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HOMOGENIZATION OF IMMISCIBLE COMPRESSIBLE
TWO-PHASE FLOW IN POROUS MEDIA: APPLICATION TO GAS

MIGRATION IN A NUCLEAR WASTE REPOSITORY∗

B. AMAZIANE† , S. ANTONTSEV‡ , L. PANKRATOV§, AND A. PIATNITSKI¶

Abstract. This paper is devoted to the homogenization of a coupled system of diffusion-
convection equations in a domain with periodic microstructure, modeling the flow and transport
of immiscible compressible, such as water-gas, fluids through porous media. The problem is formu-
lated in terms of a nonlinear parabolic equation for the nonwetting phase pressure and a nonlinear
degenerate parabolic diffusion-convection equation for the wetting saturation phase with rapidly os-
cillating porosity function and absolute permeability tensor. We obtain a nonlinear homogenized
problem with effective coefficients which are computed via a cell problem. We rigorously justify this
homogenization process for the problem by using two-scale convergence. In order to pass to the limit
in nonlinear terms, we also obtain compactness results which are nontrivial due to the degeneracy of
the system.

Key words. compressible immiscible, heterogeneous porous media, homogenization, nuclear
waste, two-phase flow, water-hydrogen

AMS subject classifications. 35B27, 35K65, 76S05, 76T05, 76T10

DOI. 10.1137/100790215

1. Introduction. The modeling of multiphase flow in porous formations is
important for both the management of petroleum reservoirs and environmental re-
mediation. Petroleum engineers need to model multiphase flow for production of hy-
drocarbons from petroleum reservoirs. Hydrologists and soil scientists are concerned
with underground water flow in connection with applications to civil and agricultural
engineering, and, of course, the design and evaluation of remediation technologies in
water quality control rely on the properties of underground fluid flow. More recently,
modeling multiphase flow received increasing attention in connection with the disposal
of radioactive waste and sequestration of CO2.

The paper focuses on the modeling of immiscible compressible two-phase flow in
heterogeneous porous media in the framework of the geological disposal of radioactive
waste. As a matter of fact, one of the solutions envisaged for managing waste pro-
duced by the nuclear industry is to dispose of the waste in deep geological formations
chosen for their ability to prevent and attenuate possible releases of radionuclides in
the geosphere. In the frame of designing nuclear waste geological repositories appears
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a problem of possible two-phase flow of water and gas. Multiple recent studies have
established that, in such installations, important amounts of gases are expected to
be produced, in particular, due to the corrosion of metallic components used in the
repository design. The creation and transport of a gas phase is an issue of concern with
regard to the capability of the engineered and natural barriers to evacuate the gas
phase and avoid overpressure, thus preventing mechanical damage. It has become nec-
essary to carefully evaluate those issues while assessing the performance of a geological
repository; see, for instance, [36]. As mentioned above, the most important source of
gas is the corrosion phenomena of metallic components (e.g., steel lines, waste con-
tainers). The second source, generally less important depending on the type of waste,
is the water radiolysis by radiation issued from nuclear waste. Both processes would
produce mainly hydrogen. Furthermore, the microbial activity will generate some
methane and carbon dioxide and also would transform some hydrogen into methane.
Hydrogen is expected to represent more than 90% of the total mass of produced gases.

In the subsurface, these processes are complicated by the effects of permeability
heterogeneity on the flow and transport. Simulation models, if they are to provide
realistic predictions, must accurately account for these effects. However, because per-
meability heterogeneity occurs at many different length scales, numerical flow models
cannot, in general, resolve all of the variation of scales. Therefore, approaches are
needed for representing the effects of subgrid scale variations on larger scale flow
results which are more appropriate for reservoir simulations.

The upscaling or homogenization of multiphase flow through heterogeneous
porous media has been a problem of interest for many years, and many methods
have been developed. There is an extensive literature on this subject. We will not
attempt a literature review here but will merely mention a few references. Here we
restrict ourselves to the mathematical homogenization method as described in [29] for
flow and transport in porous media. We refer, for instance, to [7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 20, 21, 24, 29, 31, 32, 34, 35, 37, 40, 41] for more information on the
homogenization of incompressible immiscible two-phase flow in porous media and to
[4, 23] on the homogenization of compressible miscible flow in porous media and the
references therein. To our knowledge, convergence results on the homogenization of
immiscible compressible two-phase flow in porous media are still missing.

In this paper, we will be concerned with a nonlinear system of diffusion-convection
equations in a domain modeling the flow and transport of immiscible compress-
ible fluids through heterogeneous porous media, taking into account capillary and
gravity effects. We restrict our attention to water (incompressible) and gas such
as hydrogen (compressible) in the context of gas migration through engineered
and geological barriers for a deep repository for radioactive waste. For more de-
tails on the formulation of such problems see, e.g., the Couplex–Gas benchmark
(http://www.gdrmomas.org/ex qualifications.html) which was proposed by ANDRA,
the French National Agency for Radioactive Waste Management, and the French re-
search group MoMaS [5] to improve the simulation of the migration of hydrogen pro-
duced by the corrosion of nuclear waste packages in a deep repository for radioactive
waste. This is a system of two-phase (water-hydrogen) flow in a porous medium.

We start with a microscopic model defined on a domain with periodic microstruc-
ture. Here we consider a single rock-type model. Namely, we consider that the porosity
and the absolute permeability are rapidly oscillating functions of the microscopic scale
y = x/ε, where x is the macroscopic scale and ε is a small parameter which charac-
terizes the periodicity of the blocks. The model to be presented herein is formulated
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in terms of the wetting (water) saturation phase and the nonwetting (gas) pressure
phase. The governing equations are derived from the mass conservation laws of both
fluids, along with constitutive relations relating the velocities to the pressure gradients
and gravitational effects. Traditionally, the standard Darcy–Muskat law provides this
relationship. This formulation leads to a coupled system consisting of a nonlinear
parabolic equation for the gas pressure and a nonlinear degenerate parabolic diffusion-
convection equation for the water saturation, subject to appropriate boundary and
initial conditions. There are two kinds of degeneracy in the studied system. The first
one is the classical degeneracy of the diffusion operator. This degeneracy is due to
the capillary effects; it can be observed even in the case of incompressible two-phase
flow. The second one represents the evolution term degeneracy. It occurs in the region
where the gas saturation vanishes: the gas density cannot be determined by its evo-
lution and has no physical meaning since the gas phase is missing. In both cases the
presence of degeneracy weakens the energy estimates and makes a proof of compact-
ness results more involved. Our aim is to study the macroscopic behavior of solutions
of this system of equations as ε tends to zero.

The degeneracy and strong coupling of these differential equations makes it very
hard to study them. In particular, the degeneracy of the relative permeability implies
that we have no uniform estimates for the gradients of the phase pressures. This is the
reason why we have to pass to the formulation of our problem in terms of the global
pressure and saturation. But even in this formulation, we have no uniform estimates
for the gradient of the saturation. This creates the difficulties in the proof of the com-
pactness results (see Proposition 4.5 below). Also, due to the degeneracy and strong
coupling, the solutions do not have much regularity. Only recently some mathemat-
ical properties, in particular the existence of weak solutions to these equations, for
immiscible compressible fluids have been obtained; see [18, 25, 26, 27, 28, 33, 38, 39].

The outline of the paper is as follows. In section 2 we give a short description
of the mathematical and physical models used in this study for immiscible compress-
ible two-phase flow in porous media. Then the resulting equations are written in a
fractional flow formulation (see [19, 22]) which employs the saturation of one of the
phases and a global pressure as independent variables. The fractional flow approach
treats the two-phase flow problem as a total fluid flow of a single mixed fluid and then
describes the individual phases as fractions of the total flow. This approach leads to a
less strong coupling between the two coupled equations: the global pressure equation
and the saturation equation. Then we formulate the assumptions on data and give a
weak formulation of the problem. Section 3 is devoted to the presentation of the main
result of the paper. We prove this result in section 4 using the approach based on the
two-scale convergence technique. Our analysis relies essentially on the compactness re-
sult which is rather involved due to the degeneracy and the nonlinearity of the system.
The macroscopic behavior of the flow is then described in terms of a global or effective
model of an equivalent homogeneous medium. It approximates well the global behav-
ior of the flow and is appropriate for reservoir simulation. However, the price to pay for
this simplification is the necessity to describe the local structure of the medium and to
solve additional problems formulated with respect to the microscopic variable in a ba-
sic cell which could be done as in [2, 3]. Lastly, some concluding remarks are forwarded.

