated in a thin infinite cylinder. Namely, we consider the fol-
lowing non-homogeneous problem:

Opu(t, ) + Acw(t,x) = f(t,z), (t,2) € (0,T) x G,
B uf(t,z) = eg(t,x), (t,z) € (0,T) x X¢, (7)
u®(0,z) = p(x), z € Ge,

Multiplying the equation in (7) by p*(z/¢) u(z) and integrating the resulting rela-
tion by parts over G., we obtain

3 | Sl e [ A (2) dos

2
€ GE
1 € 2 pak, (L € € ey x (L
t5 (us(t,z))* Bip (E) do + [ (a*Vus,Vu)p (g) dx =
EE GE

=& /g(t,x) ug(t,x)p*(g) do +/f(t,x) us(t,x)p*(z) dx.

9
e Ge
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Here we use the notations
N Y x 1., x
AZq(x) = —div (a(g)Vq(a:)) - div (b(g) q(a:)),
. x
Biq(x) = (a(g)Vq(x),n) + = (b(
Taking into account the definition of p*(y) we get

Ld (u®)?p* (= )dx—k/(aEVuE,VuE)p*(E) dr =

2dt €
Ge Ge

—¢ /g(t,x) “(t,x)p ( )do—&—/f(tw) ua(t,x)p*(g) dz.
e Ge

Using the positive definiteness of the matrix a(y), bounds (6), and the Cauchy-
Bunyakovsky inequality, one can obtain

1
d (uf)? *( )dx+Ap~ /|Vu€|2da:§

2dt

+217{ [topase (o(t,2)) do)
B pIN

grte [@Pdes ot [ ds
S Ge

for any v > 0. By the trace theorem

/(us)2 do < % /(u5)2 dx + Cse /|Vu‘€|2 dx
Ge

€ GE

with constants C7, Cy independent of €. Consequently, for a sufficiently small ~,

% /(UE)Qp*(Z)dx—k/t/|Vu€(s,x)|2dxds <

0 G.

=

4 {1 ey +ellolfiaen } + | @29 (E)dot / / [V (s, ) deds
0

= Ge

Integrating with respect to ¢t and applying the Gronwall lemma and the positiveness
of the function p*, one can see that

G/(UE)Q d:c+0/G/|VuE(s,x)|2 dxds < )

< Cet {0 riaen + & Nolep iz + el > t € (0.T]
where the constant C' does not depend on ¢, and depends only on A, d and Q.

For the justification procedure we also need a priori estimates in the case of right-
hand side being the divergence of a bounded vector-function. Namely, consider the
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following problem:
Ot (t, ) + A us(t, x) = div, F(t,z), (t,2) € (0,T) x G,
B:uf(t,x) = —(F,n), (t,z) € (0,T) x X, (9)
u®(0,z) = 0, z € G,

with F'(¢,2) such that
|F(t,2)| < filt,x)e Y 1ml 0 f € L°((0,T) x Ge).

Multiplying equation in (9) by p*(Z)u®(x) and integrating by parts over G., we
obtain
1d

£\2 *E € € 5 *E _
oY (u®)*p (g)dx—l—/(a Vuf, Vus)p (E)dx

Ge Ge
5 w (L
_ f/(F(t,x), Vil (t,2) o (2) de (10)
Ge
- /(F(lf,az:)7 Vp*(g))ug(t,x) de =17 + I5.
Ge
Exploiting the Couchy-Bunyakovsky inequality and taking into account (6) one gets
+ +
P pro
17| < %HFH%Z(GE) T VL2 (c.)
pt 2 d—1 + c D
< G lAleomxen e+ 2T SIVE 2@y, 0= "5

The integral I5 is estimated as follows

1 1
Bl<5 (1B E)Pdes 5 v,

2
Gs
= T 1
<> PR [ 190 P do+ 5 Il
n=-o0 €Y,
+oo 1
<3 IR [ 190 @R dy+ 5 10 e,
n=-—oo v,

1 1, .
<Cett Z il 2o 0.7y xG.) + B 0|72 c.)»

where Y,, = (n,n+ 1] x Q.
Finally, combining the obtained estimates for I{ and I5 with (10), and using the
Gronwall’s lemma, for ¢ € (0,T] one has

t

Cet ,_
/(u€)2 dx+//|VuE(s,x)|2dxds < ?5‘1 ! ||f1\|%m((07T)XGE). (11)

Ge 0 G.

