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We deal with homogenization problem for nonlinear elliptic and parabolic equations in a
periodically perforated domain, a nonlinear Fourier boundary conditions being imposed
on the perforation border. Under the assumptions that the studied differential equation
satisfies monotonicity and 2-growth conditions and that the coefficient of the boundary
operator is centered at each level set of unknown function, we show that the problem
under consideration admits homogenization and derive the effective model. Bibliography:
24 titles.

1 Introduction

This paper addresses the homogenization of the boundary value problem
—div a(Dug,x/e) + Aus = f in Q,
a(Dug,x/e)-v =0 on 09, (1.1)
a(Dug,x/e) - v = g(ue,z/e) on Se,
where €. is a bounded periodically perforated domain in RY (N > 2) and £ > 0 is a small
parameter referred to the perforation period. The boundary of €2, consists of two parts, namely,
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the fixed outer boundary 0¢2 and the boundary of perforations S.. We assume that the domain is
not perforated in a small (of order €) neighborhood of 02 so that the perforation boundaries S,
and 0f) are disjoint. The coefficients a = (a1, ...,ayn) in the equation and the function g in the
boundary condition on S; are strongly oscillating (with the period ¢) functions. The boundary
condition on S; includes, as a particular case, the inhomogeneous Neumann boundary condition
of the form a(Du.,z/¢) -v = a(x/e) and the Fourier one, a(Du.,z/¢) - v = f(ue,x/e)u.. Along
with the stationary problem (1.1), we also consider the parabolic problem

Owue — div a(Dug,x/e) = f  in Q. x {t > 0},

a(Dug,xz/e)-v =0 on 05, (12)
1.
a(Dug,x/e) v =g(ue,x/c) on S,

u. =u fort=0.

The linear elliptic equations in perforated domains with the Fourier boundary condition on
the boundary of perforations were considered, for example, in [1]-[7]. It was shown that, if the
coefficient in the Fourier boundary condition is small (of order ¢) or the volume fraction of the
holes vanishes at a certain rate as € — 0, then the asymptotic behavior of solutions to these
equations is described in terms of a homogenized problem with an additional potential. By
contrast, if the volume fraction of the holes does not vanish as the period of the structure tends
to zero, then the dissipative Fourier boundary condition forces solutions vanish.

In the problem studied in the present paper, the surface measure |S:| tends to infinity as
e — 0. To compensate this measure grows, we assume that the average of the function g(u, z/¢<)
(appearing in the boundary condition on S:) over the boundary of each hole is zero for any
u € R.

Previously, linear problems with the same assumptions on the coefficient in the Fourier
boundary condition were considered in [8]; related spectral problems were studied in [9, 10]. The
corresponding homogenized operator is shown to contain an additional potential, this potential
is always negative.

A variational problem closely related to (1.1) for a functional with a bulk energy and a surface
term on the perforation boundary was studied in [11] by means of I'-convergence technique.

In contrast to [11], we do not assume that the problem under consideration can be written in
variational form. Instead, we assume the monotonicity of a(&,y) and apply here the celebrated
two-scale convergence method (cf., for example, [12]-[16]). This allows us to treat boundary value
problems that cannot be reduced to the minimization of an energy functional. For instance,
such a reduction is not possible in the case of linear function a(§,y), a(§,y) = A(y)§, with
nonsymmetric matrix A.

Since, in general, the monotonicity assumption on a(§,y) does not imply the monotonicity
of the problem (1.1) (even for large \), we are not able to show the uniqueness result for (1.1).
Moreover, the existence of a solution of (1.1) holds only for sufficiently large A (cf. the discussion
in [11]), while the parabolic problem (1.2) does have a unique solution under certain assumptions

on a(§,y) and g(u,y).

The key difficulty in applying the two-scale convergence theory to the homogenization of (1.1)
and (1.2) is due to the presence of a highly perturbed surface integral in the weak formulations of
the said problems. To pass to the limit in the surface integral, we establish a new result related
to the two-scale convergence of traces (cf. Proposition 3.1). Closely related results concerning
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the two-scale convergence of surface integrals were obtained in [3] and [17].

The main result of this work shows that solutions wu. of the problem (1.1) converge as & — 0
to a solution Uy of the homogenized problem

{ div a* (DU, Up) + b*(DUs, Up) + [Y*|(f — AUp) =0 in €, )

a*(DUy,Up) - v =g"(Up)-v on ON.

The coefficients a* and b* are defined in terms of a cell problem (cf. the problem (2.13)) and
depend both on the coefficients a = (ay,...,ay) in the equation in (1.1) and on the function
g in the boundary condition on S.. It is interesting to observe also that the homogenization
of (1.1) leads to the change of the boundary condition on 99 from the homogeneous Neumann
condition to a Fourier type one.

In what concerns the parabolic problem (1.2), we show that solutions u. of (1.2) converge
as € — 0 to a solution Uy of the homogenized problem

|Y*|8tU0 — div CL*(DU(), U()) — b*(DU(), U()) = ‘Y*‘f in Q x {t > 0},
a*(DU(), U()) V= g*(Uo) vV on 89, (1.4)
Up=u fort=0.

The analysis of (1.2) involves the same ideas as that of (1.1) combined with a lower semicontinuity
trick already used in the parabolic problems in [18]-[21].

An interesting issue in both parabolic and elliptic frameworks is the uniqueness of a solution
of the limit problem. The limit operator, although admits a priory estimates, needs not be
monotone even for large values of A. The main difficulty is due to the fact that the first order
term b*(Du,u) in the limit equation couples the unknown function u and its gradient.

The uniqueness is proved only for small space dimensions and in the case where either a (¢, y)
is linear in & or g(u,y) is linear in u. Without these additional assumptions it remains an open
problem.

The paper is organized as follows. Section 2 is devoted to problem setup and formulation of
the main results. Sections 3-5 deal with the elliptic case. In Section 3, we prove the two-scale
convergence result which relies on several technical statements. These technical statements are
then justified in Sections 4 and 5. Section 6 considers the parabolic case. Finally, in Section 7,
we study the properties of the homogenized problems.

2 Presentation of the Main Results

Let Y be the unit cube Y = [~1/2,1/2)Y (N > 2), and let G be an open subset of Y such

that G C (—1/2,1/2)", with Lipschitz boundary. We set Y* =Y \ G and S = |J (0G + m).
meZ

Given a bounded connected open set Q@ C R™ with Lipschitz boundary 92, we consider the

perforated domain 2. defined by Q. = Q\ | (eG 4+ me), I. = {m € ZN yv™ ¢ Q}, where
mele

vm = (Y +m)e. We have 9, = 002 U S., where S. is the boundary of perforations.
We assume that @ : RV x Y — RY and g : R x S — R satisfy
(i) a(&,y) (respectively, g(u,v)) is continuous in & (respectively, ), i.e., a € C(RY; L>®(Y))
(respectively, g € C(R; L>(S))), and is Y-periodic in v,
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(ii) there is ¢ > 0 such that
(a(&y) —al¢,y) - (€ —¢) = = —¢* VECERY, (2.1)

(iii) there are constants C,...,Cs > 0 such that
~C1+Cole? <aléy) & lal€y)| < Osl¢] + Cu, (2
lg(u, y)| < Csul + Cs, (2.
(2
(2

\g(u, y) - g(v,y)l < 07‘1" - U|7
190 (w, ) — g (v,y)| < Cslu—v|(1 + [u] +[v]) 7,

/ g(u,y)doy =0 VueR. (2.6)
SNy

Let us write (1.1) in an abstract form. For this purpose, we consider the space X, = W12(€,)
and its dual X* with respect to the duality pairing (-, - ). induced by the standard inner product
in L2(€2.). Define the operators A., G. : X, — X} by

(As(u),v)e = /a(Du,x/e) -Dvdz Vv e X (= WH())
Qe

(Ge(u),v)e = /g(u,x/a)vda Vo e Xe(=WhE)). (2.7)
Se
In terms of these operators, (1.1) reads
As(us) + Aue — gs(ue) = f

According to assumptions (i)—(iii), the operator A. is monotone and continuous while G. is a

compact operator. It follows that F.(u) = A.(u) + Au — G-(u) (A > 0) is a bounded continuous

and pseudomonotone operator (recall that F. : X, — X7 is pseudomonotone if u® — u weakly

in X, and limsup(F. (u®),u® —u). <0 implies (Fs(u),u —v). < lin_1>inf<.7:€(u(i)), ul® —v), for
) 1— 00

1— 00

all v € X.). Then for any f € L%(Q) the problem (1.1) has a (possibly not unique) solution
us € Xc when € < g9, A > Ao (where \g, €9 > 0 are specified in Theorem 2.1 below) by Brezis’
theorem (cf., for example, [22, Chapter II]), thanks to the following coercivity result.

