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We study the asymptotic behavior of the spectrum of the Dirichlet problem for a for-
mally selfadjoint elliptic system of differential equations with rapidly oscillating coeffi-
cients and changing sign density ρ. Since the factor ρ at the spectral parameter changes
sign, the problem possesses two – positive and negative – infinitely large sequences of
eigenvalues. Their asymptotic structure essentially depends on whether the mean ρ over
the periodicity cell vanishes. In particular, in the case ρ = 0, the homogenized problem
becomes a quadratic pencil. Bibliography: 20 titles.

1. Statements of the Problem and Description of the Results

1. Spectral problem. Let Ω be a domain in the Euclidean space R
n with the smooth bound-

ary ∂Ω of class C2,δ, δ ∈ (0, 1) and compact closure Ω = Ω∪ ∂Ω. We consider spectral Dirichlet
problem for the following formally selfadjoint system of second order differential equations (al-
thoug we deal with a family of boundary value problems with parameter ε ∈ (0, ε0] but we often
mention it as a single problem under the assumption that ε is small and fixed)

L (ε−1x,∇x)u
ε(x) = λερ(ε−1x)uε(x), x ∈ Ω, (1.1)

uε(x) = 0, x ∈ ∂Ω, (1.2)
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where λε is the spectral parameter, ∇x is the gradient, uε = (uε1, . . . , u
ε
k)

� is a vector-valued
function (a column, i.e., the symbol � means transposition) and ε > 0 is a small parameter.
The real-valued density ρ and complex-valued coefficients of the matrix differential operator L
are periodic1) functions of “fast” variables

y = (y1, . . . , yn)
� = ε−1x = (ε−1x1, . . . , ε

−1xn)
�. (1.3)

Let us describe the structure of the (k×k)–matrix L (y,∇y) of the differential operator in detail.
Let D(∇y) be the (K×k)–matrix of homogeneous first order differential operators with constant
complex-valued coefficients, and let A be a Hermitian positive definite (K ×K)–matrix-valued
function for all x ∈ Ω. Suppose that the matrix D(ξ) is algebraically complete [1], i.e., there
exists a natural number σD such that for any row P (ξ) = (P1(ξ), . . . , Pk(ξ)) of homogeneous
polynomials of degree σ � σD in the variables ξ = (ξ1, . . . , ξn)

� there is a row of polynomials
Q(ξ) = (Q1(ξ), . . . , QK(ξ)) such that the following identity holds:

P (ξ) = Q(ξ)D(ξ), ξ ∈ R
n. (1.4)

In this case, the formally selfadjoint differential matrix operator

L (y,∇y) = D(−∇y)
�
A (y)D(∇y) (1.5)

is called [1] formally positive and is elliptic (cf. [1]–[3]). Furthermore, it possesses the polynomial
property [2, 3]

a(u, u; Ξ) = 0, u ∈ C1(Ξ)k ⇔ u ∈ P
∣
∣
∣
Ξ
, (1.6)

where Ξ is an arbitrary domain in R
n, P is a finite-dimensional lineal of vector polynomials

and a is the sesquilinear form

a(u, v; Ξ) = (A D(∇x)u,D(∇x)v)Ξ, (1.7)

where ( , )Ξ denotes the inner product in the Lebesgue space2) L2(Ξ)
K . Based on (1.4), it is

easy to check that

P =
{

p = (p1, . . . , pk)
� : D(∇x)p(y) = 0 ∈ C

K , y ∈ R
n
}

, (1.8)

and the degrees of scalar polynomials pj do not exceed σD − 1 (cf. [3] for details).

We set

A ε(x) = A (x/ε), L ε(x,∇x) = L (ε−1x,∇x)

and
aε(u, v; Ξ) = (A εD(∇x)u,D(∇x)v)Ξ. (1.9)

The variational setting of the problem (1.1), (1.2) is to find a nontrivial vector-valued func-

tion uε in the Sobolev space
o
H1(Ω)k (the symbol ◦ indicates that the Dirichlet condition (1.2)

is used) and numbers λε ∈ C for which the following integral identity holds (cf. [4]):

aε(uε, v; Ω) = λε(ρεuε, v)Ω, v ∈ o
H1(Ω)k, (1.10)

1) Throughout the paper, without loss of generality we assume that the period in each of the variables yj ,

j = 1, 2, . . . , n, is equal to 1.
2) The superscript K indicates the number of components of a vector-valued function, but we omit it in the

notation of inner products and norms.
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where ρε denotes the function x �→ ρ(ε−1x). An eigenvalue λε and the corresponding vector-
valued eigenfunction uε form an eigenpair {uε, λε} – a solution to the spectral problem (1.1),
(1.2) (or (1.10)).

In the general statement (1.10), it suffices to assume that the entries of the matrix A and the
density ρ are bounded measurable functions. However, to justify the homogenization procedure,
we need the higher smoothness of coefficients:

A ∈ C1,α
per (S)

K×K ,

where S = (0, 1)n is the cubic periodicity cell and C1,α
per(S), α ∈ (0, 1), is the Hölder class of

periodic functions on S, equipped with the norm

‖v;C1,α
per (S)‖ = sup

y∈S
(|v(y)| + |∇yv(y)|) + sup

y,η∈S

(|y − η|−α|∇yv(y)−∇ηv(η)|
)

.

The density ρ is assumed to be bounded and measurable, i.e.,

ρ ∈ L∞(Ω), ‖ρ;L∞(S)‖ = ess sup {|ρ(y)| : y ∈ S} .

We also need the space W 1∞,per(S) of periodic functions v equipped with the norm

‖v;W 1
∞,per(S)‖ = ‖v;L∞(S)‖ + ‖∇xv;L∞(S)‖.

The main goal of this paper is to derive and justify asymptotic formulas for spectral pairs
of the problem under consideration.

2. Some special problems in mathematical physics. We consider several examples of
systems of differential equations that possess the above-listed properties.

Example 1.1. Let k = 1, K = n and D(∇x) = ∇x. Then L (y,∇y) = −∇�
x A (y)∇y is a

scalar divergence operator, σD = 1, and P = C. �

Example 1.2. In the matrix form (not tensor form; cf., for example, [5, 6]), the operator
L of the three-dimensional (n = 3) system of linearized equations of elasticity governing strains
of an anisotropic inhomogeneous body (composite) is formed by the rapidly oscillating matrix
A (ε−1x) of elastic moduli and the (6× 3)-matrix D :

D(ξ)� =

⎛

⎜
⎜
⎝

ξ1 0 0 0 2−1/2ξ3 21/2ξ2

0 ξ2 0 2−1/2ξ3 0 2−1/2ξ1

0 0 ξ3 2−1/2ξ2 2−1/2ξ1 0

⎞

⎟
⎟
⎠

. (1.11)

It is easy to verify the algebraic completeness (1.1) of the matrix; in particular, k = 3, K = 6
and σD = 2. The polynomial property (1.6) contains the lineal

P = {p(x) = d(x)a : a = (a1, a2, a3, a4, a5, a6)
� ∈ R

6},

d(x) =

⎛

⎜
⎜
⎝

1 0 0 0 2−1/2x3 −21/2x2

0 1 0 −2−1/2x3 0 2−1/2x1

0 0 1 2−1/2x2 −2−1/2x1 0

⎞

⎟
⎟
⎠

.
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The vectors d(x)a are rigid displacements, translations (a4 = a5 = a6 = 0) and rotations

(a1 = a2 = a3 = 0). Owing to the factors 2−1/2, the strain column

D(∇x)u =
(

ε11(u), ε22(u), ε33(u), 2
1/2ε23(u), 2

1/2ε31(u), 2
1/2ε12(u)

)�
(1.12)

(cf. [6, Chapter 2]) has the same natural norm as the strain tensor (εjk(u))
3
j,k=1 with Cartesian

components

εjk(u) =
1

2

(
∂uj
∂xk

+
∂uk
∂xj

)

.

The column A D(∇x)u of structure similar to (1.12) contains the components of stress tensor.
The matrix A connecting the stress and strain columns is called the rigidity matrix or the Hooke
matrix. According to the nature of an elastic medium, this matrix is symmetric and positive
definite. �

Example 1.3. Suppose that n = 3, k = 4, K = 9,

D(ξ)� =

⎛

⎜
⎜
⎜
⎜
⎝

ξ1 0 0 0 2−1/2ξ3 2−1/2ξ2 0 0 0

0 ξ2 0 2−1/2ξ3 0 2−1/2ξ1 0 0 0

0 0 ξ3 2−1/2ξ2 2−1/2ξ1 0 0 0 0

0 0 0 0 0 0 ξ1 ξ2 ξ3

⎞

⎟
⎟
⎟
⎟
⎠

, (1.13)

and the matrix A has the form

A =

(

A(1,1) A(1,2)

A(2,1) −A(2,2)

)

, (1.14)

moreover, A(1,1) and A(2,2) are positive definite matrix-valued functions of size 6× 6 and 3× 3

and A(1,2) = A �
(2,1) is a (6 × 3)–matrix. The differential operator (1.5) is used for describing a

piezoelectric medium with rapidly oscillating properties: the first three elements of u are elastic
displacements, and the fourth one is the electric potential taken with the opposite sign (cf., for
example, [7, 8]). The matrix (1.13) is obtained by adding the row (0, 0, 0, 0, 0, 0, ξ1 , ξ2, ξ3) to
the (3 × 6)–matrix (1.11) and, consequently, possesses the property (1.6). At the same time,
the matrix (1.14) does not possess this property because of the “wrong” sign at the right lower
block. In particular, the operator (1.5) is not formally positive. At the same time, the statement
of the problem about harmonic oscillations of a piezoelectric medium involves the system (1.1)
with the right-hand side

λεR(ε−1x)uε(x),

where R(y) = diag {ρ(y), ρ(y), ρ(y), 0} is a diagonal matrix. In other words, the fourth row of
the system does not contain the spectral parameter. It is shown in [3, Example 1.13] and [9],
how the spectral problem is reduced to the form admitting an analysis by methods used in this
paper. �

3. Operator statement of the problem. By the Gording inequality (cf. Lemma 2.1
below) and the positive definiteness of the matrix A , the Hermitian sesquilinear form (1.9) can

be taken for the inner product in the Hilbert space H =
o
H1(Ω)k:

〈u, v〉 = (A εD(∇x)u,D(∇x)v)Ω. (1.15)
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In this space, we introduce a linear compact symmetric (consequently, selfadjoint) operator K ε

by the formula

〈K εu, v〉 = (ρεu, v)Ω, u, v ∈ H . (1.16)

Replacing the spectral parameter

με = (λε)−1 (1.17)

we pass from the problem (1.10) to the abstract spectral equation

K εuε = μεuε ∈ H .

If ρ is a nontrivial nonnegative real function, then the operator K ε is positive and, by [10,
Theorem 9.2.1], its spectrum is concentrated on the segment [0, kε] of the real axis; moreover,
the point μ = 0 belongs to the essential spectrum, whereas the half-interval (0, kε] contains the
discrete spectrum; here, kε denotes the norm of the operator K ε.

In this paper, we study the problem (1.10) with changing sign density, i.e.,

ess sup
y∈(0,1)n

ρ(y) > 0, ess inf
y∈(0,1)n

ρ(y) < 0. (1.18)

Proposition 1.4. Under the assumption (1.18), the spectrum of the operator K ε is con-
tained in [−kε, kε]; moreover, the point μ = 0 belongs to its essential spectrum and [−kε, 0) ∪
(0, kε] contains the discrete spectrum consisting of the following two infinitely small sequences
of eigenvalues, positive and negative:

με
+,1 � με

+,2 � . . . � με
+,j � · · · → +0, (1.19)

με
−,1 � με

−,2 � . . . � με
−,j � · · · → −0, (1.20)

where the eigenvalues are enumerated with their multiplicity taken into account.

Proof. Since K ε is a compact operator, its essential spectrum coincides with the point μ = 0
[10, Theorem 9.2.1]. We show that positive and negative eigenvalues form infinite sequences
which necessarily converge to zero. For this purpose, we apply the minimum principle. In
particular, we have

με
−1 = min

〈u,u〉=1
(ρεu, u), (1.21)

where the minimum is taken over all vector-valued functions u ∈ o
H1(Ω)k normalized by the

equality 〈u, u〉 = 1. By (1.18), we have

με
−1 < 0.