2.2. Auxiliary results. In the sequel we will need the information about the as-
ymptotic behaviour of solutions to parabolic equations, as t — oco. Consider the
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initial boundary value problem
o-v(r,y) +Av(r,y) =0, (7,y) € (0,00) XY,
Bou(r,y) =0, (1,y) € (0,00) x 9Y,
v(7,y) —y1 — periodic,
v(0,y) = ¥(y), yey,
where Y =1[0,1) x Q.

Lemma 2.1. Suppose conditions (H1)—(H3) are fulfilled and 1(y) € L*(Y). Then
there exists a unique weak solution v to problem (12), and it stabilizes to a constant
v>° at the exponential rate, as T — 0o, that is

lo(1,y) = v < Co [[Y|lp2vye™™ ", yeY, 7>0, (13)

with positive constants Cy and v depending only on A,d and Q. Moreover, Vyv
stabilizes exponentially to 0, as T — oo:

T4+1
/ /\Vyv(s,y)|2dyds <Ce 7, (14)
Y

T

The constant v>° is defined by

v = [ vl ) i
Y
where p*(y) solves problem (5).

Proof. Let us consider two functions

= 1 M = .
m(T) ng}r/whw), (1) I;lea};w(ﬂy)

By the maximum principle, M (1) decreases and m(7) increases. In view of the
linearity of the problem, without loss of generality we assume that m(75) = 0.
Since v > 0, then we can use the Harnack inequality

m(ro+1)>aM(mo+1), a<l
to obtain the estimate
08Cr=ry+10(T,y) = M(10+1) —m(ro+1) < (1 —a)M (1) = (1 — @)0sCr=r,v(T, y).
Consequently,
08Cr=rp+10(T, y) < (1 — @)osCr=rv(7,y), 70 >0
and, obviously, v converges to some constant v°>°, as 7 — 0o
lv(r,y) — v < Co |[9llL2vye™ ",

where C and v depend only on A, d and Q.

Let us calculate the constant v>°. To this end we multiply the equation in (12)
by p* and integrate by parts over the set (0,7) x Y. As a result we obtain the
following equality:

/ o(r,y) P () dy = / b(y) P () dy.
Y

Y
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Since v converges uniformly to the constant v°>°, as 7 — oo, then it follows from the
last equality that

V> = /w(y)p*(y) dy,
Y

if p* is normalized by fy prdy = 1.

Now we prove estimate (14). Note that the function w = v — v™ solves the
same equation as v, and satisfies the initial condition w(0,y) = ¥ — v°>°. Multiply-
ing the equation by w, integrating by parts and applying the Cauchy-Bunyakovski
inequality gives

T+1
/Iw(r+17y)\2dy+A //\Vw\Qdydsg
Y T Y
1 T+1 T7+1
A / /Iw(s,y)IQddeJrA_lg / /IVyW(s,y)IQdyder/Iw(ﬂy)IQdy,
T Y T Y v

and, consequently, choosing 1 < 2A? and using (13), we obtain

741

/ /|Vw|2dyds < Ce 27,
Y

T

O

The next lemma generalizes the result of Lemma 2.1 to the non-homogeneous
case. Consider the boundary value problem

Orv(T,y) + Av(ry) = f(1,y) + divy F(r,y), (7,y) € (0,00) XY,
Bu(r,y) = g(1,y) — (F(1,y),n), (1,9) € (0,00) x 9Y, (15)
v(0,y) =0, y ey,

where f € L?[0,00; L*(Y)], F € L?[0,00; L?(Y)?] and g € L?[0, 00; L2(9Y)] decay
exponentially, as 7 — oo, that is

741 T74+1
/ £ (s, )IZ2(yy ds < Ce™ ™7 / 1F (s, )| Z2(yrya ds < Ce™ 7

T
T7+1

[ 5.9 oy ds < €, >0,

Lemma 2.2. Under the assumptions being made, a solution of problem (15) satis-
fies the estimates

/HMa»fvmﬁ%ndssoeWﬂ (16)

T4+1
/ IV0(s, 2oy, ds < Ce ™, 5> 0. (17)

T
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Here C depends on A,d and Q. The constant v>° is determined by

//m y) dydr — 7/(F(T,y)7Vp*(y))dydT
o 0 0Y
+//g y)do dr,

0 gy
p* being a solution of (5).

