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1. Introduction

Modeling two-phase flow through fractured porous media is of interest for a wide range of science
fields, including energy and environmental engineering. Examples include geothermal systems, oil reservoir
engineering, ground-water hydrology, and thermal energy storage, see for instance [1,2]. More recently,
modeling multiphase flow received an increasing attention in connection with gas migration in a nuclear
waste repository and sequestration of COs. Furthermore, fractured rock domains corresponding to the
so-called Excavation Damaged Zone (EDZ) receives increasing attention in connection with the behavior
of geological isolation of radioactive waste after drilling the wells and shafts, see, e.g., [3]. Efficient heat
exploitation strategies from geothermal systems demand for modeling of coupled flow-heat equations on
large-scale heterogeneous fractured formation, see, e.g. [4,5] and the references therein.

Dual-porosity models are typically used to simulate multiphase flow in fractured formations. Naturally
fractured reservoirs can be modeled by two superimposed continua, a connected fracture system and a
system of topologically disconnected matrix blocks. The fracture system has low storage capacity but high
conductivity, while the matrix block system has low conductivity and large storage capacity. The majority
of fluid transport will occur along flow paths through the fissure system. When the system of fissures is so
well developed the matrix is broken into individual blocks or cells that are isolated from each other, there
is consequently no flow directly from cell to cell, but only an exchange of fluid between each cell and the
surrounding fissure system. For more details on the physical formulation of such problems see, e.g., [6-8].

The study of two-phase fluid flow through fractured porous media is a challenging nonlinear multiscale
problem with obvious multiphysics features. During the last decade, there appeared a significant body of
literature devoted to the modeling of such problems. Many works have been devoted to perform upscaling of
two-phase fluid flow in porous media by different approaches. Here we comment only on those publications
which are related to the present work. Namely, we restrict ourselves to the mathematical homogenization
methods of such models.

The mathematical analysis and the homogenization of the system describing the flow of isothermal
single and incompressible two-phase flow in porous media are quite understood. A recent review of the
mathematical homogenization methods developed for incompressible single phase flow, incompressible
immiscible two-phase flow in porous media and compressible miscible flow in porous media can be viewed
in [9-18] and the references therein. The situation is quite different for immiscible compressible two-phase
flow in porous media, where, only recently, few results have been obtained, see for instance [19-22] and the
references therein.

However, as reported in [23,24], all the aforementioned works do not include any temperature dependence
and are restricted to the case where flows are under isothermal conditions, contrary to the present work.
This assumption is too restrictive for some realistic problems, such as thermally enhanced oil recovery,
geothermal energy production, high-level radioactive waste repositories. For such systems, the temperature
dependence is essential. The present work was motivated by a need to incorporate the thermal behavior for
such problems. The purpose of this paper is to carry out investigations of a generalized two-phase model for
fractured porous media which accounts for varying reservoir temperature to capture flow physics accurately.

In a previous paper [23], we gave an existence result of weak solutions for such a model under some realistic
assumptions on the data. A model fully coupling the two-phase flow and heat transfer was developed to
investigate immiscible incompressible two-phase flow in porous media under nonisothermal conditions. The
corresponding homogenization problem for a single rock type model was proposed and analyzed in [24]. We
provided a rigorous derivation of an upscaled model by means of the two-scale convergence. To the best
knowledge of the authors, the homogenization of such coupled models under nonisothermal conditions for
fractured media is still missing. Closer to the present problem, recently homogenization for a Richard’s model
arising from the heat and moisture flow through a partially saturated porous medium was obtained in [25].
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In [26], a model for nonisothermal single phase flow in double porosity media is constructed by the technique
of homogenization. Concerning the numerical simulation of such upscaled models for nonisothermal flows in
fractured media, we refer for instance to [5,27,28] and the references therein.

Here, we extend the model by developing a general approach that would allow us to incorporate the tem-
perature effects into two-phase flow in double porosity media made of several types of rocks accounting for
discontinuous capillary pressures. More precisely, the fluids are assumed immiscible and incompressible and
the solid matrix is non-deformable. The fractured medium consists of periodically repeating homogeneous
blocks and fractures, the permeability being highly discontinuous. Over the matrix domain, the permeability
is scaled by €2, where ¢ is the size of a typical porous block. Furthermore, we will consider a domain made
up of several zones with different characteristics: porosity, absolute permeability, relative permeabilities
and capillary pressure curves. The mathematical model is given by a coupled system of two-phase flow
equations, and an energy balance equation. The model consists of the usual equations derived from the
mass conservation of both fluids along with the Darcy-Muskat and the capillary pressure laws. The problem
is written in terms of the phase formulation, i.e. the saturation of one phase, the pressure of the second
phase and the temperature are primary unknowns. The model involves highly oscillatory characteristics and
internal nonlinear interface conditions. This leads to a system of three coupled nonlinear partial differential
equations, a degenerate parabolic two-phase flow system and a parabolic diffusion-convection one. As we
include temperature effects in fluid flow, the resulting model is much more complex. Including temperature
effects requires a new equation: energy conservation. The coupling between these equations raises several
issues in the upscaling process that are to be elaborated on. Our aim is to study the macroscopic behavior
of solutions of this system of equations as € tends to zero and give a rigorous mathematical derivation
of upscaled models by means of the two-scale convergence method combined with the dilation technique.
The major difficulties related to this model are in the nonlinear degenerate structure of the two-phase flow
equations, as well as in the coupling in the system and the transient fracture—matrix interactions. The
equations in the matrix blocks are analyzed by the dilatation technique and the passage to the limit in
these equations is achieved by an adaptation of the monotonicity argument developed in [29]. It should be
emphasized that in the nonisothermal model both a priori estimates and passage to the limit in the two-
phase flow equations is rather involved, especially in the part related to the fracture—matrix interactions.
Thus, we extend the results of our previous paper [24] to the case of highly heterogeneous porous media
with discontinuous capillary pressures for nonisothermal immiscible incompressible two-phase flow through
fractured porous media.

The rest of the paper is organized as follows. Section 2 is devoted to the formulation of the homogenization
problem considered in the paper. Then we recall the notion of the so-called nonisothermal global pressure. We
also provide the assumptions on the data and we give the definition of a weak solution to our problem. In
Section 3 we obtain the basic a priori estimates for a weak solution of the problem under consideration.
Namely, for the phase pressures, the saturation, and the temperature. In Section 4 we establish the
compactness and the two-scale convergence results which will be used in the proof of the main result of the
paper. Namely, first, we extend the global pressure and the saturation functions defined in the fissure system.
Then in Section 4.2 we obtain the compactness result for the family of the extended saturation functions and,
using the ideas from [24], we also establish the compactness result for the family of temperature functions. In
Section 4.3 we make use of the compactness results from the previous Subsections in order to prove rigorously
the convergence of the homogenization process by means of two-scale convergence approach (see, e.g., [30]).
Section 5 is devoted to the properties of the dilated functions defined in the matrix blocks. Namely, first,
in Section 5.1 we introduce the definition of the dilation operator and describe its main properties. Then
in Section 5.2 we obtain the equations for the dilated saturation and the global pressure functions, the
corresponding uniform estimates and the convergence results. In Section 6 we formulate the main result
of the paper and we complete its proof. The resulting homogenized problem is a dual-porosity type model
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that contains a term representing memory effects which could be seen as a source term or as a time delay.
The proof is done in several steps. The main difficulty with the phase pressure functions is that they do
not possess the uniform H'-estimates. To overcome the difficulties, we pass to the equivalent formulation
of the problem in terms of the global pressure, saturation, and the temperature functions. Then using the
convergence and compactness results from Section 4 we pass to the limit in the corresponding equations.
This is done in Section 6.1. The homogenized equations contain some additional nonlocal in time terms
which depend on the saturation function in the matrix block. Section 6.2 is devoted to the derivation of the
effective equations in terms of the global pressure, the saturation and the temperature. In order, to obtain
the homogenized phase pressures we make use of the change of the unknown functions. Then we rewrite the
limit system obtained in terms of the global pressure and the saturation in terms of the homogenized phase
pressures (see Section 6.3). The passage to the limit in the matrix blocks makes use of the dilation operator.
Then in Section 6.4 we pass to the equivalent problem for the imbibition equation and, finally, obtain the
local problem in the matrix block. Lastly, some concluding remarks are forwarded.

2. Formulation of the problem

In this section we formulate the homogenization problem. First, in Section 2.1 we introduce the adimen-
sionalized system of equations describing a nonisothermal immiscible incompressible two-phase flow in a
reservoir with double porosity. Then in Section 2.2 we define the so-called nonisothermal global pressure.
Section 2.3 provides the main assumptions on the data. Finally, in Section 2.4 we give the definition of a
weak solution to our problem.

