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In this paper we study periodic elastic rod-structures which are locally anisotropic and
symmetric with respect to some plane. In order to find the effective behavior and approx-
imate local behavior (so-called corrector-results) of such structures, one has to solve a
finite number of boundary-value problems on one period of the rod-structure, the cell
problem. For the solution of the cell-problem, it is shown that the components of the
displacement satisfy either Neumann or Dirichlet conditions on the sides of the cell
of periodicity parallel with the symmetry-plane. This is very useful from a computa-
tional point of view since the derived boundary conditions can easily be incorporated
into standard numerical schemes. We also study resultant forces and moments and their
variations along the rod-structure in several types of cases, even when no symmetry is
required.
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1. Introduction

Effective stiffness parameters of a periodic rod-structure, such as effective rigidity
of extension, flexural stiffness or torsion rigidity, can be found by deforming the
structure (e.g. stretching, bending or twisting) in such a way that the stress tensor
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becomes periodic. The corresponding displacement-vector u then takes the form
uU=7v-+w,

where w = w(x1, x2,x3) is periodic in the x3 variable (the longitudinal direction)
and v is a given function, hereafter referred to as a global function, which depends
on the particular effective parameter we want to compute. Then, by comparing the
resultant forces or moments with the average elongation, curvature or relative twist
angle, we find the corresponding effective stiffness parameters.

Here we give a simple algorithm of determining the effective characteristics of a
thin elastic perforated rod. It should be noted that we do not deal here with solu-
tions of any macroscopic boundary value problem. Instead, we determine the effec-
tive characteristics in terms of model solutions of the elasticity equations defined
in the unbounded rod. Some boundary value problems for thin rods and bars have
been studied in Refs. 10 and 11. However, the asymptotics of solutions have been
constructed in these works under certain symmetry assumptions. Namely, it was
assumed that the rod cross sections possess two symmetry axes. In the presence
of these symmetry axes the limit (homogenized) problem is getting decoupled and
consists of four independent ordinary differential equations describing respectively
the displacements in two transversal directions, tangential displacement and the rod
torsion. The corresponding effective elastic moduli coincide with the rod effective
moduli obtained (by essentially simpler method) in the present paper.

Our technique does not assume any symmetry of the cross sections. However,
in the lack of symmetry the questions on the asymptotic behavior of solutions
to boundary value problems remain open. There are arguments in favor of the
conjecture that in this case the limit system might consist of four coupled ODE.
The derivation of the limit problem in the most general non-symmetric case is still
an open problem.

In our model we assume that there are no body forces presented and that the
side surface is free from external stresses. Thus the displacement w is uniquely
determined (at least within a rigid displacement) by the standard equations of
elastic equilibrium defined on one single period, a so-called Y-cell. If the structure
is symmetric with respect to some plane, the deformed structure will in some sense
inherit this symmetry. In the case shown in Fig. 1, where we have two symmetry
planes (z3 = 0 and x5 = 0) and the structure is stretched longitudinally such that

v(x, x2,23) = (0,0, T23)

for some constant 7, this fact is physically obvious. As one might also guess from the
figure, one consequence of these symmetries is that the resultant torsion moment
and the resultant bending moment about the x;-axis vanish. Another important
implication of the symmetry with respect to the plane x5 = 0 is that the periodicity
boundary conditions on w = (wy,ws,ws) can be replaced by Neumann conditions
for the displacement-components wy and wo and Dirichlet conditions for w3 on the
two parallel surfaces of the Y-cell normal to the xz-axes. Thus, since v is known
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Deformed structure.

\ Y-cell

Fig. 1. Periodic rod-structure with isotropic material stretched longitudinally (i.e. along the z-
axes in the figure). The Young’s modulus is 1 while the Poisson’s ratio is 0.3. We observe that the
deformed structure inherits the symmetry of the undeformed structure. The figure is generated
from a computation performed by the FE-program ANSYS 9.1.

we easily obtain boundary conditions for u = v + w. Such boundary conditions are
often significantly easier to implement in many FE-codes than the original ones
which couples node values for u on these two parallel surfaces. Thus, in computa-
tional practice the derived boundary conditions permit us to easily incorporate the
periodic boundary value problems into standard numerical schemes.

The measured response of the stretching shown in Fig. 1 can e.g. be used to
determine the effective rigidity of extension of the rod-structure. In order to com-
pute other effective parameters of the rod-structure we have to subject the structure
to other types of deformations by using suitable adjustments on the global function
v. For example, for finding the effective torsion rigidity we may put

v(wy, 22, 23) = (—Tx3%2, TT371,0),

and for finding the effective flexural stiffness with respect to the xzj-axis we
might put

v(xy,x2,x3) = (Tx%,O, —272321).

Even from a physical point of view it is not obvious what resultant forces which
vanish (if any) or if we can replace the periodicity condition on w with similar
Neumann and Dirichlet boundary conditions in all these cases. However, in this
paper we prove precise criteria for the vanishing of resultant forces and moments
and prove that a similar change of the boundary conditions, as that described
above, is possible for all types of deformations needed in order to calculate the
relevant effective parameters. Moreover, our results turn out to be valid even for a
large class of multi-component and locally anisotropic rod-structures which possess
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Fig. 2. Rod-structure of monocyclic material with local symmetry plane as indicated in the
figure.

a more general type of symmetry than that illustrated in Fig. 1 [see (6.1) and (6.2)
below].

This class of problems includes e.g. the rod-structure which is illustrated in
Fig. 2. Such structures appear naturally in computational problems related to
composites and structural engineering. The analysis of such rod-structures is also
important for another reason. It appears namely as an intermediate modelling-step
in a homogenization procedure for computing the effective behavior of multiscaled
rod-structures similar to that of ordinary multiscaled materials, a topic which has
been treated extensively in the literature (see e.g. Refs. 1, 2, 3-6 and the references
given therein).