2. Formulation of the problem.

2.1. Physical-mathematical model. In this subsection, we derive the math-
ematical model describing two-phase flow in a periodically heterogeneous porous
medium. For a more detailed and more general derivation, we refer to [6, 19, 22, 30].
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We consider an immiscible compressible two-phase flow process in porous media. We
focus on the phases water and gas, but the consideration below is also valid for a
general wetting phase and a nonwetting phase, each consisting of a component. For
simplicity, we assume no source/sink term.

Let us define the microscopic model. We consider a reservoir Ω ⊂ Rd (d = 1, 2, 3)
to be a bounded, connected Lipschitz domain with a periodic structure. More precisely,
we scale this periodic structure by a parameter ε which represents the ratio of the cell
size to the whole region Ω, and we assume that 0 < ε� 1 is a small parameter tending
to zero. Let Y = ]0, 1[d represent the microscopic domain of the basic cell. Before
describing the equations of the model, we give some notation. Let Φε(x) = Φ(x/ε)
be the porosity of Ω; Kε(x) = K(x/ε) be the absolute permeability tensor of Ω;
Sε
w = Sε

w(x, t), S
ε
g = Sε

g(x, t) be the saturations of water and gas, respectively; kr,w =
kr,w(S

ε
w), kr,g = kr,g(S

ε
g) be the relative permeabilities of water and gas, respectively;

pεw = pεw(x, t), p
ε
g = pεg(x, t) be the pressures of water and gas, respectively; and �w,

�g be the densities of water and gas, respectively. The mass balance of each phase is
described by

(2.1)

⎧⎪⎪⎨⎪⎪⎩
Φε(x)

∂

∂t
(Sε

w �w(p
ε
w)) + div (�w(p

ε
w) �q

ε
w ) = 0 in ΩT ,

Φε(x)
∂

∂t
(Sε

g �g(p
ε
g)) + div (�g(p

ε
g) �q

ε
g ) = 0 in ΩT ,

where T > 0 is fixed, ΩT
def
= Ω×]0, T [, and �q ε

w and �q ε
g are defined by Darcy–Muskat’s

law

(2.2) �q ε
w = −Kε(x)λw(S

ε
w) (∇pεw − �w(p

ε
w)�g) , λw(S

ε
w) =

kr,w
μw

(Sε
w),

(2.3) �q ε
g = −Kε(x)λ̃g(S

ε
g)
(∇pεg − �g(p

ε
g)�g

)
, λ̃g(S

ε
g) =

kr,g
μg

(Sε
g)

with �g, μw, μg being the gravity vector and the viscosities of the water and gas,
respectively. From now on, we assume that the density of the water is constant, which,
for the sake of simplicity, will be taken equal to one, i.e., �w(p

ε
w) = Const = 1, and

the gas density �g is a monotone smooth function such that

(2.4)
�g(p) = �min for p � pmin, �g(p) = �max for p � pmax,

�min < �g(p) < �max for pmin < p < pmax;

here the pairs of constants �min, �max and pmin, pmax satisfy the bounds

(2.5) 0 < �min < �max < +∞ and 0 < pmin < pmax < +∞.

We also suppose that �g is a monotone function.
To close the system, we need two additional supplementary equations. The first

is the saturation balance

(2.6) Sε
w + Sε

g = 1 with Sε
w, S

ε
g � 0,

and the second describes the relation between the pressures

(2.7) Pc (S
ε) = pεg − pεw with P ′

c(S
ε) < 0,

where Pc is a given capillary pressure-saturation function and P ′
c(s) denotes the deriva-

tive of the function Pc(s) with respect to the variable s.
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To simplify the notation, we denote

(2.8) Sε def
= Sε

w.

Due to (2.2), (2.3), (2.8), and the assumption on the density of the water phase, we
rewrite system (2.1) as follows:

(2.9)⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Φε(x)
∂Sε

∂t
− div (Kε(x)λw(S

ε) (∇pεw − �g)) = 0 in ΩT ,

Φε(x)
∂(�g(p

ε
g) (1− Sε))

∂t
− div

(
Kε(x)λg(S

ε)�g(p
ε
g)
(∇pεg − �εg�g

))
= 0 in ΩT ,

Pc (S
ε) = pεg − pεw in ΩT ,

where

λg(S
ε)

def
= λ̃g(1 − Sε).

Now we specify the boundary and initial conditions. We suppose that the bound-
ary ∂Ω consists of two parts Γ1 and Γ2 such that Γ1 ∩ Γ2 = ∅, ∂Ω = Γ1 ∪ Γ2. The
boundary conditions are given by

(2.10) Sε(x, t) = S1(x, t) and pεg(x, t) = p1g(x, t) on Γ1×]0, T [,

(2.11) �q ε
w · �ν = �q ε

g · �ν = 0 on Γ2×]0, T [.

Finally, the initial conditions read

(2.12) Sε(x, 0) = S0(x) and pεg(x, 0) = p0g(x) in Ω.

The missing data, i.e., Sε
g , p

ε
w on Γ1 and Sε

g(x, 0), p
ε
w(x, 0) are deduced from (2.10)

and (2.12) by virtue of (2.6) and (2.7).

2.2. A fractional flow formulation. In the sequel, we use a formulation ob-
tained after transformation using the concept of global pressure (see [6, 19, 22]). This
form is more suitable for mathematical purposes and will allow us to get a priori
estimates for the solution of the problem. Now following the ideas from [6, 19, 22, 27],
we transform system (2.9) to a problem formulated as a parabolic equation for the
global pressure Pε and a degenerate diffusion-convection equation for the saturation
Sε. The idea of introducing the global pressure can be interpreted as follows. We
want to replace the water-gas flow by a flow of a fictive fluid obeying the Darcy law
with a nondegenerating coefficient. Namely, we are looking for a pressure Pε and the
coefficient γ(Sε) such that γ(Sε) > 0 in [0, 1] and

(2.13) λw(S
ε)∇pεw + λg(S

ε)∇pεg = γ(Sε)∇Pε.

Now we define the global pressure as follows:

(2.14) pεw
def
= Pε + Gw(S

ε) and pεg
def
= Pε + Gg(S

ε),

where the functions Gw(S
ε), Gg(S

ε) will be specified later. Then it is easy to see that

λw(S
ε)∇pεw + λg(S

ε)∇pεg = λ(Sε)∇Pε + {λg(Sε)∇Gg(S
ε) + λw(S

ε)∇Gw(S
ε)} ,
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where

(2.15) λ(s)
def
= λw(s) + λg(s).

We choose the functions Gw(S
ε), Gg(S

ε) in order to realize the identity

(2.16) λg(S
ε)∇Gg(S

ε) + λw(S
ε)∇Gw(S

ε) = 0,

where Gg is given by

(2.17) Gg(S
ε)

def
= Gg(0) +

∫ Sε

0

λw(s)

λ(s)
P ′
c(s) ds.

The function Gw is then defined by

(2.18) Gw(S
ε)

def
= Gg(S

ε)− Pc (S
ε) .

Moreover, it is easy to see that

(2.19) ∇Gw(S
ε) = −λg(S

ε)

λ(Sε)
P ′
c(S

ε)∇Sε.

It is clear that γ(Sε) ≡ λ(Sε). The standard assumption on the function λ(s) is that
λ(s) > 0 for s ∈ [0, 1] (see condition (A.5) below). Thus relation (2.13) is established.

Now we link the capillary pressure and the mobilities in the following way. We
define two scalar functions Ag,Aw as follows:

(2.20)
√
λg(Sε) G′

g(S
ε) = A′

g(S
ε) and

√
λw(Sε) G′

w(S
ε) = A′

w(S
ε).