Indeed, it suffices to substitute into the right-hand side of (1.21) a smoothed characteristic
function of the set {x ∈ Ω : ρε(x) < 0}, normalized and multiplied by the number column
a ∈ C

k, |a| = 1. Certainly, the support of the kernel of the smoothnig operator should be taken
small (recall that if the diameter of support decreases, then the smoothed functions converge to
the original function in the class L2). As is known, με

−1 is a point of the discrete spectrum of

the operator K ε and there is a vector-valued function uε(−1) ∈
o
H1(Ω)k such that

K εuε(−1) = με
−1u

ε
(−1)
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and the minimum in (1.21) is attained at this function. Now, using again the minimum principle,
we find

με
−2 = min

〈u,u〉=1, 〈u,uε
(−1)

〉=0
(ρεu, u),

where the minimum is taken over all vector-valued functions u ∈ o
H1(Ω)k such that 〈u, u〉 = 1

and 〈u, uε(−1)〉 = 0. It is easy to check that for any collection of functions u(1), . . . , u(m) ∈
o
H1(Ω)k

the linear set {

u ∈ o
H1(Ω)k : 〈u, uk)〉 = 0, k = 1, . . . ,m; (ρεu, u) < 0

}

is nonempty. Therefore,
με
−2 < 0.

Continuing the procedure, we find a sequence of eigenvalues

με
−j < 0

and the corresponding vector-valued eigenfunctions

uε(−j) ∈
o
H1(Ω)k, j = 1, 2, . . . .

By construction,
με
−1 � με

−2 � με
−3 . . .

and
με
−j < 0 for all j.

By the compactness of the operator K ε,

lim
j→∞

με
−j = 0

for every ε > 0.

The existence of an infinite sequence of positive eigenvalues is established in a similar way.
For example, the operator K ε is replaced with the operator −K ε. �

Proposition 1.4 and the relation (1.17) between the spectral parameters yield the following
assertion.

Proposition 1.5. In the case (1.18), the problem (1.1), (1.2) (more exactly, its variational
setting (1.10)) has a discrete spectrum splitting into two infinitely large sequences

0 < λε
+1 � λε

+2 � . . . � λε
+j � · · · → +∞, (1.22)

0 > λε
−1 � λε

−2 � . . . � λε
−j � · · · → −∞. (1.23)

The corresponding vector-valued eigenfunctions

uε(j) ∈
o
H1(Ω)k

can be subject to the orthogonality and normalization condition

〈uε(j), uε(l)〉 = δj,l, j, l ∈ N = {1, 2, . . . }, (1.24)

where 〈 , 〉 is the inner product (1.15) and δj,l is the Kronecker symbol.

4. Structure of the paper and description of the results. In Section 2, we present
several auxiliary results. Formal asymptotic expansions of spectral pairs for the problem (1.1),
(1.2) are constructed in Section 3 and are justified in Section 4.
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To imagine the asymptotic behavior of eigenvalues λε
±j as ε → +0, it suffices to consider the

first two eigenvalues λε±1 of the sequences (1.22), (1.23) since they are the endpoints of the main
interval Υε where the problem is uniquely solvable, and this interval is free from the spectrum
and a priori contains the point λ = 0 because the operator (1.5) is formally positive. It turns
out that the size and location of Υε depend on the mean of the density ρ over the periodicity
cell S = (0, 1)n

ρ =

∫

S

ρ(y) dy. (1.25)

Thus, if ρ = 0, the length of the unique solvability interval is of order O(ε−1), and this interval
is symmetric with respect to the point λ = 0, which corresponds to the following asymptotic
formulas for eigenvalues:

λε
±1 = ε−1(β±1 + o(1)), (1.26)

where ±β±1 > 0 (cf. Subsection 3.2 and Theorem 4.1). In the case ρ > 0, the length of Υε is
of order O(ε−2) and the interval is considerably displaced towards −∞, which is determined by
the following relations for eigenvalues:

λε
+1 = λ0

+1 + o(1), λ0
+1 > 0, λε

−1 � −cε−2 (1.27)

(cf. Subsection 3.1 and Theorems 4.4 and 4.6). Certainly, for ρ < 0 the roles of the eigenvalues
λε
+1 and λε−1 in (1.27) are exchanged and the interval Υε is displaced towards +∞.

Formulas (1.27) and (1.26) are determined by the asymptotic ansätze for eigenpairs of the
problem (1.1), (1.2). In the case ρ > 0, procedures for constructing and justifying asymptotic
expansions for the eigenvalues λε

+j is similar to known procedures of the homogenization theory

(cf., for example, [11]–[13] for scalar problems and [14, 15] for elasticity systems of equations).
Thus, the second term of the ansatz for vector-valued eigenfunctions is the standard asymptotic
corrector εN(ε−1x)D(∇x)u

0
+j(x) (N is a periodic solution to the system (3.7)) and, by the

estimate (4.36), the eigenvalues λε
+j converge to the eigenvalues λ0

+j of the homogenized problem

with density (1.25) and differential operator

L(∇x) = D(−∇x)
�
AD(∇x), (1.28)

where A is the constant Hermitian positive definite (K ×K)–matrix defined by formula (3.10)
below for A and N .

Turning to the case ρ = 0 we should revise even the main asymptotic ansätze; namely,
formula (1.26) will involve a large factor ε−1 and the asymptotic corrector

ε
(

N(ε−1x)D(∇x)u
0
±j(x) + β±jN

0(ε−1x)u0±j(x)
)

will obtain an additional term that contains the spectral parameter of the homogenized problem
and the periodic solution N0 to the system of differential equations (3.17) with the right-hand
side ρI on the periodicity cell. The homogenized problem will be also modified: the following
quadratic pencil appears:

β �→ L(∇x)− βsD(−∇x) + βD(∇x)
�
s� − β2m,

where L(∇x) is the differential operator (1.28), s is a (k×K)–matrix, and m is a (k×k)–matrix
(cf. formulas (3.20) and (3.19)). The Dirichlet problem for this pencil is studied in Subsection
3.2 (cf. Theorem 3.4). In particular, we show that this problem has a real discrete spectrum
with two condensation points ±∞. We emphasize that the justification of asymptotics in the
case ρ = 0 also requires new ideas (cf. Subsections 4.1–4.3).
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In the case ρ > 0, the question on the asymptotic structure of the negative part (positive for
ρ < 0) of the spectrum is still open. Theorem 4.6 yields an upper estimate for the eigenvalues λε

−j

(cf. the second relation in (1.26)); we attempt to construct asymptotics of these eigenvalues in
Subsection 3.3. However, this attempt turns out to be unsuccessful because of the impossibility
of studying the spectrum of a formally homogenized problem.

2. Auxiliaries

1. The Korn inequality and the Gording inequality. To study the spectral problem
(1.10), we will use the following known assertions. Their proof is simple, and we reproduce it
for the sake of convenience.

Lemma 2.1. For any vector-valued function v ∈ o
H1(Ω)k the Gording inequality holds:

‖v;H1(Ω)‖ � cD‖D(∇x)v;L2(Ω)‖, (2.1)

where the constant cD depends only on the matrix D .

Proof. We extend v by zero from Ω to the entire space R
n. Using the Fourier transform

v(x) �→ v̂(ξ) and the Parseval equality, we find

‖D(∇x)v;L2(Ω)‖2 = C

∫

Rn

|D(ξ)v̂(ξ)|2 dξ. (2.2)

Let us check that

|D(ξ)a|2 � cD |ξ|2|a|2, a ∈ C
k, ξ ∈ R

n, cD > 0. (2.3)

Then we obtain (2.1) by using the Friedrichs inequality with formulas (2.2), (2.3) and applying
the inverse Fourier transform.

Assume that the inequality (2.3) fails and there exist nonzero a0 ∈ C
k and ξ0 ∈ R

n such
that

D(ξ0)a0 = 0.

We set P (ξ) = (a0)�|ξ|2σD in (1.4) and multiply from the right by the column a0. For ξ = ξ0

we have

|a0|2|ξ0|2σD = Q(ξ0)D(ξ0)a0 = 0,

i.e., either a0 = 0 or ξ0 = 0. The obtained contradiction proves the inequality (2.3). �

We consider the problem on a periodicity cell3) in the cube S = (0, 1)n:

a(U, V ;S) = F (V ), V ∈ H1
per(S)

k, (2.4)

where H1
per(S) is the subspace of H1(S) obtained as the closure of the lineal of y-periodic func-

tions and F is a linear functional on the subspace H1
per(S)

k of periodic vector-valued functions.

To study the problem (2.4), we need the following assertion [1, Theorem 3.7.6].

3) Using a suitable affine transformation of coordinates, it is possible to transform an arbitrary cell to a cubic

cell. We assume that the necessary replacement were already made for (1.2), (1.3).
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Lemma 2.2. For any vector-valued functions v ∈ H1(S)k the following generalized Korn
inequality holds:

‖∇yV ;L2(S)‖ � c (‖D(∇y)V ;L2(S)‖+ ‖V ;L2(S)‖), (2.5)

where the constant c depends only on the matrix D .

Proposition 2.3. 1) Let F ∈ (H1
per(S)

k
)∗

be a linear functional on the space H1
per(S)

k that
degenerates on constant vector-valued functions, i.e.,

F (V ) = 0, V ∈ C
k. (2.6)

Then the problem (2.4) has a solution U ∈ H1
per(S)

k, determined up to a constant summand in

C
k. Since the solution U satisfies the orthogonality condition

∫

S

U(y) dy = 0 ∈ C
k, (2.7)

it is unique and satisfies the estimate

‖U ;H1(S)‖ � c
∥
∥
∥F ;

(

H1
per(S)

k
)∗∥∥
∥ . (2.8)

2) If the functional F is given by the equality

F (V ) = (F, V )S

and the vector-valued function F ∈ L2(S)
k has zero mean over S, then the solution U mentioned

in item 1) belongs to the space H2
per(S)

k and satisfies the estimate

‖U ;H2(S)‖ � c‖F;L2(S)‖. (2.9)

3) If F ∈ L∞(S)k and the assumptions of item 2) are satisfied, then

U ∈ W 1
∞,per(S)

k

and
‖U ;W 1

∞,per(S)‖ � c‖F;L∞(S)‖. (2.10)

Proof. 1) We consider the auxiliary problem

a(U, V ;S) + τ(U, V )S = F (V ), V ∈ H1
per(S)

k, (2.11)

under the assumption that τ � 0. By the inequality (2.5), the left-hand side of (2.11) with τ > 0
is the inner product in the space H1

per(S)
k. Therefore, by the Riesz theorem on representation

of linear functionals in a Hilbert space, the problem (2.11) is uniquely solvable for τ > 0. Since
the embedding H1

per(S) ⊂ L2(S) is compact, the Fredholm alternative holds for the problem
(2.11)–(2.4) with τ = 0. Any solution U to the homogeneous (F = 0) problem (2.4) annuls
the form (1.7), i.e., it belongs to the lineal of polynomials (1.8) in view of (1.6) and becomes
a constant column in view of periodicity. The solvability condition (2.6) is the condition of
orthogonality of the right-hand side and solutions to the homogeneous problem, whereas the
condition (2.7) allows us to avoid the arbitrariness in the choice of a solution.

2) Let h ∈ R
n. The function

ΔhU(y) = h−1(U(y + h)− U(y))
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satisfies the integral identity

(A D(∇y)ΔhU,D(∇y)V )S + (ΔhA D(∇y)U(·+ h),D(∇y)V )S = (ΔhF, V )S = (F,Δ−hV )S .

Since

|ΔhA (y)| � ‖A ;C1(S)‖
and

‖Δ−hV ;L2(S)‖ � ‖∇xV ;L2(S)‖,
the estimate (2.8) shows that

‖ΔhV ;H1(S)‖ � c (‖D(∇y)U ;L2(S)‖ + ‖F;L2(S)‖),

where c is independent of h. It remains to pass to the limit of h = �ej , where e1, . . . , en is the
standard basis for Rn, as � → 0.

3) We first assume that

A ∈ C∞
per(S)

N×N

and

F ∈ C∞
per(S)

k.