Even if we focus on symmetric rod-structures, we also present results concerning
resultant forces and moments and their variations along the rod-structure also in
situations where no symmetry is assumed.

The paper is organized as follows. We have collected some preliminaries in Sec. 2.
In Sec. 3, we discuss weak formulations and associated classical formulations of the
relevant stress problems related to the computation of the effective properties for
periodic rod-structures. In Sec. 4, we prove some general results concerning resultant
forces and moments. For computational purposes, we describe relations between
effective properties and strain energies in Sec. 5. In Sec. 6, we show that the local
stress tensor and the corresponding resultant forces and moments belong to certain
symmetry classes depending on the symmetry of the rod-structure. These results
are used in Sec. 7 to find symmetry properties which ensure that certain resultant
forces and moments vanish. Finally we discuss equivalent boundary conditions for
rod-structures with longitudinal symmetry in Sec. 8.

2. Preliminaries

We let S be the space of symmetric 3 x 3 matrices and let a - b denote the scalar
product between two matrices a = {a;;} and b = {b;;} in S, which is defined by
a-b =3, aijbij. The norm |a| is correspondingly defined by [a|* = 3=, af; (here
and in the rest of the paper Zij denotes Z?:Lj:ﬁ- If a and b are vectors, a - b will
denote the usual scalar product in R3.
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Let Q C R3 be the region occupying the rod-structure. We assume that € is a
connected open set with Lipschitz continuous boundary which is bounded in the
x1 and xo variables and periodic in the x3 variable with respect to some interval
I = (—29/2,23/2). The set Y = {z € Q : 23 € I} corresponds to a period of the
rod-structure, and is referred to as the Y-cell. The boundary Y of Y with outward
unit-normal n = (n1,n2,n3) consists of the two disjoint parts B = {z € Y : 23 =
—29/2 or 3 = 29/2} and C = 9Y\B. We note that B = B(—z%/2) U B(x3/2)
where B(t) denotes the vertical surface B(t) = {z = (21,22,23) € Y, 23 = t}.
Moreover, we let H}_, 3(Y) denote the closure in the usual Sobolev space H'(Y'),
equipped with the norm

el = (| Del? + |12,

of the set Cp2, 5(Y') of all smooth vector-valued functions ¢ = (1, 2, p3) which is

I-periodic in the zg variable, i.e.
p(z + e325) = ¢(2)

for all z € R3 (eq, €2, e3 is the canonical basis of R?). Here, (-) denotes as usual the
average over the Y-cell, i.e.

1
0 =1 /Y f(@)de

and

i g

8a:j

Dol =

ij

In accordance with the terminology of mathematical elasticity we let e(yp) =
{eij(¢)} denote the strain
1 (0p;  Op;
eij(p) = 3 (8xj + oz,

and let o = {o;;} denote the corresponding stress. The Hooke’s law is generally
expressed by

01 (9) = Y ayjrrenr (),
kr

where the fourth order elasticity tensor A = {a;jir ()}, z € Q satisfies the following
symmetry relations

Qijlr = Okrijs  Qijkr = Qjikr = Qijrk, (2.1)
together with the inequalities

vilE? < € AL < wofef? (2.2)
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for all £ € S and some strictly positive constants v; and vs which are independent
of £ and z. Here, A¢ denote the matrix with elements

Af 7,] Zaz]krgkr

The above relations imply that the coefficients a1, are bounded.

3. Weak and Classical Formulations of the Stress Problems

In this paper we will also assume that each component a;j, is Lebesgue-measurable
in © and I-periodic in the z3 variable. Moreover, we assume that the global dis-
placement v € HY(Y) is such that £ = e(v) is I-periodic in the 3 variable, even
though all examples considered in this paper are devoted to situations where ¢ is
independent of the x3 variable.

In order to calculate an effective parameter associated with v we have to solve
the following problem: Find w € H}, 5(Y) such that

/Ye(ga) A€+ e(w))de =0 forall p € HY, 5(Y).

Noting that o(u) = A(e(u)) = A(€ + e(w)), we may rewrite this formulation as

follows: Find u = v + w, where w € H}_, 3(Y) such that

/Ye(cp) o(u)dr =0 forall ¢ € Hper 3(Y). (3.1)

This problem is equivalent to finding the corresponding strain energy We = Fe(w)

from the variational problem: Find w € H}, 5(Y) such that

Fe(w) < Fe(p) for all p € HL, 4(Y), (3.2)

where
Fel) = 3 [ (€ e(0) - A€ + el
Since e(u) = & + e(w), we observe that
1
We = Fe(w) = 3 /Y e(u) - A(e(u))dz. (3.3)

Concerning existence and uniqueness of these problems, see Lemma 8.1 below.
We note that (3.1) can be derived from the following classical formulation of the
elasticity problem: Find v = v + w, such that

divo(u) =0 in Y,
F(u)=0 on C, (3.4)
(Y),

w e Hper3

where F(u) = (Fi(u), Fo(u), F3(u)) is the stress vector acting on a plane with
outward unit normal n = (n1,ne, ng), given by F;(u) = Z?Zl oi;j(u)n;. The first



Symmetry-Relations for Elastically Deformed Periodic Rod-Structures 507

of the three conditions in (3.4) comes from the assumption that there are no body
forces present. The second condition merely tells that the side surface C' is free from
external stresses. The derivation of (3.1) from (3.4) follows from Green’s formula

/ - divo(u)dr + / e(p)o(u)dr = / - F(u)ds. (3.5)
Y Y Yy

Indeed, F;(u) = 0;3(u) and F;(u) = —o;3(u) on the left and right of B, respectively.
Moreover, due to the I-periodicity of o;3(w) and o;3(v), we see that o;3(u) =
oi3(w)+ o43(v) is also I-periodic. Thus, since ¢ is I-periodic, it is clear that ¢ - F'(u)
takes opposite values on opposite sides of B. Hence, [ ¢ F(u)ds = 0. In addition,
since F(u) =0 on C, [, ¢ F(u),ds = 0. Thus

/(W%O.F(u)ds:/B@.F(u)ds+/c¢.p(u)dszo,

and since divo(u) = 0, we obtain (3.1) from (3.5).
Note that the derivation of (3.1) from (3.4) is only possible if the stress field is
sufficiently smooth such that the Green’s formula is valid (and makes sense).