2.1. Governing equations

We consider a reservoir £2 C R? (d > 2) which is assumed to be a bounded, connected Lipschitz domain
with a periodic microstructure. More precisely, we scale a given periodic structure in R? with a scaling
parameter € which represents the ratio of the cell size to the size of the whole region 2. We assume that
0 < ¢ <« 1 that is € is a small positive parameter tending to zero. Let YV et (0,1)? be a basic cell of
a fractured porous medium. For the sake of simplicity and without loss of generality, we assume that Y is
made up of two homogeneous porous media Y;, and Y; corresponding to the parties of the mesoscopic domain
occupied by the matrix block and the fracture, respectively. Thus Y = Y, UY; U I'y,, where [, denotes the
interface between the two media. Let {27 with £ = “f” or “m” denotes the open set filled with the porous
medium ¢. Then 2 = 25 U Iy U (2, where I o 08 NS5 N 2 and the subscripts m and f refer to the
matrix and fracture, respectively. For the sake of simplicity, we assume that 25 N9 = @. We also introduce
the notation:

O 2% 0,7), 250 x0,7T), 25Y I x(0,7) (T>0is fixed). (2.1)

We focus our attention on a model where both fluids are assumed incompressible, that is the densities of
the wetting and non-wetting phases are strictly positive constants, and the skeleton density is also assumed
to be a strictly positive constant. It is assumed that no exchange of mass between the two phases can
take place and each phase remains homogeneous. Then the flow can be described in terms of the following
adimensionalized characteristics: ¢°(z) = @(z, £) is the porosity of the medium 2; K*(z) = K(x, £) is the
absolute permeability tensor of {2; 0., on, and o5 are the mass densities of the wetting and non-wetting
phases, and the skeleton, respectively; Sj = S7(w, 1) is the saturation of the wetting phase in {27 5; kfﬁu (S%)
and kﬁ‘,{(sg) are the relative permeabilities of the wetting and non-wetting phases in the medium 2§ 5
(£ =f,m); Piw = Piw(®,1), Pj,, = Pj,(x,t) are the pressures of wetting and non-wetting phases in 2
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Py (57) is the capillary pressure in (2 5; T° = T%(z,) is the temperature; C,, C,, are the constant heat
capacities of the wetting and non-wetting phases, respectively; C5(z) = C,(2) is the heat capacity of the solid
part; uS, = py(T°) and ps = py, (T°) are the viscosities of the wetting and non-wetting phases, respectively;
k% (x) = kr (%) is the thermal conductivity of the combined three-phase system. For all S,T" € R, the mobility
functions Ag ., Ae,n are defined by:

(0) (0)
def krw<s) def k'r n(S)
)\ w S7T = ’ 5 )\ \n S,T - :
Sy A3

In what follows, each function f¢:= S pS ,p;,T°, CS is defined as:

(£ ="f,m). (2.2)

£ () 15 () + fo(w, ) 15,(2),

where 15(x) = 14(%) is the characteristic function of the subdomain (27 for £ = f,m. In a similar way, we
define the functions A, A\, P.. Namely,

def

Ao (2.5°.77) S A (S7.77) 1(2) + Amr (S5, T5) 1(@) (0= w,m);

T e\ def € € € €
P, (g,s ) Y Pro (S5) 15(2) + P (S5) 15, (2).

In what follows, for the sake of presentation simplicity, we neglect the source terms. Then the conservation
of mass in each phase and conservation of energy relations read (see, e.g., [31-33]):

0< S5 <1 in O
9295~ div oA, (2,5°.T%) (Vph, 7)) =0 in 0
_Qa%%g — div{KE)\n (2,5°,7°) (Vp5, - Fn)} =0 in f7;

. 2.3
% — div{KETE [Cuwdw (£,55,T°) (Vp5, — Tw) + Codn (£,55,7°) (Vp5, — Fn)]} =9
—div{k;VTf} =0 in O
PC (%ass) :pi_pqgu in 'Q‘Ta
where 77, def 0w G, Tn def on ¢ with ¢ being the gravity vector, and
o* (g SE,TE) def {((CwSE +Cu[1 — S7) &%+ C [1 — o] } Te. (2.4)

The exact form of the porosity function, the function C§, the thermal conductivity, and the absolute
permeability tensor corresponding to the double porosity model studied in this paper will be specified in
conditions (A.1), (A.2), (A.3), and (A.4) in Section 2.3.

The model (2.3) has to be completed with appropriate interface, boundary and initial conditions.

The interface conditions on X5 are the continuity of the phase fluxes, the phase pressures, and the
temperature:

qﬂffw-ﬁ:(j;f“w-ﬁ and Jffn~ﬁ:§ni7n~ﬁ on Xg;
kEVIE -V =k3VI; -7 on X5

pfyw = pfn,w and pf’n = pﬁ%n on X3,

Tf =15 on X3,

(2.5)

where X5 is defined in (2.1), 7 is the unit outer normal on I'; , and the fluxes g7, ¢7,, are given by:
fe © KN (S5,.T5) [Vl p — 7] (E=f,m; 0=
Qe = to( l,09 ) [ Pes To} (L=f,m; o=w,n).

The boundary 942 consists of two parts I'p and I'y such that I'pN Iy =0, 92 = 'pUT 5 and |I'p| > 0.
Here I'p, I'y are Lipschitz subsets of 0f2. On I'p the pressures and the temperature satisfy homogeneous
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Dirichlet boundary condition while on I'y the corresponding fluxes through the boundary are equal to zero,

that is:
cj’f)~ﬁ:q V—/CEVTE 17:0 on I'y x (0,7), )

where the fluxes ¢, g, are defined as follows:

(Zf déf —Kg(ﬂf))\o- (g’ss’T‘f) (VPZ-_’F(T) (a:w,n)-

The initial conditions read:

pi,(w,()) = p?u(x)a pr(CE,O) = p?L(x)7 Ts(xa O) - TO(‘T) in £2. (27)
2.2. The concept of nonisothermal global pressure

In the sequel, we deal with a formulation of problem (2.2)—(2.7) obtained after a proper change of unknown
functions. This transformation uses the concept of the so-called nonisothermal global pressure. For the
isothermal incompressible immiscible two-phase flow, this concept was introduced for the first time in [34,35].
Then it was generalized to the nonisothermal case in [36]. This concept plays a crucial mathematical role
for a priori estimates and compactness results. Notice that in contrast to the gradients of phase pressures
which do not have uniform estimates with respect to € because of the degeneration of the mobilities (see
Lemma 3.1 below), the gradients of the nonisothermal global pressure possess the corresponding uniform
estimates (see Lemma 3.4 below). This fact is then used in the proof of the main result of the paper given
in Section 6.1. Following [36], for any subdomain §2; (¢ = f, m), we define the nonisothermal global pressure
P3 as follows:

e 5 /\ w ef e 5 5
Den = Py JF/ f\ (& T7) P .(€)dE = E Pi + Gen(SE,17)s (2.8)
1

where

A (S5, TE) N (S5, TE) + Mo (S5, T5).

Then using the capillary pressure relation (2.3)5, one can easily calculate that

5\ n e
D = P — / L1 6 T7) P dE ™ PF -+ G (S7.T7). (2.9)

It is easy to see that \
Vi = VP§ + (S5, T7) V PLo(SF) + B} VT
¢

and
At
Vi = VP] = S (S7, T7) VPe(S7) + B} V7,
¢
where g€
det [T 0 [Aew
Bt =55 75) [ o | S| o ae (2.10)
As in [23], we introduce the following functions that depend on the saturation only:
1/2
e S » B kEh©) /
g 2 [T oy with )™ | el PO 2.11)
0 Fraw(€) | kra(€)

where the constants M,,, M,,, m,,, m,, are defined in condition (A.7) below. Furthermore, we set
aef MaMy,  EL(SE)my, + k% (S2)m,,

A9 sz, 1)
O i 1) (52 )t (TE) + ke (2 )pim (TE)
6

(2.12)
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¢ def )\gw (S ,TE )\M(S T¢)
A0 (ss 15) < s;,Tf\/ fM 5.1 e (2.13)

Due to (A.6) and (A.7), the function A(()Z) (¢ =f, m) satisfies the estimates
0 < Aomin < A5 (S5,T5) < Aomaz < +00, (2.14)

with some constants Ay yin and Agmaes. The function Agé) keeps the degenerations in (2.3) as it is zero for
S; =0 and S7 = 1. With these new functions we can write:

A VD50 = AenVPE — A VB(S5) + A B VT (2.15)
Moo Vi = AewVP; + A VBi(SF) + Ao, B VTE; (2.16)
e (V95”4 A (V95 * = Ao [VPE + A7V B(SE) [ + A [BE)? [VTE® + 20 BF VPF - VI, (217)

In what follows we also make use of the function B defined by

~

B(s) d:ef/o a(§)dg with a(s) = min{ar(s), am (P71(5)) }, (2.18)

where
P(s) = (Pl oPne)(s), sel01]. (2.19)

Remark 1. Notice that due to the properties of the capillary pressure functions P . and P, . (see condition

(A.5) below), the function P is a smooth, increasing function with a bounded derivative. Moreover, P(0) = 0
and P(1) =1

2.8. Main assumptions

The main assumptions on the data (A.1)—(A.10) are listed below. In the rest of this paper we assume
that these assumptions hold.

(A.1) The porosity function @° is given by:
(@) & 0 (2) 15(2) + I () 15(2),

where &f € L°°(£2) and there are positive constants ¢' ﬂ_ independent of € such that 0 < ¢f <
Pf(z) < ¢f. < 1 a.e. in 2. Moreover,

d¢ — O strongly in L?(£2).

D = Pm(y) is Y-periodic, &, € L>(Y) and there are positive constants ¢™, ¢ independent of ¢
and such that 0 < ¢™ < @ (y) < ¢T <l ae. inY.
(A.2) The absolute permeability tensor K¢(r) = K*(x, Z) is defined as

K* (@) = Ke(w,y) 1§(2) + &2 Km(2,9) 15(2),

where Ky € (L>(£2;Cx(Y)))?*¢ with ¢ = f, m; the subindex # indicates that K,(z,y) is periodic in
y. Moreover, there exist constants kpyin, K™ such that 0 < kpjn < E™** and

Fmin| €] < (Ko(z,y) €, €) < k™X|¢]? forallé € R?, a.e.in 2 x Y.
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(A.3) The heat capacity of the solid part is given by C&(z) def Cs(%) where C, is a Y-periodic function,

def .
Co(y) = Cre1¢(y) + Crms Im(y) with 0 < Cy g, Cpp s < +00,
where the constants C¢ s, Cr s do not depend on €. The fluid heat capacities C,, and C,, are strictly
positive constants.
(A.4) The thermal conductivity tensor k% is given by:

def
kg (2) = ke 15 (2) L4 kmr 15, () I,

where I is the unit tensor and k¢ 1, km 7 are positive parameters that do not depend on €.

(A.5) The capillary pressure function Py .(s) € C'([0,1;R") (¢ = f,m). Moreover, P; (s) < 0 in [0,1],
Pg,c(l) =0 and Pf7c(0) = Pm7c(0).