Consequently,

U ∈ C∞
per(S)

k

because the operator L is elliptic. We fix a point y0 ∈ S and denote by χ0 ∈ C∞
c (Rn) a cut-off

function such that χ0 = 1 on the cube Q
0
2δ with center y0 and edge 4δ and χ0 = 0 outside the

cube Q
0
4δ. For U

0 = χ0U we write out the following system of equations:

L 0(∇y)U
0(y) := D(−∇y)

�
A (y)D(∇y)U

0(y)

= χ0(y)F(y) + D(−∇y)
�(

A (y0)− A (y)
)

D(∇y)U
0(y)

+ [L (y,∇y), χ(y)]U(y)

=: F 0(y) =: F 1(y) + F 2(y) + F 3(y), y ∈ S. (2.12)

We note that vector-valued functions U0 and F 0 can be smoothly extended by zero to the entire
space R

n.

Let Φ be the fundamental matrix for the operator L 0 in R
n. As is known (cf., for example,

[16]), it has the form

Φ(y) =

⎧

⎨

⎩

|y|2−nΦ′(|y|−1y), n � 3,

C ln |y|+Φ′(|y|−1y), n = 2,
(2.13)

where C ∈ C
k×k and Φ′ are smooth (k × k)–matrix-valued functions on the sphere S

n−1. Using
the fundamental matrix, we can compute the solution U0 and its derivatives at the point y0:

U0(y0) =

∫

Rn

Φ(y0 − y)F 0(y) dy,

∂U0

∂yj
(y0) = −

∫

Rn

∂Φ

∂yj
(y0 − y)F 0(y) dy.

(2.14)
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Denote by Ip0 and Ipj the integrals on the right-hand sides of (2.14) after the representation of

F 0 via F p by formula (2.12). By (2.13), the following estimates hold:

|I10 |+ |I1j |+ |I20 | � c‖F ;L∞(S)‖
√
n∫

0

(r2−n + r1−n)rn−1 dr � c‖F ;L∞(S)‖. (2.15)

The support of the component F 3 lies in the set Q0
4δ \Q0

2δ, where r = |y−y0| � δ. Consequently,

|I30 |+ |I3j | � c‖U ;H2(S)‖. (2.16)

Integrating by parts and taking the commutator with a cut-off function, we find

I2j =

∫

Rn

(

D(−∇y)
∂Φ

∂yj
(y0 − y)

)�
χ0(y)A (y)D(−∇y)U(y) dy

+

∫

Rn

(

D(−∇y)
∂Φ

∂yj
(y0 − y)

)�
A (y)

[

D(−∇y), χ
0(y)

]

U(y) dy.

We can estimate the last integral by using the same arguments as in the proof of the inequality
(2.16). Thus, from the inequality

|A (y)− A (y0)| � c|y − y0|α

which is a consequence of the inclusion A ∈ C1,α
per (S)N×N , we find

|I2j | � c ‖U ;W 1
∞(S)‖

4δ∫

0

rnrαrn−1 dr � cδα‖U ;W 1
∞(S)‖. (2.17)

Combining the relations (2.15), (2.16), and (2.17), we arrive at the inequality

|U(y0)|+ |∇yU(y0)| � c (‖F;L∞(S)‖+ ‖U ;H2(S)‖ + δα‖U ;W 1
∞(S)‖).

Choosing δ > 0 small enough, taking into account (2.9), and computing the supremum with
respect to y0 ∈ S, we obtain the required estimate (2.10). It remains to get rid of the requirement
of superfluous smoothness. �

We also need the following consequence of the Korn inequality.

Lemma 2.4. For any vector-valued function U ∈ H1(S)k the following inequality holds:

‖U ;H1(S)‖2 � c (‖D(∇x)U ;L2(S)‖2 + |X (U)|2), (2.18)

where X is the column of functionals on the space H1(S)k such that

X (tU) = tX (U), t > 0,

Um −→ U weakly in H1(S)k as m → ∞ ⇒ X (Um) → X (U),

X (p) = 0 for p ∈ P ⇒ p = 0.

(2.19)
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The constant c in (2.18) depends on D and X , but is independent of U .

Proof. By (2.5), it suffices to check the inequality

‖U ;L2(S)‖2 � c (‖D(∇x)U ;L2(S)‖2 + |X (U)|2),

Assume that it fails and there is a sequence {Um} in H1(S)k such that

‖Um;L2(S)‖ = 1,

‖D(∇x)U
m;L2(S)‖ → 0 as m → ∞.

|X (U)| → 0 as m → ∞,

(2.20)

By the estimate (2.5), the norms ‖∇xU
m;L2(S)‖ are uniformly bounded, i.e., there is a sub-

sequence {Umq} that converges weakly in H1(S)k and strongly in L2(S)
k to a vector-valued

function U∞ ∈ H1(S)k. Since DUm → 0 strongly in L2(S)
K , we have DU∞ = 0 and, con-

sequently, the polynomial property guarantees the inclusion U∞ ∈ P. At the same time,
X (Um) → 0 = X (U∞), i.e., U∞ = 0 because of (2.19). This conclusion contradicts the first
formula in (2.20), and, consequently, the inequality (2.18) is valid. �

2. Estimates for homogenization error. To treat residuals caused by the formal asymp-
totic construction, we need some auxiliary inequalities. Although these inequalities are known,
we prove them below for the sake of convenience.

The following simple inequalities are direct consequences of the one-dimensional Hardy in-
equality and can be easily checked (cf., for example, [6, Lemma 1.2.4]).

Lemma 2.5. For Y 0 ∈ o
H1(Ω) and Y ∈ H1(Ω) the following estimates hold:

ε−1‖Y 0;L2(Θ2hε)‖ � c‖r−1Y 0;L2(Ω)‖ � c‖Y 0;H1(Ω)‖, (2.21)

‖Y ;L2(Θ2hε)‖ � cε1/2‖Y ;H1(Ω)‖, (2.22)

where the constant c is independent of ε ∈ (0, 1], r is the distance to the boundary ∂Ω, and Θhε

is the intersection of Ω and an (hε)-neighborhood of its boundary ∂Ω, h > 0 is fixed.

The construction of leading terms of asymptotic expansions of eigenfunctions leads to the
violation of the boundary condition. Therefore, these terms will be multiplied by cut-off func-
tions. We denote by Xε a cut-off function that vanishes in the (hε)-neighborhood of ∂Ω and is
equal to 1 outside the (2hε)-neighborhood. It is clear that we can satisfy the conditions

0 � Xε(x) � 1, |∇xXε(x)| � cε−1. (2.23)

We assume that h >
√
n, i.e., any periodicity cell

Sα
ε = {x : xj − εαj ∈ (0, ε), j = 1, . . . , n}, (2.24)

where Xε = 1, lies in the domain Ω; here, α = (α1, . . . , αn) and αj ∈ Z is an integer.

Proposition 2.6. Let Z be the mean of a function Z over the periodicity cell S = (0, 1)n,
and let either the inclusions

Y ∈ H1(Ω), Z ∈ L2(S) (2.25)
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or the inclusions

Y ∈ W 1
∞(Ω), Z ∈ L1(S) (2.26)

hold. Then ∣
∣
∣
∣

∫

Ω

Xε(x)Y (x)Z
(x

ε

)

dx− Z

∫

Ω

Y (x) dx

∣
∣
∣
∣
� cεP, (2.27)

where P is the product of the norms of functions (2.25) or (2.26), and the constant c depends
neither these functions nor the parameter ε ∈ (0, 1].

Proof. We begin with the case (2.25). Denote by Σε(Ω) the union of cells intersecting Ω
and by Σε

X the union of those cells in Σε(Ω) where Xε = 1. It is clear that the numbers σε(Ω)
and σε

1−X of cells forming Σε(Ω) and (Σε(Ω) \ Σε
X) do not exceed cεn and cεn−1 respectively.

Therefore, by (2.22), we have
∣
∣
∣
∣

∫

Ω

Xε(x)Y (x)Z
(x

ε

)

dx−
∫

Σε
X

Z
(x

ε

)

Y (x) dx

∣
∣
∣
∣

� c‖Y ;L2(Σ
ε(Ω) \ Σε

X)‖(εn−1‖Z;L2(Sε)‖2)1/2 � cεP. (2.28)

It remains to consider the integral over the set Σε
X ; the symbol

∑
will mean the sum over its

cells Sα
ε . We have

∫

Σε
X

Y (x)Z
(x

ε

)

dx =
∑

( ∫

Sα
ε

Z
(x

ε

)

Y
α
dx+

∫

Sα
ε

Z
(x

ε

) (

Y (x)− Y
α)

dx

)

=
∑

(

Z

∫

Sα
ε

Y (x) dx+ Z

∫

Sα
ε

(Y
α − Y (x)) dx +

∫

Sα
ε

Z
(x

ε

)

(Y (x)− Y
α
) dx

)

,

where Y
α
denotes the mean of Y over the cell Sα

ε . Using the Poincaré inequality on the small
set Sα

ε
∫

Sα
ε

∣
∣Y (x)− Y

α∣
∣
2
dx � cε2

∫

Sα
ε

∣
∣∇x

(

Y (x)− Y
α)∣
∣
2
dx = cε2

∫

Sα
ε

|∇xY (x)|2 dx, (2.29)

we find
∣
∣
∣
∣

∫

Σε
X

Y (x)Z
(x

ε

)

dx− Z

∫

Σε
X

Y (x) dx

∣
∣
∣
∣
=

∣
∣
∣
∣

∫

Σε
X

(Y (x)− Y
α
)
(

Z
(x

ε

)

− Z
)

dx

∣
∣
∣
∣

� cε‖∇xY (x);L2(Σ
ε
X)‖ ‖Z

( ·
ε

)

;L2(Σ
ε
X)‖ � cεP.

Arguing in the same way as in the proof of (2.28), we see that the integrals over the set Σε
X on

the left-hand side becomes integrals over the entire domain Ω.

The case (2.26) is simpler since it is not necessary to use the Cauchy–Bunyakovskii inequality.
An additional small factor appears because of the relation

|Y (x)− Y
α| � cε sup

x∈Sα
ε ⊂Ω

|∇xY (x)| � cε‖Y ;W 1
∞(S)‖, x ∈ Sα

ε .
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but not the Poincaré inequality (2.29). �

3. Approximate solutions of the abstract spectral equation. The following assertion
is known as a “lemma about almost eigenvalues and eigenvectors.” The proof of this assertion
can be found in [17] (cf. also [10]).

Lemma 2.7. Suppose that a nonzero real number M and a vector-valued function U ∈ H
are such that

‖U ;H ‖ = 1, δ := ‖K εU − MU ;H ‖ < |M |. (2.30)

Then there exists an eigenvalue με
l of the operator K ε such that

|με
l − M | � δ.

Furthermore, for any δ1 ∈ (δ, |M |) there are aεj such that
∥
∥
∥U −

∑

aεju
ε
q;H

∥
∥
∥ � 2

δ

δ1

where the sum is taken over all the eigenvalues (1.19), (1.20) of the operator K ε lying in
[M −δ1,M +δ1] and uεj ∈ H are the corresponding eigenvectors satisfying the condition (1.24);
moreover, the coefficients aj are normalized by the condition

∑

|aεj |2 = 1.

The proof of the following simple algebraic assertion can be found, for example, in [6, Lemma
7.1.7].

Lemma 2.8. If a (κ × κ)–matrix a is “almost unitary” i.e.,

‖a∗a− Iκ;C
κ → C

κ‖ = θ ∈ (0, 1),

then there exists a unitary matrix b such that

‖ab− Iκ ;C
κ → C

κ‖ � θ.

Here, Iκ is the identity (κ × κ)–matrix.

3. Formal Asymptotic Analysis

1. Homogenized problem in the case ρ > 0. As usual, to provide a formal asymptotic
analysis, we assume that all the data of the problem under consideration are sufficiently smooth.