Notice that due to (2.14), (2.16), (2.15), and (2.20), we have the following identity:

(2.21) λg(S
ε)|∇pεg|2 + λw(S

ε)|∇pεw|2 = λ(Sε)|∇Pε|2 + |∇Ag(S
ε)|2 + |∇Aw(S

ε)|2.
If we use the global pressure and the saturation as new unknown functions, then

the first and second equations in (2.9) read

(2.22) Φε ∂S
ε

∂t
− div

(
Kε(x) (λw(S

ε)∇Pε + α(Sε)∇Sε − λw(S
ε)�g)

)
= 0 in ΩT

and

(2.23) Φε ∂Θ
ε

∂t
−div

(
Kε(x)�̃εg

(
λg(S

ε)∇Pε − α(Sε)∇Sε − λg(S
ε)�̃εg �g

))
= 0 in ΩT ,

where, for brevity, we introduced the notation

(2.24) �̃εg = �g(P
ε + Gg(S

ε)),

(2.25) α(s)
def
=

λg(s)λw(s)

λ(s)
|P ′

c(s)| ,

and

(2.26) Θε = Θε(Sε,Pε)
def
= �g(P

ε + Gg(S
ε))(1 − Sε).
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Notice that the relations (2.19) and (2.25) imply

(2.27) λw(s)∇Gw(s) = α(s)∇s and λg(s)∇Gg(s) = −α(s)∇s.
The system (2.22)–(2.23) is completed by the following boundary and initial

conditions:

(2.28) Sε(x, t) = S1(x, t) and Pε(x, t) = P1(x, t) on Γ1×]0, T [,

(2.29) �q ε
w · �ν = �q ε

g · �ν = 0 on Γ2×]0, T [,

(2.30) Sε(x, 0) = S0(x) and Pε(x, 0) = P0(x) in Ω.

Here the boundary and initial data for the global pressure, i.e., P1,P0, are expressed
in terms of the corresponding data for pεg using relations (2.14) and (2.17).

Let us mention that the main difficulties related to the mathematical analysis of
such equations are the coupling, the degeneracy of the diffusion term in the saturation
equation, and the degeneracy of the temporal term in the global pressure equation.

2.3. A weak formulation of the problem. Let us begin this section by stating
the following assumptions.
(A.1) The function Φ = Φ(y) is a Y -periodic function, Φ ∈ L∞(Y ), and there are

positive constants φ1, φ2 such that 0 < φ1 � Φ(y) � φ2 < 1 a.e. in Y .
(A.2) The tensorK = K(y) is a Y -periodic function, and it belongs to (L∞(Y ))d×d;

moreover, there exist positive constants κ0, κ∞ such that

(2.31) κ0|ξ|2 � (K(y)ξ, ξ) � κ∞|ξ|2 for all ξ ∈ R
d a.e. in Y.

(A.3) The function �g = �g(p) given by (2.4) is a monotone C1–function in R.
(A.4) The capillary pressure function s �→ Pc(s) is positive and locally Lipschitz

continuous in [0, 1]. We also suppose that P ′
c(s) < 0 in ]0, 1[.

(A.5) The function λw ∈ C([0, 1]) and satisfies the following properties: 0 � λw(s) �
1 for all s ∈ [0, 1] and λw(0) = 0. The function λg ∈ C([0, 1]) and satisfies the
following properties: 0 � λg(s) � 1 for all s ∈ [0, 1] and λg(1) = 0. In addition,
there is a positive constant L0 such that λ(s) = λw(s) + λg(s) � L0 > 0 for
all s ∈ [0, 1].

(A.6) The function α given by (2.25) is a continuous function in [0, 1]. Moreover,
α(0) = α(1) = 0, and α > 0 in ]0, 1[.

(A.7) The functions Ag,Aw are invertible, and A−1
g ,A−1

w are assumed to be θ–Hölder
functions with 0 < θ � 1.

(A.8) The functions Gg,Gw defined in (2.16) and (2.18) belong to the space
C1([0, 1]).

(A.9) The initial data for the saturation, i.e., S0, S1, satisfy the bound 0 � S0, S1 �
1. The initial data for the pressure is such that p0g ∈ L2(Ω).

Definition of a weak solution for the problem. In order to define a weak solution
to problem (2.9)–(2.12), we introduce the following Sobolev space:

H1
Γ1
(Ω)

def
=

{
u ∈ H1(Ω) : u = 0 on Γ1

}
.

The space H1
Γ1
(Ω) is a Hilbert space when it is equipped with the norm ‖u‖H1

Γ1
(Ω) =

‖∇u‖(L2(Ω))d .
Definition 2.1. We say that the pair of functions 〈Pε, Sε〉 is a weak solution of

problem (2.22)–(2.30) if the following are true:



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2030 AMAZIANE, ANTONTSEV, PANKRATOV, AND PIATNITSKI

(i) 0 � Sε � 1 a.e. in ΩT , S
ε ∈ L2/θ(0, T ;W τ,2/θ(Ω)), where θ is defined in

condition (A.7) and 0 < τ < 1.
(ii) Pε − P1 ∈ L2(0, T ;H1

Γ1
(Ω)).

(iii) The boundary conditions (2.28)–(2.29) are satisfied.
(iv) For any ϕw, ϕg ∈ C1([0, T ];H1(Ω)) satisfying ϕw = ϕg = 0 on Γ1×]0, T [ and

ϕw(T ) = ϕg(T ) = 0, we have

−
∫
ΩT

Φε(x)Sε ∂ϕw

∂t
dxdt+

∫
Ω

Φε(x)S0(x)ϕw(0, x) dx(2.32)

+

∫
ΩT

Kε(x)λw(S
ε)∇Pε · ∇ϕw dxdt

+

∫
ΩT

Kε(x)α(Sε)∇Sε · ∇ϕw dx dt−
∫
ΩT

Kε(x)λw(S
ε)�g · ∇ϕw dx dt = 0,

(2.33)

−
∫
ΩT

Φε(x)Θε ∂ϕg

∂t
dx dt+

∫
Ω

Φε(x)(1 − S0)�g(P
0 + Gg(S

0))ϕg(0, x) dx

+

∫
ΩT

Kε(x)λg(S
ε)�̃εg∇Pε · ∇ϕg dx dt−

∫
ΩT

Kε(x) �̃εg α(S
ε)∇Sε · ∇ϕg dx dt

−
∫
ΩT

Kε(x)λg(S
ε)
[
�̃εg
]2
�g · ∇ϕg dx dt = 0,

where �̃εg has been defined in (2.24).

If Φ ∈ W 1,∞(Y ) and K ∈ (W 1,∞(Y ))d×d, then, according to [27], under con-
ditions (A.1)–(A.9), for each ε > 0, problem (2.22)–(2.30) has at least one weak
solution.

The existence result remains valid for Φ ∈ L∞(Y ) and K ∈ (L∞(Y ))d×d. To show
this, one can combine the proof developed in [27] with the compactness arguments
used in the proof of Proposition 4.5 below.

Notational convention. In what follows C,C1, . . . denote generic constants that
do not depend on ε.

3. Statement of the main result. We study the asymptotic behavior of the
solution to problem (2.22)–(2.30) as ε → 0. In particular, we are going to show that
the effective model reads

(3.1)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈Φ〉 ∂S
∂t

− divx

(
K

� (λw(S)∇P+ α(S)∇S) + Fw

)
= 0 in ΩT ,

〈Φ〉 ∂
∂t

(
(1− S)�g(P+Gg(S))

)
− divx

(
�g(P+Gg(S))K

� (λg(S)∇P− α(S)∇S) + Fg

)
=0 in ΩT .

Here 〈·〉 stands for the mean value of the corresponding function over the cell Y ; K�

is the homogenized tensor, with the entries K�
ij , defined by

(3.2) K
�
ij

def
=

∫
Y

K(y) [∇yξi + �ei] [∇yξj + �ej ] dy,
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where the function ξj is a Y -periodic solution of

(3.3)

⎧⎪⎨⎪⎩ −divy

(
K(y) [∇yξj + �ej ]

)
= 0 in Y,

y �−→ ξj(y) Y -periodic

with �ej being the j-th coordinate vector; the functions Fw = Fw(S,P),Fg = Fg(S,P)
denote the lower order term in (3.1) and are given by

Fw(S,P)
def
= λw(S)〈K∇yfp〉+ 〈K∇yfs〉 − λw(S)〈K�g〉;(3.4)

Fg(S,P)
def
= λg(S) �g(P+Gg(S))〈K∇yfp〉(3.5)

− �g(P+Gg(S))〈K ∇yfs〉 − λg(S) [�g(P+Gg(S))]
2 〈K�g〉,

where the functions fp = fp(y, S,P), fs = fs(y, S,P) are solutions of the following:

(3.6)

⎧⎨⎩ divy (K(y)∇yfp) =
λw(S) + �g(P+Gg(S))λg(S)

λ(S)
divy(K(y)�g) in ΩT ×Y,

y �−→ fp(y, S,P) Y -periodic

and

(3.7)

⎧⎨⎩divy (K(y)∇yfs) =
λw(S)λg(S)

λ(S)
[1−�g(P+Gg(S))] divy(K(y)�g) in ΩT×Y,

y �−→ fs(y, S,P) Y -periodic.