4. Resultant Forces and Moments

In connection with the definition of several effective parameters we will use the
concept of resultant forces N;j(z3) and resultant moment M;(z3) about the z;-
axis of the stress vector (o13(u), 023(u), o33(u)) applied to the surface B(x3). These
functions are defined by

Nij(xg) = / 0ij (u)(x)dxldx27
B(xs)

and

M1 (xg) = / (xgdgg(u) — {E2033(u))dx1d$27
B(xs)

Mg(.’tg) = /( )(xgdlg(u) —xldgg(u))dx1d$27
B xrs3

Mg(xg)zé( )(—3320'13(11,)+$10’23(u))d$1d1‘2.
z3

Before discussing this any further, we prove a lemma which will be useful in our
study of these quantities. Consider two disjoint intervals I(p1,71) and I(pg,r2) in T
of lengths 2r; and 27y and with centers at some fixed points p; and ps, respectively.
Moreover, let g = g(x3) be a continuous periodic function of x5 defined in I by

s1 a3 € I(p1,71),
g'(x3) =Q s2 x5 € I(p2,12), (4.1)

0 elsewhere,
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where s; and s are constants satisfying the condition

r181 + 1282 =0 (4.2)
(by this condition g becomes I-periodic). We have the following result.

Lemma 4.1. Let f € LY(Y) and let k(x3) be defined almost everywhere by
k(zs) = / f(@1, 22, x3)dx1ds.
B(zs)
If the identity
[ @ a,0)g a)da =0 (4.3)
Y

holds for all disjoint intervals I(p1,r1) and I(p2,r2) in I, then there exists a con-
stant k such that k(x3) = k for almost every xs.

Proof. From the definition of g we see that (4.3) implies that

81 / k(t)dt + 32/ E(t)dt = 0.
I(p1,m1) I(p2,r2)

Using (4.2) we now find that

1 1
— k(t)dt = — k(t)dt,
2r1 J1(py r1) 212 J1(pa,r2)

i.e.

1 / 1
S k(t)dt = 7/ k(t)dt
|I(p17r1)| I(pl,rl) |I(p27r2)| I(pg,’r‘z)

Since the intervals were chosen arbitrarily, this shows that the average value of k(1)
taken over any interval is equal to a constant k. Hence

=k,
T_>0 |I x3,T | /wg,r)

at all points x3 € I. According to Lebesgue differentiation theorem, almost all
points in I are Lebesgue-points, i.e. points x3 for which the above limit equals
k(xzs3). Hence, k(x3) = k a.e. O

We now turn back to our discussion on resultant forces and moments.

Theorem 4.1. For any global displacement v it holds that the average value N;; =
(Nij(-)) = 0 unless i = j = 3. Moreover N;z(x3) = N3 for almost every xs.
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Likewise, there exist constants M; such that M;(x3) = M, for almost every xs. In
addition, the following simplifications are valid:

Ml(xg) = —/ {E20'33(u)d{t1d$2 and Mg(xg) = —/ xldgg(u)d{bldfbg.
B(x3) B(xs)
Proof. The fact that Ny, Ni2, Nao, N1z and Noz vanish follows by inserting

cp(x) = (x17070)7 cp(x) = (5627.%1,0)7 cp(x) = (07.%270), ¥ = (070,261) and ¢ =
(0,0, z2), respectively, into (3.1), since we directly obtain that

1 1
Nij = x_g /Y loj(u)dr = x_g /Ye(go) co(u)dx =0,

by these choices of test functions.
In order to show that N;3(x3) is constant we insert

¢ = (619(x3),0i29(x3), di3g(w3))

into (3.1), where g is defined in (4.1). Observing that es;(¢) = e;3(¢) (which equals
g'(z3)/2if i # 3 and ¢'(x3) if i = 3) is the only nonvanishing component(s) of e(y),
we obtain that

/Yg/(l':s)mg(u)dx :/ e(p)o(u)dr = 0.

Y

Hence, by Lemma 4.1,
Niz(x3) = / o1s(u)dridas = k
B(xs)

for some constant k, which certainly coincide with the average value N;3.
In order to show that Mj(x3) is constant a.e. we first observe that

Ml(afg) = /B( )(3330'23(11,) —$2033(u))d$1d$2
T3

= x3Na3(x3) — / 29033 (u)dxidrs
B(x3)

= — / $2033(u)d$1d$2, (44)
B(xs)

since Naz(x3) = 0. Inserting ¢ = (0, g(z3), —z2g(x3)) into (3.1) and observing

that esa(@) = eaz(v) = (¢'(x3) — g(x3))/2 and es3(¢) = —x2g’(x3) are the only
nonvanishing components of e(y), we obtain that

/Yg/(m);g(“)a%(u)dx—/Yarzagg(u)g’(ars)dw:/Ye(@"(“)d“:O' (4.5)

The first term

, ) — . :Eg/Q / Ta) — T
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vanishes since Nog(x3) = 0. Thus (4.5) reduces to
—/ngagg(u)g'(xg)dx =0,
which by (4.4) implies that
/Y M (23)g' (x3)dx = 0.