Theorem 2.1. Under assumptions (i)—(iv), there are Ao,e9 > 0 such that
(Acu + M — Ge(u),u)e = 30 ||ullk, — s, (2.8)

when ||u|lx. = R, for some 31 > 0, 390 >0 and R > 0 independent of € < gg, and X = X.

Under the above assumptions on the perforated domain )., there is a bounded linear exten-
sion operator P. : W12(Q.) — WH2(Q) (P.v = v in Q. for any v € W12(Q.)) and

[ P-vllpwz) < Cllvllwz@.),

[Pevllz2(0) < Cllvllze.)
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with C independent of ¢ (cf., for example, [23]). We keep the notation u. for the solution of
(1.1) extended to Q¢ (u. = P.uc) and study the asymptotic behavior of u. as ¢ — 0.

We formulate the first main result of this paper.

Theorem 2.2. Assume that conditions (i)—(iv) are satisfied and f in (1.1) belongs to L*(9).
Let Mg > 0 be as in Theorem 2.1. Then for any A = A\ solutions u. of (1.1) and their derivatives
Du, two-scale converge as € — 0 (up to extracting a subsequence) to Uy(z) and DUy(x) +

DyUi(x,y), where the pair Up(x), Ui(x,y) is a solution of the two-scale homogenized problem:
find Up(z) € WH(Q), Uy (z,y) € L2(4 Wpar (Y)) such that

//(a(DUO + DU, y) - (D®g + Dy®1)dydx

QY*

— [ [ 60 021(w.9) + 6, V0,920 0. 9)) oy
Q SNy

—/ / Dx(g(Ug,y)%)-ydayd:c—/Y*|(f—)\U0)<I>0d:c:0 (2.9)
Q SNy Q

for any ®y(z) € WH2(Q), &y (z,y) € LEQ;Wpa(Y)). In particular, u. converge weakly in
Wh2(Q) to a solution Uy of the homogenized problem (1.3), where a*(&,u), b*(€,u), and g*(u)
are defined by

a*(§ ) Z/a(erDyw,y)dy, (2.10)
J
b€ u) = / g, (u, y)wdo, (2.11)
SNY
g () = / o(u, y)ydo, (2.12)
J

and w = w(y; &, u) is a unique (up to an additive constant) solution of the cell problem
div a(§ + Dyw,y) =0 in Y™,
a(§ + Dyw,y) - v=g(u,y) onSNY, (2.13)
w is Y -periodic.
Remark 2.3. Note that (2.9) defines Uy (z,y) modulo an arbitrary function Ui (z,y) €

L2(Q, Wi (Y) such that Uy(z,y) = 0 for y € Y*. This is due to the freedom in the particular
choice of the extension operators P-.

Remark 2.4. The third term in (2.9) is reduced by integrating by parts to the boundary
integral

[ | Petottn )iz = [ a0 v
Q SNy o9
which leads to the boundary condition in (1.3).
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Remark 2.5. In the linear case, i.e., when a and g are given by a(&,y) = A(y)¢ and

g(u,y) = a(y) + uB(y), the cell problem (2.13) for w splits into three cell problems for w(),

div (A(y)(€ + DywM)) =0 in V¥,
A@y)Dyw v =—A(y)E-v on SNY, (2.14)

w is Y -periodic,
and w®) (k =2,3),

div (A(y)Dyw™) =0 in Y*,

Ay)Dyw®) v = 63,8(y) + dska(y) on SNY, (2.15)

k)

w® is Y -periodic

(045 is the Kronecker delta) so that w = w® 4 uw® 4 w®). Then the homogenized equation
takes the form

div A" DUy + BM™ . DUy 4 CPomU, + D™ + |Y*|(f — AUp) = 0,

where the homogenized matrix AP™ coincides with the classical effective matrix for the Neu-
mann problem in perforated domains,

Am%=/A@@+Dwmm%
Y*

B 6= [ @D - 6+ D,u )y,
Y*
chom — /A(y)Dyw(Q) 'Dyw(Q)dy,
Y*

Dhom — / A(y)Dyw® - Dyw®dy.
Y*

Note that B"™ = 0 in the selfadjoint case (when A = AT).

In the case of the parabolic problem (1.2), we prove that there is a unique solution u. and
its asymptotic behavior in the leading term is described by the homogenized problem (1.4).
Formulating the convergence result, we assume, as above, that u. is extended onto the whole
domain 2 by means of the extension operator P-.

Theorem 2.6. Assume that conditions (i)— (iv) are satisfied. Then, if f € L?((0,T) x
Q) and u € L%*(Q), there is a unique solution of the problem (1.2) that converges weakly in
L2(0,T; WH2(Q)) as € — 0 (up to extracting a subsequence) to a solution Uy of the homogenized
problem (1.4), where a*, b*, and g* are defined by (2.10), (2.11), (2.12), and (2.13).
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3 Proof of the Convergence Result
for the Stationary Problem

From Theorem 2.1 it follows that |[ue|lyy1.2(q) < C, where C' is independent of . Therefore,
up to extracting a subsequence,

ue — Up(x) two-scale, (3.1)

Du. — DUy(x) + DyUy(x,y) two-scale. (3.2)

Show that the pair (Up,U;) solves (2.9). For this purpose, we chose arbitrary functions
Vo(x) € C*°(Q2) and Vi(z,y) € C®°(22 x Y), where Vi(x,y) is Y-periodic in y, set v. = Vp(z) +
eVi(z,x/¢e), and substitute the test function w. = u. — v. into the weak formulation of (1.1),

/(a(Du&az/s) - Dwe + Auswe )dx — /g(us,x/e)wsda = /fwsdx. (3.3)
Qe Se Qe
By the monotonicity assumption (2.1), from (3.3) we find

/(a(DvE,x/s) - D(ue — ve) + M (ue — ve))dx

Qe

- / 9(ue, /) (ue — v2)do — / F(u <0. (3.4)

Se

Since Dv. = DVy(x) + Dy Vi(z,2/e) + €D, Vi(x,x/e), it is easy to show, by using (i) and (2.2),
that x.a(Dve, z/e) = x(y)a(DVo(z)+ D, Vi(z,y),y) in the strong two-scale sense, where x. and
x are the characteristic functions of {2, and Y™ respectively. This allows us to pass to the limit
in the first term on the left-hand side of (3.4):

/(a(DvE,x/s) - D(ue — ve) + Mz (ue — ve))dx

—>/</ (DVy+ D, Vi, y) - (DU0+DyU1—DVO—DyV1)+)\V0(U0—VO))dy>dx. (3.5)

The limit transition in the last term on the left-hand side of (3.4) yields

[t =iz~ [ ( / f(Uo—Vo)dy>dﬂf- (3.6)
Qe Q Y*

Finally, passing to the limit in the middle term, we get

/g<ug,x/e> dH/< / Vo, y) <Uo—vo>-y+U1<x,y>—v1<x,y>>day>dx

Se SNy

+ / ( / g;wo,y)(Uo—%)(DUO-y+U1<x,y>>day)dx. (3.7)

Q SNy
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The most nontrivial point is to obtain (3.7). The proof of (3.7) is presented in Sections 4 and 5
in detail and is based on the following result, which is of an interest itself.