Proof. First of all we represent the functions on the right-hand side of (15) as the
sums of functions with finite supports, that is

+oo “+o0 “+o0
Yo Iy, Fry) = Y Fulny), gny)= > gu(ny)

where fm(Tv y) = f(Tv y) X[m,m+1)s Fm(Tv y) = F(Tv y) X[m,m+1),
9m (7, Y) = 9(T,¥) Xim,m+1)> A Xfm,m+1) = X[m,m+1)(7) is the characteristic func-
tion of the interval [m,m + 1).

Due to the linearity of the problem, the solution v of (15) can be represented in
the form

“+oo

U(Tvy): Z Um(Tvy)a

m=—0o0

where v,, solves the problem

Orvm + Avm = fn(1,y) + divy Fr(7,y),  (1,9) € (0,00) X Y,
Bvg = gm(T,y) — (Fm(7,y),0), (1,y) € (0,00) x Y, (18)
vm(0,9) = 0, yey.

Notice that, in view of the uniqueness of the solution, v,,(7,y) = 0 for 7 € [0, m).

Then, multiplying the equation in (18) by v,, and integrating over (m—1, m+2)xY,
we obtain

m+1
/ (vm(m + 2,9))* dy < C( / 1£(5, )22y, dst
Y m
m+1 m+41

[ ooy ds [ 1F (e ds) < Cenm

By Lemma 2.1, v,, satisfies estimate (13) in (m + 2,00) x Y, namely,
‘vm('ra y) - Uf;ﬂ < Ce MMe™? (r—m—2) < Ce*:YT, T>m+ 2,
for some constant v2°, where 4 = min{v,7y,}. In view of the maximum principle,

[eS) —y1m
m < Ce .
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Let us show that v = > vy, stabilizes to v>° = > v, as 7 — oco. To this end we
estimate the L2-norm of the difference v — v*°.

N+1 N+1

+oo
/ (s, ) — 0% [2a gy ds = / IS (05, 7) = 050)|2y ds =
N N m=0
N+1
~[IH{ Z + X Jonl) - o ds <
N m<N—-2 m>N-1

<O N2e 2N L e N < e, 3 >0.

The exponential decay of Vv can be proved in much the same way as in the homo-
geneous case. O

3. Asymptotic expansion.

3.1. Formal inner expansion. Following the ideas in [6] and [1], we are looking
for an approximate solution in the form

o0
u® ~ug(t, z —e ' bit) +Zek op(t, z —e thit,y), y= g, (19)
k=1

where v, k > 1, are unknown functions which are 1-periodic in yi, the constant b;
is to be determined.

Substituting (19) into (2) and collecting power-like terms in front of e =% in the
equation and of €' in the boundary condition, we obtain the following periodic
problem for the unknown function vy:

.Ay Ul(t, T, — 6_161t, y)
= (5y7a11(y) — bl(y) —+ 51) a$1U0(t, T, — Eilglt), (AS Y, (20)
By ’Ul(t, xr1 — 8_161t, y) = —ail(y) n; 8x1uo(t, xr1 — 5‘151t), Yy e 8Y;

Setting

by = / (ai1(y) 9y, 0" (y) + b1(y) p*(y)) dy, (21)
Y

we guarantee that a solution to problem (20) exists. The specific form of the right-
hand side of (20) suggests the following representation of v;:

vi(t, 2y —e it y) = Ni(y) Op,uo(t, x1 — e 1bit) +ui(t, x1 — e 'bit),
where a Y-periodic function N; solves the problem

{ Ale(y):ay7azl(y)7bl(y)+517 erv
By Ni(y) = —ai(y) ni, y € 9Y;

(22)
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Similarly, we get the problem for v

Ayualt, o1 — it ) = ~Byuot, i — )
+ {a11(y) + 9y, (@ (y) N1(y)) + a15(y) Dy, N1 (y)

r=t

b
—b1(y) Ni(y) + b1 N1 (y } ﬁiluo(t,xl — ?lt) (23)

- b
+ {0y,ai1(y) — bi(y) + b1 } 3111&1(75,551—?175)7 yey,

b
By v2(y) = —ai1(y) Ni(y) ns 8§1u0(t,x1 — ;1 t), y € 9Y.
The compatibility condition for (23) gives rise to the Cauchy problem for ug

{ 6ﬂt0(t,$1) = aklli)m aglu()(tvxl)a (tvxl) € (OvT) X Ra

uo(O,xl) :(p(l‘1), T ERa

where the constant a}$™ is defined by

alm = / [a11 (5) + a3 ()3, Na () — b1(v) Ny (9)] 9" () dy

Y
+ / [b1 N1 (9)p* () — @i () Na (1) By,p™ ()] dy.-
Y

The positiveness of a}$™ has been proved in [9].

hom

Lemma 3.1. The constant ayi™ s strictly positive.