Hence, according to Lemma 4.1, Mj(x3) = M; a.e. for some constant M.
The fact that Ms(x3) = My a.e. where the constant

M2 = —/ xlagg(u)dxldx27
B(xs)

follows by inserting ¢ = (g(x3),0,—z1g(x3)) into (3.1). Similarly as above we
observe that e13(¢) = es1(p) = (¢'(x3) — g(x3))/2 and e33(¢) = —x19'(v3) are
the only nonvanishing components of e(p) and obtain that

[ @'w0) = ganyomude — [ st/ @is = [ e(eowdz =o.
Y Y Y
The rest of the arguments are identical with those used for the moment M (z3).
The fact that Ms(xzs) is constant a.e. is shown as follows. Inserting ¢ =
(=722, 721,0)g(x3) into (3.1), and observing that

0 0 —TXIo
e(p) = % 0 0 711 | g'(23),
—TTy Ty 0
we obtain that (4.3) holds f(z1,ze,x3) = —Ta2013(u) + Tw1023(u). Hence
M3(x3) = Ms,
almost everywhere, for some constant Ms. O

5. Relations Between Effective Properties and Strain Energies

In the case when the global displacement v = v(x1, 22, 23) is of the form,

v =(0,0,7x3) (extension in x3-direction), (5.1)
= (—7x3w9, T2371,0) (torsion in zqxe-plane), (5.2)

= (723,0,—272321)  (pure bending about the zy-axis), (5.3)
= (123,0,—272322)  (pure bending about the z;-axis), (5.4)

we observe that £ = e(v) is given by

00 0 ) 0 0 —TTo
e(v)=10 0 0, ew=< 0 0 7 (5.5)
2
00 7

—TX2 TI1 0
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and
0 0 0 0 0 0
e(v)=10 0 0 , e(w)=10 0 0 , (5.6)
0 0 —21m1 0 0 —27x9
respectively.

By (3.1) we generally have that

Fe(w) = 1/(£+e( ) - A(E + ew))dx
- /5 A€ + e(w))da

ie.
Fe(w) = 5 /Ye(v) -o(u)dx. (5.7)

This identity will be useful for finding the relations between various types of effective
properties and the corresponding strain energy Fe(w).

5.1. Effective rigidity of extension
If v is of the form (5.1), i.e

U(xlv T2, 333) = (07 07 7'333),

the identity (5.7) reduces to

Fg(w) = %‘/X/egg(v)dgg(u)dx = %T/Yagg(u)dx. (58)

Since (o33(u)) and (es3(u)) are the resultant extending force and the average exten-
sion in the x3-direction, respectively, it is natural to define the effective rigidity of
extension Deg as the relation

Dy — {o33(u))

<€33(U)>
Due to the periodicity of w we have that (es3(w)) = 0, which gives that
(es3(u)) = (ess(v)) + (ess(w)) = (es3(v)) = 7.

Thus by (5.8) we obtain that

_ (oss(u)) _ 2F¢(w)
Dez = T Y2
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5.2. Effective torsion rigidity
When v takes the form (5.2), i.e.

v(y, 22, 23) = (—Tx322, TT371,0)

the identity (5.7) reduces to

1

Fg(w) = 5 Lelg(v)dlg(u) + 623(’0)0’23(11,) dx

1

— 5/1/(—7'%2013(@6) + 7w1093(u))dx

0
1 T3/2
5/ (/ (—Tx2013(u) + T$1023(u))dx1da:2> dt.
—a§/2 \/B(t)

Hence, due to Theorem 4.1,

2F¢ (w) = TM3a). (5.9)

Due to linearity v = 7ug, where ug is the solution corresponding to the global
displacement v = (—x3x2, x321,0). Thus

M3 :TDg, (510)

where
D5 = / (—xgdlg(uO) =+ {,C1023(’U,0))d$1dx2.
B(t)

This shows that Ms is proportional to the relative twist 7 (the rotation-angle per
unit-length in the x3 direction). In agreement with the terminology of torsion in
the two-dimensional case, we call D3 the effective torsional rigidity. By (5.9) and
(5.10),

2F¢ (w)

0
T3

Ds3 =

o (5.11)

If we assume sufficient regularity on the stress o(u) and the domain Y, it is
possible to give a simpler proof of (5.11) (without involving Lemma 4.1) by using
Green’s formula,

/Yv - div o (u)dz + /Y e(v)o(u)dz = /m/v  F(u)ds,
which due to (3.4) reduces to
/Y e(v)o(u)dx = /Bv - F(u)ds. (5.12)

As observed earlier, F;(u) = o0;3(u) and F;(u) = —oy3(u) on the left and right of
B, respectively, and these values are opposite. Moreover, for this particular case v
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takes also opposite values on opposite sides of B. Hence,

0

/ v F(u)ds = 2ﬁ (—Txo013(u) + T2 0923 (1))dx1dTe = ngMg.
B B(23)

Thus, by (5.7), (5.10) and (5.12) we obtain (5.11). Note, however, that this proof is

less general than that above, which does not rely on the validity of Green’s formula

and the assumption that the concept of stress vector F'(u) is meaningful in classical

sense on the entire boundary of Y.

It is natural to ask whether the value of D3 would be influenced by replacing the
r3-axis by another one, parallel to it. Fortunately, this does not happen. Indeed,
let (a,b,0) be the intersection of the plane z3 = 0 and the new axis. Then we must
replace v by the function v’ given by

v = (21,12, 23) = (—Tw3(02 — b), T23(71 — a),0).