The system (3.1)–(3.7) has to be completed by the following boundary and initial
conditions:

S(x, t) = S1(x, t) and P(x, t) = P1(x, t) on Γ1×]0, T [,(3.8)

�qw · �ν = �qg · �ν = 0 on Γ2×]0, T [(3.9)

with

�qw = −K
� (λw(S)∇P+ α(S)∇S) + Fw,

�qg = −K
� (λg(S)∇P− α(S)∇S) + Fg

�Hg
,

(3.10) Sε(x, 0) = S0(x) and Pε(x, 0) = P0(x) in Ω.

In what follows, for the sake of brevity we use the notation

(3.11) �̃Hg
def
= �g(P+ Gg(S)).

The effective model described above could be obtained formally by the technique
of two-scale asymptotic expansions. Here the homogenization process for the problem
is rigorously obtained by using the two-scale approach, see, e.g., [1]. For the reader’s
convenience, let us recall the definition of the two-scale convergence.
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Definition 3.1. A function, ϕ ∈ L2(ΩT ;C
2
#(Y )), which is Y -periodic in y and

which satisfies

lim
ε→0

∫
ΩT

∣∣∣ϕ(x, x
ε
, t
)∣∣∣2 dx dt = ∫

ΩT ×Y

|ϕ(x, y, t)|2 dy dx dt,

is called an admissible test function.
Here L2(ΩT ;C

2
#(Y )) is the space of functions φ = φ(x, y, t) periodic and two

times continuously differentiable in y for a.e. (x, t) ∈ ΩT with the norm

‖φ‖2
L2(ΩT ;C2

#(Y ))
=

∫
ΩT

‖φ(x, ·, t)‖2
C2(Y )

dxdt.

Definition 3.2. A sequence of functions vε ∈ L2(ΩT ) two-scale converges to
v ∈ L2(ΩT × Y ) if, for any admissible test function ϕ(x, y, t),

lim
ε→0

∫
ΩT

vε(x, t)ϕ
(
x,
x

ε
, t
)
dx dt =

∫
ΩT×Y

v(x, y, t)ϕ(x, y, t) dy dx dt.

This convergence is denoted by vε(x, t)
2s
⇀ v(x, y, t).

Finally, we introduce the notation

(3.12) Υε def
= Υ(Sε) with Υ(s)

def
=

∫ s

0

α(ξ) dξ,

where the function α is defined in (2.25).
The main result of the paper is the following theorem.
Theorem 3.3. Let assumptions (A.1)–(A.9) be fulfilled, and let the pair of func-

tions 〈Pε, Sε〉 be a weak solution of (2.22)–(2.30). Then there exists a subsequence
(still denoted by ε) such that

(3.13) Sε(x, t) → S(x, t) strongly in Lq(ΩT ), 1 � q < +∞,

(3.14) Pε(x, t) → P(x, t) weakly in L2(0, T ;H1(Ω)),

(3.15) ∇Pε(x, t)
2s
⇀ ∇P(x, t) +∇ywp(x, t, y),

(3.16) Υε → Υ strongly in Lq(ΩT ), 1 � q < +∞,

(3.17) ∇Υε(x, t)
2s
⇀ ∇Υ(x, t) +∇yws(x, t, y),

(3.18) Θε → (1 − S)�̃Hg strongly in L2(ΩT ).

Here

wp =
d∑

j=1

ξj(y)
∂ P

∂xj
(x, t) + fp and ws =

d∑
j=1

ξj(y)
∂Υ

∂xj
(x, t) + fs,

where ξj is a Y -periodic solution of (3.3) and where the functions fp and fs are defined
in (3.6) and (3.7), respectively. The function �̃Hg is defined in (3.11), and 〈P, S〉 is a
weak solution to (3.1)–(3.10).

The proof of Theorem 3.3 is given below in section 4.
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4. Proof of Theorem 3.3. The outline of the proof is as follows. First in section
4.1 we obtain appropriate uniform estimates, and then in section 4.2 we pass to the
limit, as ε → 0, in (2.1)–(2.33). The important part of the proof is the compactness
result given by Propositions 4.5 and 4.7. The proof of these propositions allows us to
weaken the conditions imposed in [25, 26, 27, 28] on the porosity function and the
absolute permeability tensor.

4.1. A priori estimates. In this section we obtain the a priori estimates for
the solution of problem (2.9)–(2.12) (or the equivalent problem (2.22)–(2.30)). It will
be done in two main steps. At the first step, following the ideas of [27], we establish
the energy equality and get the first group of the a priori estimates with respect to
the space variable. Then in the second step, we establish the compactness result that
will be used below in section 4.2. In this section, for the sake of simplicity, we suppose
that pεg, p

ε
w = 0 on Γ1×]0, T [.

Step 1. Energy equality. To obtain the energy equality for the weak solution
of problem (2.9)–(2.12), we introduce the functions

(4.1) Rw(p
ε
w)

def
=

∫ pε
w

0

dξ = pεw, and Rg(p
ε
g)

def
=

∫ pε
g

0

dξ

�g(ξ)
.

Moreover,

(4.2) ∇Rw(p
ε
w) = ∇pεw and ∇Rg(p

ε
g) =

1

�̃εg
∇pεg with �̃εg = �g(p

ε
g).

Multiplying now the first equation in (2.9) by Rw(p
ε
w) and the second by Rg(p

ε
g),

integrating by parts, we get

(4.3)

∫
Ω

Φε(x)
∂Sε

∂t
pεw dx dt+

∫
Ω

Φε(x)
∂

∂t

[
�̃εg(1− Sε)

]
Rg(p

ε
g) dx dt

+

∫
Ω

Kε(x)λw(S
ε)∇pεw · ∇pεw dx dt+

∫
Ω

Kε(x)λg(S
ε)�̃εg ∇pεg ·

1

�̃εg
∇pεg dx dt

−
∫
Ω

Kε(x)λw(S
ε)�g · ∇pεw dx dt−

∫
Ω

Kε(x)λg(S
ε)
[
�̃εg
]2
�g · 1

�̃εg
∇pεg dx dt = 0.

Let us rearrange the first two terms on the left-hand side of (4.3). First we have
that

(4.4)
∂Sε

∂t
pεw =

∂

∂t
{Sεpεw} − Sε ∂p

ε
w

∂t
,

(4.5)
∂

∂t

[
�̃εg(1− Sε)

]
Rg(p

ε
g) =

∂

∂t

[
�̃εg(1− Sε)Rg(p

ε
g)
]− (1− Sε)

∂pεg
∂t

.

Then from the definition of the capillary pressure (2.7), we get

(4.6) Sε ∂p
ε
w

∂t
+ (1− Sε)

∂pεg
∂t

=
∂

∂t

{
Sεpεw + (1− Sε)pεg +�(Sε)

}
,

where

�(s)
def
=

∫ s

1

Pc(ξ) dξ.
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Now it follows from (4.4)–(4.6) that

(4.7)
∂Sε

∂t
pεw +

∂

∂t

[
pεg(1− Sε)

]
Rg(p

ε
g) =

∂Eε

∂t
,

where

(4.8) Eε def
= �g(p

ε
g)(1 − Sε)Rg(p

ε
g)− (1− Sε)pεg −�(Sε) with �(s)

def
=

∫ s

1

Pc(ξ) dξ.

In order to verify (4.7), it suffices to differentiate the right-hand side of (4.8) and to
exploit (2.7) and (4.1). It is important to notice that �(s) � 0 in ]0, 1].

In what follows, we make use of the uniform boundedness of the function Eε from
below. Namely, the following estimate holds.

Lemma 4.1. The function Eε satisfies the bound

(4.9) Eε � −pmax

(
1− �min

�max

)
.

Proof. Since the function �(Sε) � 0, then we immediately get

(4.10) Eε � �g(p
ε
g)(1 − Sε)Rg(p

ε
g)− (1− Sε)pεg.

Notice that the results of [27] do not allow us to conclude that pεg � 0. Therefore,
we have to define the function �g for all −∞ < pεg < +∞; see (2.4).