(A.6) The functions k‘g}u, k,(f%, belong to the space C!(R) and satisfy the following properties:
(1) 0 < kY, kY <1 on R; (i) K0 (S) = 0 for S<0 and kY (S) = 0 for §>1; k% (S) =1 for §>1
and k‘gn(S) =1 for S<0; (iii) there is a positive constant kg such that kg&,(S) + ky(f%(S) > ko>0
for all S € R.

(A.7) The viscosities fiy, in € C1(R) are functions of the temperature T. Moreover, these functions, for
any T € R, satisfy the following bounds:

0<mo < po(T) < Mo, pg(T)| <My < 400 (0 =w,n).

(A.8) The function oy defined in (2.11) is such that o, € C1([0, 1]; RT). Moreover, a,(0) = (1) = 0 and
ay > 01in (0,1). In addition, there exists a constant C' > 0 such that

am(s) < Cag(s) for all s € [0,1]. (2.20)

(A.9) The function B!, inverse of 3 defined in (2.18), is a Holder function of order 6 on the interval
[0,8(1)] with 6 € (0,1). That is there exists a positive constant C such that for all u1,us € [0, 5(1)]
the following inequality holds:

~

B uy) — B (u2)| < Cp Jug — ual”.

(A.10) The initial data for the phase pressures are such that p9,p% € L?*(£2) and 0 < p2 — ( )-
The initial data for the saturation 0 < S%¢ < 1 is defined by the capillary pressure law pn P =
P.(z/e, S%¢). The initial temperature T9 € L>°({2) satisfies the bounds T,,, < T°(x) < Ty a.e. in 2
for some constants T),, and Ths, Ty, <0 < Ty

Remark 2. According to (A.6) and (A.7) the mobility functions Ay ., Ae,n, defined in (2.2) belong to the
space C'(R x R;RT) and satisfy the following properties:

(1) Mw(0,T)=0and A\, (1,7) =0 for all T € R;
(ii) there is a positive constant Lg such that

A(S,T) N (S, T) + Ao (S, T) > Lo < min{m,, my}

ko
M. M. >0 forall S,T eR. (2.21)
It also easily follows from conditions (A.6), (A.7) that
k) Ra(S) _ 11 aer

sm =t B (2.22)
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Remark 3. Notice that the initial data for the nonisothermal global pressure function, P%¢, can be
calculated with the help of the definition (2.8) and the initial data for the phase pressures and saturation
function determined in condition (A.10).

Remark 4. Since the derivative of the capillary pressure functions is bounded from below and from above
(see condition (A.5)), the function P has a strictly positive derivative, i.e., min,ejo 1) P'(s) > 0. Then it holds,

Cs |B(P(S1)) = B(P(S2)) "> [P(S1) = P(S2)| > min P’(s)[S1 — Sz,

s€[0,1]

where the function 3 is defined in (2.18). This inequality shows that the inverse of the function €(s) &f

(B oP)(s) is Holder continuous with the same exponent 6 as for the inverse function of B (see condition (A.9)).
The same fact is true for the unbounded capillary pressure functions, with, possibly, smaller exponent 6, if
we assume that the inverse of the capillary function P . is Hélder continuous.

We also note that the function ff (see definition (2.11)) is Holder continuous with the exponent 6 since

S 0 S 0
/ ay(s)ds / a(s)ds
Sa So

and therefore the same bound is valid for §f o P.

~ —~ 0
Cp |B1(S1) — Br(S2)|” = Cp > Cp :CB‘B(SI)_/B(SQ) > [S1 — Sal,

Remark 5. If we define S9 < P (0),, — p.,), for £ € {f,m}, then the initial saturation defined in
condition (A.10) is given by
S%%(w) = P (2) 1§ (2) + Sp () 15, ().

Remark 6. The assumptions (A.1)—(A.10) are classical and physically meaningful for two-phase flow in
porous media. They are similar to the assumptions made in our previous work [23] that dealt with the
existence of a weak solution for the studied problem.

2.4. Definition of a weak solution

In order to define a weak solution to problem (2.3)—(2.7) we introduce the following Sobolev space:
H}«D(Q) &f {ue H'(2) :u=0o0nIp}.

The space H}D(Q) is a Hilbert space when it is equipped with the norm Hu||H; ) = IVull (120
D

Definition 2.1. We say that a quadruple function (pS,, p, S, T¢) is a weak solution to problem (2.3)—(2.7)
if, for any € > 0,

(1) 0< 5S¢ < 1ae. in 2.
(ii) T, < T < Ty ace. in .
(iii) The functions p$, pS,, S, T¢ have the following regularity properties:

Pooph € L3(27) and (X, (5.897°) Vil (A (5,95 79) Vph e L2(@0)s (2:23)

T® € L*(0,T; Hp, (12)). (2.24)

(iv) For any @u, ¢n, or € CH([0,T]; H' (2)) satisfying ., = ¢ = ¢ =0 on I'p x (0,7) and
Ow(@,T) = pn(x,T) = or(x,T) = 0, we have:
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Wetting phase pressure equation:

—/ Qg(x)SE%dxdt—/ P (2)SY (2) o (x, 0) dx
fon Q

ot
. (2.25)
+ [ K (2 (7,55,T5> [VpS, — 7] - Vepu dadt = 0;
Q27 €
Non-wetting phase pressure equation:
5 € 39% 5 0,e
¢ (z)S 5t dedt+ | 9°(x)S7%(x)n(z,0)dx
o ! “ ) (2.26)
+ [ K@)\, (—, S5 T5> [VpE — 7] - Vi dadt = 0;
Qg €
Temperature equation:
€ 8S0T 0,e £ €
- We—— dxdt — | @ (z,0) do+ k7 (x)VT® - Vor dedt (2.27)
o ot Q o

€ 1€ E e e e = E e e e _ = . _
+/er {T* K@) [Cura (2.5°.T7) (V65 = 7o) + Caka (2.8°.77) (Vi = 72) ] | - Veor dudt = 0,
where the function ¥¢ is defined in (2.4) and

def

B0¢ & (€, 8% + 1 - §9) 7 + €5 [1 - #°] } 1°. (2.28)

According to [23] and its direct generalization to the case of multiple rock types, under assumptions
(A.1)—(A.10) problem (2.3)—(2.7) has at least one weak solution.

Notational convention. From now on C, C1, Co, ... stand for the generic constants that do not depend on
E.

3. Uniform estimates for a solution to problem (2.3)—(2.7)

In this section we obtain the a priori estimates for a solution to problem (2.3)—(2.7). Inspired by [23,24]
we obtain the following results.

Lemma 3.1. Let a quadruple function (pS,,p5,S%,T¢) be a weak solution to (2.3)—(2.7). Then

o 2 g 2
€ Y Qe e S Y Qe e € < ) )
LK (;«){Aw (Z.5°.7%) IVpa* + A (£.5°,7°) 995 }dxdt\ Co (3.1)

Corollary 3.1. Taking into account condition (A.2) the bound (3.1) implies that

Al SE TN 4 N5 TNV
9%,

+52/
I7)

Lemma 3.2. Let a quadruple function (pS,,p5, 5%, T¢) be a weak solution to (2.3)—(2.7). Then

{)‘m>w(5§q,T5)IVpﬁq,wl2 + Am,n<s;,T6>|Vp;,nl2} drdt < Co. (3.2)

5
m,T

/Q \VTe da dt < Cy. (3.3)

10
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Remark 7. In the derivation of (3.3) the crucial role plays condition (A.4) where the thermal symmetric
conductivity tensor k%. (in contrast to the global permeability tensor K¢) is of order one with respect to €
both in the matrix part and the fissures system.

Now we turn to the estimates of the nonisothermal global pressure P and the function 8,(S§) (¢ = f, m)
defined above in Section 2.2. To this end we make use of the relation (2.17) in which we first estimate the
quantity Bj. The following result holds true.

Lemma 3.3. Let a quadruple function (pS,pS,, 5%, T¢) be a weak solution to (2.3)—(2.7). Then

Bf| < Cp with Cp = Py.(0) (3.4)

n m'LU
where the constants M, m,,, M,,, m,, are defined in condition (A.7).
The Proof of Lemma 3.3 is presented in Lemma 3.3 from [24]. O
The gradients of the nonisothermal global pressure P§ and the function 5,(S§) (¢ = f,m) admit the

following estimates.

Lemma 3.4. Let a quadruple function (pS,pS,, S, T¢) be a weak solution to (2.3)—(2.7). Then

/ |VP$|2dxdt+52/ |VPe |2 da dt < Cy; (3.5)
g T
/ |V5f(Sf)|2dxdt+52/ IV Bn(S3)? da dt < C. (3.6)
O 5 o

where the function (S5) is defined in (2.11).
The Proof of Lemma 3.4 can be done by the arguments similar to those from Lemma 3.4 in [24]. O

Lemma 3.5. Let a quadruple function (p5,p5,,S%,T¢) be a weak solution to (2.3)—(2.7). Then under
assumptions (A.1)-(A.10) the following uniform in e estimates hold true:

||P?||L2(Q§7) <C and HPEmHL2(,Q’fq ) <G (3.7)

Proof of Lemma 3.5. In the proof of the lemma we follow the lines of the proof of Lemma 3.2 from [9].
The first bound in (3.7) follows immediately from Friedrichs’ inequality and the uniform estimate (3.5).

Now we turn to the derivation of the second bound in (3.7). Since the global pressure is a discontinuous
function on the interface I, (see (2.1) for the definition), then we make use of the ideas from [37,38]. For
Pr, € L?(0,T; H'(£5)) and P — Pr, € L*(0,T; Hp, (£5)) it is proved in [38] (see estimates (3.10), (3.11)
in Theorem 3.1) that there exists a constant C' independent of ¢ such that

1Pl 2o ) < C e I9Palz2 ez )+ VE IPallLa(ss)] - (38)
VEIPEl2(g) < C [2IVPE Loz, + IPEl2(er, |- (3.9)
Note that inequalities (3.8) and (3.9) follow from the Poincaré inequality, the trace inequality and the scaling

argument.