We consider the following asymptotic ansätze, used in the homogenization theory:

uε(x) = u0(x) + εN(ε−1x)D(∇x)u
0(x) + ε2w(ε−1x) + . . . (3.1)

λε = λ0 + . . . , (3.2)

where N is the asymptotic corrector, i.e., in our case, it is a function of size k ×K, periodic in
the fast variables (1.3), whereas a number λ0 and vector-functions u0, w should be found. We
substitute the ansätze (3.1) and (3.2) into the system (1.1) and apply the chain rule:

D(∇x)w(ε
−1x, x) =

(

ε−1D(∇y)w(y, x) + D(∇x)w(y, x)
)
∣
∣
∣
y=ε−1x

. (3.3)
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Collecting coefficients at the same powers of ε, we obtain the following systems of differential
equations on the periodicity cell S = (0, 1)n � y with parameter x ∈ Ω:

L (y,∇y)N(y)D(∇x)u
0(x) = D(∇y)

�
A (y)D(∇x)u

0(x), y ∈ S; (3.4)

L (y,∇y)w(y, x) = D(∇x)
�
A (y)D(∇x)u

0(x) + λ0ρ(y)u0(x)

+ D(∇x)
�
A (y)D(∇y)N(y)D(∇x)u

0(x)

+ D(∇y)
�
A (y)D(∇x)N(y)D(∇x)u

0(x), y ∈ S.

(3.5)

These systems are completed with the periodicity condition with respect to y, which is not given
explicitly. In other words, solutions to the problem on the cell S = (0, 1)n are always looked for
in the class H1

per(S)
k. We emphasize that in formulas (3.4) and (3.5), the variables x and y are

assumed to be independent.

Since the matrix A is periodic, the following equality holds:

∫

S

D(∇y)
�
A (y) dy = 0 ∈ C

k×K . (3.6)

From (3.4) we obtain the problem for asymptotic corrector

L (y,∇y)N(y) = D(∇y)
�
A (y), y ∈ S. (3.7)

By Proposition 2.3, this problem has a unique periodic solution N ∈ H1
per(S)

k×K satisfying
the orthogonality condition (2.7).

As in the case (3.6), the mean of the last term in (3.5) over the cell vanishes. The solvability
condition (2.6) for the problem (3.5) takes the form

D(−∇x)
�
∫

S

(A (y) + A (y)D(∇y)N(y)) dy D(∇x)u
0(x) = λ0

∫

S

ρ(y) dy u0(x)

or

L(∇x)u
0(x) = λ0ρu0(x), x ∈ Ω, (3.8)

where ρ is the mean (1.25) of the density ρ and L is the differential operator (1.28) with matrix

A =

∫

S

(A (y) + A (y)D(∇y)N(y)) dy. (3.9)

Lemma 3.1. The (K ×K)–matrix (3.9) is Hermitian and positive definite.

Proof. Taking into account the problem (3.7) for the corrector N and integrating by parts,
we find

226



A =

∫

S

(A (y) + A (y)D(∇y)N(y) + (D(∇y)N(y))�A (y) +N(y)
�
D(∇y)A (y)) dy

=

∫

S

(A (y) + A (y)D(∇y)N(y) + (D(∇y)N(y))�A (y) +N(y)
�
L (y,∇y)N(y)) dy

=

∫

S

(A (y)+A (y)D(∇y)N(y)+(D(∇y)N(y))�A (y)+(D(∇y)N(y))�A (y)D(∇y)N(y))dy

=

∫

S

(D(∇y)N(y) + IK)�A (y)(D(∇y)N(y) + IK) dy, (3.10)

where IK is the identity (K ×K)–matrix. Now, it is obvious that the matrix A is Hermitian.
The matrix (3.10) is nonnegative definite because the periodic matrix A is positive definite. We

assume that ξ
�
Aξ = 0 for some column ξ ∈ C

K . Then

0 =

∫

S

(D(∇y)N(y)ξ + ξ)�A (y)(D(∇y)N(y)ξ + ξ) dy � cA ‖D(∇y)Nξ + ξ;L2(S)‖2, cA > 0.

Hence
D(∇y)N(y)ξ + ξ = 0.

Integrating over the cell S and using a formula similar to (3.6), from the last relation we find
ξ = 0, which is required for confirming the positive definiteness of the matrix A. �

We complete the system (3.8) with the Dirichlet condition

u0(x) = 0, x ∈ ∂Ω (3.11)

coming from the initial problem (1.1), (1.2). Since L is a formally positive operator and ρ > 0
by assumption, the following assertion is obvious.

Proposition 3.2. The problem (3.8), (3.11) in the variational form

a0(u0, v; Ω) := (AD(∇x)u
0,D(∇x)v)Ω = λ0ρ(u0, v)Ω, v ∈ o

H1(Ω)k, (3.12)

has an infinitely large sequence of eigenvalues

0 < λ0+
1 � λ0+

2 � . . . � λ0+
j � · · · → +∞, (3.13)

and the corresponding vector-valued eigenfunctions u0+(j) ∈
o
H1(Ω)k satisfy the orthogonality and

normalization conditions

ρ
(

u0+(j) , u
0+
(l)

)

Ω
= δj,l, j, l = 1, 2, . . . (3.14)

Remark 3.3. Since the boundary ∂Ω is of class C2,δ, the vector-valued eigenfunctions u0+(j)
belong to the Hölder space C2,δ∗(Ω)k for any δ∗ ∈ (0, δ) and are infinitely smooth inside the
domain Ω. In particular, they belong to the class C2(Ω)k, i.e., they are twice continuously
differentiable up to the boundary. �
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2. Homogenized problem in the case ρ = 0. We change the asymptotic ansätze (3.1)
and (3.2) and represent the eigenpair {λε, uε} of the problem (1.1), (1.2) in the form

uε(x) = u0(x) + ε
(

N(ε−1x)D(∇x)u
0(x) + βN0(ε−1x)u0(x)

)

+ ε2w(ε−1x, x) + . . . , (3.15)

λε = ε−1β + . . . (3.16)

Here, u0, N , and w have the same sense as above, and β is a new spectral parameter that appears
explicitly in the ansatz (3.15) for vector-valued eigenfunctions. Furthermore, the additional
asymptotic corrector N0 is a periodic (k × k)–matrix-valued function with zero mean over the
cell S that satisfies the system of differential equations

L (y,∇y)N
0(y) = ρ(y)Ik, y ∈ S. (3.17)

By Proposition 2.3, the problem (3.17) is solvable because of the requirement ρ = 0 which is
satisfied in this subsection. We write the variational statement of the problem (3.17):

(A D(∇y)N
0,D(∇y)V )S = (ρ, V )S , V ∈ H1

per(S)
k.

We substitute the asymptotic ansätze (3.15) and (3.16) into the system (1.1). The total
coefficient at ε−1 vanishes by the definition of asymptotic correctors. Indeed, by (3.7) and
(3.17), we have

D(∇y)
�
A (y)D(∇x)u

0(x) + βρ(y)u0(x)

+ D(∇y)
�
A (y)D(∇y)

(

N(y)D(∇x)u
0(x) + βN0(y)u0(x)

)

= 0.

The problem for the third term w of the ansatz (3.15) has the form

L (y,∇y)w(y, x) = D(∇x)
�
A (y)D(∇x)u

0(x)

+ βρ(y)
(

N(y)D(∇x)u
0(x) + βN0(y)u0(x)

)

+ D(∇x)
�
A (y)D(∇y)

(

N(y)D(∇x)u
0(x) + βN0(y)u0(x)

)

+ D(∇y)
�
A (y)D(∇x)

(

N(y)D(∇x)u
0(x) + βN0(y)u0(x)

)

, y ∈ S. (3.18)

The last term on the right-hand side has zero mean over the cell S. Furthermore,

m :=

∫

S

ρ(y)N0(y) dy = −
∫

S

(D(∇y)
�
A (y)D(∇y)N0(y))

�
N0(y) dy

=

∫

S

(D(∇y)N0(y))�A (y)D(∇y)N
0(y) dy. (3.19)

It is clear that m is a Hermitian positive definite (k × k)–matrix.

We continue calculations:
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s :=

∫

S

ρ(y)N(y) dy = −
∫

S

(D(∇y)
�
A (y)D(∇y)N0(y))

�
N(y) dy

=

∫

S

(D(∇y)N0(y))
�
A (y)D(∇y) dy ∈ C

k×k,

∫

S

A (y)D(∇y)N
0(y) dy = −

∫

S

(D(∇y)
�
A (y))�N0(y) dy

=

∫

S

(D(∇y)
�
A (y)D(∇y)N(y))�N0(y) dy

= −
∫

S

(D(∇y)N(y))�A (y)D(∇y)N
0(y) dy = −s�.

(3.20)

Thus, according to the definitions (1.28) and (3.9), the solvability condition (2.6) for the
problem (3.18) takes the form of a quadratic pencil

L(∇x)u
0(x)− βsD(∇x)u

0(x) + βD(∇x)
�
s�u0(x)− β2mu0(x) = 0, x ∈ Ω. (3.21)

The system of differential equations (3.21) is equipped with the Dirichlet boundary condition
(3.11). The variational statement of the problem (3.21), (3.11) is to find a nontrivial vector-

valued function u0 ∈ o
H1(Ω)k and a number β ∈ C satisfying the integral identity [4]

a(u0, v; Ω) − βb(u0, v; Ω)− β2(mu0, v)Ω = 0, v ∈ o
H1(Ω)k, (3.22)

where a is the form on the right-hand side of (3.12) and b is a Hermitian sesquilinear form

b(u0, v; Ω) = (sD(∇x)u
0, v)Ω + (u0, sD(∇x)v)Ω. (3.23)

By the Riesz theorem on representation of linear functionals in a Hilbert space, with the problem

(3.22) we can associate an operator A(β) in the space
o
H1(Ω)k that is a quadratic function of

the spectral parameter β ∈ C.

Theorem 3.4. The pencil β �→ A(β) has a discrete spectrum. The eigenvalues are alge-
braically simple (there are no adjoint vectors) and form two – positive and negative – infinitely
large sequences

0 < β+1 � β+2 � . . . β+j �→ · · · +∞, (3.24)

0 > β−1 � β−2 � . . . β−j � · · · → −∞. (3.25)

The corresponding vector-valued eigenfunctions u0±j ∈
o
H1(Ω)k can be subject to the orthogonality

and normalization conditions

a(u0(j), u
0
(l); Ω) + βjβl(mu0(j), u

0
(l))Ω = δj,l, j, l = ±1,±2, . . . (3.26)
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Proof. Since A(β1) − A(β2) with any β1, β2 ∈ C is a compact operator in
o
H1(Ω)k (the

obstruction form a, vanishes), the spectrum is discrete in accordance with [18, Theorem 1.5.1].

Let β ∈ C, u0 ∈ o
H1(Ω)k \ {0} be an eigenpair of the problem (3.22). Taking u0 for a test

function and separating the real part from the imaginary part, we find

a(u0, u0; Ω)−Reβb(u0, u0; Ω)− ((Reβ)2 − (Im β)2)(mu0, u0)Ω = 0,

− Imβb(u0, u0; Ω)− 2 Im βReβ(mu0, u0)Ω = 0.

In the case Imβ �= 0, this implies

0 = a(u0, u0; Ω) + 2(Reβ)2(mu0, u0)Ω + ((Im β)2 − (Reβ)2)(mu0, u0)Ω

= a(u0, u0; Ω) + |β|2(mu0, u0)Ω > 0. (3.27)

We took into account that both forms on the right-hand side are positive definite. The obtained
contradiction means that Imβ = 0 and the eigenvalues are real and are different from zero.

Now, we check that there are no adjoint vectors, which are found from the problem

a(u1, v; Ω) − βb(u1, v; Ω)− β2(mu1, v)Ω = b(u0, v; Ω) + 2β(mu0, v)Ω, v ∈ H1(Ω)k. (3.28)

Explanation. The right-hand side of (3.28) contains the β-derivative of the quadratic poly-
nomial from the left-hand side of (3.22) which is computed on the eigenpair {β, u0} and is taken

with the opposite sign. Assume that a solution u1 ∈ o
H1(Ω)k to the problem (3.28) exists. We

set v = u0 in both integral identities (3.22) and (3.28). The left-hand side of (3.28) vanishes in
view of formula (3.22) with v = u1. Multiplying (3.28) by β and subtracting the equality (3.22),
we find

0 = βb(u0, u0; Ω) + 2β2(mu0, u0)Ω + (a(u0, u0; Ω)− βb(u0, u0; Ω)− β2(mu0, u0)Ω)

= a(u0, u0; Ω) + β2(mu0, u0)Ω > 0. (3.29)

We arrive at a contradiction, which means that there are no adjoint vectors.