Proposition 3.1. Assume that q(z,y) € C(Q; L*>(S)) satisfies
(a) lq(z,y) — q(2',y)| < Clz — 2’| with C > 0 independent of x,2’ € Q and y € S,
(b) g(x,y) is Y -periodic iny € S,

(c) / q(x,y)doy =0 for all x € €.
Yns

Then for any sequence w. € WH2(2) such that

we(z) = Wo(x), Dwe(x) = DWy(x) + D,Wi(x,y) two scale as e — 0 (3.8)
we have
/q(sc,:c/e)(wS — we)do — / / q(z,y)(DWy -y + Wi(z,y))do,dx. (3.9)
Se QYns

Hereinafter, w. denotes the piecewise constant function obtained by averaging over Yg(m):

1
we(z) = N / we(y)dy, =eY™. (3.10)

Proof of Theorem 2.2. Thus, (3.4)—(3.7) yield

/ ( /(a(DVo + D, Vi,y) - (DUy + DyUy — DV — D, Vi) + AVo(Up — Vo))dy> dz
Q Y*

_/< /g(any)(D(UO—Vb)'y+U1(36,y)—V1(x,y))d0y>dx

Q SNy

—/< /QZ(UO,?J)(UO—‘/(J)(DUO'y+U1(I7y))de>dI

Q sy
- / ( /f(Uo - Vb)dy) dz <0, (3.11)
Q Y

By approximation argument, using (i)—(iv), we see that (3.11) holds for any Vp € W12(2) and
Vi € LE(Q; Wper(Y)). Choosing Vy = Uy £ 7®¢, Vi = Uy £ 7®, (7 > 0), dividing (3.11) by 7,
and passing to the limit as 7 — 0, we obtain the two-scale homogenization problem (2.9). | |

Let us clarify details in the final part of the above proof when passing from smooth Vj and
Vi to arbitrary functions Vo € W'2(Q) and Vi € L2(; Wi (Y)) in (3.11). For the first term
on the left-hand side this transition is justified by the Nemytskii theorem (cf., for example, [22,
Chapter I1]), and it is a trivial task for the last term. The second and third terms, correspond-
ing to the limiting functional M (Uy, Uy, Vp, Vi) in (3.7), require more attention. Let us write
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MUy, Uy, Vo, V1) as

M(Us, Ur, Vo, V1) = / (¢ (Us) - DU — Vi) + (Uo — Vo)(g")'(Us) - DUp)da

9]

+ / / D,O(y: Vo) - Dy (Ui (2, y) — Vi y))dyda
Q Y*

4 / / (Us — Vo)D,©y(y: Up) - DU (z,y)dyd, (3.12)
QO Y*

where (g*)" denotes the derivative of g* and O(y;u) is a solution of the problem
Ay©O =0 inY",

00
_ 3.13
iy g(u,y) on SNY, (3.13)

© is Y-periodic.

From assumptions (iii) and (iv) it follows that (3.13) has a unique (modulo an additive constant)
solution O(y;u) and © depends regularly on the parameter u; more precisely,

1D,0( 1wl 12(v+) < Cllul + 1), (3.14)
ID,0(- 1) = D,O(-:0) (v < Clu—wl, (3.15)
1Dy (- 310) — Dyl (+50) [ 2v+) < Clu—vl(1 + u] + [o]) ™, (3.16)

where C is independent of v and v. All these properties are demonstrated similarly. For example,
we show (3.14) by using (2.3), (2.6) and the Poincaré inequality (7.6) in W (Y*) (cf. Section 6),

/ g9(u,y) <@— |Y1*| /Gdy> dy
A

SNY
The bounds (3.14)—(3.16) in conjunction with assumptions (2.3)—(2.5) imply

Proposition 3.2. The functional M(Uy, Uy, Vy, V1) defined by (3.12) (or, equivalently, by
the right-hand side of (3.7)) is continuous in the space

WL2(Q) x LEQ; WL2(Y*) x Wh2(Q) x L2(Q; W2 (Y™)).

per per

< C(lul+ DDyOll L2 (v=)-

‘/DyG)-Dy@dy‘ -
e

4 Auxiliary Results and Proof of Theorem 2.1

4.1 Some inequalities

Recall the classical inequalities in Sobolev spaces:

2
/ v — /vdx do < C’/ |Dv|?dz Vv € WH(Y) (Poincaré inequality), (4.1)
sny Y Y
/ lv]?do < C’/(|v|2 + [DvY)dz Vv e WHA(Y) (trace inequality). (4.2)
sny Y
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By an easy scaling argument, (4.1), (4.2) lead to the inequalities

/|v€ —v.|2do < C’s/ | Dv.|?dz, (4.3)
Se Q

/|v5|2da < C€1</|UE|2dx+52/Dv€2dx) (4.4)
Se Q Q

for any v. € W12(Q), where v, stands for the piecewise constant function obtained by averaging

over each cell Y™ (cf. (3.10)) and C depends only on S. We also will make use of the following

inequality, which is a simple consequence of the Jensen inequality: for any r > 1
/|vsrda < Ce! / |ve|"de, (4.5)
Se Q

where C > 0 is independent of r and v..
4.2 An asymptotic representation for surface integral in (3.4)

To pass to the limit as € — 0 in the surface integral in (3.4), we use the following assertion.

Lemma 4.1. Let u.,w. € W12(Q). Then

/g(ug,x/e)wgdx = /*_q(us,az/a)(w8 —w)do + /g;(us,x/e)ws(us — uz)do + 0 (4.6)

Se Se Se

and
0] < C (e + (elhwell 2(e) V42 (e 1200y + Nelyragqy)- (4.7)

Proof. We have

g(ue, v/e)we = g(ue, v/e)(we — we) + (g(ue, v/e) — (g(ue, v/€))(We — we)
+ (g(uea x/g) - g(“a; :L'/&‘))wg + g(uea x/f)wa-

Therefore (in view of (2.6)),

/g(ug,x/s)wgda = /g(ug,x/s)(wg —we)do + /(g(ug,x/s) — (g(ue, x/e))(we —we)do

Se Se Se
+ / (9(uer2/2) — glue, 2/ wedo = I + I + L.
Se

The term I, gives vanishing contribution as € — 0. Indeed, by (2.4) and (4.3),

|I| < C/ ue — ue||we — we|do < Ccel|Duc| 20 [ Dwe || 2 (q)- (4.8)
Se
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The term I3 can be written as

1
Is = /dt/(g;(ug + t(ue — ue), x/e) — gu(ue, z/€))we(ue — ue)do

0 S
+ /gq'i(ug,as/s)wg(u6 —u.)do = I3 + /g;(ug,ac/s)wa(u6 — u.)do.
Se Se

Using (2.5), we get

e — w2
\I3| C sup / [ue = uel*we| do,
0<t<1 1+ |u€| + |u€ + t(ue - us)‘

€

which yields, after applying the Holder inequality,

7 t|u5 —u5|2\w6|
I3 < C su / do
155l < ogtgl 1+ t|ue — ug|

Se

/ 1/q
t4 _ 2q' -2
<C /\ws\qda sup /|u8 —u€|2 e — e ,do ,
<t<1 (1 + tue — uel)?
Se

where ¢ = ¢/(q¢ — 1) and ¢ = 2(N + 2)/N. Note that the embedding W12(Q) C LI(Q) is
compact; moreover (cf., for example, [24]),

3 C > 0 such that |lul|fa) < CHuH?A/,‘{Q || H4/ ND -y e wh2(Q). (4.9)

Since 1 < ¢’ < 2, we have

1t |ue — |27 2 1242y, — u |22 t2=¢
VAN ! ! < 1
(1 +tlue —ue)? = (14 tue — ue)*7 72 (1 + tlue — ue|)>~9
for any 0 < ¢t < 1. Therefore, using (4.3), (4.5), and (4.9), we get
T3] < O™ Va4 e gy | D 2ty
< OO e [14 0 g e 50 1D |75y
< Clellwellz20)) N (Jwelfy120 + 1Duell72 () (4.10)

where we also used the Young inequality. The bounds (4.10) and (4.10) yield (4.7) (since
|0c| < [12] + |13])- N

The proof of the next technical result is similar to Lemma 4.1 (and is left to the reader).