We observe that one corresponding solution u' = v’ + w’ is obtained by choosing
w' = w4+ (0,0, 7xea — T21b), where w is the periodic part of the original solution
u = v + w. Indeed, we easily see that

u=v+w=v+twt+=u+,
where ¢ = (7x3b, —Tx30, TX20 — Tw1b), Which is a rigid displacement, i.e. e(¢)) = 0.
Hence e(u) = e(u'), so ' is clearly a solution of (3.1), and
1
Few) = 5 [ ew)- Ale(w)do = 5 [ elu!) - Afe(w))ds = Fe(w)
v Y

where ¢ = e(v'). Similarly as (5.11) the effective torsional rigidity D} corresponding
to the new x3-axis will be given by
2Fg (w')

0

Dl =
3 37_2

X

Thus, since F¢(w) = Fer(w'), (5.11) gives that D5 = Ds, i.e. the effective torsional
rigidity is unaffected by the choice of the new axis, as long as it is parallel with the
old one.

5.3. Effective flexural stiffness

In the case when
2
v(xy, x2,x3) = (T25,0, =272321 ),

i.e. of the form (5.3), the identity (5.7) reduces to

1

Fe(w) = 5 /Y es3(v) - os3(u)de = —/Ym:lagg(u)da:.

Thus, according to Theorem 4.1,
Fe(w) = 723 M. (5.13)
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Again, due to linearity, u = Tug where ug is the solution corresponding to the global
displacement

v(wy, w2, 73) = (:c§70, —2x311).
Thus
Mz = 1D, (5.14)

where Ds is the resultant moment corresponding to ug, i.e.
D2 = —/ 51310'33(11,0)d$. (515)
B(zs)

The points on the x3-axis having before deformation the coordinates x = (0,0, x3)
will move to points with coordinates

n(x) +w(z) = (m(rs) +wi(zs), n2(w3) + wa(xs), m3(xs) + ws(zs)),

where m1(x3) = 723, m2(x3) = 0, n3(w3) = 23 and w;(z3) are I-periodic functions.
Ignoring these periodic functions, which do not contribute to the global deformation
of the rod-structure, we observe that 7 = d?n;/dz3, i.e. 7 is the curvature of the
global deformation of the xs-axis. In agreement with the two-dimensional theory
of bending we therefore call the relation Dy = My /7 the effective flexural stiffness
with respect to bending about the zs-axis. According to (5.13) and (5.14) we have
that

Fe(w)

229

In the case of pure bending about the z;-axis (5.4), i.e. when
v(x1, 29, x3) = (13,0, —272322),
we obtain similarly that the effective flexural stiffness with respect to bending about
the x;-axis is related to the corresponding strain energy F¢(w) by the relation
_ Fe(w)

Dy = .
7229

In contrast to the case of torsion, the values of effective flexural stiffness turn out
to be highly dependent of the intersection between the x3-axis and the xxzo-plane.
Indeed, according to (5.15),

Dy = —/ x1033(ug)dx,
B(zs)

where u = wug is the solution corresponding to the global displacement
v(x1, 22, 23) = (23,0, —2z321). As before, let (a,b,0) be the intersection of the
plane x3 = 0 and the new axis. The effective flexural stiffness D)} with respect to
bending about the new x1-axis, will then be given by

D} = —/ (r1 — a)oss(ug)dx,
B(zs)
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where u = u{, is the solution corresponding to the global displacement v’ given by
v (21, 29, 23) = (23,0, —223(21 — a)).

This displacement can be written as the sum v’ = v 4+ v”, where v = (0,0, 2ax3),
i.e. v/ is the sum of a pure extension in the z3-direction and a pure bending about
the original xg-axis. Letting u = u( be the solution corresponding to v, we obtain
by the linearity of the problem that u{, = ug + u(. Thus

D; = —/ (x1 — a)oss(ug + ug )dz
B(x3)

—/ x1033(uo)dr + a/ o33(ug)dx — / (71 — a)ossz(ug )dx
B(zs) B(xs)

B(x3)
= D2 + CLNgg(U()) + Mg(uf)'),
where N33 (ug) is the resultant force in the x3-direction corresponding to the solution

uo and Ma(ug) is the bending moment about the new zg-axis of the forces in the
vertical plane corresponding to the solution u]).

6. Symmetric Rod-Structures

We will now consider cases where
Q is symmetric with respect to the plane z5 =0 (6.1)

for some fixed s € {1,2,3} and the elasticity tensor A satisfies the following sym-
metry property with respect to that plane:

aijkr(af) = (_1)5is+5js+5ks+5rsaijkr(y), (6.2)

where d;; is the Kronecker symbol,

5_y_{1 if i = j,
Y0 if i # g,
x = (21,29,23) and y = (y1, Y2, y3) is the mirrored coordinate with respect to the
plane z, = 0,i.e. y = (—x1, 22, 23), y = (1, —x2, x3) and y = (x1, x2, —x3) if s =1,
s = 2 and s = 3, respectively. An example of a rod-structure satisfying (6.1) and
(6.2) for s = 3 is illustrated in Fig. 2.

Note that (6.2) reduces to the simple symmetry condition

aijr (T) = aijkr (y), (6.3)

in the case when A is monocyclic with respect to the symmetry plane zs = 0 at
each point x. For the proof of this fact we refer to Ref. 7. In particular, (6.3) holds
if the material is locally orthotropic with respect to the planes x; = 0, zo = 0 and
xg = 0, which certainly includes the class of isotropic materials.
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Let & be the space of all functions f : 0 — S and consider the subspaces S|,
and S, ¢ defined by:

Sjs = {6 €8 : &ijla) = (1)’ ¢5(y)}, (6.4)
Sis={6€8: —&j(x) = (1) F0L5(y)}- (6.5)
In the case when ¢ is constant these spaces reduce to
Sy ={(€8:&: =0,i#s},
Set ={6£€8:6:=0,8; =0,i# 5,5 # s},

respectively.