Since the same Hermitian positive definite forms appear in (3.27) and (3.29), it becomes
possible to satisfy the normalization condition (3.26). The same relations appear for the orthog-
onality conditions as follows: in the integral identity for the eigenpair {βj , u0(j)} (and the pair

{βl, u0(l)}), we set v = β−1
j u0(l) (and v = β−1

l u0(j)). After the complex conjugation, we subtract

the second equality from the equality and find that

(β−1
j − β−1

l )a(u0(j), u
0
(l); Ω)− (βj − βl)(mu0(j), u

0
(l))Ω = 0. (3.30)

In the case βj �= βl, formula (3.30) implies the required relation (3.26).

It remains to show that there exist exactly two infinitely large sequences (3.24) and (3.25)

of eigenvalues4). Let m1/2 be the positive square root of the matrix m. We write the system of
differential equations (3.21) as follows:

4) In the case s = 0, this fact is obvious since β±k = ±B
1/2
k , where 0 < B1 � B2 � . . . � Bj �→ +∞ is the

sequence of eigenvalues of the problem a(w, v; Ω) = B(mw, v)Ω, v ∈ o
H1(Ω)k (cf. the system (3.21) with removed

two terms in the middle of the left-hand side).
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L(∇x)u
0(x) +

1

4
B(∇x)m

−1B(∇x)u
0(x) +

1

2
B(∇x)m

−1/2U0(x) = βm1/2U0(x),

1

2
m−1/2B(∇x)u

0(x) + U0(x) = βm1/2u0(x), x ∈ Ω.

(3.31)

Here, the second row serves as the definition of the new unknown U0 = (U0
1 , . . . , U

0
k )

� and
B(∇x) is a formally selfadjoint differential (k×k)–matrix-valued operator of the first order that
appears on the left-hand side of (3.21); namely,

B(∇x) = −sD(∇x) + D(∇x)
�
s�. (3.32)

The first row in (3.31) appears because of the new notation in (3.21). It is easy to check that
the system (3.31) for {u0, U0, β} yields the system (3.21) for {u0, β}.

The variational statement of the problem (3.31), (3.11) for the extended vector-valued func-
tion u = (u0, U0) can be written as follows:

q(u, v; Ω) := (AD(∇x)u
0,D(∇x)v

0)Ω +
1

4
(m−1B(∇x)u

0,B(∇x)v
0)Ω

+
1

2
(U0,m1/2B(∇xz)v

0)Ω +
1

2
(m1/2B(∇x)u

0, V 0)Ω + (U0, V 0)Ω

= βt(u, v; Ω) := β((m1/2U0, v0)Ω + (u0,m1/2V 0)Ω), (3.33)

v = (v0, V 0) ∈ H :=
o
H1(Ω)k × L2(Ω)

k.

Since

q(u, u; Ω) = (AD(∇x)u
0,D(∇x)u

0)Ω +
∥
∥
∥U0 +

1

2
m1/2B(∇x)u

0;L2(Ω)
∥
∥
∥

2
,

the Hermitian sesquilinear form q is positive definite in the Hilbert space H and possesses the
polynomial property [2, 3]; moreover, the lineal of polynomials P in an assertion similar to (1.6)
takes the form P = P × C

k (cf. the definition (1.8)). Note that the relation

q(u, u; Ω) � C(‖u0; o
H1(Ω)‖2 + ‖U0;L2(Ω)‖2), C > 0,

follows from the inequality (2.1) and positive definiteness of the matrix A. With q we can

associate a continuous selfadjoint positive definite operator Q : H → H∗. Denote by Q1/2 its
positive square root (cf., for example, [10, Section 10.4]).

The polynomial property guarantees (cf. [2, 3]) the ellipticity of the system (3.31) in the
sense of Douglis–Nirenberg with framing

{t1, . . . , t2k} = {s1, . . . , s2k} = {1, . . . , 1, 0, . . . , 0}
(k units and k zeros) and also yields its covering of the Dirichlet boundary condition (3.11) at
each point x ∈ ∂Ω. In other words, the boundary value problem (3.21), (3.11) is elliptic in Ω.

The Hermitian form t on the right-hand side of (3.33) is not sign-definite and takes positive
and negative values on the infinite-dimensional linear sets

H± =
{

u = {u0,±u0} : u0 ∈ o
H1(Ω)k

}

respectively. Since the mapping

H � u = (u0, U0) �→ Tu = {m1/2U0,m1/2u0} ∈ H∗ = H−1(Ω)k × L2(Ω)
k
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is compact, the above-listed observations yield the existence of sequences (3.24) and (3.25) of
eigenvalues of the problem (3.33) or (3.31), (3.11), and, consequently, the problem (3.22) or
the problem (3.21), (3.11). To obtain this assertion directly, it suffices to apply the max-min

principle (cf., for example, [10, Theorem 10.2.4]) to the compact operators S = Q1/2TQ1/2 and
−S; the first operator appears in the abstract spectral equation

Sw = σqw,

obtained from the problem (3.33) by the replacements

u �→ w = Q1/2u, β �→ σ = β−1

and are equivalent to this problem, Theorem 3.4 is proved. �

Remark 3.5. As in Remark 3.3, the vector-valued functions u0(j) belong to the space

C2,δ∗(Ω)k ⊂ C2(Ω)k for small δ∗, and are infinitely differentiable inside the domain Ω. �

3. Attempt of homogenization in high-frequency range. We consider the asymptotic
ansätze

uε(x) = w(x)U(ε−1x) + εw(1)(ε−1x, x) + ε2w(2)(ε−1x, x) + . . . , (3.34)

λε = ε−2τ + ε−1τ (1) + ε0τ (2) + . . . , (3.35)

where {τ, U} is the spectral pair of the problem on the cell

D(−∇y)
�
A (y)D(∇y)U(y) = τρ(y)U(y), y ∈ S, (3.36)

with the periodicity condition on the opposite faces of the cube S = (0, 1)n. Numbers τ (q) and

vector-valued functions w, w(q) are unknown and should be found (in particular, and height of
the column w).

Modifying the arguments of Subsection 1.3, we obtain the following assertion.

Proposition 3.6. The problem (3.36) in the variational form

a(U, V ;S) = τ(ρU, V )S , V ∈ H1
per(S)

k, (3.37)

has a discrete spectrum. With the eigenvalue τ0 = 0 we associate the eigensubspace C
k of

constant vector-valued functions. The remaining eigenvalues form two infinitely large sequences,
positive and negative:

0 < τ+1 � τ+2 � . . . τ+j � · · · → +∞,

0 > τ−1 � τ−2 � . . . τ−j � · · · → −∞,

and the corresponding vector-valued eigenfunctions U±j ∈ H1
per(S)

k satisfy the orthogonality and
normalization conditions

a(U(j), U(l);S) = δj,l, j, l = ±1,±2, . . . (3.38)

We introduce several simplifying assumptions. First, τ �= 0 is a simple eigenvalue and U is
the corresponding eigenfunction which, by (3.38) and (3.37), satisfies the relation

(ρU,U)S = τ−1. (3.39)
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By this assumption, the unknown w on the right-hand side of (3.34) becomes scalar. We
substitute the ansätze (3.34) and (3.35) into the system of differential equations (1.1) and,
using the chain rule (3.3), collect coefficients at the same powers of the small parameter. The
coefficient at ε−2 vanishes since {τ, U} is an eigenpair of the problem (3.36). The coefficients at
ε−1 form the following system of differential equations with parameter x ∈ Ω:

L (y,∇y)w
(1)(y, x) − τρ(y)w(1)(y, x)

= D(∇x)
�
A (y)D(∇y)U(y)w(x) + D(∇y)

�
A (y)D(∇x)U(y)w(x) + τ (1)ρ(y)U(y)w(x)

=: F (1)(y, x), y ∈ S. (3.40)

Since τ is a simple eigenvalue, the solvability condition for (3.40) in the class of periodic functions

is the orthogonality condition in the space L2(S)
k of vectors F (1) and U . Thus, the following

relation must hold:

τ (1)(ρU,U)S =

n∑

p=1

(

(A D(∇y)U,D(ep)U)S − (A D(ep),D(∇y)U)S

) ∂w

∂xp
(x), x ∈ Ω. (3.41)

It is clear that the factor itp at the derivative ∂w/∂xp on the right-hand side of (3.41) is purely
imaginary. In particular, it vanishes for the real matrices A and D . We formulate the second
simplified assumption: for a complex matrix the equality tp = 0 holds. Then τ (1) = 0 in view
of (3.41) and (3.39), whereas the second term in the ansatz (3.34) takes the form

w(1)(y, x) =

n∑

p=1

N τ
(p)(y)

∂w

∂xp
(x), (3.42)

where N τ
(p) ∈ H1

per(S)
k is an analog of the above asymptotic corrector, i.e., a solution to the

problem

L (y,∇y)N
τ
(p)(y)− τρ(y)N τ

(p)(y) = D(ep)
�
A (y)D(∇y)U(y)

+ D(∇y)
�
A (y)D(ep)U(y), y ∈ S. (3.43)

By the above assumption, the problem has a solution determined up to a summand cU and
becomes unique if the orthogonality condition is satisfied:

(ρN τ
(p), U)S = 0. (3.44)

We compose a (k × n)–matrix N τ of columns N τ
(1), . . . , N

τ
(n) and write (3.42) in the form

w(1)(y, x) = N τ (y)∇xw(x).

The superscript τ indicates that the matrix N τ depends on the eigenvalue and vector-valued
eigenfunction.
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We continue calculations. The terms w(2) and τ (2) of the asymptotic ansätze (3.34) and
(3.35) satisfy the system of equations

L (y,∇y)w
(2)(y, x)− τρ(y)w(2)(y, x)

= D(∇x)
�
A (y)D(∇x)U(y)w(x) + D(∇x)

�
A (y)D(∇y)N

τ (y)∇xw(x)

+ D(∇y)
�
A (y)D(∇x)N

τ (y)∇xw(x) + τ (2)ρ(y)U(y)w(x), y ∈ S. (3.45)

By (3.39), the above-mentioned solvability condition for this problem on a cell in the class of
periodic functions is written as the following scalar differential equation:

−∇�
x T

τ∇xw(x) = τ (2)τ−1w(x), x ∈ Ω, (3.46)

where T τ is an (n× n)–matrix with entries

T τ
qp = (A D(∇y)N

τ
(p),D(eq)U)S − (A D(eq)N

τ
(p),D(∇x)U)S . (3.47)

For Equation (3.46) we consider the Dirichlet condition following from the original boundary
condition (1.2):

w(x) = 0, x ∈ ∂Ω. (3.48)

Substituting the test function V = N τ
q into the integral identity (3.43), we find

T τ
qp = (A D(∇y)N

τ
(p),D(∇y)N

τ
(q))S − τ(ρN τ

(p), N
τ
(q))S .

Thus, T τ is the difference of two (symmetric) Gram matrices. The first matrix is nonnegative
definite, but the sign of the second matrix is unknown because, at least, ρ is a changing sign
density (cf. the assumption (1.18)).

The authors see no way of proving the positive definiteness of the matrix T τ in the general
case (the matrix is a priori nonnegative, but can be singular) so that, at least an elliptic operator
appears on the left-hand side of (3.46), which provides the discreteness of the spectrum of the
problem (3.46), (3.48). If the matrix T τ is singular, the spectrum is not necessarily discrete. In
all the cases, it is impossible to make an informative conclusion about eigenvalues of the problem
(1.1), (1.2). Furthermore, there are situations (cf., for example, comments in [19] to the paper
[20])), where the formal asymptotic analysis leads to wrong conclusions.

The following remark shows how to get rid of the above-introduced simplified assumptions.
However, such generalizations are little informative, as in the case of the above calculations.

Remark 3.7. If τ is a multiple eigenvalue and {U1, . . . , Uκ} is a basis for the corresponding
eigenspace, then the ansatz (3.34) is replaced with the following:

uε(x) =

κ∑

p=1

wp(x)U
p(ε−1x) + εw(1)(ε−1x, x) + ε2w(2)(ε−1x, x) + . . .

and the vector w = (w1, . . . , wκ)
� becomes unknown. In this sense, the eigenvalue τ0 = 0 and

the corresponding vector-valued eigenfunctions were also used in the asymptotic analysis of the
previous subsections, where Up = ep, p = 1, . . . , n. �

Remark 3.8. Let τ be a simple eigenvalue. If not all coefficients it1, . . . , itn on the right-
hand side of (3.41) vanish, then the solvability condition (3.40) can be written as the differential
equation

iτt�∇xw(x) = τ (1)w(x), x ∈ Ω, (3.49)
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where t = (t1, . . . , tn)
� is a number real column. Respectively, the problems (3.43) for the

columns N τ
p in the asymptotic corrector (3.42) are also modified:

(A D(∇y)N
τ
(p),D(∇y)V )S − τ(ρN τ

(p), V )S

= (A D(∇y)U,D(ep)V )S − (A D(ep)U,D(∇y)V )S − itp(ρU, V )S , V ∈ H1
per(S)

k.