Lemma 4.2. If u., uM e Wh2(Q), v. € L®(Q) N WH2(Q), then for we = u. — ne

‘/(g(ue,x/f) —g(ul),2/e))(ue = ve — ue +ve)do| < Cllwel| 2 (@) | D(ue = ve) | L2()
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] [t/ = a2/l e — )i

Se

] [t /e) = il /o) — )
Se

< Cllwellp2 (o) [ Duel| 2 (0)

< Cllwel 2o 1Vl oo () [ D || 2 ()

Proof of Theorem 2.1. Assume by contradiction that there are sequences e, — 0, A\, —
+00, and u, € WH2(Qy, ) such that Jukllx., — oo,

(Acp (ur), ur)e, + MU, ug)e, — (Ge(ur), ug)e, < 5k||“k”§(5ka

and 0 — 0. In view of the definition of A, and G., this implies that

/ (a(Dvg,x/e) - Dug + Ak‘vk‘2)d$ < /g(vk,x/e)vkda + 5k||ka12,V1,2(Q)daz,

e, S

where v, = P., uy, is the extension of uj, onto 2. Using (2.2) and the properties of the extension
operator P, for wy = vy /||vk|[w12q) we get

1 ~
7/\Dwk|2dx+)\k / |wk\2dx < /g(vk,x/s)wkda+5k (4.11)
HUkHWM’(Q)

€k €k

with some ~ > 0, where 0, = 0 + C/lvkll3yiz g 2(qy — 0. Now, write

/g(vk,x/sk)wkdo: /(g(vk,x/ek) — g(vg, x/er))wrdo + /g(vk,x/sk)(w—wk)da

S. S. Sey

k k

=1 + Iy, (4.12)

where we used (2.6). By (2.4) and (4.3), we have

1/2 1/2
| gc/ \vk—vk|\wk|da<05k1/2</|ka|2dx> </|wk\2dx>
Sey Q Ser
< C||Dvgll 20y 1wkl 220y + ekl Dwill 2(q))- (4.13)
Similarly, by (2.3) and (4.5),
|| <C / |wg — wi|(Jvg| + 1)do < Cl|Dwgl| 20 (|vkllL2 @) +1)- (4.14)
Sep
Thus,
YN Dwill72(q + Mellwk 72 @) S Cllwllzz@) + er) + O, (4.15)

where we used the fact that [Jw|[yy1.2(0) = 1. Therefore, HwkHLQ(Q y = 0.
<k
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By the compactness of the embedding W2(Q) c L?(f), up to a subsequence, wy — w
strongly in L2(Q2). On the other hand, according to the structure of perforated domains .,

/wkvd:ﬁ — Y*/wvd:ﬁ Vo e L3(Q).
Q

Qe

Taking v = w, we get w = 0 (since HwkHLQ(QEk) — 0) so that [[wg| z2(q) — 0. Then (4.15) yields
Y Dwi| 2y — 0 and, consequently, ||w|[y1.2(q) — 0, that is a contradiction. I

As a byproduct of the above proof, from (4.12)-(4.14) we obtain for any u,v € W12(Q)

[{G= (u), v)e| < Clllullwrz@)l[vll2@) +lvllwr 2@ (lull 2@+ 1) +ellullwre @ lvllw @), (4.16)

where C is independent of €. In particular,

1Ge (w)]

X S Cllullx. +1) Yue X.. (4.17)
Then, possibly modifying s in (2.8), we have
(2.8) holds for all u. € X, (4.18)

when ¢ < gg and A > \g.

5 Limit Transition in the Surface Term and
Proof of Proposition 3.1

Proof of Proposition 3.1. Let ' be a subdomain of Q such that @ C Q. Define the
linear functional b. on W12(2) by the formula

bew, = /q(x,x/s)(we — w,) do. (5.1)
3
where S, = U S. N Ys(m). It is clear that S. C S..

m: Ys<m) N+

Step 1 (weak convergence of b.). Let us show that

||b<|] < C with C independent of ¢, (5.2)
bew — / / q(z,y)Dw(x) - ydoyder weakly as e — 0. (5.3)
Q' Yns

By (4.3), we have
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q(z, z/e)(Dw(x™) - (x — 2'™) + O(e?)) do

Ayd™
/ ™) 2/e)Dw(a™) - (z — (™) do + O(c)
S/ Y(’")
= / / q(z,y)Dw(x) - ydoydz + o(1),
o yns
where z{™ is the center of the cell YA™. Thus, (5.2) and (5.3) are proved.
Step 2 (proof of (3.9) for w, with supp(w.) C €'). Assume that
we =0 in Q\ ', (in particular, w. =0 on 9'). (5.4)

Given § > 0, let {an)} be an open cover of 2, diam Q((Sa) < 6, and let {cp((sa) € C®(RM)} be a
partition of unity such that supp go((;a) C Q((;a), 0< gof;“) <1, Z cp((sa) = 1. Then

bow, = Z/ iL'(; ,x/s wg)gog ) do

+y / (qla,z/e) — (@, 2/e)) (we — we) @l do = Iy + I, (5.5)

where 2 5 ) e Q 5 - By the Lipschitz continuity of ¢(z,y) in z,

L] < 052/ w — welp®do = 05/ jw — weldo < O8]| Due 20 (5.6)
(0% S,
We write the first term I as

IL = Z( /q(ﬁv\ga),x/g)wgcpga)da — /q(ﬁv\ga),x/s)wgcpga)da> = Z(ﬂa) + ﬂa)). (5.7)
“ s St

Note that
/ 4@ w/e)es do = eN< / a(@5", y) Deog™ (™) -ydoy+0<e>>

Sé ﬁYE(m) SNy

(as above, 2™ denotes the center of the cell YA™ )) Since w. — Wy(x) strongly in L?*(Q),

- - /(Wo / @, y) Dl (a )-yd0y>dw

SNy
= / <so§a’(x> / Q(JU((sa),y)DWo(x)-yday>dx,
Q SNy
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where we used the fact that Wy =0 in 2\ ©'. Thus,

S / <Za:/(p6 ) ) DWo(x) - ydx)day.

Therefore,

lim lim / / z,y)DWy(x) - ydoyda. (5.8)
0—0e—0
Q' SNy
7(a)

In order to pass to the limit in I’ as ¢ — 0, we consider the solution 6 of the problem
Af(y) =0 in Y™,

%0 _ 2 y) on SNY, (5.9)

0 is Y*-periodic.

By property (c) of ¢(z,y), there is a unique (up to an additive constant) solution 6 of (5.9) and
0 € WH2(Y*). We set (.(x) = 0(z/e). Then A(. =0 in Q. and

/e ~(a
681/6 = q(a:((; ),x/e) on S,

so that

/q(ﬁ:\ga)w/a)wggoga)do = 5/w5g05 ;Eda =c / D(wscpg‘l)) - D¢ dx

St St QN

= [ Dlwed?) - (DO)(w/e) o
QN
where we took into account that w. = 0 on 9. It is easy to check that
D(wgcp((;a))(:c) — D(Wocpga))(x) + cp((sa)Dywl (z,y) two-scale.
Therefore,

- /(/ (Woel™) + @ D, Wi () - (D) () dy) dz

*

/ </W19:y Yg(@, )day>daz,

SNy

where we used (5.9). Thus, taking into account the Lipschitz continuity of ¢(z,y) in x and
passing to the limit as 6 — 0, we get

. . N(a
%1_{% ig% Z/‘P(S /Wlazy azy)day>d
o sny
:/ / Wi(z,y)q(x,y) do,d. (5.10)

Q' sny
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Finally, by (5.5)—(5.8) and (5.10), we obtain