The form of the right-hand side of the equation in (23) suggests the following
representation for the solution vs:

va(t, 21 — e hit, y) = Na(y) 02 uo(t, z1 — e 'byt)
+N1(y) Op,un (t, 21 — e b1t) +ua(t, 1 — e 'byt)

with y;-periodic function Ny being a solution of the problem

ANa(y) = a11(y) + 0y, (a1 (y) N1(y)) + a15(y)0y, N1(y)
—b1(y) Ni(y) + by Ni(y) — abg™, yey, (25)
B Nz(y) = —ain(y) ni N1(y), y € 9Y;
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Similarly, we obtain a boundary value problem for vs

5 b
Ay vs(t, @1 — e bit, y) = —N1(y)90p, uo (t, 71 — zl r)

r=t

b
—0suq (t, Ty — ?1 T)

+ {an(y)Nl (y) + 0y, (ai1(y)N2(y))

a1 (4)0y, Na(y) = b1(y) Na(y) + by Na(y)| 62, w0 (t, 21 — ”Eit)

+[a11(1) + 0, (an (W) N1 () + a1 (), N ()

r=t

Fbu) Ny ) + by Na(y)] 02, — 22 (26)

= b
+ {Gyiaﬂ(y) — bl(y) + b1} (9961’112 (t,1‘1 - ;1 t), yey,

b
B, vs(y) = —ai1 (4) Na(y) ns 03, uo (1,1 — 22 )

b
—ai1 (y) Ni(y) ni 07, ua (t, 21 — ;1 t)

b1
_ail(y) n; 8zluz (ta I — ; t)7 Yy € aY.
From the compatibility condition for (26) we derive the equation for u;:

ﬁtul(t,xl) = a}f?maglul(t,xl) + h3 821’11,0(t,.’]51), (t,.’tl) € (O,T) X R,

where
hs = / (= aly™N1p* + a11 N1p* — a;1N20yy,p* + by Nop*
J ] (27)
+a1;0y, Nop* + by Nop*) dy.
Naturally, vs can be represented as the sum
b b b
vg(t,xl — glt, y) = N3(y) 8§1uo(t,x1 — ;175) + Na(y) 8§1u1 (t7x1 — gt)
by b
+N1(y) 8111@(15,:31 - t) + u;;(t,xl - t),
with N3 being a y;-periodic solution of the cell problem
AN3(y) = an(y)Ni(y) + Oy, (@i (y) Na(y)) + a15(y) 9y, Na(y)
—bi(y) Na(y) + b1 Na(y) — aii™Ni(y) —hs, y€Y, (28
B N3(y) = —ai(y) ni Na(y), y € 0Y.
Arguing as above, one can derive the equation for wus
Orus(t, x1) = a§™ 03 ua(t, 1)
+h4 3;11110(15, (El) + hg 8;1’&1(75, .’El),
where the constant hy, is defined by
hy = / (- a¥™ Nop* + a11Nop* — a1 N30y, p* + b1 N3p* (20)

% _
+a1;0,, Nsp* + by N3p* — hgNy) dy.
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Notice that determining initial conditions for u; and us requires constructing initial
layer correctors, which is done in Section 3.2.
Finally, as an inner approximate solution we take first three terms of (19)

(t m)—uo(t l‘l—b*t)-‘rENl( )&rluo(t xl—%t)

+eus (¢, xl—b—t)—i-fs N2( ) 02 uo(t, xl—%t)

by b
+e Nl( )amul(t xl—;t)—l—a ua(t, xl—;lt)

3.2. Imitial layers. The leading term ug(¢, x1) satisfies the initial condition u(0, z1)
= ¢(x1). We introduce the initial layer functions, which will allow us to satisfy the
initial condition up to the second power of £. Consider the function ¢;(7,y) which
is a solution to the problem

Orn + Ayp1 =0, (1,y) € (0,00) X Y,
By(bl = 07 (T7 y) € (Oa OO) X 8Y? (30)
$1(0,y) = =N1(y).