Remark 6.1. We observe from (5.5) and (5.6) that the strain e(v) corresponding
to the global displacement v belongs to the following spaces:

If v is a pure extension (5.1) then e(v) € §)1, Sj2, Sj3,

If v is a torsion (5.2) then e(v) € S11, S12, Si3,

If v is a pure bending about the z-axis (5.3) then e(v) € S11, Sj2, Sj3,
If v is a pure bending about the z;-axis (5.4) then e(v) € Sy, S12, Sjs.

Theorem 6.1. Let A be a Y-periodic tensor which is I-periodic in the x3 variable
and satisfying (2.1),(2.2),(6.1) and (6.2) for some fized s € {1,2,3}. In addition,
let v € HYY) be such that € = e(v) is I-periodic in the x3 variable. Then, the stress
tensor o(u) belongs to S| if § € S5 and S1¢ if § € S15. Moreover, if f:Y — R is
symmetric with respect to the plane xs = 0, i.e. f(x) = f(y), then the symmetric
matriz K = {K,;}, where

Ky = /Y F (@) (u) (@),

belongs to Sy if & € S5 and Ss1if § € Sis. Conversely, if f 1Y — R is anti-
symmetric with respect to the plane zs = 0, i.e. f(z) = —f(y), then K = {K;;}
belongs to Ss1 if £ € S5 and Sy if§ € Sis.

Proof. Let ¢ € Hl_ 5(Y). If £ € S}, we define the function @ as follows:

Ps(x) = —s(y),
Pi(x) = pi(y) for all i # s.
‘We obtain the relations

9ps(x) _ 9ps(y)

0T Oys

0ps(x) — Ops(y) O0pi(x) — Opily) :
ox; dy; = Oxs Ay fori7s
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and
&g;(jx) = 8?;(Jy) fori # s, j # s.
Thus,
e (P) (@) = (=1)% 0% e;5() (y).- (6.7)

This identity holds in particularly for the solution w of (3.1), i.e

e (W) () = (1) ep, (w)(y),

and by adding this to the identity (6.4) (with ¢ and j replaced by k and r,
respectively),

Eur () = (1) F0r g5, (y),
and multiplying with (6.2), we obtain
aijir(enr (@) + &) (@) = (1) agjprei; (9) (err (w) + Exr) (1) (6.8)
Thus, multiplying with (6.7) gives
€ij (P)aijhr (err (W) + &kr) (2) = €45()asjkr (€rr(w) + Err ) (y),

which together with (3.1) implies

/Y e(F) - Ale(@) + €)()dx = / e(¢) - Ale(w) +€)(y)dy = 0. (6.9)

Y

Noting that every function ¢ € H!
we obtain that

/ e(c) - A(e(@) + €)(x)dzr =0 for all ¢ € HL, 4(Y),
Y

ser,3(Y) can be represented by ¢ = ¢ where ¢ = ¢

i.e. w is also a solution of (3.1). Hence, w — w is a rigid displacement, i.e. e(w) =
e(w). By summation over k and r in (6.8) we therefore find that the stress compo-
nent o;;(u) satisfies the condition

aij(u) () = (=1)° 5% gy (u) (y).

Thus, by (6.4) o(u) € Sjs. Hence, if f : Y — R is symmetric with respect to the
plane z, =0, i.e. f(x)= f(y), then

/f Ulj dx_ _ LSJF(;]&/ f Ulj dy7

and we obtain that
Ky = (=1)7 00 Ky, (6.10)

which is equivalent with saying that K belongs to S,. Similarly, we obtain that
—K;j = (—1)%%%: K,; if f is anti-symmetric with respect to the plane z; = 0,
which implies that K belongs to Sg .
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In the case when £ € S;; we replace (6.6) by

QZS (.’E) = Ps (y)7

i . (6.11)
Gi(x) = —i(y) for all i # s.

Similarly as above we obtain that
—eij(P)(x) = (=1)%+ () (y).

This identity holds in particularly for the solution w of (3.1), i.e.
—ekr (@) (x) = (=1)% 0 e (w) (y),

and adding this to the identity (6.5) (with ¢ and j replaced by k and r, respectively),

—&pr(2) = (1) (y),
and multiplying with (6.2) gives
—aijir (err(©) + Ekr) (x) = (=1)% 409 agjures; (9) (e (w) + Err) (y)-

Using similar arguments as above, the rest of the theorem follows directly. O

We close this section with a corollary, which will be useful in the analysis of
resultant forces and resultant moments.

Corollary 6.1. If

Kij :/YO'”(U,)(J?)dx (612)
Kl‘j :/Yxtaij(u)(x)da (613)

where t # s, then K = {K;;} belongs to Sy if £ = e(v) € S5 and Ss1 if £ € S1s.
Moreover, if

Kij = / xsaij(u)(x)da (614)
Y
then K = {K;;} belongs to Sy if £ € S5 and Sy if £ € S15.
Proof. The result follows directly from Theorem 6.1 by letting f be the symmetric

functions f(x) = 1 and f(z) = x¢, and next letting f be the anti-symmetric function
f(x) = . O
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7. The Vanishing of Resultant Forces and Moments

From Theorem 4.1 we know that generally all the resultant forces N;; vanish except
for N33. Several of the remaining quantities N33, My, My and M3 may also vanish.
For example in the special case of symmetric homogeneous isotropic bar, bounded
by cylindrical (prismatic) surface, only one of these four quantities are different from
zero for a given global displacement v. More precisely, when v is of the forms (5.1)-
(5.4) the only nonvanishing resultant forces and moments are (o33(u)), M3, My and
M, respectively. Even though the presentation of the theory of the periodic case
presented here is completely different from that presented for the classical theory
of deformation of bars, we still recommend that the reader be familiar with the
theory presented e.g. in Ref. 9.

