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Abstract

We study the asymptotic behavior of solutions to a boundary value problem for the Poisson equation with a singular right-hand
side, singular potential and with alternating type of the boundary condition. Assuming that the boundary microstructure is periodic,
we construct the limit problem and prove the homogenization theorem by means of the unfolding method. The proof requires that
the dimension be larger than two.
© 2012 Elsevier Masson SAS. All rights reserved.

Résumé

Le but de cet article est d’étudier le comportement asymptotique des solutions d’une équation de Poisson avec un potentiel et
un membre de droite singuliers et des conditions aux limites oscillantes. Le probleme aux limites est posé dans un domaine de
R", n > 3. Sous I’hypothese que la microstructure de la frontiere est périodique, on démontre un théoréme d’homogénéisation en
utilisant la méthode d’éclatement périodique.
© 2012 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this work we consider the homogenization of a boundary value problem for the Poisson equation with singular
(asymptotically high contrast) zero order term and right-hand side, the support of which is concentrated near a fixed
subset of the domain boundary and with a periodic microstructure. The boundary condition alternates rapidly between
Dirichlet and Neumann on this subset.
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Fig. 1. Side view.

Problems in domains with singularly perturbed density (“concentrated masses”) have been widely discussed
previously (see [16] already back in 1913). The behavior of solutions of a wave equation with one concentrated
mass and the vibration of a body with a concentrated mass were studied in [29] and [30], respectively. The behavior
of the spectrum of the elasticity system with volume distributed concentrated masses was described in [25,28,24].
The eigenvalue problem for an elastic membrane with a concentrated mass was treated in [26,17], and the case of
concentrated masses located along the boundary of a domain was investigated in [19,6,9,7].

The spectral problem with mass concentration on periodic rod structures was considered in [21-23].

Other spectral and boundary value problems in domains with high contrast and singularly perturbed densities can
be found in [15,14,1,2].

Problems with rapidly alternating boundary conditions have also been intensively studied (see [12,20,4,13,3,10]).

In this paper we consider a homogenization problem with two small parameters (going to zero), the first one, ¢,
characterizes the boundary microstructure period, while the second, 8, characterizes the volume fraction of the set
where the source term is large, as well as the portion of the boundary where the Dirichlet condition is imposed.
It should be noted that, depending on the ratio between ¢ and &, one can obtain different boundary conditions in the
limit problem (see, for instance, [18,4]).

In this paper, the periodic unfolding method is used for the first time for such a type of problems. It allows to
characterize the oscillation of solutions, build the boundary layer term, show the convergence in H! norm and improve
on the estimates for the rate of convergence. We use the version of the unfolding procedure adapted to the boundary
homogenization. The boundary unfolding method was originally introduced in [27] and [11]. For technical reasons,
the dimension has to be larger or equal to three.

The main results are presented in Theorem 5.4 where the unfolded limit of solutions is constructed, and in
Theorem 6.2 where the macroscopic effective model is derived. In particular, the singular inhomogeneity concen-
trated near the boundary can give rise to a nontrivial term (a kind of “strange term”) in the boundary operator of the
limit equation.

A problem similar to that studied in the present work, was previously considered in [5].

2. Settings

For a given fixed & > 0, consider a domain £2 in R", n > 3, which lies in the upper half-space, with a piecewise
smooth boundary d§2 = I'1 U I'> U I';3 consisting of three parts (see Fig. 1).

The part I is the (n — 1)-dimensional unit cube

1 1
I3=1x: ——<x;<=fori=1,...,n—1, x,=03.
2 2

The part I; is the union of F2i fori=1,...,n—1, where
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Fig. 2. Perspective.

; 1 1 1
r, i{x: x,-::i:E, —3 <Xj <§forj;£i, 1<j<n—1, ngngh}.
The remainder I is the part of 952 located in the half-space x, > h. Moreover, I3 (see Fig. 2) has a periodic
microstructure associated to the small parameters § < 1 and ¢ = (Wl+—1) where A is a natural number, A/ > 1 and
§=68(ce) >0ase—0,
I3=T;5Uyes.
To describe the microstructure, let D be the hyperdisc

D:{zeR": lz| <1, zn=0}. (1)
Then

Vs,8=F3ﬂ( U 8(€+5D)), Tes =13\ Ves.