By Lemma 2.1, ¢ stabilizes to a constant ¢1, as T — o0, at the exponential rate.
The constant ¢; can be calculated as follows

—/Nl(y) p*(y) dy. (31)
Y

We use this constant to set the initial value for ui: uq(0,21) = ¢1 ¢’ (z1). In this
way

by by b
ot 21 = 20) +e Ny (2) Byt 01 — 2 0) +ewn(t, 21— 20)

5(¢1(;2’ g) — 1) @'(fl)} ’t:O = p(1).
Similarly, we introduce ¢a(7, y) such that:
Ord2 + Ay2 =0, (1,y) € (0,00) x Y,
Bypa =0, (1,y) € (0,00) x 9Y, (32)
$2(0,y) = —Na2(y);

The constant to which ¢, stabilizes, as 7 — 0o, we denote by ¢g

/ No(y) p*(v) dy, (33)

and set
u2(0,21) = d2 9" (z1) + 61 9" (21).
In this way the boundary value problems for u; and wuy take the form
3tu1(t,x1) = ah°m82 Ul(t 1'1) + hg 8i’1u0(t,x1), (t,l’l) € (O,T) X ]R,
_ (34)
ur(0,z1) = ¢1 ¢’ (1), =1 €R;



CONVECTION-DIFFUSION EQUATION IN A CYLINDER 123
Dpug(t,z1) = atymo? Jua(t, 1)
+h4 aﬁluo(t,xl) +h3 6;1U1(t7I1)7, (t,:l?l) € (O,T) X R, (35)

uz(0,21) = g2 9" (21) + 619" (21)
with the constants hg, hy defined in (27), (29). Then

{5 Ng( )6 uo(t, xl—bft)—&-e Nl( ) Oy ua(t, 1‘1—%15)4—
+ +e? QQ(g) g(x1) +€2uQ(t, T, — b;lt) +52(¢2(€%7 g) _%) 4,0//(%1) i

oz D) -0 ]|, =
Denote

wilt2) = <(61(Z, 2) = 3) @' (1) + (0 g0 2) — B2) ()

e (¢1(€77 g) - E) ‘P”(xl)-

We summarize this section by writing down the formal asymptotic expansion for a
solution u® of problem (2) which has been constructed above. It reads

US(t,x) = uo(t, xl—gt)+sN1( ) Oy ot xl—%t)

(36)

—|—€u1(t Il—bft)—FE NQ( )8 Uo(t Il—bzlt) (37)

b b
+e Nl( ) Oy un (t, 1 — —1t)+€2uQ(t,zllet)Jrufl(t,x).

Here ug is a solutlon of the homogenized problem (24); Ny, Na solve auxiliary cell
problems (22), (25); u; and ug are solutions of nonhomogeneous Cauchy problems
(34), (35); the initial layer u§ is given by (30)-(33) and (36). Notice that the
approximate solution satisfies the initial condition: U¢(0,z) = ¢(x1).

4. Justification procedure. In thin domain G. it is natural to introduce the

following notion of convergence (see, for example, [4], [13]).

Definition 4.1. We say that f.(t,x) converges strongly to zero in L%[0,T; H(G.)]
if

I — 0, £—0.
L2[0,T;H (G.)]

The normalization factor e~ 7 appears due to the fact that the norm of a fixed
nontrivial C§°(R) function ¢p(x1) in the space L2[0,T; H(G.)] is of order 5

The following theorem is the main result of the paper.

Theorem 4.2. Let conditions (H1) — (H4) be fulfilled. Then the difference between
the exact solution u® of problem (13) and the approzimate solution U® given by (37),
converges in L2[0,T; H} (G.)] to zero, as € — 0. Moreover, the following estimate
holds:

t

/(ue U da+ // V(0 (s,2) — U (s, 2)) 2 deds < C 291, (38)

Ge 0 Ge
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Proof. In order to estimate the norm (in the appropriate space) of the difference u®—
U*¢ between the exact and the approximate solutions, we calculate first A, (u® —U*)
and B (u® — U*?), and then make use of a priori estimates (8), (11). Straightforward
computations yield