Suppose first that pεg � 0, and estimate the right-hand side of (4.10) from below.
By the definition of function Rg(p

ε
g), we have

(4.11) �g(p
ε
g)(1 − Sε)Rg(p

ε
g)− (1− Sε)pεg � (1− Sε)

[
�g(p

ε
g)

∫ pε
g

0

dξ

�max
− pεg

]

= (1− Sε) pεg

(
�g(p

ε
g)

�max
− 1

)
.

If pεg � pmax, then by the definition of function �g, we have that �g(p
ε
g) = �max,

and thus

(4.12) (1− Sε) pεg

(
�g(p

ε
g)

�max
− 1

)
= 0.

If 0 < pεg � pmax, then

(4.13) (1− Sε) pεg

(
�g(p

ε
g)

�max
− 1

)
� (1− Sε) pεg

(
�min

�max
− 1

)
� −pmax

(
1− �min

�max

)
.

Let now pεg < 0. Then by the definitions of functions Rg(p
ε
g) and �g, we have

(4.14) �g(p
ε
g)(1 − Sε)Rg(p

ε
g)− (1− Sε)pεg

� (1 − Sε)

[∣∣pεg∣∣− �min

∫ |pε
g|

0

dξ

�g(−ξ)

]
= (1− Sε)

[∣∣pεg∣∣− �min

∫ |pε
g |

0

dξ

�min

]
= 0.
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Now the statement of the lemma immediately follows from (4.10)–(4.14).
We turn to (4.3). It can be rewritten as follows:

(4.15)∫
Ω

Φε(x)
∂Eε

∂t
dx +

∫
Ω

{
Kε(x)λw(S

ε)∇pεw · ∇pεw +Kε(x)λg(S
ε)∇pεg · ∇pεg

}
dx

−
∫
Ω

{
Kε(x)λw(S

ε)�g · ∇pεw +Kε(x)λg(S
ε)�̃εg �g · ∇pεg

}
dx = 0.

Integrating relation (4.15) over the interval ]0, t[, with t ∈]0, T ], we get

(4.16)∫
Ω

Φε(x)Eε dx+

∫
Ωt

{
Kε(x)λw(S

ε)∇pεw · ∇pεw +Kε(x)λg(S
ε)∇pεg · ∇pεg

}
dx dτ

−
∫
Ωt

{
Kε(x)λw(S

ε)�g · ∇pεw +Kε(x)λg(S
ε)�̃εg�g · ∇pεg

}
dx dτ =

∫
Ω

Φε(x)E0 dx,

where Ωt
def
= Ω× (0, t) and

(4.17) E0 def
= �g(p

0
g)(1− S0)Rg(p

0
g)− (1− S0)p0g −�(S0).

It follows from condition (A.1) and (4.9) that the first term on the left-hand side
of (4.16) satisfies the bound

(4.18)

∫
Ω

Φε(x)Eε dx � −measΩφ2 pmax

(
1− �min

�max

)
.

For the second and third terms on the left-hand side of (4.16), by Cauchy’s in-
equality, condition (A.2), and (2.4), we obtain the following bound:

(4.19)

∫
Ωt

{
Kε(x)λw(S

ε)∇pεw · ∇pεw +Kε(x)λg(S
ε)∇pεg · ∇pεg

}
dx dτ

−
∫
Ωt

{
Kε(x)λw(S

ε)�g · ∇pεw +K(x)λg(S
ε)�g · �g(pεg)∇pεg

}
dx dτ

� −C +
κ0
2

∫
Ωt

λw(S
ε) |∇pεw|2 dx dτ +

κ0
2

∫
Ωt

λg(S
ε)
∣∣∇pεg∣∣2 dx dτ.

Consider the right-hand side of (4.16). It follows from the definition of E0, (4.17),
and (A.1) and (A.9) that

(4.20)

∣∣∣∣∫
Ω

Φε(x)E0 dx

∣∣∣∣ � C.

Finally, (4.16), (4.18), (4.19), and (4.20) imply that

(4.21)

∫
ΩT

λw(S
ε) |∇pεw|2 dx dτ +

∫
ΩT

λg(S
ε)
∣∣∇pεg∣∣2 dx dτ � C.
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This inequality along with (2.21) yields

(4.22)

∫
ΩT

λ(Sε)|∇Pε|2 dx dt+
∫
ΩT

|∇Ag(S
ε)|2 dx dt+

∫
ΩT

|∇Aw(S
ε)|2 dx dt � C.

Due to the definition of Ag,Aw (see 2.20), we have

|∇Aw(S
ε)|2 = λw(S

ε)|∇Gw(S
ε)|2 and |∇Ag(S

ε)|2 = λg(S
ε)|∇Gg(S

ε)|2.
Therefore, condition (A.5) and (4.22) imply that
(4.23)∫

ΩT

|∇Pε|2 dxdt+
∫
ΩT

λw(S
ε)|∇Gw(S

ε)|2 dxdt+
∫
ΩT

λg(S
ε)|∇Gg(S

ε)|2 dxdt � C.

Our next goal is to obtain an additional uniform estimate for α(Sε)|∇Sε|. From
condition (A.5), (2.27), and (4.23), we have∫
ΩT

α2(Sε)|∇Sε|2dx dt =
∫
ΩT

λ2w(S
ε)|∇Gw(S

ε)|2dxdt �
∫
ΩT

λw(S
ε)|∇Gw(S

ε)|2dxdt � C.

Thus, we get

(4.24)

∫
ΩT

α2(Sε)|∇Sε|2 dx dt � C.

In what follows, we will also make use of the a priori information for the function
Υε defined in (3.12). For the reader’s convenience, we recall that

Υε def
= Υ(Sε) with Υ(s)

def
=

∫ s

0

α(ξ) dξ.

Notice that Υ is a monotone function of s. For the function Υε from condition (A.6)
we have,

(4.25) 0 � Υε � max
s∈[0,1]

α(s) a.e. in ΩT .

It is also clear that since ∇Υε = α(Sε)∇Sε, then it follows from (4.24) that

(4.26)

∫
ΩT

|∇Υε|2 dx dt � C.

In addition, there exists a function ω(ξ) � 0 such that

(4.27)
∣∣Υ−1(Υ1)−Υ−1(Υ2)

∣∣ � ω(|Υ1 −Υ2|) with ω(ξ) → 0 as ξ → 0.

Step 2. Compactness results for the sequences {Sε}ε>0, {Θε}ε>0. We start
this section by obtaining the following compactness lemma.

Lemma 4.2 (compactness lemma). Let the function Φ = Φ(y) be a Y -periodic
function, Φ ∈ L∞(Y ), and there are positive constants φ1, φ2 such that 0 < φ1 �
Φ(y) � φ2 < 1 a.e. in Y , and let {vε}ε>0 ⊂ L2(ΩT ) be a family of functions satisfying
the following properties:

1. The function vε is uniformly bounded in the space L∞(ΩT ), i.e.,

(4.28) 0 � vε � C.
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2. There exists a function � such that �(ξ) → 0 as ξ → 0, and the following
inequality holds true:

(4.29)

∫
ΩT

|vε(x+Δx, τ) − vε(x, τ)|2 dx dτ � C �(|Δx|).

3. The function vε is such that

(4.30)

∥∥∥∥ ∂∂t (Φεvε)

∥∥∥∥
L2(0,T ;H−1(Ω))

� C.

Then the family {vε}ε>0 is a compact set in L2(ΩT ).
Remark 1. In the formulation of the compactness lemma, the periodicity of Φ

can be replaced with the assumption that Φε ⇀ 1 weakly in L2(Ω) as ε→ 0.
Proof. From now on, without loss of generality, we assume that 〈Φ〉 = 1. Then

(4.31) (Φε − 1)⇀ 0 weakly inL2(Ω) as ε→ 0.

Denote Q
def
= (0, 2π)d. Without loss of generality, we assume that Ω ⊂ Q. Then

we extend the function vε in (Q \ Ω) × (0, T ) by setting vε(x, t) = 0 for x ∈ Q \ Ω.
Then, as an easy consequence of (4.29), we have

(4.32)

∫
QT

|vε(x+ y, t)− vε(x, t)|2 dx dt � ω1(y)

perhaps with a new function ω1 which still satisfies the limit relation lim|y|→0 ω1(y) =

0. Here QT
def
= Q× (0, T ).

Letting ω2(s)
def
= sup|y|�s ω1(y), one can easily check that ω2(s) is monotone,

ω1(y) � ω2(|y|), and lims→0 ω2(s) = 0.
In the space L2(Q), we introduce the standard orthonormal basis {ψj}, where

ψj(x) = (2π)−d exp(ıjx) with j ∈ Z
d and ı =

√−1.