/q(x,x/s)( — w)do —>/ / z,y)(DWy -y + Wi(z,y))doyde. (5.11)
St o vns

Step 3 (general case). Let (w:) be an arbitrary sequence such that w. — W weakly in
W12(Q) and Dw. — DWy(z) + DyWi(x,y) two-scale. Write
we = (we — (Wo + wlM)) +wlV + Wy,
1)

where we’ is a unique solution of the problem
AwM =0 in @,
{wgl) =w, — Wy on 08,
extended in '\ ' by setting wt = we — Wo. Since w. — Wy — 0 weakly in H'/2(0€Y),
w) — 0 strongly in WY2(K) for any compact set K C €/ (5.12)

by standard elliptic estimates. This implies, in particular, that wgl) — 0 and Dwél) — 0

two-scale. Moreover, in view of (4.3), for any compact subset K of ',

putli<c S [l —ulore Y [ —ula

mYNKAD ) mY MAK=g ym) gy
1/2 1/2
<C</|Dw§1>2dx> +CQg\K1/2(/Dw | da:) (5.13)
Ks Q

if ¢ < 6/N, where C is independent of ¢ and d, K5, are the d-neighborhoods of K and
Y respectively, and § > 0 is arbitrary. (The summation in (5.13) is taken over m such that

v Ao # @.) From (5.12) and (5.13) it follows that bgwgl) — 0 as € — 0, while, according to
the first and second steps,

b€W0—>/ / q(x,y)DWy - ydoydx,

Q'Yns
bolwe — Wo + ) = [ [ g )Mo p)dode,
Q' Yns
Thus, (5.11) is proved for any sequence (w;) such that (3.8) holds.
Final step. We set Q' = {z € Q;dist(x,0Q) > 0}, where 6 > 0. By (4.3), we have

51/ 1/2
/ |we —we|do < C 12 / lwe — we|*do < C51/2H/UJEHW1,2(Q) (5.14)
£

S\SL S:\SL

for sufficiently small ¢, where C' is independent of § and . Therefore, (5.14) combined with
(5.11), yields (3.9) for any sequence (w;) such that (3.8) holds. ||
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Proof of (3.7). We approximate Uy by functions ugl) € CY(Q) (§ > 0) in the strong topol-
ogy of L2(Q): ||Ug — u((sl) Ir2(0) < 6. By Lemma 4.1, the strong-L? convergence of u. to Uy, and
Lemma 4.2, we have

lim sup
e—0

/g(ug, x/e)(us —ve)do — /g(u((sl),sc/e)(u8 — Ve — Ue + v:)do

Se Se

_ / @, 2/8) (W) — v)(ue —u)do| < C5. (5.15)
Se

On the other hand, the regularity of g(u,y) in u (the conditions (2.3), (2.4), and (2.5)) implies
the point-wise bounds

l9(ug” 2/e) - glus” /)| < Ce on S,
gy /) (ug” —ve) = gl (g /o) — Vo) < O on 5.
(recall that v. = Vy(z) + eVi(z, x/e) and Vj, Vi are smooth functions), which, by (4.3), lead to

/ (gl z/e) — g(ul) 2/€)) (e — v — uz + v2)do
Se

lim sup
e—0

+ / (g (u§ 2 /) (s — ve) — gy (u§ /o) (uf) — Vo)) (ue — u)do| = 0. (5.16)
Se

Now, applying Proposition 3.1 first with ¢(x,y) = g(ugl) (x),y), we = ue — v, then with ¢(z,y) =

g(ul? (), y)ul? (), we = ue, and, finally, with g(z,y) = g(ul” (), y)Vo (@), w. = ue, we get

/(g(ugl),x/e)(us — Ve — Us + V) + g;(ugl)jaz/s)(ugl) — Vo) (u: — u.))do

Se

” / / gS y)(D(Uy — Vi) -y + Ui (2, y) — Vi(x,y))do,dz
Q SNy

*/ / gl ) (WS = Vo) (DUs - y + Us (2, y))dor,da. (5.17)
Q SNy

Assuming 6 — 0 in (5.15), (5.16), and (5.17) yields (3.7). I

6 Homogenization of the Parabolic Problem (1.2)

In terms of the operators A and G., the problem (1.2) is as follows:

{6tue(t) +Ac(ue(t) = Ge(ue(t)) = f(t), ¢>0,
ue(0) = w.



We study the asymptotic behavior of solutions u® of (6.1) as ¢ — 0 adapting the notion of two-
scale convergence to functions depending on the time variable ¢ which is treated as a parameter.
Namely, following [11], we say that

a sequence v, = v.(z,t), bounded in L?(Q x [0,T1),

two-scale converges to Vy(z,y,t) if

O/Tﬂ/vs¢(ﬂz,x/5,t)dxdt—>Z!!‘foqﬁ(ﬂ:,y,t)dxdydt, (6.2)

for any Y-periodic in y function ¢(z,y,t) € C°(Q x Y x [0,7T]).

The basic properties of the convergence (6.2) are similar to those of the standard two-scale
convergence. Namely, any bounded in L?(Q x [0,T]) sequence has a subsequence converging
in the sense of (6.2); if [|ve|lp2(0rw12()) < C then, up to extracting a subsequence, v. and
Du. converge in the sense of (6.2) to Vy and DVy(z,t) + Dy Vi(x,y,t) correspondingly, where
Vo € L2(0,T; W'2(Q)) and V; € L2([0,T] x Q; Wpi(Y)). Note, however, that (6.2) does not
imply, in general, that v.(-,t) converges in two-scale sense for a.e. t € [0,7], but rather

B B
/vsdt—>/Vodt two scale forall 0 < a< < T.

[0}

6.1 Well-posedness of the problem (6.1)

Given T' > 0, let us show that the problem (6.1) has a unique solution on the time interval
[0,77]. For this purpose, we first note that the operator A:(u) — G:(u) + Au becomes monotone
if one chooses a suitable A > 0 (depending on ¢). Indeed, using (2.4), we get

(G-(u) — G- (v),u — v). < C / - v[2do
Se

< 52/2D(u— )32 + Tellu — 022,y Vuv € W), (63)

where s is the constant appearing in (2.1) and I'; is independent of u. and v, (the last inequality
in (6.3) is due to the compactness of the trace operator T. : Wh2(Q.) — L*(S.), Tew =
trace of w on S¢). Then, setting A = I'c + 1 and using (2.1) and (6.3), it is easy to verify that

the operator u — A-(u) — G(u) + Au is monotone. (6.4)

At

Changing the unknown v. = e~ *"u,, we reduce the problem (6.1) to the evolution problem

for the equation
Bpo-(t) + Ao(ve(t),1) — Ge(o(t),8) + hve = e Mf(t), >0,

with the initial condition ve(0) = @, where A; : v 5 e M A (eMv) and G, : v — e MG, (eMv).
By the standard theory of parabolic problems for monotone operators (cf., for example, [22]),
from (6.4), (2.1), and (6.3) it follows that the latter problem has a unique solution on [0,7] as
far as f € L2([0,T); X?) and u € L?(9).
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6.2 Uniform a priori bounds

Let us show that for any 7' > 0 the solution u. of (6.1) satisfies the following bounds for
sufficiently small e:

100220 ey Ttel Bz oy < O @Y + 1 220y + 1) (6.5)

with a constant C' independent of €. Let €g, A9 be as in Theorem 2.1. By (6.1), for € < g9

t
<u€ 6+2/ +ga(ua( )) +>\ou5(7),u5(7)>6d7
0

e +2 )+ Aoue(T), ue (7)) dr. (6.6)
!

Then (6.6), combined with (4.18), yields

<US(TI)7UE(T/)>E + 2%1HU6H2L2(0,T/;XE) < (w,u)e + ||f||L2(O,T’;Xg‘)HUEHLQ(O,T';Xg)

7
+ 2T 300 + 2)g /(us(t)7us(t)>sdt VOLST <T. (6.7)
0
Therefore,
(e (T), ue(T'))e < 07 (@, ). + ; 112 2 0.1 x2) + 2T 222). (6.8)

Combined with (6.7), this implies the second bound in (6.5); while

||5tue||L2(o,T;Xg) < HAE(UE)HH(O,T;X;) + ||gs(us)||L2(o,T;Xg) + HfHL2(0,T;Xg)a

and thus the first bound in (6.5) is a consequence of the second one and (4.17).