11
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Then due to the definition of the global pressure P, (2.8), and the interface condition (2.5) written in
terms of the global pressure, one obtains the following estimate:

IPallrz(se) <P 4 Gmaw (Sh Tl p2(2) + 1Gm,w (S5 Tl 222
= ||Pf + Gf,w(stvaE)||L2(2;) + ||Gm7w(Srinni)HL2(Z‘fr) (3.10)
< IPFllp2esg) + 16w (SF Tl 2 zg) + 1Gm.w (Sms Ti) L2 (52) -

Now, taking into account the boundedness of Gy, ., (S7, 77 ), the geometry of (27 5, (3.8)-(3.10), we obtain:
1P lzecaz oy < C (eIVPaIz(gz ) +1)- (3.11)
By using (3.5), from (3.11) we get the desired inequality (3.7). Lemma 3.5 is proved. O

Let us pass to the uniform bounds for the time derivatives of S¢. In a standard way (see, e.g., [39]) we
get:

Lemma 3.6. Let a quadruple function (pg,p5,, S, T°) be a weak solution to (2.3)=(2.7). Then under
assumptions (A.1)-(A.10) the following uniform in e estimates hold true:

{0,(9555)}.o, is uniformly bounded in L*(0,T; H ' (2f)); (3.12)
{0, 95}, is uniformly bounded in L*(0,T; H™*(£27)); (3.13)
where
€ e(qe ey def € € € € € €
Wi = Wi(S7,T7) © {(CuSi + Call = S71) 25 + €5 1 - 9] } 15 (3.14)

and where $fF, IS, are defined in condition (A.1).

4. Compactness and convergence results

The outline of this section is as follows. First, in Section 4.1 we extend the functions P§ and Sf from the
subdomain {2 to the whole {2 and obtain uniform estimates for the extended functions. Then in Section 4.2,
using these uniform estimates we prove the compactness result for the family {§f }eso- In Section 4.2 we
establish the compactness result for the sequence of functions {7°¢}.¢.

4.1. Extensions of the functions Pg, Sf

The goal of this subsection is to extend the functions P§, Sf defined in the subdomain (2f to the whole
{2 and to derive the uniform in e estimates for the extended functions.
Extension of the function Pf. First, we introduce the extension by reflection operator from the subdomain
¢ to the whole {2. Taking into account the results of [40] we conclude that there exists a linear continuous
extension operator I1° : H'(2¢) — H'(£2) such that: (i) [I°u = u in f and (ii) for any u € H'(£¥),

HIFullr2(0) < Cllullz2gey and  |[V(ITTu)|[p2(0) < C[[Vulr2(qe), (4.1)
where C' is a constant that does not depend on u and . Now it follows from (3.5), (3.7) that
IVUITPE L2y + HTFPE ]l 1200 < C (4.2)

Notational convention. In what follows we will denote ﬁ? = II°P;.

12



B. Amaziane, M. Jurak, L. Pankratov et al. Nonlinear Analysis: Real World Applications 61 (2021) 103323

Extension of the function Sf. In order to extend Sg, following the ideas of [29], we make use of the function
f defined in (2.18). It is evident that f is a monotone function of s. Let S~ be the function defined by:

—e e g 3 QE
g© def )5 N (4.3)
P(s5) in 2,
where the function P is defined in (2.19). Then we introduce L*(0,T; Hp_ (£2)) function:
Y def 5 F¢ 5
FanEE = [ aw e (1.4
0

where the function @ is defined in (2.18). As in [37] (see Lemma 4.1) using (3.6) and the definition (2.18) of
the function 3, one can show that there is a constant C' which does not depend on ¢ such that

|‘VB(S€)||L2(Q€T) = HVB(EE)HLQ(QET) <C and €|VA(S E)||L2(Q§1J) < C. (4.5)
Let now the function B¢ be the extension of the function j3 (S§) to the whole domain {2, i.e.,
B I1°B(S5) in Q7 with B = B(SF) in Q.
Then it follows from the extension by reflection and (4.5) that

0 < B° < max 3(s) a.c. in 7 and VB 120, < C, (4.6)
s€[0,1] T

Now we can extend Sf from (2 to the whole 2. We denote this extension by S¢ and define it as follows:
Se def 5 e
S = (B, (4.7)

This implies that
/ |V§(§E)|2 dedt <C and 0<S°<1ae. in . (4.8)
O

4.2. Compactness results for the sequences {§5}6>0 and {T%}c>0

The main goal of this subsection is to establish the compactness and corresponding convergence results for
the sequence {S¢}.~¢ constructed in the previous section (see the definition (4.7)). To this end we obtain an
auxiliary estimate of the modulus of continuity with respect to time variable for the saturation function S¢.
This result is also used below in the proof of the compactness and convergence results for the temperature
function 7. In this section we apply the ideas of the papers [41] and [23]. The main result of the section is
then given in Proposition 4.2.

Lemma 4.1. Under our standing assumptions, for h sufficiently small,

[ I86(0) = 85 - 1) [Bs)0) ~ BP0 dede < O (19)
/Q _ [8a(®) = S5t = W] [BER(SI))(0) — BP(SR)(¢ — h)] drdt < C'h, (4.10)

where _Qf,,? def 02¢ x (h,7), Q;’I?T def 028 x (h,T) and C is a constant that does not depend on € and h.

13
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Proof of Lemma 4.1. First, we rewrite Eq. (2.25) as follows. For any function ¢,, € L?(0,T; H'(£2)) such
that ¢, =0 on I'p x (0,7) it holds:

08¢
/ () sowdxdt+/ K (2, 2) M (S5, T°) (V0 = 7o) - Vipu dardt
Qg ot QfE‘I £ ’ ’

(4.11)
+ 52/ Ko (2 2) A (S50 T%) (V0o = ) - Ve dd = 0.
QE
m,T
Following the ideas of the proof of Lemma 6.3 from [41], we introduce the function x*:
o min{t+h,T} -~ o ) —ult—h
X° (z,t) d:f/ h [8h6(5 )| (z,7)dr  with o & % (4.12)
max{t,h}

Then, due to Lemma 3.4 and the boundary conditions for the function 3 (S %), we have x© € L2(0,T; H }D (2))
for any £ > 0. Setting ¢, = X in (4.11), by the Fubini theorem we have:

/Q 7 @f(x)aais & dadt = /h ' /!2 # () 12 [057] [9"B(S )] de dr. (4.13)

Then from (4.11) with ¢, = x° and relation (4.13) we obtain the following relation:

/h ' /Q # () 12 [057] [0"B(S )] dedr = ).
where

9°[x°] 7/96 K (2,2 ) Ma(SF. ) (Vpf o — 7) - ViF dadt

£, T

_52/
2

Now by Lemma (3.1), estimate (4.5) and Cauchy’s inequality we obtain that

Ko (:1: g) A (S5, T) (VP50 — ) - VX© dar .
m,T

]| < Ch,
where C' is a constant that does not depend on ¢, h. It is clear that

T P

/ / o< h? [ahsﬂ [ahﬁ(s 5)} dz dr
RoJR
- /Q B () (S, 1) — 7 (st~ ) (B(Sf(x,t)) — B (st - h))) dadt
.7

o,
2

&
m,T

85 0) (8500~ Saant = 1) (BOS3 0. 0) ~ (St = 1)) o,

Since B and P are monotonically increasing functions, then both integrals on the right hand side are positive
and we find the bounds (4.9) and (4.10). This completes the proof of Lemma 4.1. O

Corollary 4.1. Under our standing assumptions, for h sufficiently small,

/Qh |B(5°)(t) = B(S*)(t — h)|* dedt < Ch (4.14)
/ |55(t) — §5(t — b)|*/ dadt < C b (4.15)
23

14
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|2/9

/h |5°(t) = S°(t — )7/’ dwdt < C'h, (4.16)
Q‘J’

Here Q1 Lo (h,T); S is the extension of the function Sf to the whole 2 defined by (4.7); 0 is defined in
condition (A.9); C is a constant that does not depend on € and h.

Proof of Corollary 4.1. It follows from the definition (2.18) of the function 3 and condition (A.8) that

|B(S=()) — B(S*(t — )| < max &(s) [S*(t) — S°(t - h)].

s€[0,1]
[BE(S7(1)) = BEP(S (¢ = W)| < ma {G(P(s))} max {(P/()}S7(t) = 5°(t = ).

Then from (4.9) we get:

/Qe,h 1B(SE(t)) — B(S (t — h))|* da dt
) - - (4.17)
<C [S£(t) — SE(t — h)] [B(SE(t)) — B(SE(t — h))] dadt < Ch,

20y
where C' is a constant that does not depend on ¢, h. In the same way we obtain that
/Q B 1) - BR(S5(E ~ )P dedt < Ch. (4.18)
m,T
The inequality (4.14) stated in the whole domain £ is a consequence of the bound (4.17) and the

properties (4.1) of the extension operator 7.
From condition (A.9) we have:

29 4o dt

/h |§€(t)f§€(t7h>|2/0dzdt:/h |B71(B(S%))(t) — B~ (B(S%))(t — h)|
“Q‘J' Q‘J’
<C /Qh B(5°)(t) — B(S)(t — h)|* de dt.

Then from (4.14) we obtain the desired bound (4.15). Taking into account Remark 4 we know that the
inverse of the function o P is Holder continuous with the same exponent € and therefore we get:

/Qg,h IS5 (t) — S5t — b)) d dt = /Q&h (B o ®)"LBEP(S2))(1) — (B o P) L (BP(SE)))(E — b)Y da dt
<C /Qa,h BP(S5) (1) — BP(SE)(t — h))|” da dt.

Combining this inequality with (4.18) and the restriction of (4.15) to Qf# we obtain (4.16). Corollary 4.1
is proved. O

The main result of the section reads.