This property of vanishing resultant forces and moments is not directly inher-
ited in our more general situation. However, by Theorem 6.1 we are able to find
symmetry properties which imply this property in each of the four principle cases.
Before we draw this conclusion, let us first use Corollary 6.1 to obtain the following
remarks for s = 1,2, 3 separately:

The case s =1

If £ =e(v) € §)p, then
/ xo013(w)(x)dr = 0,
Y
i.e. one term of M3 vanishes, and

/ x1033(u)(z)dr = 0,
Yy

ie. My =0.1f £ € S)q, then
i.e. M1 =0, and

ie. N33 =0.
The case s = 2
If £ = e(v) € §)2, then

/ x1093(u)(z)dx = 0,
Y

i.e. one part of M3 vanishes, and

/ x9033(u)(z)dr = 0,
Y
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ie. My =0. Iff [S SLQ, then
hence My = 0, and

i.e. N33 =0.
The case s = 3

If £ = e(v) € §j3, then

/Yxlalg(u)(x)dx :/ xo093(u)(z)dr =0,

Y

i.e. M3 =0. If§ S SJ_?,7 then

/Yxlagg(u)(x)dx :/ xo0sz(u)(z)dr =0,

Y

i.e. M7 = My =0 and

i.e. N33 =0.

By Remark 6.1 we are now able to determine which of the resultant forces and
moment that vanish in the four principal cases. The conclusions are presented in
the following four tables.

Extension in x3-direction

Symmetry-planes

Generally z1 =0 22=0 23=0 21 =0andz2=0

N33 — — — — —
My — — 0 — 0
Mo — 0 — — 0
M3 — — — 0 0
Torsion in x1x2-plane
Symmetry-planes
Generally x1 =0 22=0 23=0 21 =0andxz2=0
N33 — 0 0 0 0
My — 0 — 0 0
Mo — — 0 0 0

M; — —
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Pure bending about the zg-axis

Symmetry-planes

Generally 1 =0 22=0 23=0 z3=0andz2=0

N33 — 0 — — —
M — 0 0 — 0
Mo — — — — —
Ms — — — 0 —

Pure bending about the x1-axis

Symmetry-planes

Generally 1 =0 22=0 23=0 z3=0andz2=0

N33 — — 0 — —
M — — — — —
M, — 0 0 — 0
Ms — — — 0 —

8. Equivalent Boundary Conditions

Let Ci®(Y') be the space of smooth vector valued functions u € C>(Y) satisfying

U _x_g = ﬁ B
s\ T2, =5 | = us (1,72, 5 on B, (8.1)

and let CT5(Y") denote the space of smooth vector-valued functions u satisfying

3 3
u; <x17x27 —7> = u; <x17x27 7) on B fori=2andi=3. (8.2)

In addition, let C“X’(Y) denote the space of smooth vector-valued functions u
satisfying
uz =0 on B (8.3)
and let C°(Y") denote the space of smooth vector-valued functions u satisfying
u;=0 on B fori=2andi=3. (8.4)

Moreover, let H}/(Y), Hy/(Y), H|(Y) and H (Y') denote the closures of these
spaces in H!(Y), respectively.

Lemma 8.1. Let X be a closed subspace of H(Y'). Then the problem

/Ye(tp) A+ e(w))dr =0 forallp e X, (8.5)

has a solution w € X which is unique up to a rigid body displacement. More
precisely, if w = w1 and w = wao are solutions of (8.5), then r = w; —wy € R,
where

R={reX:e(r) =0}
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In the following cases r = (r1,r2,73) lakes the following form:

(1) X =H!

per,3

(Y):
r = (b1,b2,b3) + mia(r2, —21,0),

i.e. a translation in R3 and a rotation in the x1xo-plane of angle mio (if mao
is small).
(2) X = H|/(Y):

7= (b1, b2, b3) + miz(z2, —1,0) + miz(xs,0, —21) + ma3(0, z3, —72),
(3) X =Ho(Y):
r = (b1, b, bg) + mia(z2, —21,0),
(4) X = H/(Y):
r = (b1,b2,0) + mia(x9, —21,0),
(5) X = H,(Y):
r = (0,0,b3).

Proof. Let R denote the set of all rigid displacements in X, i.e.
R={reX:e(r)=0}.

Denote X’ = X/R the factor space which is well-defined since R is finite
dimensional and X is closed. The linear functional (e(y), AE) and the bilinear form
(e(y), Ae(w)) are well defined on X’ by construction. By the Korn inequality this
form (e(¢), Ae(p)) is coercive on X', and the desired statement on the existence
and the uniqueness of a solution follows.

It is possible to show that for all rigid displacements r € H(Y) there exists
a constant matrix m with m;; = —m,;; and a constant vector b such that r(x) =
mx + b, i.e.

r= (bl, bQ, bg) + m12(1‘2, -1, O) + m13($3, 0, —331) + m23(0, rs, —332). (86)

For the proof of this fact we refer to Ref. 8. If u = (u1,us,u3) € R and w; is I-
periodic in the x3 variable, we obtain that m;3 = 0 in (8.6). Moreover, if uz = 0
on B, then by (8.6) we find that mi3 = maos = b3 = 0, and if u; = 0 or ug = 0 we
obtain that mis = by = by = 0. Items (1)—(5) follow directly by this. m|

Theorem 8.1. Let A be a Y-periodic tensor which is I-periodic in the xs-variable
and satisfying (2.1),(2.2), (6.1) and (6.2) for s = 3. Moreover, let v € H'(Y) such
that § = e(v) is I-periodic in the xz-variable. Then, if & € Sj3, any solution w of
(8.5) for X = H|(Y') is also a solution of (3.1), (or equivalently (3.2)). Similarly, if
& € 8.3, any solution w of (8.5) for X = H, (Y) is also a solution of (3.1).
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Using similar arguments as we used for deriving (3.1) from (3.4) via Green’s
formula (3.5), we obtain from Theorem 8.1 the following two pairs of weak versus.
classical formulations.