EEZ”_I
In the figures, we use the following notation. Let og > 0 and B be the half-ball

B ={z: |z| <ap, z, > 0}.
Then By s is the set

B.s=20N ( U Bf"s), where B} ; = £(£ +8B).
EEZ"*I

Remark 2.1. The set B defined above as a half-ball, can be replaced by any bounded connected open subset of the
upper half-space with Lipschitz boundary. All the results of this paper remain valid for such a choice of B.

Our aim is to study the asymptotic behavior as € and § go to 0, of the solutions to the following boundary value
problem:

_Aua,é + (88)7}{)08,8’48,6 = fs,é in £2,

Ug s = 0 on y, s U I, )

3148,5 N
v

onl;s;UlI>,



118 G.A. Chechkin et al. / J. Math. Pures Appl. 98 (2012) 115-138

where v is the outward unit normal on 052, and (¢§) ™% p, 5 is a nonnegative density supported in B, 5, and such that
Pe.s is bounded in L°°(B; s). We also suppose » > 0. The right-hand side f; s € Lz(.Q) is of the form

_|[f  in@2\Bes,
fe,a(x)—{f&(S in B, s, 3)

where f. 5 belongs to L>(£2), and, for simplicity, f is fixed in L%(§2). The function f;,g is not necessarily bounded
with respect to & and &, the exact scaling being specified in Proposition 3.1 below.
Let V; s be the following space:
Ves={ve H' (2)|v=00nTI1Uy,.;s}.
The variational formulation of problem (2) is now
Find u. s € V; 5 satisfying

/Vus,av¢dx+/(€5)_xpe,a uspdx :/fg’aqﬁdx, (Pe.s)
2 2 2
Vo € Vg,a.

In the sequel we will make use of the following spaces:
V():{weHl(.Q) | w:OonF]},
V§ ={w e C>®(2) | w =0 in some neighborhood of I7}.

Notice that Vj is a dense subspace of V).

Remark 2.2. The spaces V; ; are all closed subspaces of H 1(£2) and more precisely, of V. The Poincaré—Friedrichs
inequality holds for 1}, hence uniformly for the spaces V; s.

Remark 2.3. The presence of the density (£6) ~* pe,s means that Eq. (2) is asymptotically singular near the boundary
I'5 within the set By s.

2.0.1. The case of periodic data
Consider now the particular case where the functions p. s and f; s are periodic or locally periodic in the variable
x" = (x1,...,x4—1) (see Example 5.3 below). In this case the functions p, s and f s are of the form

(1[(x"] x, ~ _1-1x’x,,
,Os,a(x)=,0<g{;}s8—8), fs,a(x)—ﬁf(g{;}slg)

with 5(z) and f(z) defined in R’ and supported in B, here {-} stands for the fractional part. Note that this definition
implies the fact that p, 5 and f;,g are g-periodic with respect to x’.
We suppose that

peL®RL),  feL*(RY).

As shown below, the effective (homogenized) boundary condition in problem (2) depends crucially on the ratio
between ¢ and 8" 2. We assume that & is a function of & such that there exists k € [0, +-00] satisfying

3n—2

4)

To formulate the convergence results, we will need the following auxiliary problems stated in the half-space
R% = {z e R": z, > 0} (recall that D is defined by (1)):

—AU+p(x)U =0,

_ aU

Up=1, — =0, (®)]
sz R*-1\D

VU e L*(R%),
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and
~8.0+5()0 = f(2),
~ aU
Up=0, — =0,
Iz | mr-1\p)
vU eLZ(R'jr).
Define
— U
@ifﬁ(z)U(z)dz—f—(z/)dz/ (6)
v,
B D
and
[z o~ o , .,
F=|[ f(@dz— | pU@)dz+ g(z)dz. (7)
Z
B B D

Theorem 2.1. Assume that x =2 and that (4) holds. Let u. s be the solution of (2). Then, there exists a unique ug such
that

Ugs — uog weaklyin V.

This ug is the unique solution of a limit problem which depends on the value of k.

e Ifk € (0, +00), the limit problem is

—Aug=f inf2,
aug
uolrp =0, —| =0,
W ln, ®)
ouo
— 4+ Okuyg =F,
v n
with @ and F defined in (6) and (7), respectively.
o Ifk =0, then the limit problem is
—Aug=f inS2,
8u0
uplry, =0, —| =0,
Wi, ©)
d
duo| _ .
v |y
(note the Neumann boundary condition on I'3).
e [fk = +00, then the limit problem is
—Aug=f in$2,
dug 10
uolror, =0, 2| =0 (10)
8

(note the Dirichlet boundary condition on I3).