Proposition 4.2. Under our standing assumptions there is a function S such that 0 < S < 1 in {25 and,
up to a subsequence,
S¢ — S strongly in LI(f2y) for anyq > 1. (4.19)

15
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Proof of Proposition 4.2. By (4.8) the sequence {3(5%)}.> is uniformly bounded in L2(0,7; HY(2)).
Since this sequence also satisfies (4.14), it follows from [42] that {ﬂ(SE)}E>0 is a relatively compact set
in the space L?(f2y). Therefore, for a subsequence, /B(SE) — B* strongly in the space L?(25). Letting
S = B~1(B*) we get 5° — S strongly in L2/%(£27). In view of the uniform boundedness of the functions
B (Sa) this implies the strong convergence in the space L({2y) for any 1 < ¢ < co. This completes the proof
of Proposition 4.2. O

Relying on (4.16) one can repeat the proof of Proposition 4.4 in [24] and prove the following compactness
for the temperature:

Proposition 4.3. Under our standing assumptions there is a function T such that T, < T < Ty in (25

and, up to a subsequence,
T° — T strongly in LY(f25) for anyq > 1. (4.20)

4.3. Two-scale convergence results

In this Subsection, taking into account the compactness results from the previous section, we formulate
the convergence results for the sequences {]Bf}s>0, {§5}8>0, and {T¢}.~¢. In this paper the homogenization
process is rigorously obtained by using the two-scale approach (see, e.g., [30]). For reader’s convenience, we
recall the definitions of the two-scale convergence.

Definition 4.4. A sequence of functions {v:}.~o C L?(f27) two-scale converges to v € L?({2y x Y) if
[v¥llL2(0,) < €, and for any test function ¢ € C>(05;C4(Y)) the following relation holds:

lim v (z,t) @ (a:,t, g) dr dt = /_Q y vz, t,y) p(z,t,y) dy dz dt.
5 X

e—0 Qg

2s

This convergence is denoted by v (x,t) = v(x,t,y).

Now we summarize the convergence results for the sequences {Pf}.so, {S%}es0 and {T=}.59. We have:

Lemma 4.2. There exist a function S such that 0 < S < 1 a.e. in 27, B(S) € L?*(0,T; H}D(.Q)), and
functions P,T € L?(0,T; H}D(Q)) Wy, W, Wy € LQ(QT, per(Y)) such that up to a subsequence:
S¢(z,t) —> S(x,t) strongly in LI(025) ¥V 1 < ¢ < +00;
P (x,t) — P(x,t) weakly in L2(0,T; H'(£2));
VP§ (1) 2 VP(z,t) + Vywy(z,t,y);
B(5%) — Be(S) btrongly in LI(5)V 1< qg<+oo;
VB(S%) (@, 1) 22 VB(S) (1) + Vywa(z, £, 1);
T¢(z,t) — T(x,t) strongly in LI(25) V 1 < ¢ < +o0;
T¢(x,t) — T(x,t) weakly in L*(0,T; H*(2));
VT (2,t) 2 VT (2, 1) + Vywr(z, t,y);

Proof of Lemma 4.2. The proof of Lemma 4.2 is based on the a priori estimates for the functions B(S§),
Pf and T° obtained in Section 3, the extension results from Section 4.1, Propositions 4.2 and 4.3. The
two-scale convergence results are obtained by arguments similar to those in [30]. Lemma 4.2 is proved. O

16
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5. Dilation operator and convergence results

It is known that due to the nonlinearities and the strong coupling of the problem, the two-scale
convergence does not provide an explicit form for the source terms appearing in the homogenized model, see
for instance [13,29,41]. To overcome this difficulty the authors make use of the dilation operator. Here we
refer to [10,13,29,41] for the definition and main properties of the dilation operator. Let us also notice that
the notion of the dilation operator is closely related to the notion of the unfolding operator. We refer here,
e.g., to [43] for the definition and the properties of this operator.

The outline of this section is as follows. First, in Section 5.1 we introduce the definition of the dilation
operator and describe its main properties. Then in Section 5.2 we obtain the equations for the dilated
saturation and the global pressure functions, the corresponding uniform estimates and the convergence

results.

5.1. Definition and preliminary results

Definition 5.1. For a given € > 0, we define a dilation operator ©¢ mapping measurable functions defined
in Q;J to measurable functions defined in 25 x Yy, by

dcf{go(ce(x)Jrey,t), if ¢(z)+ey € 05; (5.1)

e e
(D%¢) (z,t,y) = 0, elsewhere,

where ¢¢(x) ekifzee (Y + k) with k& € Z? denotes the lattice translation point of the e-cell domain

containing .
The basic properties of the dilation operator are given by the following lemma (see, e.g., [10,41]).

Lemma 5.1. Let ¢, € L*(0,T; H*(£25)). Then we have:

Vy©€<p = ggs(vm@) a.e. in 23 % Yo (52)

||@€<P||L2(97xym) = ||80||L2(Q;J)§
VD0l 2 (25 xvim) = € 1DV 0l L2000 xve) = € IV <PHL2(Q;J)%
(:‘35%5‘361#)L2(ijxym) = (¢, w)LQ(QﬁLT) .
The following lemma gives the link between the two-scale and the weak convergence (see, e.g., [29]).

Lemma 5.2. Let {¢®}.50 be a uniformly bounded sequence in LQ(QEJ) satisfying: (i) D — ¥ weakly
in L2 (0295 L2, (Yo)); (i) 15,(2)¢° R e L2(29; L2, (Ym)). Then ¢° = * a.e. in 25 x Y.

Finally, we also have the following result (see, e.g., [13,41]).

Lemma 5.3. If ¢° € L*({25 ) and 15, (x)¢° Boe L*(05; L2, (Ym)) then D°¢° converges to ¢ strongly
in L? (23 X Yy). Here 2% denotes the strong two-scale convergence. If ¢ € L?(§23) is considered as an element

of L3(25 x Yy constant in y, then D¢ converges strongly to ¢ in L2(2y x V).

17



B. Amaziane, M. Jurak, L. Pankratov et al. Nonlinear Analysis: Real World Applications 61 (2021) 103323

5.2. The dilated functions ©°S;,, D°P5, D°1y, and their properties

In this section we derive the equations for the dilated functions ©°S%,, D°P5, ©°Ty and obtain the

corresponding uniform estimates. In what follows we also make use of the notation:

DeSE, def e DEPC def p;, and D°T; def 0. (5.3)

m? m

The equations for the dilated functions s;,, pg, are given by the following lemma.

Lemma 5.4. For x € {2, the functions s, pS, satisfy in the space L*(0,T; H=(Yy)) the following system
of equations:

asren : 5 5 £ - m £ I3 £
()5 — div, { Eon(2.9) [Amw (5502 00) [V = €7l +-A™ (55, 05) V. (55
+Am,wBm (85, 0m) V4, 6°] }— 0; (5.4)
5)5; : 5 5 (3 = (m) /e £ €
—Pn(y) ot div, Kn(z,y) [)‘m,n(smvem)[vypm — e =4 (8ms Om) VyBm(sm)
+Am,nBm(5p, 05) V4 0°] }: 0. (5.5)

The Proof of Lemma 5.4 is given in [29,41]. The system of equations (5.4)—(5.5) is provided with the
following boundary conditions:

B(s5) = M(Br(D°S%))  on It for (z,t) € 25 7, (5.6)

where

M déf ﬁm o (Pm,c)71 o Pf,c o (6]‘)71 = 6m o (ﬁf o ‘:P)il- (57)

We also have

Pa + Gy (55, 05) = DPF + Gy, (D°S5, D°TF)  on Ity for (a,t) € 05 ;
Pe + G (55, 05) = D°PF + Gp o (D°5%, D°TF) on gy for (z,t) € 25 4.

The initial conditions are
si(z,y,0) = (@ESS])(x,y) and pf (z,y,0) = (’E)EP?n)(x,y) in 25 x Yy, (5.8)

where SO, PY are the functions defined in (A.10) and Remark 5.

The dilations of the functions defined on the fracture system can be defined in a way similar to that
already used for the functions defined on the matrix part.

Now we establish a priori estimates for the functions s:, p5,. They are given by the following lemma.

Lemma 5.5. Let (&, p5,, 05) be dilated functions defined in (5.3). Then:

0<s, <1, ae infyxY,, (5.9)
IVyBm (80l L2 (27222, (vm)) < (5.10)
10mll L2 2y:22,, (vm)) S C0 IVeOnllL2(oy:L2,, (vm)) S Cc (5.11)
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Proof of Lemma 5.5. Statement (5.9) is evident. The uniform estimate for the gradient of the function
Bm(sg,) follows from the uniform bounds of Lemmas 3.4 and 5.1. Finally, the uniform estimates (5.11) follow
from Lemmas 3.2 and 5.1. Lemma 5.5 is proved. [

Since our fluid system is incompressible we can show that the global pressure in the matrix blocks
converges to a constant, independent of the fast variable y. This is the subject of the following lemma.

Lemma 5.6. For all ¢ € L*(25; H} (Y)) it holds

/ (2, 9) A (550, 05)V s - V0 dy e dit
Qg’XYm

Qg

Proof of Lemma 5.6. From (5.4) and (5.5), by summing the equations we eliminate the saturation and
obtain:

divy {K (@,9) [Am(sm: ) VD = €Amoaw (870, 05) 70 — EAm (55, 05) 7 + Am B (850, 0) Vy 98]}
where Ay, = Am.w + Am.n- The weak formulation of this equation is as follows: for any ¢ € L2(0,T; HE(£2)),

/ [ Ko (0, 9) (550, 05) V5 - V6 dy d dt
Qg% Ym

:/ [ (@, ) [ENmns (552, 05) 7o + EAans (552, 052) 70 — A Brn (550, 05)V05.] - V&) dy i dit.
.QrTXYm

Using the boundedness of the functions Am w, Am,n and AmBm, together with the estimate (5.11) we conclude
that there is a constant C' which does not depend on ¢, such that (5.12) holds. Lemma 5.6 is proved. O

Lemma 5.2 imply the following convergence results.