(1) The case e(v) € Sj3. The weak formulation takes the form: Find u = v + w,
such that w € H|(Y') and

/Y e(p) - Ale(u))dz =0 for all p € H|(Y). (8.7)

The classical formulation takes the form: Find v € H*(Y), such that
divo(u) =0 inY,
Fi(u)=0 on B, i=1,2,
F(u)=0 on C,
U3 = U3 on B.

(8.8)

(2) The case e(v) € Si3. The weak formulation takes the form: Find v = v + w,
such that w € H, (V') and

/ e(p) - A(e(u))de =0 forall o € H (V). (8.9)
Y
The classical formulation takes the form: Find v = v + w, such that
divo(u) =0 inY,
F5(u) =0 on B,
F(u)=0 on C,
U; = V; on B, i=1,2.

(8.10)

Remark 8.1. Approximate solutions on both of the above types of problems can
easily be found in finite dimensional spaces of continuous functions by using com-
mercially available FE-programs. For example, in the program ANSYS these prob-
lems are solved by using “structural problem” with no body forces and specifying
the Dirichlet boundary conditions uz = v3 (or u; = v; and us = vy) on the two
parallel surfaces constituting the set B. This is certainly the same as putting ws = 0
(or w; = 0 and wy = 0) on B. The above Neumann boundary condition are auto-
matically imposed by leaving the corresponding displacements on these surfaces
unspecified. This gives us a numerical solution v which according to Lemma 8.1 is
unique only within a rigid displacement of the form r = (b1, b2, 0) +mia(z2, —21,0)
(or r = (0,0,b3)). In order to obtain a unique solution we may specify this rigid
displacement as follows. By imposing a Dirichlet boundary condition w; = 0 (i.e.
u; = v;) at some point, 2¥ = (z¥, 25, 25) € Y we obtain the condition b; = 0. Simi-
larly, the constant mqs is removed by defining e.g. wq = 0 (i.e. u3 = v1) or we =0

(i.e. ug = v2) at some other point z! = (24,2}, 24) € Y, where (2}, 2}) # (¥, 25).

Remark 8.2. From (5.5) and (5.6) we observe that £ = e(v) € Sj3, S13, Sj3 and
83 for the cases (5.1)-(5.4), respectively. Hence from the above results it is clear
that the problems corresponding to these cases can be solved by using the following
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Dirichlet boundary conditions on the left (right) of B and the points (z¥, 25, 2%)
and (2}, 2}, 2%), where (24, 25) # (2%, 25). Note that the corresponding effective
parameters are independent of the constant 7. This parameter may therefore be
chosen arbitrarily when the only purpose of the computation is to calculate effective
properties.

(1) Extension in xg-direction (5.1):
—72 )
Uz = Tg <’LL3 = T‘°’> on B

ul(x’f7x§,x]§) = ug(x]f,x§7x§) =0 and ul(xll,xé,xl) =0.

(2) Torsion in zjz2-plane (5.2):

TTITS a7 TITs TriT]
U =—" Ug=——— |u=— , Up = —— on B
2 2 2 2
kook k)
us(xy, x5, x5) = 0.
(3) Pure bending about the zs-axis (5.3):
_ 0 . 0 B
us = Ta1xry  (uz = —Tr1ay) on

ul(x’f7x’2‘“,x§):7'(x§)2, ug(x’f,x§7x§):0 and ug(xll,xé,xlg)zo.

(4) Pure bending about the zq-axis (5.4):

ug = 121y  (uz = —Tx223) on B

ul(x’f,xé‘“,x’g):Q ug(x’f7x’2‘“7x’§):7'(x§)2 and ul(xll,xé,xl)zo.

Proof of Theorem 8.1. Assume that { € Sj3. By repeating the proof of Theorem
6.1 with HJ, 5(Y) replaced by the larger space H}/(Y), we find that if w is a
solution, so is the function w given by

@3(%) - _w3(y)7

@i(x) = wi(y) for all i # 3. (8.11)

Hence, it is easy to see that the convex combination

1 1.

is also a solution. By the I-periodicity in the xs-variable of w; for ¢ = 3, we obtain
from (8.11) that

0 0 0
. s\ _ 1 _ %3 1 _ %3
)i <$1,$2, 5 ) = Wi <$1,$2, 5 ) + 5 Wi <$1,$27
1 a3 1 T3
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and similarly that ¢;(z1,22,23/2) = 0 for i = 3. This shows that ¢» € H(Y).
Moreover, for i # 3 we obtain by using (8.11) twice that

z9 1 z9 1_ z9
) <$1,$2,—73> = Wi (131,%2,—73) + Wi <$1,$27—73)
1 9 n 1 xJ
= —w; 21,20, — =2 —w; | @1, T, =2
2 D) 2 D)

1~ 0 1 0 0
= 5Wi (xl,xz, 332—3> + Tk (xl,xz, %) =1 (arl,xz, J;—3> .

Hence, we also have that ¢ € H], 5(Y). Thus, since ¢ is solution of (8.5) for

X = Hp(Y) and at the same time belongs to the smaller function spaces H|(Y)
and HY . 4(Y), it follows directly that ¢ is a solution of (8.5) for X = H|(Y") and

per,3
X = H:_ ,(Y). If £ € S 3, we argue exactly as above by replacing H)/(Y) and

per,3

H,(Y) with H,/(Y") and H, (Y'), respectively, and using

{53 (.’E) = w3 (y)7

@i(z) = —wi(y) foralli#3, (8.12)

instead of (8.11), and the rest of the theorem follows.
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