Ac(u(t, ) = U (t, @) = e (Ri(t, ) + R3(t, x)) + o(e), =0,

where
! x b
I3 1
(t,x)=— l;)]\fk(g)atﬁflul_k(t, T T) .
+l_71 i:Nk(f) 8k+1u2 k(t xr1 — bflt)
g/ €
k=0
! T T b
Zau(g) Nk(g) 8’;+2U1 k(t Ty — ?t)
k=0
2 i)]_
20y (D) A Nelw)| O el w1~ )
k=1 y=x/e
2
x x by
Y N (2 9F 1L _ 2t
+kZ:ob1(5) k(g)aw uz—(t, o1 5 t)
2
_ — t x —
010 Y (dk(my) = dr) @ (1) + an(y) (¢1(;27 g) — 1) " (1)
k=1
2
+3 a4) Vyon(r,y)| ,¢" (@)
1 y=z/e,7=t/e
2
t x —
+b1(y) ’; (d)k(?a g) - ¢k) <PI”(=’L’1)~
2 b
(00) = D0 0 () New))| 95 it w1 — )
k:o =T /€
2
+ 3 Oy (an (n) (@n(r ) — B)| @ (1),
1 y=x/e,7=t/e?
Similarly,
B-(uf(t,2) — U*(t,x)) = €2 R§(t, x)
with
2
R b
Rg(t,x) = _kzoaﬂ(é‘) n; Nk( )ak+1’LL2 k(t T, — ét)

<Ce’ {||5R1||L2[0TL2(G g +elle? B3Nz, sy + = H5R2||Loo ((0,T)xG. )}
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In order to estimate Rf, R5 and R5, we analyze properties of the solutions ug, u;
and wug of problems (24), (34) and (35). For ug the well-known integral Poisson
formula takes place:

= -2
woltyar) = —2D [e@¢ i ae

4rahomy
1ty

Here 6 is the unit step function, that is 6(t) = 1 for ¢ > 0, and 6(¢t) = 0 when ¢ < 0.
Moreover, similar formula is valid for any derivative of uy with respect to xy:

X 0(t) (k) ~loyel?

oW ua(t,mr) = o [oPp(e)e I e
11

R

Bearing in mind that ¢ has finite support, one can see that
\8éf)u0(t,x1)| <Ceml  Ca>o0, (39)

where a depends on T'. Similarly, the following integral representation of &gf)ul is
valid:
LI

0(t) & — Lzl
My (t,21) = 0o /aékﬂ)w(é)e Attt dg

4drahomy
1ty

h = —g)?
+/ 3 (t—7) dT/ O Puo(r,§) e T dg = Iy + I,
T
R
Arguing as above we obtain
|I;| < Ce‘”‘l"“lz, a>0.
Let us estimate I.

t t

h 3 u(r,6) - st
I < /dT / d —|—/dT / dé p————C AT
12| { d 5} 47Tah0m(t—7')

0 |z1—€|<2|z1] 0 |z1—&[>2|z1 ]

In view of (39), for ¢ satisfying |x; — &| < 2|aq],

loq €12 oy —¢]2
om _ om —_ 2
|63+k T aahomi(i— 7—)| <Ce al€)? " aalomrT <Ce |z ., o >0’
thus,
3+k __ley—gl?
/dT / a h uO(T f) 4“{Lf7n(t77> dé-
alfm(t—r)
0 |z1—€&|<2|x1]|

t
2 1 2
< Clay| emrlml / dr < C e lml”,
< dr <
0

Noticing that

Iz =gl

4qhom _
i df - 1a

e

Amabomt
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one has
t 2
hs O3tk (T TS el 1 2
/dT om0 S o(m:6) e "N dE < Celml™ a) > 0.
47ra§‘10m(t77')
0 |z1—&]>2]1 |

In this way we see that u; satisfies the estimate
|8§1u1(t,x1)| SC@‘O‘”“'Z, a;>0,t>0, zeR. (40)

Arguing as above, one can see that analogous estimate holds for us solving problem
(35).

108 us(t, 21)| < Ce 11 0y >0, t>0, 2R (41)
Bearing in mind the boundedness of the coeflicients a;;, b;, properties of N; and
Ny as the solutions of (22), (25), and bounds (39)-(41), one can check the validity
of (38). Note that the exponential decay of the initial layer functions is used while
estimating the corresponding terms. O
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