Lemma 5.7. Let (s5,p5,,05) be the dilated functions defined in (5.3). Then, up to a subsequence, we have:

15 ()55, 2 s € L2(02y; L2 (Ym)):

(5.13)
55, — s weakly in L?(£25 x Yp,).
Lemma 5.8. The weak formulation of Eq. (5.4) for the dilated matriz saturation s, has the form:
st
/ T (y) o cpdyda:dt+/ (K, )V, B (55, T) + F°Y - Vypdydedi =0, (5.14)
Qg—XYm Q‘J’Xym

for all p € L*(0g; HY (Yw)), where B is the function introduced in (6.6), the temperature T = T(x,t) is
given in Proposition 4.3, and

F = Kan(@,) | Amaw (550 0) V05, = £72]

(5.15)
(A5 (570, 0) = AT (550, TNV Bn(550) + Armo Ben (570, 07) V. 0
Furthermore, we have
|/1§m (s5,05) — /l(m (sq, T)| = 0 ace. in 25 XY, ase — 0. (5.16)
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Proof of Lemma 5.8. From direct calculation we get

M /I (S)ma + K (S)m kG (S) KA (S)
m,,my, kS (S) o (T) + KL (S) i (T)

AP (8, T) =

)

and consequently by (A.7) there is a constant C' > 0 such that
A (550, 07) = A (550 T < C |10 (07) = oo (T)] + |1 (85,) = (D).

Due to the strong convergence given in Proposition 4.3 and Lemma 5.3, we get (5.16). Furthermore, using
the fact that T'= T'(x,t), we introduce the function g, = 8% (S,T) given by the relation

d . () /
%ﬂm(svT)_Al (S, T)Bm(S)

Then we have
AT (55, T)Vy Bim(57) = VB (55, T): (5.17)
One can easily verify that
Am,w (S, T)Amn (S, T)
Amw (S, T) + Amn (S, T)
17) coincides with the function g% defined by (6.6) below in
(5.15) follow now directly from (5.4) and (5.17). Lemma 5.8 is

A™(S,T)BL(S) =

Therefore, the function £}, introduced in (5.
Section 6. The weak formulationn Eq. (5.14)—
proved. [

6. Statement of the homogenization result

In this section we formulate the main result of the paper and we complete its proof.
First, we introduce the notation. By S, P,, P, and T we denote the homogenized wetting phase
saturation, wetting phase pressure, nonwetting phase pressure and temperature, respectively.

- ¢* = ¢*(z) denotes the effective porosity and it is given by:

def

¢*(x) = of' (2) Yl /[Yl, (6.1)

where the function @f! is defined in condition (A.1) and |Y;] is the measure of the set Y; (£ = f, m).
- K* is the homogenized permeability tensor with the entries (K*); ; defined by:

def 1

(K%)ij(2) = 5 [ Kelw,y) [Vy&i + @] - [V + €] dy, (6.2)
Yol Jy;

where & = §;(x,y) (j =1,...,d) is a Y-periodic solution to the auxiliary cell problem:

_divy{Kf(%Z/)(vyﬁj =+ é})} =0 in Yf
Vy&j Uy = =€y on I (6.3)
y+&(y) Y — periodic.

- X% is the homogenized thermal conductivity tensor with the entries (K%.);; defined by:

def

* 1 — —
i /Y k) [Vyn; + &) [Vym + Eldy. (6.4)

where 1, =n,(y) (j =1,...,d) is a Y-periodic solution to the auxiliary cell problem:

—divy {kT(y)(vynj + gj)} =0 inY; (65)
y—n;(y) Y — periodic. .
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- For a fixed value of the temperature function 7' € R we define:

" A (S T)Amn (s, T) 1,
* (s, T) = e . P ds. 6.6
gte1) = [ Amelemala T pr (o) as (6.6)

We study the asymptotic behavior of the solution to problem (2.3)—(2.7) as ¢ — 0. In particular, we
are going to show that the effective model, expressed in terms of the homogenized phase pressures and the
temperature function reads:

0<S<1 in {2y
L 0S8 ) N ., 09, . .
@ i le{K Mow (S, T)(VPy, — rw)} =5 in £7;
— o~ «95 —dive K*X¢ (S, T) VP, —7) p = 0 in £2g;
ot ot (6.7)
ow* ) N - N .
T divq CoTK* X, (S, T)[V Py — 7] + CL.TK* X, (S, T) [V P, — 7]
— div{K;VT} = — Cn)%(QwT) in (7;
P .(S)=P,—P, in 2y
with
UH(S,T) = [(Cy S+ Cu[l — S]) #* + Cly, + Cfy +C, ] T, (6.8)
where @, is the mean value of the function @, over Yy, and the constants Ch,s» Cf 5 are given by:
Chy & Crs[1— @] and Cf, & Cr[[Vi|/[Yi| — *(2)]. (6.9)

For almost every point 2 € 2 the system for flow in a matrix block Yy, € R? is given by the so-called
imbibition equation:

Dn(y) 7 — divy { Km(z,y)V, 85(s, T(z,1))} =0 in Vi x 0g;
s(x,y,t) = PH(S(x,t)) on Iy x O; (6.10)

s(z,9,0) = S%(z) in Yy x £,

ot

where P(S) is defined in (2.19), s denotes the wetting liquid saturation in the matrix block Y, and S?, is
defined in Remark 5.

Remark 8. The inequalities from Remark 4 show that the parabolic operator in the imbibition equation
(6.10) is degenerate and thus important qualitative properties (such as, for instance, the finite speed of
propagation) remain true even in the nonisothermal case. This can be justified by means of the local in
space energy methods such as given in [44].

For any = € {2 and t > 0, the matrix—fracture sources have the form:

e 1
Quw def oA B (y) s(z,y,t) dy = —Q,. (6.11)

The boundary conditions for the effective system (6.7) are given by:

P =P, =T=0 onFDx( ,T);
K* A (S,T) (VPy — §) - 7 = K* A\ (S, T)(VE, —§) -7 =0 on I'y x (0,7); (6.12)
KHVT-v=0 on I'n x (0,7).
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Finally, the initial conditions read:
S(x,0) = Sf(x) and T(x,0)=T"x) in Q. (6.13)

The main result of the paper is given by the following theorem.

Theorem 6.1. Let assumptions (A.1)—(A.10) be fulfilled. Then the solution of the initial problem (2.3)—(2.7)
converges (up to a subsequence) in the two-scale sense to a weak solution of the homogenized problem (6.7),
(6.10), (6.11)—(6.13).

Proof of Theorem 6.1. The proof is done in several steps. We start our analysis by considering the
system (2.3). The main difficulty with the initial unknown functions pS,, p, in this system is that they do
not possess the uniform H'-estimates (see Lemma 3.1). To overcome the difficulties appearing due to the
absence of the uniform H!-estimates, we pass to the equivalent formulation of the problem in terms of the
global pressure, saturation, and the temperature function. Then using the convergence and compactness
results from Section 4 we pass to the limit in Egs. (2.25), (2.26), (2.27). This is done in Section 6.1. In order,
to pass to the homogenized phase pressures we make use of the change of the unknown functions. Namely,
we set, by the definition of the global pressure: P, f p + Gf,w(S,T) and P, < p + G, (S, T). Then we
rewrite the limit system obtained in terms of the global pressure and saturation in terms of the homogenized
phase pressures (see Section 6.3). The passage to the limit in the matrix blocks makes use of the dilation
operator (see Section 5). Then in Section 6.4 we pass to the equivalent problem for the imbibition equation

and, finally, obtain the local problem (6.10).

6.1. Passage to the limit in Eqs. (2.25), (2.26), (2.27)

In this section we pass to the limit, as ¢ — 0, in Eqgs. (2.25), (2.26), (2.27). This will be done in the
following way. We replace the gradients of the functions p5,,p, by their representations in terms of the
global pressure and saturation (see (2.15), (2.16)) and then pass to the limit in this equivalent formulation.
The homogenized equations are then obtained in terms of the homogenized global pressure, the homogenized
saturation, and the homogenized temperature function.

Passage to the limit in Eq. (2.25). In order to pass to the limit in (2.25), we make use of the relation
(2.16) for the gradient of the function p,,. Then we set:

Ow (a:,t, g) def oz, t) +e® (z,t, g) =p(x,t) +e1(x,t) (o (g) , (6.14)

where ¢ € D(£2 x [0,7)),(1 € D({27),¢ € Cpe.(Y), and plug the function ¢,, in the equivalent form of
(2.25) in terms of the global pressure and saturation. This yields:

~. [0 o¢e
—/Q(I ¢ (x) S° L,;f—l—s Gct] lf(x)dxdt—/g@?(m)SPl?(m)go(x,O)dx

+ Kf(x){Af,w(Ef, 7°) (vﬁf - Fw) + A (55, T%)VB(5°) + M. (S5, T°) By (57, TE)VTE}
$2g

: {w LVt vygs} 15 (2) da dt

B T\ e [00 | O - 6 o (6.15)
/Q8 ¢m<€)Sm{at —l—sat} dx dt /Qs Do (x) S, 0) de

m,T m
+ &2 K& () { Amaw (S5, T%) (VPE, — ) + A™ (S5, T°)V B (S5)

Q;J

+ A (SE, T) B (S5, T°)VT* } .{w T eVLCE vygf} dedt =0,
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where Kf(z) = K(z, 2)15(z), K (z) = K(z, £)1; (z), and 5%, P§ are the extensions of the functions S¢,
P¢ from (2f to the whole {2 that were defined in Section 4.

Now taking into account the uniform bounds given in Lemmata 3.2,3.4 and the convergence results of
Lemmata 4.2, 5.7 we pass to the limit in (6.15) as ¢ — 0 and obtain the following homogenized equation:

|Yf|/ olS ‘pdxdt—pﬂ/ oH (x,O)dx+/

Q{J’XY}

Kt(z,vy) { M,w(S, T)[VP + Vyw, — 7]

FAD (S, TYVBE(S) + Vyws] + Moo (S, T)B(S, T)[VT + V, wr] } .{w + va@} dy da dt

0
= / D (y) s(z, y, t)ﬁ dy dx dt + / B (y) SO () 0(2,0) dy da. (6.16)
QX Y ot 02X Y
Passage to the limit in Eq. (2.26). In a similar way, using relation (2.15) for the gradient of the function

Dn, We obtain the second homogenized equation. It reads:

|Yf|/ oS dxdt+|Yf|/ oS, O)dx—i—/ Kf($7y){>\f7n(S,T) [VP + Vyw, — ]

Q9 xY¢
_Al (Sv T) [Vﬁf(S) + vyws] + )\f,n(S» T)Bf(Sv T)[VT + vyWT]} ! {VSD + Clvyg2} dy dx dt
=— / P (y)s(z, y, t)aﬁdy dx dt — / D (y) Sy (2)p(,0) dy da. (6.17)
Qg X Ym ot

2XYm

Here in (6.16), (6.17) the function s is defined in (5.13).