6.3 Homogenization of the problem (6.1)

Let u. be continued in = variable onto 2 by using the extension operator P.. Then the
resulting function, still denoted wu., satisfies

ue(t)|| 2 < C Vit €[0,T],

(6.9)
[uell 220, 7m12(0)) < C,s
with a constant C' independent of . This implies that, up to extracting a subsequence,
ue. — Up(z,t) two-scale (in the sense of (6.2)) and weakly in L*(0,T; W2(Q)), (6.10)
Dyu. — DUy(z,t) + DyUi(x,y,t) two-scale (in the sense of (6.2)), (6.11)

where Uy € L2(0, T; W'2(Q)) and U; € L2(0,T; L2(Q; Wpa (Y))). Furthermore, if we set G, = u,
for v € Q. and u, = 0 for x € Q\ Qg, then (6.10) yields that u. — |Y*|Up(z,t) weakly in
L(0, T3 L*(92)).

127



Let X = W12(Q), and let X* be its dual with respect to the duality pairing

(u,v) = |Y*|/uvdaz.
Q

Show that Uy € W2(0,T; X*) and @.(t) — |Y*|Uo(t) weakly in L?(2) for all 0 < t < T. From
(6.10) we have, for any ¢ € X and ¢ € C§°([0,77),

/Tatug,mso /Tu Be (1)t — /Uo,qﬁ ((tyat (6.12)
0 0

On the other hand, using (6.5), we get

2
<c / 161 le(t) Pdt < Cllpo 2oz (6.13)

T
/ (O, ) e (D)t
0

Then (6.12) and (6.13) show that Uy € W'%(0,7; X*). By (6.8), the norms |[i(t)|/;2(q) are
uniformly in 0 < € < gp and t € [0,7] bounded. Thus, to prove that u.(t) — |Y*|Up(t) weakly
in L2(2) for every t € [0,T], it suffices to show that

(ue(t),d)e = (Uo(t),d) V¢ e€X. (6.14)
By the first bound in (6.5),
[(ue(t) = ue(t), d)e| < Clt = t']2 ] x
On the other hand, (6.14) holds in the sense of weak star convergence in L*°(0,7") since u; —
|Y*|Uo(z,t) weakly in L2(0,T; L*($2)). Thus, (6.14) holds for any ¢ € [0,T], so that u.(t) —

|Y*|Up(t) weakly in L2(Q) for all ¢ € [0,7]. In particular,

lim inf (ue (T), ue (7))

:liminf/((uE(T)—UO(T))Q—Ug(T))d:U—i—MH% . (T)Uo(T) dz

e—0
Qe Q
—timipt [ (ue(T) = Uo(T) do -+ (Uo(T).Uo()) > (Go(T).Uo(D))  (615)
Qe
and, clearly,
(ue(T),v:)e — (Uo(T), Vp) for any sequence v. — Vy strongly in L%(£2). (6.16)

Lemma 6.1. If (u.) is a (sub)sequence of solutions of (6.1) such that (6.10) holds, then

HUS - UOHLQ(QX[O,T}) —0ase—0. (617)
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Proof. By (6.10), it suffices to establish the (relative) compactness of (u.) in L%(Q x [0, T).
This is achieved by constructing a sequence of compact sets Ky (k =1,2,...) in L?(Q x [0,77])
such that

lim lim sup diStLQ(QX[O T})(ug, Kk) =0.
k—oo  ¢—0 ’

Let 0 = wéo) < wél) <...< wéj ) < ... be the spectrum of the Neumann eigenvalue problem
—A¢p =wo in Q,,
gqj =0 on 9€),.

The eigenfunctions ¢§j ) can be chosen to form an orthogonal basis for L?(€).). Then
e . .
us(t) =Y f9(t)Po),
§=0

where fg(j )(t) = (ue(t), ¢§j )>5. Moreover, ¢§j ) / (wéj ) 4 1)Y/2 form an orthonormal basis for X, (=
W2(Q.). Hence

- T
Z(l +W£j))/|f§j)(t)|2dt = HUEH%Q(O,T;XE) < Hu&H%?(O,T;X) & (6.18)
=0 0

It is well known that wék) — wk) ag e — 0, where 0 = w® < w® <...< w) < ... is the

discrete spectrum of a homogenized problem. By the first bound in (6.5), we have
19(8) = FO()] < Clt — V299, = Cle — #1214 )1/

for all t,t' € [0,T]. Tt follows that, for every k fixed, the sequence
k . .
(W) =" f9 () P.gY))

is in a bounded closed subset K} of CY/2([0,T]; X). It is clear that K}, is a compact set in
L%(Q x [0,7]). On the other hand, due to the properties of the extension operator P-,

T w T
e — ng)H%?(Qx[o,T]) < C/ lue — ng)H%?(QE)dt =C Z /‘f;;-(j)(t)‘2dt-
Therefore, in view of (6.18),
limsup dist (o7 (e, Ki) < limsup [Jue — || 2(0x0.1))

e—0 e—0

< C/wF ) 50 as k — oco. N
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Now, we set Vy(z,t) € C°(Q x [0,T]) and Vi(z,y,t) € C*(Q x Y x [0,T]) with Vi(z,y,t)
being Y-periodic in y. Setting v. = Vy(z,t)+eVi(z,x/e,t) an, using the test function we = u.—v,
n (6.1), we obtain

T
S e slT))e = (@) = (uelT), )+ (@00 + [ (0, o)
0

T T T

+ /(Ag(ug(t) / (Ge(uc(t)), we(t))edt = /(f(t)7w€(t)>sdt. (6.19)
0 0 0

Using (6.10) and (6.15), (6.16), we can take liminf._,o for various terms in (6.19) to get
i (5 (0c(T) D)) — | (8.2 — (0s(T), 0T + (700

+/T ) Oeve(t))e - <f(f)’ws(t)>e)dt>
0

> (Wo(T), Uo(T) —  (i,) — (Un(T), Vo(T) + (3, Vo(0))
T

+/(<Uo(t)75tVo(t)> = (f(), Uo(t) = Vo(1)))dt. (6.20)

0
By (6.11), we also have

T
lim [ (Ac(ve(8)), we(t))-dt

e—0

T
= ///a(DxVo + D, Vi,y) - (D.Uy + DUy — D,V — D, V1)dydzdt. (6.21)
0 Qv*

Let us show that
T
/(gg(ug),u8 — vg)edt — /M(Uo7 U, Vo, V1)dt as € — 0, (6.22)
0

where M (Uy, Uy, Vi, V1) is given by (3.12) (or, equivalently, by the right-hand side of (3.7)). The
proof of (6.22) follows closely the arguments at the end of Section 5 (proof of (3.7)). In place of
Proposition 3.1, we make use now of

Proposition 6.2. Assume that q(t,z,y) € C(]0,T] x Q; L>°(S)) satisfies

(a) lq(t,z,y) —q(t',2",y)| < C(|z — 2’| + |t — t'|) with C > 0 independent of x,z" € Q,
t,t' €[0,T] and y € S,

(b) q(t,z,y) is Y -periodic iny € S,
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(c) / q(t,z,y)doy, =0 for all z € 2, t € [0,T].
Yns
Then, given w. € L*(0,T;WY2(Q)) such that w. — Wy, Dywe(z,t) — D Wo(z,t) +
DyWi(z,y,t) two scale (in the sense of (6.2)) as e — 0, we have

T T
O/S[CJ(t,:U,w/@(wa_wa)dgdt—)// / q(t, 2, y)(DaWo - y + Wi)doydadt. (6.23)

0 QYnS

Proof. We set 0 = t(()n) << t§n) =Tj/n<- - < t%”) =T and A§n) = (t;@l,tgn)). Using
(4.3) and the Lipschitz continuity of ¢(t,z,y) in ¢, we obtain