Furthermore, we need a general solution to the system (3.40), i.e.,

w(1)(y, x) = N τ (y)∇xw(x) + w(10)(x)U(y)

and w(10) is a new unknown function. As above, the columns N τ
(p) satisfy the orthogonality

condition (3.44).

The system (3.45) with respect to the terms w(2) and τ (2) of the asymptotic ansätze (3.34)
and (3.35) takes the form

L (y,∇y)w
(2)(y, x)− τρ(y)w(2)(y, x)

= D(∇x)
�
A (y)D(∇x)U(y)w(x) + D(∇x)

�
A (y)D(∇y)(N

τ (y)∇xw(x) + U(y)w(10)(x))

+ D(∇y)
�
A (y)D(∇x)(N

τ (y)∇xw(x) + U(y)w(10)(x))

+ τ (1)ρ(y)(N τ (y)∇xw(x) + U(y)w10(x)) + τ (2)ρ(y)U(y)w(x), y ∈ S.

Owing to the orthogonality condition (3.44), the modification of the corrector N τ does not affect
the final formulas (3.47) for the entries of the matrix T τ , but the homogenized equation (3.46)
takes the form

−∇�
x T

τ∇xw(x) = τ (2)τ−1w(x) + (τ (1)τ−1w(10)(x)− iτt�∇xw
(10)(x)), x ∈ Ω, (3.50)

Now, the right-hand side of (3.50) involves the differential operator τ (1)τ−1 − iτt�∇x which
already appeared in (3.49). Therefore, it is reasonable to project this equation onto the subspace

{

f ∈ L2(Ω) : (f, τ
(1)τ−1v − iτt�∇xv)Ω = 0, v ∈ o

H1(Ω)
}

,

and complete the obtained relation with the equalities (3.50) and (3.48). The obtained problem

contains two spectral parameters, τ (1) and τ (2); moreover, τ (1) is involved in the projection
onto the subspace (3.50). Since the justification of asymptotics in the high-frequency range
|λε| = O(ε−2) goes wrong, the authors do not consider this nonstandard spectral problem. �

4. Justification of Asymptotics

1. Case ρ = 0; treatment of residuals. According to the asymptotic ansätze (3.16) and
(3.15), the pair {M ,U } in Lemma 2.7 includes the following number and one of the vector-
valued functions

M = εβ−1
±j , U(p) = ‖U(p);H ‖−1U(p), (4.1)

where j ∈ N, p = j, . . . , j + κ±j − 1, and

U(p)(x) = u0(±p)(x) + εXε(x)
(

N(ε−1x)D(∇x)u
0
(±p)(x) + β±jN

0(ε−1x)u0(±p)(x)
)

; (4.2)
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β±j is an eigenvalue of the pencil (3.22) with multiplicity κ±j, i.e.,

±β±j∓1 < ±β±j = · · · = ±β±j±κ±j∓1 < ±β±j±κ±j , (4.3)

and βq are elements of the sequences (3.24) and (3.25). Finally, u0±j, . . . , u
0
±j±κ±j∓1 are the corre-

sponding vector-valued eigenfunctions satisfying the orthogonality and normalization conditions
(3.26), N and N0 are the asymptotic correctors, i.e., a (k×K)–matrix and a (k×k)–matrix solv-
ing the problems (3.7) and (3.17) respectively, and Xε is a smooth cut-off function introduced
before Proposition 2.6.

We begin by computing the inner products 〈U(p), U(q)〉 in accordance with the definitions
(4.2) and (1.15). Differentiating and making the change of variables y �→ x = εy, we find

D(∇x)U(p)(x) = Xε(x)
(

(Ik + D(∇y)N(y))D(∇x)u
0
(±p)(x)

+ β±pD(∇y)N
0(y)u0(±p)(x)

)

+ εXε(x)D(∇x)
(

N(y)D(∇x)u
0
(±p)(x) + β±pN

0(y)u0(±p)(x)
)

+
(

(1−Xε(x))D(∇x)u
0
(±p)(x)

+ ε[D(∇x),Xε]
(

N(y)D(∇x)u
0
(±p)(x) + β±pN

0(y)u0(±p)(x)
))

=: Xε(x)J
ε1
(p)(x) + εXε(x)J

ε2
(p)(x) + Jε3

(p)(x), (4.4)

where [D(∇x),Xε] is the operator of multiplication by a (K × k)–matrix-valued function x �→
D(∇x)Xε(x) with entries of order ε−1 in accordance with formula (2.23). The supports of these
entries, as well as the support of the difference 1−Xε, are concentrated in the (2hε)-neighborhood
of ∂Ω. Denote by Σε(∂Ω) the union of those periodicity cells that intersect this neighborhood;
moreover,

mesnΣ
ε(∂Ω) = O(ε)

and

|u0(±p)(x)| � cε

for x ∈ Ω ∩ Σε(∂Ω) by the boundary condition (3.11). Consequently, taking into account the
inclusion u0(±p) ∈ C2,δ(Ω)k (cf. Remark 3.5), which yields the boundedness of the vector-valued

eigenfunction and its derivatives, we find

‖Jε3
(p);L2(Ω)‖2 � c

∫

Σε(∂Ω)

(

sup
x∈Ω

|∇xu
0
(±p)(x)|2(1 + |N(ε−1x)|2) + sup

x∈Ω
|u0(±p)(x)|2||N0(ε−1)|2

)

dx

� c (1 + ‖N ;L2(S)‖2 + ε2‖N0;L2(S)‖2) mesnΣ
ε(∂Ω) � cε.

Let Σε(Ω) be the union of the cells intersecting Ω. Then

ε2‖XεJ
ε2
(p);L2(Ω)‖2

� cε2
∫

Σε(Ω)

(

sup
x∈Ω

|∇2
xu

0
(±p)(x)|2|N(ε−1x)|2 + sup

x∈Ω
|∇xu

0
(±p)(x)|2|N0(ε−1x)|2

)

dx � cε2.
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Thus, we have established that
∣
∣
∣

(

A εD(∇x)U(p),D(∇x)U(q))Ω − (A εXεJ
ε1
(p),XεJ

ε1
(q)

)

Ω

∣
∣
∣ � cε. (4.5)

To compute the subtrahend on the left-hand side of (4.5), we use Proposition 2.6 (the version
(2.26)) and obtain the formula

∣
∣
∣

(

A εXεJ
ε1
(p),XεJ

ε1
(q))Ω − a(u0(±p), u

0
(±q); Ω)− β±pβ±q(mu0(±p), u

0
(±q)

)

Ω

∣
∣
∣ � cε. (4.6)

Explanation. We replaced Jε1
(p) and Jε1

(q) by the sums (cf. (4.4)), took into account that the

product of entries of D(∇x)N and D(∇x)N
0 belongs to the space L1(S), whereas the product of

components of the vector-valued functions u0(±p) and u0(±q), as well as their derivatives, belongs

to the space C1(Ω), and, finally, we computed the mean of rapidly oscillating factors over the
cell S. We also used the definitions (3.10) and (3.19) of the matrices A and m and took into
account the equality

∫

S

(D(∇y)N0(y))�A (y)(IK + D(∇y)N(y)) dy

=

∫

S

N0(y)
�
(D(−∇y)

�
A (y)(IK + D(∇y)N(y)) dy = 0 ∈ C

k×K

which annihilates crossing terms, i.e., terms containing both correctors N and N0, and can be
obtained by using the periodicity of the matrix-valued functions N , N0, and A , the integration–
by–part formula, and the relations (3.6), (1.5).

Since the sum of two subtrahends under the sign of modulus in (4.6) forms the left-hand
side of the orthogonality and normalization condition (3.26), from (4.4)–(4.6) it follows that

∣
∣(A εD(∇x)U(p),D(∇x)U(q))Ω − δp,q

∣
∣ � cε. (4.7)

Therefore, for small ε > 0
‖U(p);H ‖ � 1/2. (4.8)

In order to apply Lemma 2.7, we estimate δ in (2.30). Taking into account (4.1), (1.15), and
(1.16), we find

δ =
∥
∥K εU(p) − MU(p);H

∥
∥

= sup
〈w,w〉=1

∣
∣〈K εU(p) − MU(p), w〉

∣
∣

= M ‖U(p);H ‖−1 sup
〈w,w〉=1

∣
∣M−1〈K εU(p), w〉 − 〈U(p), w〉

∣
∣

= εβ−1
±j sup

〈w,w〉=1

∣
∣
∣

(

A εD(∇x)U(p),D(∇x)w)Ω − ε−1β±j(U(p), w
)

Ω

∣
∣
∣

� cε sup
〈w,w〉=1

∣
∣
∣

(

LU(p) − ε−1β±jU(p), w
)

Ω

∣
∣
∣ , (4.9)

where the supremum is taken over w ∈ H =
o
H1(Ω)k such that ‖w;H ‖ = 1. We emphasize that,

in the last transformation in the chain (4.9), we took into account the estimate (4.8) and used
the Green formula. It is important that the support of the cut-off function Xε is located inside
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the domain Ω and the vector-valued eigenfunctions are infinitely differentiable there (cf. Remark
3.5), i.e., the expression LU(p) is well defined. However, for obtaining estimates, uniform with

respect to ε, we should get rid of the third order derivatives of u0(±p)j .

We remove the cut-off function Xε from the differential operator L ε and then apply the
inequalities (2.23) and (2.21):

ε
∣
∣([L ε,Xε](NDu0(±p) + β±jN

0u0(±p)), w)Ω
∣
∣

� cεε−2(‖N ;H1(S)‖ + ‖N0;H1(S)‖)‖u0(±p);C
2(Ω)‖ ε

∫

supp|∇xXε|
r−1|w(x)| dx

� cε1/2‖w;H ‖.

Here, we took into account that r < cε on the set supp |∇xXε| of volume O(ε). Similarly,
∣
∣((1−Xε)(L

εu0(±p) − ε−1β±jρu
0
(±p)), w)Ω

∣
∣

� cε−1 (mesn supp(1−Xε))
1/2 ε‖r−1w;H ‖

� cε1/2‖w;H ‖.

In other words, with an (admissible) error O(ε1/2) the last inner product in formula (4.9) is
equal to the expression

(ε−1I1 + ε−1I2 + ε0I3 + I4,W
ε)Ω, (4.10)

where W ε = Xεw and

I1(y, x) = D(−∇y)
�
A (y)(IK + D(∇y)N(y))D(∇x)u

0
(±p)(x),

I2(y, x) = β±j

(

D(−∇y)
�
A (y)D(∇y)N

0(y) + ρ(y)
)

u0(±p)(x),

I3(y, x) = D(−∇x)
�
A (y)D(∇x)u

0
(±p)(x)

+ D(−∇x)
�
A (y)D(∇y)(N(y)D(∇x)u

0
(±p)(x) + β±jN

0(y)u0(±p)(x))

+ β±jρ(y)(N(y)D(∇x)u
0
(±p)(x) + β±jN

0(y)u0(±p)(x)),

I4(y, x) = −ε{ε−1D(∇y) + D(∇x)}�A (y)D(∇x)(N(y)D(∇x)u
0
(±p)(x)

+ β±jN
0(y)u0(±p)(x)).

(4.11)

As in (4.4), on the right-hand sides of (4.11) after the differentiaton, we should return from
the fast variables (1.3) to the slow variable x. It is remarkable that the expression in the curly
brackets in the last formula of (4.11) contains the operator D(∇x) of “full” differentiation (cf.
the rule (3.3)). Hence, integrating by parts, we obtain the equality

(I4,W
ε)Ω = ε

∫

Ω

(D(∇x)W ε(x)
�
A (y)D(∇y)(N(y)D(∇x)u

0
(±p)(x) + β±jN

0(y)u0(±p)(x)) dx.