Passage to the limit in Eq. (2.27). Taking into account the relations (2.15), (2.16) and then using the test
function (6.14), after passing to the limit as e — 0, we get:

_/ {qs{f(x)(cws+<cn[1_51)+(1—qs{f(x))cs(y)} gt da dy dt
29 XY

- /Q § {0F (@)(CuSP + Call = ) + (1 = 0 (2)) C(y) } T (,0) da dy
1 / CowTKe(z,y) { Ao (S, TV[VP + Vywy, — 7]+ 47 (S, T) [V B:(S) + Vyws]
g x Y
+A6,w (S, T) Be (S, T) [VT + Vywr] } -{Vgo + C1Vy§“2} dx dy dt
+ / CaTKr(,y) { Men(S.TVP + Vywy — = A (5, T)[VBr(S) + Vwi]
Q9 xYs
(S, T) Be(S, T)[VT + Vywr] } .{w + glvy@} dz dy dt
- / {fﬁm(y)(cws +Cpll—s))+(1- ¢m(y))<Cs(y)} T %f dx dy dt+
Q29X Ym
—/Q y {%(y)(@wS& +Call = Sp) + (1 = &n(y)) cs(y>} T0¢(,0) dx dy

n / ke (y) [VT + Vywr] - {w n glvycg} dady dt = 0. (6.18)
QyxY

It remains to identify the corrector functions wy, w, wp appearing in Eqgs. (6.16), (6.17), (6.18) in the
standard way (see, e.g., [16]). By setting ¢ = 0 in these equations and by multiplying (6.16) and (6.17)
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by C,T and C,T, respectively, and subtracting from (6.18), and taking into account the fact that the
temperature T' does not depend on the fast variable y, we get

(,y,t Z i (Y) 75— (1), (6.19)

where n; = n;(y) ( =1,...,d) are the Y-periodic solution of the auxiliary cell problem (6.5).
Adding Egs. (6.16), (6.17) and dividing by A¢(S,T'), which does not depend on y and is strictly positive
due to (2.21), we obtain:

d d
wp(z,y,t) =Y (gaz(m) ) &(y) +Be(S, T Z (z,t)x; (y), (6.20)

j=1
where the functions &;(z, y) satisfy the local problems (6.3) and x;(x,y) satisfy the following local problems:
—divy {K¢(z,y)Vyx; } = divy {K¢(z,y)(Vyn; + €)} in Y5

Vyx; Uy = =(Vyn; + €) -y on Im; (6.21)
y+— x;j(y) Y — periodic.

Note that from the uniqueness of the solution to problem (6.21), we have

Xj+m=¢; (6.22)

up to an additive constant.
Finally, we can identify

o(z,y,1) Zéj 82;3 x,1). (6.23)

6.2. Effective equations in terms of the global pressure and saturation

In this section we derive the homogenized equations for the wetting, nonwetting phases, and the
temperature. By setting (; = 0 in (6.16)—(6.18) and using the representations of the corrector functions
obtained in the previous section, we derive the following homogenized equations:

—/ o522 4y dt—/ $*S0o(x, 0)dx
o ot Q

+ [ K*2) {Af,w(s, T) (VP = 7)) + A (S, TYVB:(S) + A (S, T) Be(S, T) VT} Veodrdt  (6.24)
Qg

:7/ Qwa—wdxdtJr/ 6,52 (2)(x,0) d.
oy Ot Q

where the homogenized porosity &* is given by (6.1), @, is the mean value of the function &, over Yp,, the
homogenized permeability tensor K* is defined in (6.2), Q,, stands for the source term given by (6.11) and
the function s = s(z,y,t) is defined in (5.13).

Homogenized nonwetting phase equation is given by:

/ qﬁ*sa—‘pdxdwr/ &*SPp(z,0)dx
Qg ot Q

+ K*(x){Af,n(s,:r)(VP—Fn)—A§f>(s,T)v5f<S)+Af,n(s,T)Bf(5,T)VT}-wda:dt (6.25)

27

=— Qna—@da:dt—/ 3,50 (2)p(x,0) du,
oy Ot 7

where Q,, = —Q,, (see (6.11)).
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Homogenized equation for the temperature is given by:

- / {@*(«:w S+Cull = 8) +Ch, +Ch, + cnim} T %fdxdt
27

- / {@*((Cws? +Cu[1=SN+Ch,+Ci +Cy Em} Tp(x,0) da
2

+ | CoTR {AulST)VP = 7 +AT (S, T)VB(S) + M (S, T) Be(S, T) VT } - Vipdwdt (6.6
Q3

+ / Cy TK*{)\M(S, T)[VP — 7,]— A (S, T)VB(S) + At (S, T) Be(S, T) VT} Vedzdt
25

0
+ Jc*TVT-wdxdt:—/ (Co — Cn)Qu T L2 dzdt + Fpn(C /SOTO z,0)d
27 27 ot
where Cf,, ; and Cf | are given by (6.9) and X% is the homogenized thermal conductivity tensor defined in

(6.4)—(6. o)
6.3. Effective equations in terms of the phase pressures
The variational equations (6.24)—(6.26) can be written in the differential form as follows:

- %f iy { [ A8, TYTP = 7))+ A (S, T)VBH(S) + A (S, T)BH(S, TWT}}

6.27
o0, (6.27)

ot

0S
—9* o —div { K* [ Aen (S, T) (VP — 7)) — A (S, T)V B (S) + Aen (S, T)Be(S, T)VT } }

(6.28)

_ 99

ot

a * * * 3
o [ &*(Cyy S + Cp[1 — S]) + C, +Ci, +C, qﬁm} T
— div { Co TK* { A (8,T) [VP = 7l +- 417 (S, T)VB(S) + Ar. (S, T) Be(S,T) VT }}
(6.29)
— div { C,TK* { Ao (S, T) [VP — 7] = AD(S, T)VB:(S) + A (S, T) Be(S, T) VT }}
{5 VT = (C— C) (0, 7).
with the following boundary conditions:
P=T=0, S=1 onIpx(0,7); (6.30)
and the Neumann boundary conditions on I'y x (0,7):

K {2 (8. T) [VP = 7240 (S, T)V5(S) + A, (S, T) Be(S,T) VT } -7 = 0, (6.31)
K {2 (8. 1) [VP = 7] = AL (S, T)VB(S) + Ai.n (S, T) Be(S,T) VT } - 7 =0, (6.32)
K5 VT -7 = 0. (6.33)

It is straightforward to show that the initial conditions read,

@*S(x,0) + Dn(y) s(z,y,0)dy = *SP(x) + DS (), T(x,0)=T°(x) forxz e . (6.34)

1
1Yel Sy,
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Let us introduce now the functions

Do L P+ GryW(S,T) and pp % P+ G (S,T), (6.35)
where the functions Gg ,,, Gf,, are defined in Section 2.2. We call these functions homogenized phase pressures.
Then using relations (2.15) and (2.16) it is easy to see that the homogenized equations (6.27), (6.28), and
(6.29) become the desired equations (6.7)9—(6.7)4. The boundary conditions (6.12) follow from (6.30)—(6.33).

6.4. Flow equations in the matriz block

In preceding section we have shown that the homogenized phase pressures p,, and p,, homogenized
wetting phase saturation S and homogenized temperature T satisfy the homogenized equations (6.7)2—(6.7)4
and the boundary conditions (6.12). The source terms Q. and Q, are given by (6.11) with the function
s(z,y,t) given as a weak limit of the dilated functions sZ, (see Lemma 5.7). Furthermore, only a combination
of the functions appearing on the left hand side in (6.34) has enough regularity to satisfy corresponding initial
conditions. In this section it is shown by the asymptotic analysis of Eqs. (5.4) and (5.5) satisfied by dilated
functions s;,, p5, and 6%, that homogenized matrix block saturation s, given as a weak limit of s;,, satisfies
the imbibition equation (6.10), which completes the homogenized model. In that way it is also shown that
the function s has sufficient regularity in temporal variable and satisfies the initial condition (6.10)3, which
together with (6.34) gives the initial condition

S(x,0) = SP(x) forae€ 0. (6.36)

In this section we proceed with the monotonicity arguments similar to ones from [29]. Let us temporarily
denote by s* = s*(x,y,t) a solution to problem (6.10), Then, for any ¢ € L?(25; H}(Y)),

*

13}
/ D (y) > pdydxdt —|—/ Kun(z,y)VyBm(s*,T) - Vypdydrdt = 0.
029X Yo ot 27X Yim

Subtracting this equation from (5.14) we get:

[ ) osn s pdyda
9 XYm ot

(6.37)
+ / {Km(x, Y) [VyBm(se, T) — VB (s*,T)] - Vyp + F* - Vygo} dydxdt =0,
Qg—XYm
where F¢ is given in (5.15).
In order to pass to the limit as e — 0 in (6.37) we consider the following auxiliary problem:
_di el _ € _o* : .
ley {Km (1‘7 y)vyw } ém (y) [Sm (I, Y, t) $ (Iv Y, t)} mn Ym I (638)
w® =0 on Iy,
for all t € (0,7). From (6.38) we obtain that for a.e. (x,t) € {27,
IVyw® (2, - )| L2 vy < Cllsi(@;58) = 8™ (2, 1) L2 (w7 (6.39)

where C'is a constant that does not depend on (z,1).
Since s (z,y,0) = (D°S%)(z,y) and s*(z,y,0) = S%(z), for t =0,

{—divy {Km(m,y)vwa} = B (y) [D°5% (2, y) — SA(z)] in Vi (6.40)
wf=0 on [
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Lemma 6.1. Let s&, be dilated matriz saturation defined in (5.3) and let s* be the solution to (6.10). Then,
0< [ Bnly) [BalshT) = 53(s" 1) ] (55— ") dydode
QTXYm
< —/ K (,y) Vy B (P7HDES%), T) - Vyws dy da dt
9% Ym
b ) [P OFENT) - (P T] (55— ) dydad (6.)
.QfIXYm
1
+= / Kn(z,y)|Vyw(z,y, O)|2 dedy+ Ce / [Vyw® || L2y, dz dt
2 ) oxYm Q5
+C 1A (55,,05) — AT (55, T)| [V Brm(s5)| [Voyw? | dy dix dt.