Then {|1+ |j|2|−1/2 ψj} is an orthonormal basis in H1
per(Q), and {|1+ |j|2|1/2 ψj} is an

orthonormal basis in H−1
per(Q) if these spaces are equipped with the following norms:

‖w‖2
H1

per(Q)
=

∑
j

(w,ψj)
2(1+ |j|2), ‖w‖2

H−1
per(Q)

=
∑
j

< w,ψj >
2 (1+ |j|2)−1.

Lemma 4.3. For any δ > 0, there exists N(δ) ∈ Z+ such that

1

(2δ)d

∫
[−δ,δ]d

dy

∫
Q

∣∣ψj(x+ y)− ψj(x)
∣∣2dx � 1

2(2π)d
for all j with |j| � N(δ).

Proof. We have

1

(2δ)d

∫
[−δ,δ]d

dy

∫
Q

∣∣ exp (ıj(x+ y)
)− exp(ıjx)

∣∣2dx =
1

(2δ)d

∫
[−δ,δ]d

dy

∫
Q

∣∣ exp(ıjy)− 1
∣∣2dx

=
1

(2δ)d

∫
[−δ,δ]d

∣∣ exp(ıjy)− 1
∣∣2dy =

1

2d

∫
[−1,1]d

∣∣ exp(ıjδy)− 1
∣∣2dy.
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The integral in the right-hand side is greater than 1/2 if |j| > 2 d δ−1, and Lemma
4.3 is proved.

Now we represent the function vε by its Fourier series in Q with coefficients
depending on time t:

vε(x, t) =
∑
j∈Zd

βε
j (t)ψj(x) with βε

j (t) =

∫
Q

vε(x, t)ψj(x) dx.

Then

‖vε‖2L2(QT ) =
∑
j∈Zd

∫ T

0

∣∣βε
j (t)

∣∣2 dt.
This allows us to obtain the following bound for the function ω2:

ω2(δ) �
1

(2δ)d

∫
[−δ,δ]d

dy

∫
QT

∣∣vε(x+ y)− vε(x)
∣∣2 dx dt

=
1

(2δ)d

∫
[−δ,δ]d

dy

∫
QT

∣∣βε
j (t)

∣∣2∣∣ψj(x+ y)− ψj(x)
∣∣2 dx dt � 1

2(2π)d

∑
|j|�N(δ)

∫ T

0

∣∣βε
j (t)

∣∣2 dt.

Since ω2(δ) → 0 as δ → 0, we conclude that, for any γ > 0, there exists, N(γ) > 0
such that ∥∥∥∥∥∥

∑
|j|�N(γ)

βε
j (t)ψj(x)

∥∥∥∥∥∥
2

L2(QT )

=
∑

|j|�N(γ)

∫ T

0

|βε
j (t)|2dt < γ.

This implies that

(4.33) vε =
∑

|j|�N(γ)

βε
j (t)ψj(x) + Θε

res,N = Θε
N +Θε

res,N

with

(4.34) ‖Θε
res,N‖2L2(QT ) < γ.

Next we exploit the upper bound (4.30). Let us write the Fourier series of (Φεvε)
in the variable x. We have

Φε(x)vε(x, t) =
∑
j∈Zd

β̃ε
j (t)ψj(x) and ∂t

(
Φε(x)vε(x, t)

)
=

∑
j∈Zd

d

dt
β̃ε
j (t)ψj(x).

Since ψj(·) are orthogonal in H−1
per(Q), then we obtain

(4.35)
∑
j∈Zd

∫ T

0

∣∣∣∣ ddt β̃ε
j (t)

∣∣∣∣2 (1 + |j|2)−1 � C.

Let us estimate the difference∫ T

0

∣∣βε
j (t)− β̃ε

j (t)
∣∣2 dt = ∫ T

0

∣∣∣∣ ∫
Q

(Φε(x)− 1)vε(x)ψj(x) dx

∣∣∣∣2 dt.
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Lemma 4.4. For any j ∈ Zd,

(4.36) lim
ε→0

∫ T

0

∣∣∣∣ ∫
Q

(Φε(x)− 1)vε(x)ψj(x) dx

∣∣∣∣2dt = 0.

Proof. For any γ > 0, we choose N(γ) so that (4.34) holds true. Then

(4.37)

∫ T

0

∣∣∣∣ ∫
Q

(Φε(x)− 1)Θε
res,N(x)ψj(x) dx

∣∣∣∣2dt � C γ (1 + ‖Φ‖2L∞(Y )).

Next we want to estimate the contribution of Θε
N . We have

∫ T

0

∣∣∣∣ ∫
Q

(Φε(x)− 1)

⎛⎝ ∑
|k|�N(γ)

βε
k(t)ψk(x)

⎞⎠ψj(x) dx

∣∣∣∣2dt
� N(γ)

∑
|k|�N(γ)

∫ T

0

|βε
k(t)|2

∣∣∣∣ ∫
Q

(Φε(x) − 1)ψk(x)ψj(x) dx

∣∣∣∣2dt.
Since (Φε(x) − 1) tends to zero weakly in L2(Q) as ε → 0 and ψk(x)ψj(x) does not
depend on ε, then

lim
ε→0

∫
Q

ψk(x)ψj(x)(Φ
ε(x) − 1) dx = 0.

Combining this limit relation with the bound

∑
k

∫ T

0

|βε
k(t)|2 dt � C

yields

lim
ε→0

∫ T

0

∣∣∣∣ ∫
Q

(Φε(x)− 1)

⎛⎝ ∑
|k|�N(γ)

βε
k(t)ψk(x)

⎞⎠ψj(x) dx

∣∣∣∣2 dt = 0.

Considering (4.37), we deduce that

lim
ε→0

∫ T

0

∣∣∣∣ ∫
Q

(Φε(x)− 1)vε(x)ψj(x) dx

∣∣∣∣2dt � C γ

for any γ > 0. This implies (4.36), and Lemma 4.4 is proved.
Denote

Θ̃ε
N =

∑
|j|�N(γ)

β̃ε
j (t)ψj(x).

By Lemma 4.4, for any γ > 0, there is ε0 = ε0(γ) such that, for all ε < ε0, it holds
that

(4.38) ‖Θε
N − Θ̃ε

N‖L2(ΩT ) � 3γ.
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Due to (4.35) and the evident bound∑
j

∫ T

0

|β̃ε
j (t)|2 dt � C,

the family {β̃ε
j (·) , |j| � N} is a compact set in (L2(0, T ))M , where M is the number

of j ∈ Zd such that |j| � N . Therefore, the family⎧⎨⎩Θ̃ε
N =

∑
|j|�N(γ)

β̃ε
j (t)ψj(x)

⎫⎬⎭
ε>0

is a compact set in the space L2(ΩT ). Thus there exist a finite γ-net for this family,
denoting its elements by ζ1, ζ2, . . . , ζK . Taking into account (4.34) and (4.38), we
conclude that, for sufficiently small ε > 0, the functions ζ1, ζ2, . . . , ζK form a 5γ-
net for {vε}ε>0 in L2(ΩT ). This implies the desired compactness, and Lemma 4.2 is
proved.

Now we turn to the compactness result for the family {Θε}ε>0. It is assured by
the following statement.

Proposition 4.5. Under our standing assumptions, the family {Θε}ε>0 is a
compact set in the space L2(ΩT ).

Proof. The idea of the proof of Proposition 4.5 is to apply the compactness lemma.
To this end, we check the conditions of the lemma. First it follows from (2.4) and (2.26)
that

(4.39) 0 � Θε = �g(P
ε + Gg(S

ε))(1 − Sε) � �max < +∞.

It also follows from (4.23) and (4.27) that
(4.40)∫

ΩT

|Θε(x +Δx, τ) −Θε(x, τ)|2 dx dτ � C ω1(|Δx|) with ω1(ξ) → 0 as ξ → 0,

where we suppose that Θε = 0 for x+Δx �∈ Ω.
Finally we obtain the uniform estimates for the time derivative of the function

Θε. To this end, we consider (2.23). It reads

(4.41) Φε(x)
∂Θε

∂t
− div

(
Kε(x)

(
λg(S

ε) �̃εg ∇Pε − �̃εg ∇Υε − λg(S
ε)
[
�̃εg
]2
�g
))

= 0.