In order to formulate the convergence result in the case x # 2, we introduce the usual half-space harmonic capaci-
ties of the sets D and D U B. We denote these capacities by @p and @, ; (see Definition 6.1 below).

Theorem 2.2. Assume that x < 2 and that (4) holds with k finite. Then, there exists a unique uq such that

ugs —uo weakly in Vo,
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where uy is the unique solution of the following problem

—Aug=f inS2,
dup
U0|F1=0, E =V,
I

=Fp,
I3

dug
<W + @yku()>

FDi/f(Z)dz—i-/ 851) (') dz,
3 Z

D

with Fp defined by

where Up is a solution in R’ of the problem

_AZ ﬁD = fv
oUp
v,

VﬁD € LZ(R:!_).

Uplp =0,

-0,
(R"=1\D)

For » > 2 the following result holds true.

(1)

Theorem 2.3. Assume that x > 2 and that (4) holds with k finite, and suppose that p(z) > 0 everywhere in B. Then a

solution u, s of problem (2) converges in L?(£2), as € — 0, toward a unique solution of the problem

—Aupg=f inS2,
oug
MO|F1 =0, W - =0,
2
o Lok 0
— + O 5ku =0.
Iy DUB*HU0 n

Finally, in the case of k = +o00, the homogenized problem takes the form (10) whatever the value of x.

2.0.2. The case of locally periodic data 3
In the locally periodic case, the functions p. s and f; 5 are of the form

o, L[x"] xu = R
,Os,a(x)=/0<x,g{;},5>, fg’é(X)_ﬁf<x’

with p(x’, z) and f (x', z) defined in I3 x R’ and supported in I3 x B. We suppose that
peC(I3 L®°(RY)),  fecC(rs L*(RY)).

12)

All the auxiliary functions U, U , etc. and the quantities @, F, etc. will depend on x as a parameter. In particular,

problem (5) reads
—AU(X\2)+p(x',2)U(x',z) =0,

O ) =1 22 ()

av,
VU(x/, ) € LZ(R’_:_),

R”*I\D

and ® = O (x’) is defined by

@
E

o) = / (. 2)T(x'2) dz /
B D
The definitions of U and F should be modified accordingly.

a !/ ! !
vz(x,z)dz.
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The statement of Theorem 2.1 in the locally periodic case reads:

Theorem 2.4. Assume that x =2, and that (4) holds. Then, there exists a unique uq such that
Ug s —ug weaklyinly.

This ug is the unique solution of a limit problem which depends on the value of k.

e Ifk € (0, +00), then the limit problem is

—Aug=f inS2,
au()
M0|F|=0, W =0,
I

=F(x').

5
(% + @(x’)kuo>

I3
o [f k =0 then the limit problem is

—Aug=f in$2,
aug
u0|1“1=0, E - =V,
2
duo = F(x)
W |y '

o [f k = +o00, then the limit problem coincides with problem (10).

121

13)

(14)

Theorems 2.1-2.4 are corollaries of Theorems 5.4, 5.5 and 5.7 where the assumptions on p, s and f¢ s are more

general.

The plan of the paper is as follows. In Section 2 uniform estimates are established. Section 3 introduces the
boundary layer operator periodic, which is the main tool in the proof presented in Section 5 (the unfolded limit
problems). Section 6 gives the macroscopic form of these limit problems. Section 7 is devoted to the convergence of

the energy in these problems and improves on the convergence of the solutions.

3. Estimates

In this section we establish uniform estimates for the solution of problem (P, s). Here we assume that ¢ and § are

two independent small parameters.