(4.12)
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On the right-hand side of (4.12), there are only the first order and second order derivatives of
vector-valued function u0(±p) (cf. comment to (4.9)).

Again, taking into account the property of supports of the derivatives of Xε, we find

‖∇xW
ε;L2(Ω)‖2 � c (‖∇xw;L2(Ω)‖2 + ε−2‖w;L2(supp |∇xXε|)‖2

� c (‖∇xw;L2(Ω)‖2 + ‖r−1w;L2(Ω)‖2

� c‖w;H ‖2 = c. (4.13)

Since the matrices A , N , and N0 in the integrand of (4.12) depending on the fast variable y
are not differentiated, we find

|(I4,W ε)Ω| � cε‖∇xW
ε;L2(Ω)‖ � cε.

The components I1 and I2 of the first factor in (4.10) vanish by the definition of correctors
(cf. (3.7) and (3.17)). The relations (3.9) and (3.19)–(3.21) show that the mean of I3 over the cell
y ∈ S vanishes since {β±j , u

0
±j} is the spectral pair of the problem (3.21), (3.11). Furthermore, it

is equal to the sum of products Z(ε−1x)Y (x), where Z ∈ L2(S) and Y ∈ C1(Ω). Consequently,
the assumptions of Proposition 2.6 (the version (2.25)) are satisfied; moreover, Y = Y W ε.
Thus, by (2.27) and (4.13),

|(I3,W ε)Ω| � cε‖∇xW
ε;L2(Ω)‖ = cε.

Combining the obtained estimates, we get

‖K εU(p) − MU(p);H ‖ � cε3/2.

By Lemma 2.7, there is an eigenvalue με
q of the operator K ε such that

|με
q − εβ−1

±j | � cε3/2. (4.14)

For the eigenvalue λε
q of problem (1.1), (1.2) connected with με

q by formula (1.17), we have

|λε
q − ε−1β±j | � cε1/2β±jλ

ε
q ⇒ λε

q � cε−1(1 + cε3/2λε
q),

i.e., for ε ∈ (0, εj ] and small εj > 0

|λε
q − ε−1β±j | � cjε

−1/2. (4.15)

Now, we use the second part of Lemma 2.7 with Cjε
3/2 instead of δ1, where Cj is a large

constant. We find columns aε(p) of coefficients aεpl such that

∥
∥
∥U(p) −

∑

aεplu
ε
(l);H

∥
∥
∥ � 2δ−1

1 δ � C−1
j cj ,

∑

|aεpl|2 = 1, (4.16)

moreover, ±p = ±j, . . . ,±j±κ±j∓1, and the sum is taken over those eigenvalues of the operator
K ε that satisfy the inequality

|με
l − εβ−1

±j | � Cjε
3/2. (4.17)

For small ε they have the same sign as β−1
±j (the assumption δ1 ∈ (δ, ε|β±j |−1) of Lemma 2.7

is satisfied) and form the sequence {με
±J(ε), . . . , μ

ε
±J(ε)±K(ε)∓1}. From (4.16), (2.30), (1.24) and

(4.1), (4.7), (4.8) we find

〈U(p),U(q)〉 =
〈

U(q) −
∑

aεplu
ε
(l),U(q)

〉

+
〈

U(p),U(q) −
∑

aεqlu
ε
(l)

〉

+ (aε(q))
�aε(p)
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and

∣
∣〈U(q),U(p)〉 − δp,q

∣
∣ = ‖U(p);H ‖−1‖U(p);H ‖−1

∣
∣〈U(p), U(q)〉 − ‖U(p);H ‖2∣∣ � cε.

Then we obtain the estimate
∣
∣
∣(aε(q))

�aε(p) − δp,q

∣
∣
∣ � c (ε +C−1

j ) (4.18)

which means that for small ε and C−1
j the columns aε(j), . . . , a

ε
(j+κj−1) of height K(ε) are “almost

orthonormal,” which is possible only if

K(ε) � κj. (4.19)

Consequently, there are at least κj eigenvalues of the operator K ε satisfying the inequality (4.17)
which is not too different from the inequality (4.14) and, consequently, implies the estimate (4.15)
for κj eigenvalues of the problem (1.1), (1.2). Our next goal is to verify the equalities K(ε) = κj

and J(ε) = j.

2. Case ρ = 0; convergence and approximation error. We fix j ∈ N. By (1.24), the
H1(Ω)-norms of vector-valued eigenfunctions uε±j are uniformly bounded with respect to the

parameter ε ∈ (0, ε0]:

‖uε(±j);H
1(Ω)‖ � c. (4.20)

Consequently, there exists an infinitely small sequence {εm}∞m=1, along which

uε(±j) → û(±j) weakly in H1(Ω)k and strongly in L2(Ω)
k. (4.21)

Furthermore, taking into account (4.15), we find

±ελε
j � ±ελε

q � ±β±j + Cjε
1/2 � cj . (4.22)

Explanation. Since for every j ∈ N there is a subscript q = q(j) ∈ N for which the inequality
(4.15) holds, from (4.19) it follows that {λε

±q(1), . . . , λ
ε
±q(j)} are ordered, i.e., q(j) � j. By (4.22),

there exists an infinitely small sequence {εm} (we can assume that it coincides with the above
sequence) such that

εmλεm
±j → β̂±j for m → +∞. (4.23)

For an arbitrary vector-valued function V ∈ C∞
c (Ω)k we construct a test function in the

integral identity (1.10) in accordance with the asymptotic ansatz (4.2):

vε(x) = V (x) + ε
(

N(ε−1x)D(∇x)V (x) + ελε
±jN

0(ε−1x)V (x)
)

.

It is not necessary to use a cut-off function Xε since vε = 0 in a neighborhood of the boundary
∂Ω. Integrating by parts, we obtain the equality

0 = (uε(±j),L vε − λε
±jv

ε)Ω. (4.24)

Repeating the above calculations (which are even simpler since there is no cut-off function), we
see that the difference in the second position of the inner product (4.24) is expressed as follows:
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D(−∇x)
�
A (y)D(∇x)V (x) + D(−∇x)

�
A (y)D(∇y)

(

N(y)D(∇x)V (x)

+ ελε
±jN

0(y)V (x)
)

+ ελε
±jρ(y)

(

N(y)D(∇x)V (x) + ελε
±jN

0(y)V (x)
)

+ D(−∇y)
�
A (y)D(∇x)

(

N(y)D(∇x)V (x) + ελε
±jN

0(y)V (x)
)

+ εD(−∇x)
�
A (y)D(∇x)

(

N(y)D(∇x)V (x) + ελε
±jN

0(y)V (x)
)

=: I1(V ) + I2(V ) + I3(V ) + I3(V ) + εI5(V ), (4.25)

as usual, we mean that the replacement y �→ x = εy was made after the differentiation. It is
clear that the estimates (4.22) and (4.20) imply

|(uε(±j), εI5(V ))Ω| � cε → +0.

The mean of I4(V ) over the cell S � y vanishes, and I4(V ) is represented as the sum of
expressions Z(ε−1x)Y (x), where Z ∈ L2(S) and Y ∈ C0,γ(Ω). Hence, by the estimate (4.20)
and Proposition 2.6 with Y = Y uε(±j), we have

|(uε(±j), I4(V ))Ω| � cε1/2 → +0.

From the sum of the first three terms in (4.25) we subtract the expression

I(V, ελε
±j) = L(∇x)V (x) + ελε

±jB(∇x)V (x)− ε2(λε
±j)

2mV (x), (4.26)

where the operators L, B and matrices A, m are defined by formulas (1.28), (3.32) and (3.9),
(3.19) respectively. Then the resulting expression also has zero mean over the cell S � y. As
above,

|(uε(±j), I1(V ) + I2(V ) + I3(V )− I(V, ελε
±j))Ω| � cε1/2 → +0.

It remains to note that (4.21) and (4.23) imply the convergence

(uεm(±j), I(V, εmλεm
±j ))Ω → (û(±j), I(V, λ̂±j))Ω as m → +∞.

Passing to the limit along the sequence {εm}∞m=0 in (4.24), we obtain the integral identity

(û(±j), I(V, β̂±j))Ω = 0, V ∈ C∞
c (Ω)k,

which can be written in the form

a(û(±j), V ; Ω)− β̂±jb(û(±j), V ; Ω)− (β̂±j)
2(mû(±j), V )Ω = 0, V ∈ o

H1(Ω)k,

in view of the definitions (3.12), (3.23), (4.26) and the closure in the H1(Ω)k-norm. Thus, β̂±j

is an eigenvalue of the problem (3.22) only if û(±j) �= 0.

We check the last relation. First, by (3.17), we have

ε−1(ρuε(±j), u
ε
(±j))Ω = ε−1

((

D(−∇y)
�
A D(∇y)N

0
)

uε(±j), u
ε
(±j)

)

Ω

=
((

A D(∇y)N
0
)

uε(±j),D(∇x)u
ε
(±j)

)

Ω

+
n∑

p=1

(
∂uε(±j)

∂xp
,
(

D(∇y)N0
)�

A D(ep)u
ε
(±j)

)

Ω

. (4.27)
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Second, A D(∇y)N
0 ∈ L∞(S)N×k in view of Proposition 2.3 (3). Consequently, by Proposi-

tion 2.6 (the variant (2.26)), from (4.21) it follows that

(A D(∇y)N
0)uε(±j) → Mû(±j) strongly in L2(Ω)

N×k, (4.28)

where M is the mean of the matrix-valued function A D(∇y)N
0 over the cell S. We emphasize

that the operator D(∇y) in (4.27) and (4.28) acts on the corrector N0, but not on uε(±j).

Third, owing to the normalization condition (1.24) and the identity (1.10), the left-hand

side of (4.27) has the limit (β̂±j)
−1 (which can be infinite) as ε → 0, whereas the right-hand

side is the sum of inner products where one factor is a term of a weakly converging sequence
in L2(Ω) and another factor is a term of a strongly converging sequence. Hence the limit of
the right-hand side vanishes because of the assumption û(±j) = 0. The obtained contradiction
means that û(±j) �= 0 is the vector-valued eigenfunction of the problem (3.22) corresponding to

the eigenvalue β̂±j .

Now, we are ready to check the first main assertion of the paper.

Theorem 4.1. Suppose that the assumptions about the smoothness of the data of the problem
(1.1), (1.2) are satisfied and the mean (1.25) of the density ρ vanishes. We also assume that β±j

is an eigenvalue of the pencil (3.21), (3.11) (or (3.22)) with multiplicity κ±j, i.e., formula (4.3) is
valid. Then there exists εj > 0 and cj such that for ε ∈ (0, εj ] the eigenvalues λ

ε
±j, . . . , λ

ε
±j±κ±j∓1

of the problem (1.10) and only they satisfy the inequality (4.15). Furthermore, there are numbers
Cj and columns bε(p) = (bε±j,p, . . . , b

ε
±j±κ±j∓1,p)

�, p = ±j, . . . ,±j±κ±j∓1, that form a Hermitian

(κ±j × κ±j)–matrix bε and

∥
∥
∥uε(p) −

±j±κ±j∓1
∑

q=±j

bεqpU
0
(q);H

1(Ω)
∥
∥
∥ � Cjε

1/2. (4.29)

Here, ε ∈ (0, εj ], p = ±j, . . . ,±j ± κ±j ∓ 1,

U0
(q)(ε, x) = u0(q)(x)− ε

(

N(ε−1x)D(∇x)u
0
(q)(x)− β±jN

0(ε−1x)u0(q)(x)
)

, (4.30)

uε(p) and u0(p) are vector-valued eigenfunctions of the problems (1.10) and (3.22) satisfying the

orthogonality and normalization conditions (1.24) and (3.26) respectively, and N and N0 are
asymptotic correctors i.e., periodic solutions to the problems (3.7) and (3.17) on the cell S.