Multiplying (4.41) by ϕg ∈ D(ΩT ) and integrating by parts, we get

(4.42) −
∫
ΩT

Φε(x)Θε ∂ϕg

∂t
dx dt =

∫
ΩT

Kε(x)λg(S
ε)�̃εg ∇Pε · ∇ϕg dx dt

−
∫
ΩT

Kε(x) �̃εg ∇Υε · ∇ϕg dx dt−
∫
ΩT

Kε(x)λg(S
ε)
(
�̃εg
)2
�g · ∇ϕg dx dt.

Then it follows from Cauchy’s inequality, the definition of the function �g, and con-
dition (A.6) that

(4.43)∣∣∣∣∫
ΩT

Φε(x)Θε ∂ϕg

∂t
dx dt

∣∣∣∣ � C
(
1 + ‖∇Pε‖L2(ΩT ) + ‖∇Υε‖L2(ΩT )

) ‖∇ϕg‖L2(ΩT ).
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Inequality (4.43) along with the a priori estimates (4.24) and (4.23) implies that

(4.44)

∥∥∥∥ ∂∂t (ΦεΘε)

∥∥∥∥
L2(0,T ;H−1(Ω))

� C.

Now it is clear that the family {Θε}ε>0 satisfies all the conditions of the com-
pactness lemma. Thus the family {Θε}ε>0 is a compact set in the space L2(ΩT ), and
Proposition 4.5 is proved.

As a consequence of the uniform L∞ bound for Θε, we have the following result.
Corollary 4.6. The family {Θε}ε>0 is a compact set in the space Lq(ΩT ) for

all q ∈ [1,+∞[.
By similar arguments, we prove the compactness result for the family {Sε}ε>0.

Namely, the following result holds.
Proposition 4.7. Under our standing assumptions, the family {Sε}ε>0 is a com-

pact set in the space Lq(ΩT ) for all q ∈ [1,+∞[.

4.2. Passage to the limit in (2.1)–(2.33). In this section, using the a priori
estimates of the previous section, we obtain the compactness results (see Lemma 4.8
below) and pass to the limit in (2.1)–(2.33).

Lemma 4.8. There exists a function S ∈ L2/θ(0, T ;W τ,2/θ(Ω)) with 0 � S � 1
a.e. in ΩT , θ defined in condition (A.7) and 0 < τ < 1, and functions, P ∈
L2(0, T ;H1(Ω)), wp,ws ∈ L2(ΩT ;H

1
#(Y )) such that, up to a subsequence,

(4.45) Sε(x, t) → S(x, t) strongly in Lq(ΩT ) for all 1 � q < +∞,

(4.46) Pε(x, t) → P(x, t) weakly in L2(ΩT ),

(4.47) ∇Pε(x, t)
2s
⇀ ∇P(x, t) +∇ywp(x, t, y),

(4.48) Υε → Υ strongly in Lq(ΩT ) for all 1 � q < +∞,

(4.49) ∇Υε(x, t)
2s
⇀ ∇Υ(x, t) +∇yws(x, t, y),

(4.50) Θε → (1 − S)�̃Hg strongly in L2(ΩT ),

where the function �̃Hg is defined in (3.11).
Proof. The proof of Lemma 4.8 is based on the a priori estimates obtained in the

previous section and two-scale convergence arguments similar to those in [1]. The only
nontrivial convergence is that in (4.50). It follows from (4.45)–(4.46), the inequality
0 � Sε � 1, and the fact that �g is monotone. Indeed, for any L∞(ΩT ) function v, we
have(

((�g(P
ε +Gg(S

ε))(1− Sε)− �g(v +Gg(S
ε))(1 − Sε)), (Pε − v)

)
L2(ΩT )

� 0.

Denoting Θ̄ as the limit of Θε and passing to the limit, as ε→ 0, in the last inequality,
we obtain (

(Θ̄ − �g(v +Gg(S))(1 − S)), (P− v)
)
L2(ΩT )

� 0.
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Choosing v = P+ δv1 and sending δ to zero yields(
(Θ̄ − �g(P+Gg(S))(1 − S)), v1

)
L2(ΩT )

� 0

for any v1 ∈ L2(ΩT ). This implies (4.50).
Passage to the limit in (2.1). We set

(4.51) ϕw

(
x,
x

ε
, t
)

def
= ϕ(x, t) + ε ζ

(
x,
x

ε
, t
)
= ϕ(x, t) + ε ζ1(x, t) ζ2

(x
ε

)
,

where ϕ ∈ D(ΩT ), ζ1 ∈ D(ΩT ), and ζ2 ∈ C∞
# (Y ), and we plug the function ϕw in

(2.1). This yields

(4.52) −
∫
ΩT

Φε(x)Sε

[
∂ϕ

∂t
+ ε

∂ζε

∂t

]
dx dt

+

∫
ΩT

Kε(x)

{
λw(S

ε)∇Pε +∇Υε − λw(S
ε)�g

}
· [∇ϕ+ ε∇xζ

ε +∇yζ
ε] dx dt = 0.

Passing now to the two-scale limit in (4.52), we get

(4.53) −
∫
ΩT×Y

Φ(y)S(x, t)
∂ϕ

∂t
dy dx dt +

∫
ΩT×Y

K(y)

{
λw(S) [∇P+∇ywp]

+ [∇Υ+∇yws]− λw(S)�g

}
· [∇ϕ+ ζ1∇yζ2] dy dx dt = 0.

Passage to the limit in (2.33). We set

(4.54) ϕg

(
x,
x

ε
, t
)

def
= ϕ(x, t) + ε ζ

(
x,
x

ε
, t
)
= ϕ(x, t) + ε ζ1(x, t) ζ2

(x
ε

)
,

where ϕ ∈ D(ΩT ), ζ1 ∈ D(ΩT ), and ζ2 ∈ C∞
# (Y ), and we plug the function ϕg in

(2.33). We obtain

(4.55) −
∫
ΩT

Φε(x)Θε

[
∂ϕ

∂t
+ ε

∂ζε

∂t

]
dx dt

+

∫
ΩT

Kε(x)�̃εg

{
λg(S

ε)∇Pε −∇Υε − �̃εgλg(S
ε)�g

}
· [∇ϕ+ ε∇xζ

ε +∇yζ
ε] dx dt = 0.

Now passing to the two-scale limit in (4.55), we get

(4.56) −
∫
ΩT×Y

Φ(y) (1− S) �̃Hg
∂ϕ

∂t
dy dx dt +

∫
ΩT×Y

K(y)�̃Hg

{
λg(S) [∇P+∇ywp]

− [∇Υ +∇yws]− λg(S)�̃
H
g �g

}
· [∇ϕ+ ζ1∇yζ2] dy dx dt = 0,

where the function �̃Hg is defined in (3.11); here we have also used the fact that,
after taking a subsequence, the convergence in (4.50) implies the a.e. convergence of
�̃εgλg(S

ε) to �̃Hg λg(S).
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Equations for the functions wp,ws. Consider first (4.53). Choosing ϕ = 0
gives

−
∫
Y

divy (K(y)λw(S)∇ywp) ζ2 dy −
∫
Y

divy (K(y)∇yws) ζ2 dy

=

∫
Y

divy (K(y)λw(S)∇P+K(y)∇Υ−K(y)λw(S)�g) ζ2 dy.

This equation leads to the first equation for the functions wp,ws. It reads

(4.57) divy (K(y)λw(S)∇ywp) + divy (K(y)∇yws) = FC
w ,

where FC
w does not depend on wp,ws and is given by

(4.58) FC
w

def
= −divy (K(y)λw(S)∇P+K(y)∇Υ−K(y)λw(S)�g) .

Consider now (4.56). Choosing ϕ = 0 gives

−
∫
Y

divy
(
K(y)λg(S) �̃

H
g ∇ywp

)
ζ2 dy +

∫
Y

divy
(
K(y) �̃Hg ∇yws

)
ζ2 dy =

=

∫
Y

divy

(
K(y)λg(S) �̃

H
g ∇P−K(y) �̃Hg ∇Υ −K(y)λg(S)

[
�̃Hg

]2
�g
)
ζ2 dy.