/T/q(t,x,x/s) — we)dodt = Z // (t,z,x/e)(w: —we)dodt
0 Se

= 1A(n> S.

n

= Z/q(tgn),x,x/e) / (we — we)dtdo + (™ (6.24)

i=tg, A
with
c [ cf
] < //w ~ weldodt < /||w5HW1,2(Q)dt. (6.25)
n n
0 Se 0
Setting
W, = wedt
Al

and applying Proposition 3.1, we get

tim [ (%, 2, 2/e)(W. — W.)dtdo = / / / ) ) (DaWo - y + Wi )doydadt. (6.26)

e—0
Se (”) QYns

If we pass to the limit (along a subsequence) as ¢ — 0 in (6.24) and send n to oo in the resulting
relation, then, by (6.25) and (6.26), we obtain (6.23). I

Proof of (6.22) (continued). By Lemma 4.1 and (6.9), we have

T
/ga U ), Ue — Vg)e // (ue,z/€)(ue — ve — ue + ve)dodt
0

T

+//g;<“€’x/5>< —02) (e — ue)dodt + O/ N,
Se

[e=]
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Then, assuming that ugl) € CHQ x [0,77)) is such that ||Uy — ugl)HL2(QX[O’T]) < 0 and using

Lemma 4.2, Lemma 6.1 (convergence of u. to Uy in L?(Q2 x [0,T])), continuity properties of
g(u,y) and g}, (u,y) in u (the conditions (2.3), (2.4), and (2.5)), (4.3), and the second bound in
(6.9), we obtain

T

hm (Ge(ug), ue dt—hm// u(s 79:/8 e — Vs — Ug + Ve)

e—0
0

+ g (@l 2 /e) () = Vo) (ue — uz))dodt + O(6) (6.27)
provided that the limits exist. Using Proposition 6.2, we identify the limits on the right-hand
side of (6.27) and then obtain (6.22) by passing to the limit § — 0. ||

Now, by the monotonicity of the operator A.(u), we can take liminf._,o in (6.19) to obtain,
by virtue of (6.20), (6.21), and (6.22),

T

/(@Uo(t), Uo(t) = Vo(t)) — (f(t), Uo(t) — Vo(t)))dt

’ T

+ ///a(DmVo + DyVi,y) - (DoUy + DUy — D,uVo — D, Vi)dydadt

QY*

M(Uy, Uy, Vi, V1)dt < 0. (6.28)

O\uﬂ o

This inequality is shown for any Vy(z,t) € C°(Q2 x [0,T]), Vi(z,y,t) € C®°(Q x Y x [0,T])
(Y-periodic in y) since an approximation argument it still holds for any Vy € L2(0,T; W12(Q)),
Vi € L2(0,T; L2(Q; Wi (Y))). We set Vo = Uy, Vi = Uy + 6¢(x, t)w(y), where w € Wpa(Y),
¢ € C®(Q x[0,T]), § > 0 are arbitrary, divide (6.28) by ¢, and pass to the limit as 6 — 0:

//(/ (DoUo + DyUs,y) - Dywdy — /g(Uo,y)wday><p(:U,t)dxdt:0. (6.29)

SNy

This means that U; solves (2.13) with u = Uy and § = D, Uy for almost all (z,t) € Q x [0,T].
Now, we set Vy = Up £ d®(z,t) and V; = Uy, where ® € C°(2 x [0,7T]) and ¢ > 0 are arbitrary,
divide (6.28) by d, and pass to the limit as § — 0. As a result, we obtain

T
Y*|//8tU0(x,T)<IJ(x,T)dxdT
0 Q

n / [ (@ (D200, Vo) - D, b (Do, U — div o(g” (Uo))dad
Q

T
0/ Q/ £, )0 (x, 7)dadr, (6.30)

which yields (1.4).
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7 Properties of the Homogenized Problem

Define the operators A*, B*,7* : X — X* by the formulas

B*(u) = b*(Du,u),

(A*(u),v) = /a*(Du,u)-Dvdx VoeX,

Q
(T*(u),v) = /g*(u) -vvdo = /div (¢" (w)v)de VoveX.
o0 Q

In terms of the operator F*(u) = A*(u) — B*(u) — 7 *(u), the problems (1.3) and (1.4) read

F(u) + M= f, (7.1)
{&tu —1;.7-" (u)=f, t>0, (7.2)
u=u, t=0.

According to Theorem 2.2, there is a solution (obtained as the limit of solutions of (1.1)) of
(7.1) for every f € L?(Q2). Similarly, by Theorem 2.6, the problem (7.2) has a solution on the
time interval [0,7] when f € L?*(Q x [0,T]) and @ € L*(Q). The solvability of the problems
(7.1) and (7.2) can be proved for more general f; namely, we can assume merely f € X* and
f € L?0,T;X*) in (7.1) and (7.2) respectively. However, we focus on the uniqueness results.

7.1 Properties of a* and b*

Lemma 7.1. The functions a* and b* given by (2.10) and (2.11) are continuous. Moreover,
there are constants v, a,r > 0 and C such that

a* (& u) - € = yI€P* = C(lul* +1) and |a* (&, w)| < C(I€] + Jul + 1), (7.3)
(a*(&u) —a*(Gv) - (€= Q) = al¢ = (P —r(u—v)?, (7.4)
0% (&, w)| < C(I€] + [u[ + 1), and
(0% (& u) = b°(C,0))(v —u) < i(a*(i,U) —a’(G,v)) - (€= Q)
+ C(Ju —v]* + [u — v (J€] + |ul + 1) /(1 + [u — v])). (7.5)

The proof of this lemma is based on the study of properties of the solutions w(y; &, u) of the
problem (2.13). We make use of the following well known results:

1 2
/ ‘w— v+l /wdx‘ do < C’/Dw2dfv7 (7.6)
sNYy Y * Y *
/ [Dyw + &7 dy = plé?,  p >0, (7.7)
Y*
for all ¢ € RY and w € Wgé% (Y*), where C and p are independent of w and &.
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Lemma 7.2. For any ¢ € RN and u € R there is a unique (modulo an additive constant)
solution w(y; &, u) of the problem (2.13) and

(a) / IDyw(y: &, w)Pdy < CUEP + [uf? + 1),
Y*

(b) a*(&§,u) - & = 7IE]* = C(lul [¢] + |uf® + 1) (with v > 0),

c) there are o, 8 > 0 and r such that, for any £, € RN and u,v € R
() y

(a*(&u) —a*(¢v) - (€= ¢) Z al§ = (P —r(u—v)*+ 5/ |Dw[*dy,
o

where W = w(y; ‘Sa u) - w(y; <> U)7

(d) w(y;¢,v) — w(y; & u) strongly in WSé%(Y*) \Ras(¢— & and v — u.

Proof. The existence of a unique solution of (2.13) in Wplé%(Y*) \ R easily follows from
assumptions (i)—(iii) and (vi) on the functions a and g. To show (a), we derive from (2.13) by
integrating by parts

[ate+ Dwy) €+ Dty = [ gtuyudo + [ae+ Duy)-cdy. (@8)
Y sny Y
Applying the Poincaré inequality (7.6) and using (2.6), (2.3), for any k£ > 0 we obtain
[ alé+ Dwy) - €+ Dupdy < Clul + DIDwz2(v) + CIEI € + Dol

Y*

< C(lul + D)(IE + Dwll 2y« + [€]) + ClENIE + Dwll 2 (y+)
C
< R{(Jul + 12+ (€ + e + Dy, (7.9)
where C' is independent of k, u, and . Choosing k in (7.9) large enough and using (2.2), we get

/ € + DulPdy < C(lul® + ¢ + 1),
Y*

which, in turn, implies (a).
Using (7.7) on the left-hand side of (7.8) and (7.6) in conjunction with (2.3), (2.6) in the
first term on the right-hand side, we easily derive (b).