Remark 4.2. By Lemma 2.5, the vector-valued functions (4.2) and (4.30) (the cut-off func-
tion Xε is absent in (4.30)) satisfy the inequality

‖U(p) − U0
(p);H

1(Ω)‖ � cpε
1/2. (4.31)

Consequently, the relation (4.7) yields the estimate

|〈U0
(p), U

0
(q)〉 − δp,q| � cpε

1/2, (4.32)

i.e., the asymptotic approximations (4.30) are “almost subject” to the orthogonality and nor-
malization conditions (1.24). �

Proof of Theorem 4.1. As was already established, the subscript q in the inequality (4.15)
takes the values ±J±j(ε), . . . ,±J±j(ε)±K(ε)∓ 1 and formula (4.19) holds. Thus, to verify the
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first assertion of the theorem, it remains to check that

J±j(ε) = j, K±j(ε) = κ±j. (4.33)

If εj > 0 is sufficiently small, then formula (4.19) remains valid after the replacement j �→ l
for any l = 1, . . . , j. Thus, if one of the equalities (4.33) fails, then for some l there are eigenvalues
λε
±h, . . . , λ

ε
±h±κ±l

(the number of which is greater than the multiplicity κ±l of the eigenvalue

β±l) such that
ελε

±t → β±l, t = h, . . . , h+ κ±l.

By (1.10) and (1.24), any linear combination of the corresponding vector-valued eigenfunctions

U ε = c±hu
ε
(±h) + · · ·+ c±h±κ±l

uε(±h)±κ±l
,

t+κ±l∑

t=h

|c±t|2 = 1,

satisfies the relation

1 = 〈U ε,U ε〉 =
t+κ±l∑

t=h

|c±t|2λε
±t(ρu

ε
(±t, u

ε
(±t)Ω.

Consequently, as was shown above, the strong convergence U ε → û holds in L2(Ω)
k and û �= 0

is a vector-valued eigenfunction of the pencil (3.22). The dimension of the space of such limits
cannot exceed the dimension κ±l of the eigensubspace of the pencil corresponding to β±l. The
obtained contradiction proves (4.33).

To verify the second assertion of the theorem, we again use Lemma 2.7. ForCj in the inequal-

ity (4.17) we set C0
jε

−1/2 and choose a constant C0
j so that the relation (4.17) is satisfied by only

the eigenvalues με
±j, . . . , μ

ε
±j±κ±j∓1 of the operator K ε, which becomes possible owing to the first

assertion of the theorem about eigenvalues λε
±j, . . . , λ

ε
±j±κ±j∓1 of the problem (1.10) in terms of

the inverses of (1.17). Now, formula (4.18) means that the columns aε(±j), . . . , a
ε
(±j±κ±j∓1) form

an “almost unitary” matrix, whereas the first relation in (4.16) takes the form

∥
∥
∥uε(p) −

±j±κ±j∓1
∑

q=±j

bεqpU(q);H
1(Ω)

∥
∥
∥ � Cjε

1/2

in view of Lemma 2.8. Moreover, bε = (bε(±j), . . . , b
ε
(±j±κ±j∓1)) is a unitary matrix. To obtain

the inequality (4.29), it remains to recall the definitions (4.1), (4.2), (4.30) and the estimates
(4.7), (4.31). �

We weaken the results of Theorem 4.1 by stating them as assertions about convergence.

Corollary 4.3. 1) Under the assumptions of Theorem 4.1, elements of the sequences (1.22),
(1.23) and (3.24), (3.25) of eigenvalues of the problems (1.10) and (3.22) are related as follows:

ελε
±j → β±j as ε → +0.

2) Suppose, in addition, that β±j is a simple eigenvalue. Then for small ε > 0 the eigenvalue
λε
±j is also simple and for the corresponding vector-valued eigenfunction uε(±j) of the problem

(1.10) satisfying the normalization condition (1.24) the following assertions hold:

uε(±j) → u0(±j) strongly in L2(Ω)
k,

A εD(∇x)u
ε
(±j) → AD(∇x)u

0
(±j) + β±jn

0u0(±j) weakly in L2(Ω)
k,

uε(±j) − ε(ND(∇x)u
0
(±j) + β±jN

0u0(±j)) → u0(±j) strongly in H1(Ω)k.

(4.34)
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Here, u0(±j) is a vector-valued eigenfunction of the problem (3.22) satisfying the normalization

condition (3.26) and

n0 =

∫

S

A (y)D(∇y)N
0(y) dy ∈ C

K×k. (4.35)

Proof. It suffices to check only the second convergence in (4.34) and the equality (4.35)
since the remaining assertions directly follow from Theorem 4.1. Differentiating (4.30), we find

A (y)D(∇x)U
0(ε, x) =

(

A (y) + A (y)D(∇y)N(y)
)

D(∇x)u
0
(±j)(x)

+ β±jA (y)D(∇y)N
0(y)u0(±j)(x)

+ ε
(

A (y)D(∇x)N(y)D(∇x)u
0
(±j)(x) + β±jA (y)D(∇x)N

0(y)u0(±j)(x)
)

,

where, as usual, we apply our agreement about the use of fast and slow variables. Now, the
required assertion is obvious because the last term contains the small parameter ε. �

3. Approximation error and convergence in the case ρ > 0. Partial analogs of
Theorem 4.1 and Corollary 4.3 in the case ρ > 0 are obtained by repeating the above arguments
(which are considerably simpler) in the case ρ = 0. Moreover, we can work within the framework
of standard methods of the homogenization theory (cf. [11, 12, 13] etc.). Therefore, we restrict
ourselves to formulations in the case of the positive part (1.22) of the spectrum of the problem
(1.1), (1.2). Some (not complete) information about the negative part (1.23) of the spectrum
will be given in the following subsection.

Theorem 4.4. Suppose that the smoothness assumptions on the data of the problem (1.1),
(1.2) listed in Subsection 1.1 are satisfied and the mean (1.25) of the density ρ is positive. Let
λ0
j be an eigenvalue of the problem (3.8), (3.11) (of (3.12)) with multiplicity κj, i.e.,

λ0
j−1 < λ0

j = · · · = λ0
j+κj−1 < λ0

j+κj
.

Then there exist εj > 0 and cj such that for all ε ∈ (0, εj ] the eigenvalues λε
j , . . . , λ

ε
j+κj−1 of the

problem (1.10) and only they satisfy the inequality

|λε
p − λ0

j | � cjε
1/2. (4.36)

Furthermore, there is a number Cj and columns bε(p) = (bεj,p, . . . , b
ε
j+κj−1,p)

�, p = j, . . . , j+κj−1,

that form a Hermitian (κj × κj)–matrix bε and

∥
∥
∥uε(p) −

j+κj−1
∑

q=j

bεqp

(

u0(q) − εND(∇x)u
0
(q)

)

;H1(Ω)
∥
∥
∥ � Cjε

1/2, p = j, . . . , j + κj − 1.

Here, ε ∈ (0, εj ], u
ε
(p) and u0(p) are vector-valued eigenfunctions of the problems (1.10) and (3.12)

satisfying the orthogonality condition (1.24) and the normalization condition (3.14) respectively,
and N an the asymptotic corrector, i.e., a periodic solution to the problem (3.7) on the cell S.

Corollary 4.5. 1) Under the assumptions of Theorem 4.4, elements of the sequences (1.22)
and (3.13) of the eigenvalues of the problems (1.10) and (3.22) are related as follows:

λε
j → λ0

j as ε → +0.
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2) Let, in addition, λ0
j be a simple eigenvalue. Then for small ε > 0 the eigenvalue λε

j is
also simple and the following assertions hold for the corresponding vector-valued eigenfunction
uε(j) of the problem (1.10) satisfying the normalization condition (1.24):

uε(j) → u0(j) strongly in L2(Ω)
k,

A εD(∇x)u
ε
(j) → AD(∇x)u

0
(j) weakly in L2(Ω)

k,

uε(j) − εND(∇x)u
0
(j) → u0(j) strongly in H1(Ω)k.

Here, u0(±j) is a vector-valued eigenfunction of the problem (3.12) satisfying the normalization

condition (3.14).

4. Upper estimate for the negative part of the spectrum in the case ρ > 0. The
main goal of this subsection is to verify the last inequality in formula (1.27).

Theorem 4.6. If ρ > 0, then there is a positive number θ such that for λ ∈ (−ε−2θ, 0) the
variational problem

(A εD(∇x)u,D(∇x)v)Ω − λ(ρu, v)Ω = f(v), v ∈ o
H1(Ω)k, (4.37)

has a unique solution u ∈ o
H1(Ω)k for any linear functional f ∈ H ∗ on the space H =

o
H1(Ω)k

and the following estimate holds:

‖u;H ‖ � c (λ)‖f ;H ∗‖,
where c (λ) is independent of f .

Proof. Owing to the Riesz theorem on representation of linear functionals in a Hilbert
space, it suffices to check that the left-hand side of (4.37) is the inner product in the space H .

We extend u ∈ o
H1(Ω)k by zero outside the domain Ω and represent it on each cell (2.24) in

the form

u(x) = p(x− xα)bα + uα⊥(x), (4.38)

where xα is the center of the cube Sα
ε , p = (p1, . . . , pd) is a polynomial (k×d)–matrix, d = dimP,

{p1, . . . , pd} is a basis for the polynomial space (1.8) composed of columns pj(x) of homogeneous
polynomials of degree σj in the variable x; moreover,

0 = σ1 = · · · = σk < σk+1 � . . . � σd.

The number column bα ∈ C
d is defined by the formula

bα = P(ε)−1

∫

Sα
ε

p(x− xα)
�
u(x) dx, (4.39)

P(ε) =

∫

Sα
ε

p(x− xα)
�
p(x− xα) dx.

It is clear that

P(ε) = E (ε)P(1)E (ε),
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where

E (ε) = diag{εσ1+n/2, . . . , εσd+n/2}
and P(1) is a Hermitian positive definite Gram (d × d)–matrix independent of the parameter
ε. We construct the column bα′ from the first k elements bαj (they are associated with constant

polynomials) and the column bα′′ ∈ C
d−k from the remaining elements. Since pk+1, . . . , pd are

polynomials of positive degree, we have

‖∇xp(x− xα)bα;L2(S
α
ε )‖2 � c

d∑

j=k+1

ε2(σj−1)+n|bαj |2

� c‖∇xu;L2(S
α
ε )‖2. (4.40)

By the definitions (4.39) and (4.38), the vector-valued function uα⊥ satisfies the orthogonality
condition ∫

Sα
ε

p(x− xα)
�
uα⊥(x) dx = 0 ∈ C

d. (4.41)

By Lemma 2.4 with X (uα⊥) coinciding with the left-hand side of (4.41),

ε−2‖uα⊥;L2(S
α
ε )‖2 + ‖∇xu

α
⊥;L2(S

α
ε )‖2 � c‖D(∇x)u

α
⊥;L2(S

α
ε )‖2

= c‖D(∇x)u;L2(S
α
ε )‖2. (4.42)

We emphasize that the factor ε−2 appears because of the coordinate stretching x �→ y = ε−1x,
made before applying the lemma; moreover, the last equality is valid since

D(∇x)p = 0 ∈ C
K×d.

Taking into account (4.42) and (4.40), we get

1

2
(A εD(∇x)u,D(∇x)u)Sα

ε
− λ(ρu, u)Sα

ε

� 1

2
cA ‖D(∇x)u

α
⊥;L2(S

α
ε )‖2 +

1

2
|λ|εnρ|bα′|2

− c|λ|
(

d∑

j=k+1

ε2ρj+n|bαj |2 + ‖uα⊥;L2(S
α
ε )‖2

)

� 1

2
|λ|εnρ|bα′|2 − cε2|λ|

(

‖∇xu;L2(S
α
ε )‖2 + ‖D(∇x)u;L2(S

α
ε )‖2

)

. (4.43)

Note that the estimate from below becomes possible because |λ|ρ = −λρ is positive.

Summing the inequality (4.43) over all the cells, we find
(

A εD(∇x)u,D(∇x)u)Ω − λ(ρu, u)
)

Ω
� 1

2
cA ‖D(∇x)u;L2(Ω)‖2

− cε2|λ|
(

‖∇xu;L2(Ω)‖2 + ‖D(∇x)u;L2(Ω)‖2
)

. (4.44)

By the inequality (2.1), the existence of a required θ > 0 becomes obvious: in the case

cA − 4cε2|λ|(1 + cD ) � 0
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the left-hand side of (4.44) exceeds

1

4
cA ‖D(∇x)u;L2(Ω)‖.

The theorem is proved. �

The result of Theorem 4.6 shows that the half-interval [θε−2, 0) is free from the spectrum of
the problem (1.1), (1.2), i.e., λε

−j � −θε−2, which agrees with the formal asymptotic of negative

eigenvalues (cf. Subsection 3.4).
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