This equation leads to the second equation for the functions wp,ws,

(4.59) divy
(
K(y)λg(S) �̃

H
g ∇ywp

)− divy
(
K(y) �̃Hg ∇yws

)
= FC

g ,

where FC
g does not depend on wp,ws and is given by

(4.60) FC
g

def
= −divy

(
K(y)λg(S) �̃

H
g ∇P−K(y) �̃Hg ∇Υ−K(y)λg(S)

[
�̃Hg

]2
�g
)
.

(4.57) and (4.59) lead to the following coupled linear system of equations with
respect to the variables X = divy (K(y)∇ywp) and Y = divy (K(y)∇yws):

(4.61)

{
λw(S)X+Y = FC

w ,

λg(S) �̃
H
g X− �̃Hg Y = FC

g .

Resolving system (4.61), we obtain two decoupled equations for the functions wp,ws:

(4.62) divy (K(y) (∇P+∇ywp)) =
λw(S) + �̃Hg λg(S)

λ(S)
divy (K(y)�g) in ΩT × Y,

(4.63) divy (K(y) (∇Υ+∇yws)) = −λw(S)λg(S)
λ(S)

(
�̃Hg − 1

)
divy (K(y)�g) in ΩT×Y.

(4.62) and (4.63) allow us to represent the functions wp,ws in the following way:

(4.64) wp =

d∑
j=1

ξj(y)
∂ P

∂xj
(x, t) + fp and ws =

d∑
j=1

ξj(y)
∂Υ

∂xj
(x, t) + fs,
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where the function ξj is a Y -periodic solution of⎧⎨⎩
−divy (K(y) [∇yξj + �ej ]) = 0 in Y,

y �−→ ξj(y) Y -periodic

with �ej being the j-th coordinate vector. The functions fp = fp(y, S,P), fs = fs(y, S,P)
are then the solutions of the following equations:⎧⎪⎨⎪⎩ divy (K(y)∇yfp) =

λw(S) + �̃Hg λg(S)

λ(S)
divy (K(y)�g) in ΩT × Y,

y �−→ fp(y, S,P) Y -periodic,

and ⎧⎨⎩ divy (K(y)∇yfs) = −λw(S)λg(S)
λ(S)

(
�̃Hg − 1

)
divy (K(y)�g) in ΩT × Y,

y �−→ fs(y, S,P) Y -periodic.

Homogenized equations (equations for the functions S,P). Consider first
(4.53). Choosing ζ2 = 0 gives

(4.65) −
∫
ΩT ×Y

Φ(y)S
∂ϕ

∂t
dy dx dt

+

∫
ΩT×Y

K(y)

{
λw(S) [∇P+∇ywp] + [∇Υ +∇yws]− λw(S)�g

}
· ∇ϕ dy dx dt = 0.

Relation (4.65) leads to the following homogenized equation:

(4.66) 〈Φ〉 ∂S
∂t

− divx

{
λw(S)

∫
Y

K(y) [∇P+∇ywp] dy

}

− divx

{∫
Y

K(y) [∇Υ+∇yws] dy

}
+ divx

{
λw(S)

∫
Y

K(y)�g dy

}
= 0,

where 〈·〉 stands for the mean value of the corresponding function over the cell Y .
Using now the definition of the homogenized tensor K� given in (3.2), (3.3), and

(4.64), we obtain the homogenized saturation equation

(4.67) 〈Φ〉 ∂S
∂t

− divx

(
K

� (λw(S)∇P+∇Υ) + Fw

)
= 0,

where the function Fw = Fw(S,P) denotes the lower order term in (4.67) and is given
by

(4.68) Fw(S,P)
def
= λw(S)〈K∇yfp〉+ 〈K∇yfs〉 − λw(S) 〈K�g 〉 .

Consider now (4.56). Choosing ζ2 = 0 gives

(4.69) −
∫
ΩT ×Y

Φ(y) (1− S) �̃Hg
∂ϕ

∂t
dy dx dt
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+

∫
ΩT×Y

K(y)�̃Hg

{
λg(S) [∇P+∇ywp]−[∇Υ+∇yws]−λg(S)�̃Hg �g

}
·∇ϕ dy dx dt = 0.

Relation (4.69) leads to the following homogenized equation:

(4.70) 〈Φ〉 ∂
∂t

(
�̃Hg (1− S)

)− divx

{
λg(S) �̃

H
g

∫
Y

K(y) [∇P+∇ywp] dy

}

+divx

{
�̃Hg

∫
Y

K(y) [∇Υ+∇yws] dy

}
+ divx

{
λg(S)

[
�̃Hg

]2 ∫
Y

K(y)�g dy

}
= 0.

As in the previous case, (4.70) leads to the homogenized global pressure equation

(4.71) 〈Φ〉 ∂
∂t

(
�̃Hg (1 − S)

)− divx

(
K

�
(
λg(S) �̃

H
g ∇P− �̃Hg ∇Υ

)
+ Fg

)
= 0,

where the function Fg = Fg(S,P) denotes the lower order term in (4.71) and is given
by

(4.72) Fg(S,P)
def
= λg(S) �̃

H
g 〈K∇yfp〉 − �̃Hg 〈K∇yfs〉 − λg(S)

[
�̃Hg

]2 〈K�g〉.
Theorem 3.3 is proved.

5. Concluding remarks. This paper presents a homogenization result for an
immiscible compressible two-phase flow in porous media in the case of a single rock-
type model, i.e., we assume here that the capillary pressure and relative permeabilities
depend solely on the saturation. Our future study will focus on extension of these ho-
mogenization results to the case of porous media with several rock types: capillary
pressure and relative permeability curves being different in each type of porous media.
This leads to nonlinear transmission conditions representing the continuity of some
physical characteristics such as water and gas pressures at the interfaces that separate
different media. Then the saturation and some other characteristics are getting dis-
continuous at the interfaces. It makes the upscaling procedure more complicated. In
particular, we cannot expect, in this case, the compactness of a saturation function.
Instead we will have to prove a two-scale compactness result which will ensure the
strong two-scale convergence.

Another possible generalization of our result concerns the cases of unbounded cap-
illary pressure and vanishing �min. These more complicated cases appear in the appli-
cations. The first step in this direction is to prove the corresponding existence results.

It is also planned to test the upscaling method developed here by means of nu-
merical simulations of water-gas flow through a heterogeneous reservoir.
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[19] G. Chavent and J. Jaffré, Mathematical Models and Finite Elements for Reservoir Simu-
lation, North–Holland, Amsterdam, 1986.

[20] Z. Chen, Homogenization and simulation for compositional flow in naturally fractured reser-
voirs, J. Math. Anal. Appl., 326 (2007), pp. 12–32.

[21] Y. Chen and L. Durlofsky, Adaptive local-global upscaling for general flow scenarios in
heterogeneous formations, Transp. Porous Media, 62 (2006), pp. 157–185.

[22] Z. Chen, G. Huan, and Y. Ma, Computational Methods for Multiphase Flows in Porous
Media, SIAM, Philadelphia, 2006.

[23] C. Choquet, Homogenized model for flow in partially fractured media, Electron. J. Differential
Equations, 1 (2009), pp. 1–27.

[24] Y. Efendiev and T. Y. Hou, Multiscale finite element methods. Theory and applications, in
Surveys and Tutorials in the Applied Mathematical Sciences, Springer, New York, 2009.

[25] C. Galusinski and M. Saad, On a degenerate parabolic system for compressible, immiscible,
two-phase flows in porous media, Adv. Differential Equations, 9 (2004), pp. 1235–1278.

[26] C. Galusinski and M. Saad, Water-gas flow in porous media, Discrete Contin. Dyn. Syst.
Ser. 5 suppl., (2005), pp. 307–316.

[27] C. Galusinski and M. Saad, Weak solutions for immiscible compressible multifluid flows in
porous media, C. R. Math. Acad. Sci. Paris Sér. I, 347 (2009), pp. 249–254.

[28] Z. Khalil and M. Saad, Solutions to a model for compressible immiscible two phase flow in
porous media, Electron. J. Differential Equations, 2010 (2010), pp. 1–33.

[29] U. Hornung, Homogenization and Porous Media, Springer, New York, 1997.
[30] R. Helmig, Multiphase Flow and Transport Processes in the Subsurface, Springer, Berlin, 1997.
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