Proposition 3.1. There is a constant C independent of € and § such that

H psl,/(szuafs ” L2(Bs.s)

<C(If N2y +min{ @Y | p75"% Fesll 12 s,y 81 Feslios, ) )-

e sl 12y + (€8) 7%/

Proof. We denote by ¢ a generic constant which does not depend on ¢ and §.
Using u, s as a test function in (Pg s), we obtain

/|Vu8’,5|2dx+(88)7"/p8,5u§’5dx= f fe.sttesdx + / fuesdx.
2 2 £,8

$2\Bg.s

By the Poincaré—Friedrichs inequality for V and the standard use of the Young inequality,

1 - i
5 / Ve g2 dx + (£8) / pesu? s dx < f Fosttesldx +cl f 122 0.
2

Bg,é

(15)
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The Cauchy—Schwarz inequality and the Young inequality, give

/ |f8 5||u85|d-x ”ps l/2f85||L2(Bg5)||p1/2u8,5||L2(B£'5)
B:.5
and
/ Vit s* dx + (£8) 7 / pestlsdx <c(€8) 075" Fes o) + 171320 (16)
2

On the other hand, by [8], there is a Poincaré—Friedrichs inequality in the set B for functions vanishing on D N B. By
scaling, it follows that

llue,s ||L2(3€<5) < cedl|Vug,s ”L2(Be,5)'

Using this estimate and the Young inequality (again) in (15), gives

/ |Vite 5| dx + (£3) / pesil s dx < (28l fosliap )+ 111320 17
2 2
The conclusion is obtained by combining (16) and (17). O

Corollary 3.2. If

172

mm{(gfs)”/z“ps f85HL2(B 5)’88||f55||L2(B;5)} ¢

as € and 8 tend to zero, then ug s is bounded in HY(2). Furthermore,

1/2
|5 ue.s 125, < Cle8)/.
i bl
4. The boundary-layer unfolding operator Ts s

Recall the notation x” = (x1, ..., x,—1). We use the periodicity cells
Y =(—1/2,1/2)" 71, Y=Y x(0,1), (18)
and define the layer w, as
we =2 N{x: 0<x, <e}. (19)

For y" in R"~!, [y']ys denotes the point & € Z"~! such that y’ — & belongs to Y’. This is defined uniquely (except
on a set of measure zero). Similarly, {y’}y’ denotes y’ — & which belongs to Y’. From now on, when referring to a
point (x’, 0) in I's, we often drop the last coordinate and just write x’.

Definition 4.1. For ¢ € L?(w,), p € [1, +00), the unfolding operator ’];bé LP(wg) — LP (I3 x R}) is defined by

/

x e 1
7;{;([3(¢)(xr’z) _ ¢)<8|:;:|Y/ +832> if(x',z) el x gY, (20)

0 otherwise.

This operation, designed to capture the contribution of the barriers in the limit process, was originally used in [27].
We also introduce the notion of local average in the neighborhood of the hyperplane I7%.

&,bl

Definition 4.2. The local average My~ : LP (w;) — L”(I3), is defined for every ¢ in L? (w;), 1 < p < +00, by

My" (@) (x') m/ 5@)(x, zdz——n / ¢()dt, forx' €T3

S[X?,/]-F&‘Y

(note that the measure of Y is equal to 1).
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Remark 4.3. Since elements of L? (I3) can be considered as functions of L? (w,), M f,’bl can be applied to them. With
this convention,

TH(M5" () = My (@) on I3

The following statements are straightforward modifications of the corresponding results of [11].

Proposition 4.4. Let w, be a sequence such that w, — w weakly in H L(2). Then

My Pl we) — wi,  strongly in L(I3).

Theorem 4.5 (Properties of the operator Tbl 5)-

1. Forany v,w € L?(w,),

T2 (vw) = T ()T (w).

/ Tg{’é(u)dx/dz:/udx,

F3XR1 Wg

2. Foranyu € LY (),

and
8" f |7;’f§(u);dx’dz=/|u|dx.
xR We

3. Foranyu € L*(w,),

1
|5 2 ey = o 100720,

4. Let u be in H (w,). Then,
1 _ 1
T2 (Vieu) = 8_5%(7;?3@)) in I’y x =Y.

5. Suppose n > 3 and let Q be an open and bounded set in R} Then the following estimates hold:

IV (T2 @) 2y vy < 2||W||Lz(w),
1725 e = M3 ) Ly ey < 5o z”V””LZ(w)’

and
bl 2 Ce 2 2/2% ) 12
||7;,5(u) ||L2(1‘3,L2*(Q)) < 28,1_2 ||Vu||L2(w€) + 2| Q| ”u”LZ(a)E)’

where C denotes the Sobolev—Poincaré—Wirtinger constant for H' (Y) and 2* is the Sobolev exponent defined by
1 -1 1

=2 " n
6. Assume n >3 and 5,%2 is bounded. Let we. 5 be in H'(w,) such that

[Vwe s ||L2(wg) <C.