29X Ym

Proof of Lemma 6.1. We plug w® in (6.37) as the test function. We get:

/ fﬁm(y)a(sfn — s")w® dydxdt

{2 Xm (6.42)

+ / {Km(x,y) [VyBia(sa T) — VyBin(s*,T)] - Vyw® + F* - Vywe} dydzdt = 0.
.QfIXYm

Now we rearrange the terms in this equation. This is done in several steps.

Step 1. Integration by parts with respect to time in the first term of (6.42). Using (6.38) we get:

/ asm(y)ﬁ(sfn—s*)wsdxdtdy:—/ Buly) [55 — 5°]
QTXYm 6t

.Q-TXYm

3w

+ /Q () [sh (0. T) - 8 (0. T)] 0y, T) dyda
XYm

€ % R _ . o
_»/.(ZXYm () [50(@,9,0) = 8" (2,5, 0)] w* (2,9, 0) dy do = —/ P (y) [0 — 5],

Q-J-Xym
+ / Enm(,y) [Vyw (2,5, ) dy do — / Kn(,y) [V (2., 0) dy da.
2XYm 2XYm

Using integration by parts with respect to time variable in (6.38) we get:

a £
[ w1
29X Ym

*/ 281&/9 m(@,) [Vyw® (2, y,t)* dy da dt
0 XYm

1
=3 / K (z,y) |[Vyw (z,y,0)] dy dz + 3 / K (z,y) |Vyw (z,y, T dy da.
2XYm 2XYm

€

0
= / Kn(z,y) Vyw®(z,y,t) - Vyl(x,y,t) dy dx dt
Qg X Yim ot

Taking into account this two transformations in (6.42) we get:

/ Knn(2,y) [Ty B(550, T) — Vy Bis(s*, )] - Yy dy da
Q9 XYm

1
= 77/ K (z,y) |[Vyw (z,y, T)|* dz dy (6.43)
2 2XYm
1
+ f/ Kn(z,y) |Vyw€(x,y,0)|2dydx—/ Fe . Vyw dydx dt.
2 Jaxvm Q5% Yim
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Step 2. Integration by parts with respect to space variable in (6.38). Taking into account the

auxiliary problem (6.38) we get:
[ Enlo) [Vu8(65T) = Vs, 1) ] Vyu dydode
Qg—XYm

_ / divy{ 6555, T) — Ba(s", T)] Kz, y)Vwa} dy da dt
.Qg'XYm

[ DB = Bl T div, { (o, )0 dyd
.Qg-XYm

= / [Bé(sﬁq,T) — Br(s", T)] Kn(z,y)Vyw® -ndS, dzdt
R4X0Ym

b [ )[BT~ s T (55— 57 dy .
.Qr_TXYm
Note that the boundary condition (5.6) implies that s5, = P~1(D=S%) a.c. on OYy X 27 and, therefore,

B (55, T) = Ba(P~Y(D°S°),T) on Ity for (z,t) € 25 5.

m?

In the same way, since s* = P~1(S) a.e. on Yy, x {27, we have that
BE(s*,T) = B (P~Y(S), T) on Ity for (z,t) € QT

Since the boundary values are well defined in the whole 25 X Y we can substitute them in the integral over

0Y,, and perform again the integration by parts. We get:

/Q y Kn(z,y) [VyBa(se,T) — VyBu(s*,T)] - Vyw® dy da dt
= / [Ba(P~H(DS%),T) — Bi(P~(S),T)] Km(z,y)Vyu® - ndS, da dt
29 x0Ym

b ) (s T) - (s T (o5, — 57 dydrt
.Qg—XYm
The integration by parts now gives:

A Kol IV B 50 T) = VB D] e dy
= / Km(x,y)vyﬂ;(P_l(’Dsgs),T) -Vyw® dydzdt
29X Ym
—A o) [ (PO T) - 5 (P8 ] (55— )y

+ / P (Y) 1B (50, T) = B (5™, T)] (57 — 87) dy da d,
29X Ym
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where we have taken into account the auxiliary problem (6.38) and also the fact that V,85(P~1(S),T) = 0.
Plugging now this equality into (6.43) we get:

0< [ () [BalsnT) - Bl D] (57— ") dyde
.QrTXYm
<—/ K (,y) VyBia(P7YD5%), Tx) - V,yw® dy da dt
.erXYm

+ / O(y) [BL(P~HD5), T) — B4 (PN(S), 1)) (5, — 5) dy du (6.44)
29X Ym

1

& 2 1 (> 2
_ 5/ Kn(z,y) |Vyw (x,y,‘J')} dydx+§/ Kn(x,y) |Vyw (:c,y,())| dy dz
2XYm 2XYm

— / Fe.Vyw®dydzdt,
.Qf_]'XYm

where we used the monotonicity of the function s — g% (s, T).
The boundedness of the functions Am w, Amn, AmBm and estimate (5.11) imply that

/ Fe . Vyw®dydzdt| < / Kn(2,Y) Am,w(sh, 05) Vb - Vyw® dy de dt
.Qf_]'XYm Q‘_TXYm

+C 1A (55,,605) — AT (55, T)| |V Bim (55, y}Vw\dydxdt+cg/ 1V wF|| 2 veyy det dt.
29X Ym 24

Then, from (5.12) it follows the estimate:

/ Fe .- Vyw®dydzdt
29X Ym

<cs/ IV 2y v it
Q25

+C A (55, 05) — AT (5, T)| |V Bn(55)] [ Vyw? | dy da dt. (6.45)
29X Ym
Finally, the bound (6.41) immediately follows from (6.44) and (6.45). Lemma 6.1 is proved. O

Now we turn to the main result of the section. This is done by studying the asymptotic behavior of the
right-hand side of (6.41) as ¢ — 0. We have.

Lemma 6.2. Let s € L?(25 x Yy,) be the limit function from (5.13) and let s* be the weak solution of the
imbibition equation (6.10). Then s = s* a.e. in 25 X Y.

Proof of Lemma 6.2. We will show that all terms on the right hand side in (6.41) converge to zero as
e — 0. First note that by (6.39) the functions w® are uniformly bounded in L?(25; H'(Y,,)) and, therefore,

€ / [Vyws || L2¢y;y dzdt — 0 as e — 0. (6.46)
Qg
By Lemma 5.8 and the bound (5.10) we have:

/ | A (55, 05) — AT (5, T)| |V Bm(s5)| |Vywf| dy dzdt — 0 as € — 0.
.Qq—XYm

Proposition 4.2 implies that 5¢ — S strongly in L?(f27) and from Lemma 5.3 we have that D55 — S
strongly in L?(f25 x Yy,,). This leads to

/ Bn(y) [BL(PTHDS?),T) — BL(PTHS), T)] (55 — ") dydadt — 0 as & — 0.
Q29X Ym
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From (6.39), (6.40), and Lemma 5.3 we get:
| Ko V0t @y o) dyde < C [ 97500 = S9(@) ay, do 0 as o
X Y
In order to estimate the first integral on the right hand side in (6.41) we note that
[VyBa(PH(D°5°).T)] = |41V (P (D°5°), )V, (P~ (D°5%))| < |V, DB (P~(57))].
With the help of the inequality (2.20) in condition (A.8) and (4.8), from the last inequality we obtain that

/ ||Vyﬂ:1(7371(@5§6),T)||2L2(Ym)dxdtgC/Q ||Vy®€5m(7371(§5))||iQ(Ym)d:cdt
T

£

:Csz/
2

The above convergence result and (6.41) imply that

5
m,T m

’Vmﬁm(Pfl(ge))fdxdt < Cé? / |Vz5(§5)|2dxdt —0 as e—0.
28 5

0< / P(y) [Bin (550, T) — Brn(s*,T)] (st — ") dawdtdy — 0 as e — 0.
.QTXYm

This enables us to conclude that the limit of s&, is equal to s*, which is the solution of problem (6.10).
Lemma 6.2 is proved. [

Let us also note that by standard arguments (see, e.g., [45]) we have the uniqueness of a solution to the
imbibition equation (6.10) for a fixed value of the temperature T

This completes the proof of Theorem 6.1. [

7. Concluding remarks

We have presented a homogenization result for a degenerate system modeling nonisothermal immiscible
incompressible two-phase flow through a double porosity medium made of several types of rocks. We have
assumed that the porosity, the absolute permeability, the capillary and relative permeabilities curves are
different in each type of porous medium. This leads to nonlinear transmission conditions representing the
continuity of some physical characteristics such as wetting and nonwetting pressures, at the interfaces that
separate different media. Then the saturation and some other characteristics become discontinuous at the
interface. We proved the homogenized results by using the two-scale convergence method combined with the
dilation technique. This homogenization result improves previous results that were obtained for isothermal
model in highly heterogeneous porous media with discontinuous capillary pressures. The study still needs to
be improved by developing a general approach that would allow us to incorporate the cases of compressible
phases and double porosity media. These more complicated cases appear in various applications. Further
work on these important issues is in progress, in particular the homogenization of nonisothermal immiscible
compressible two-phase flow through a double porosity medium as well as the corresponding existence results
for such kind of flow.
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