In order to show (c), we use (2.13) to get by integrating by parts

(@ (€ u) —a*(C.0) - (€ — ) = / (9(v,y) — glu,y))Bdo

SNy

+ /(G(S + Dyw(y; §,u)) — a(C + Dyw(y; ¢,v))) - (§ = ¢+ Dyw)dy. (7.10)
v
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Taking into account (2.4), (2.6) and applying (7.6), we can estimate the first term I; on the
right-hand side of (7.10) as follows:

11| < klu—v]® + i / |D@|?dy  for any r > 0, (7.11)
Y*

where C' is independent of k, &, ¢, u, and v. In view of (2.1) and (7.7), we have the following
lower bound for the second term I in (7.10):

I > (1= 8)eplé — P+ ¢ [ €~ ¢+ D,y
Y*

with 0 < § < 1 to be chosen later. On the other hand, by the elementary inequality a® <
2(a +b)? + 202,

/ |D,w|*dy < 2/ € — ¢+ Dyw|*dy + 2|¢ — ¢|*
Y * Y *

Thus,
O .
B> slp—3(p+ D)l — P+ [ |D,@Pdy,
Y*

Choose 0 < 0 < 1 so that p—d(3>x +1) > 0 and set k = 4C/(d5) (where C' is the constant
appearing in (7.11)). We thus obtain (b) with o = s¢(p —d(p+ 1)) > 0 and g = (dx)/4 > 0.

Finally, statement (d) is a direct consequence of (a) and (c). ||

Proof of Lemma 7.1. According to Lemma 7.2, it suffices to show (7.5). We set w =
w(y; &, u) —w(y; ¢,v). Using (7.6) and assumptions (i), (iii), (iv) on g, we have

(b (€.) — (¢, 0)) (0 — )
= (v—u) / ¢ (v,9)@doy + (v — u) / (6l y) — gl (0, 9)w(y: €, u)dor,

SNy SNy
< Clu—v|[|[D@| g2(y+) + Clu— v Dw (-5 €, u)[ 2+ /(1 + [u] + [v]). (7.12)
Then statements (a) and (c) of Lemma 7.2 yield (7.5). I

Remark 7.3. In the case where the function g(u,y) is linear in u, the bound (7.5) simplifies
to the following one:

(6" (&, u) = 07(¢, ) (v —u) < i(a*(ﬁm) —a*(¢,0)) - (€= Q) + Clu—vl*.

Let us consider the particular case where a(&, y) is linear in £, i.e., a is given by a(&, y) = A(y)¢
with A € L®(Y;RVN) A(y)E - € > x|€]? (5 > 0) for all € € RN, y € Y. Then we can write
the solution of (2.13) as the sum w(y; &, u) = wM (y; €) + @(y; u) with w solving (2.13) and @
being a unique (up to an additive constant) solution of the problem

div (A(y)Dyw) =0 in Y™,
A(y)Dyw - v = g(u,y) on SNY, (7.13)

w is Y-periodic.
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Note that w™® (y;€) depends linearly on ¢. Also,
lw(y; w)llwrzppr < C(luf 4 1),
lw(y; u) — w(y; v|lwrzy-pr < Clu— v,
10, (g5 w) — W (y; )l vy < Clu— o]/ (1 + [ul + |v]),

where C' is independent of u and v. The proof of these bounds is analogous to that of (3.14)—
(3.16). Thus,

b*(&,u) = ai / A(y) Dyti(y; u) - Dyw™ (y; €)dy
J
+/mm%@wmwaﬁ@mwzﬂm»uwm> (7.14)
J

with H and h such that |H(u) — H(v)| < C|u — v| and |h(u) — h(v)| < Clu — v|.

7.2 Uniqueness results for the problem (7.1)

In the particular cases, where the dimension of the space N < 3 or a(&,y) is linear in &,
or g(u,y) is linear in u, we show that the problem (7.1) cannot have two distinct solutions for
sufficiently large A.

The following inequality will be used to estimate the expressions involving traces on 0€). For
every ¢ > 0 there is As such that

/w2d0 < 6]l Dw|2a gy + Asllwl 20y ¥ w e WH(Q). (7.15)
o0

This inequality is a consequence of the compactness of the trace operator Tyg : WH2(Q2) —
L2(09), Taqu = trace of u on 9Q. By the Lipschitz continuity of g(u,y) in the variable u, the
inequality (7.15) implies

(T (u) — T*(v),u —v)| < @

Y= vl + Clu = vl22(q), (7.16)

where o > 0 is the same as in (7.4).
Let v and v be solutions of (7.1).

Case I: g(u,y) is linear in u. Using Lemma 7.1, Remark 7.3, and (7.16), we get
* k (0] ~
(Fr(u) = F*(0) + Mu—v)u—v) > flu— ollk + (A= 20)lu = vll72( (7.17)

with Xo independent of \. It follows that u = v if A > Xg.
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Case 1I: a(&,y) is linear in §. According to (7.14), we have

(B*(u) = B*(v)),v —u) = [Y7] /(u —v)(div (H(u) — H(v)) + h(u) — h(v))dz

Q

= V'] [(D@ =) (H(w) ~ Hw) + (1~ o) (h(w) ~ h(w))do
Q

Y] [ (= o) (H ) - Hw) - vdo < {lu= ol + Cle =z,
o0

where we used (7.15). This inequality and Lemma 7.1 yield (7.17) (with possibly another
constant \g).

Case 1II: the space dimension N is equal to two or three. It is well known that for these
space dimensions X (= W'2(Q)) is compactly embedded into L*(£2); moreover,

|74y < Collwlk + CoN AN jw|72 g,

for all w € X and 0 > 0, where C' is independent of § > 0 and w (cf., for example, [24]). Using
this inequality, Lemma 7.1, and (7.16), we easily show that

% * «
(F'(w) = Fr(@),u—v) 2 o=l - Cllu—vllx
+ 5 NN — |72 ) (lullx +1) V6> 0. (7.18)
On the other hand, Lemma 7.1 and the very definition of 7*(u) imply that for every w € X
(A*(w), w) = ylwlk = C(lwlzag) + 1),
[(B¥(w), w)| < Cllw]lx + [[wllz2 (@) + Dl[wllz2 (),

(T (w), w)| < Cllwllxllw]r2(q)-
Therefore, there is Xo such that
* Y 2 Y
(F(w),u) 2, llullx = Aofu, w).

Hence for A > Xg we have the a priori bound

lullx < C(If]

x++1)

with C' independent of u, f, and A > Xo. Thus, u and v being solutions of (7.1), the estimate
(7.18) yields

(@ _ _
M=ol + Mu =il ) < CUIfllx + D llu = ol + 64V flu = v][f2q),

and, setting 6 = a/(8C((|[fllx+ +2)), we get u = v as far as A > Xo (= max{Xo, C(|| f|lx~ +
1)6~N/(=N)1) (g can be chosen independent of f if N = 2).
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7.3 Uniqueness results for the problem (7.2)

Given T > 0, we show that the problem (7.2) cannot have two distinct solutions v and v on
the time interval [0, 7] if a(&,y) is linear in £ or g(u,y) is linear in u. Indeed, w = u — v satisfies

O (w(t),w(t)) + 2(F*(u(t)) — F*(v(t)),ut) —v(t)) =0, 0<t<T,
and w(0) = 0, while (7.17) yields
—2(F*(u(t)) = F*(v(t),u(t) —v(t)) < Clw(t),w(t)), 0<t<T.

Therefore, e‘CtHw(t)HQLQ(Q) < 0 so that w = 0.

In the case where the space dimension is equal to two, we also have a uniqueness result.
Note that we have at least one solution u € L?(0,7T; X) of (7.2). Then, if v is another solution,
we set w =u — v, R(t) = (w(t),w(t)) and derive, using (7.18) with § = a/(8C((||u||x + 1)),

R(t) — CR@O)(Jul®)|x +1)2 <0, 0<t<T, and R(0)=0.

This implies that
¢
R(t) exp{ - C/(HU(T)HX +1)2 dT} <0
0

and, consequently, R =0, i.e., u = v.
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