Then, up to a subsequence there exist two functions W € Lz(F3, LY (R%)) and U in Lz(F3, (R%)) with V,W

and V,U in L*(I'3 x R"Y), such that

loc
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(M5 e )11y = Tep(wes)) =W weakly in L*(I3: L* (RY)),
Tes(wes) =~ U  weakly in Lz(l"3, LIOC(R’i)),
Vo(Tes(we)) 11y = VoU - weakly in L* (I3 x RY ).

Furthermore, V,W = —V,U, W + U is independent of z and

We sl — U+ W strongly in L*(I3).

Remark 4.6. In the present work, for simplicity we assume that I's is the exact union of ¢Y’-cells. The general case
of I3 with Lipschitz boundary can actually be handled as in [11].

5. Unfolding procedure
5.1. Functional setting

In the study of the limit behavior of problem (P;s) as &, § — 0, the following functional space, well-known in
potential theory, plays an essential role (n > 3 is required so that 2* is finite):

Kp = {q) el” (Rﬁ); Vo e LZ(RZ’F), D|pis aconstant}. 21
Itis known that ||| g, = V@[ 12(g) is a Hilbert norm on Kp and the space
Kj = {CD eKpnNC® (R_'j_), support of @ is bounded}, (22)
is dense in K p. Moreover, the map @ — @ (D) = @|p is a continuous linear form on K p and its kernel is
K)={®eL?(R"); VO e L*(R:), ®|p=0}.
Associated with K p, is the space
Kp={¢=0(D)-, ®<cKp},

which is a Hilbert space isometric to K p when endowed with the norm ||¥|| gp = IV¥l2 o). The elements of K D
vanish on D and the map

(W) =& (D)

is a continuous linearN form on K D.
Analogously, let K{, be defined by

Ko ={w=0(D) -0, & ckpl.

This subspace is constituted of smooth functions which are constant outside a bounded subset in R and is dense
in K p. One should remark that £ is Just the limit at 400 for the elements of K¢, so itis a generahzatlon of this limit
for the full space Kp. Note also that K = K 2) = Ker /.

Associated with these spaces,consider the auxiliary boundary layer problem, for F in L% R} ¥ = +2)
GelL" Z(Ri) and nonnegative, and C a real number,
Findw € Kp satisfying w(D) = C and
VwVe + Gwe)dz= | Fedz,
f(w<p+ wco)waz 23)

R R

VgoeK%.
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Proposition 5.1. Problem (23) has a unique solution and the following Green formula holds for every ¢ in Kp:

/(VwV(p—i—Gw(p)dz— / Fodz — (24)
+ Rn
Proof. Let @ be an arbitrary element of Kp with @;|p = 1 and look for W in K % solution of
/(Vﬁ)V(p + Gwep)dz
R)‘l
wadZ— /(V(D1V¢+G(D1§0)dz, (25)
R" +
Vo € KD.

The second integral makes sense since, by the Holder inequality, Gw belongs to L (R%). Therefore, by the Lax—
Milgram theorem, w exists and is unique, hence w = C®| 4+ w is the unique solution of (23).
To obtain the Green formula, for ¢ € Kpuse ¢ =¢ — p(D)P1 € K % as a test function in (23) to get

/(Vw Vo + Gwe)dz= / Fodz+¢(D) /(VwV@l + Gw® — FPy)dz. (26)
R% R
The last integral does not depend upon the choice of @ (use ¢ = @ — @, in (24)) and can be interpreted as

(a generalization of) — f D7 dw dz O

Corollary 5.2. For F' in L RL), G e L RN L"/Z(R ) and nonnegative, and C' a real number, there is a
unique solution u for the auxiliary boundary layer problem

Findu € Kp satisfying £(u) = C" and
/(VuV(p +Gug)dz = / Flodz,

(27
R RY
Yo € K%,
and for every ¢ in Kp:
/(VuV¢>+Gu<p)dz— / Fodz—¢ (28)

Rn R)l

Proof. Note that for every u € Kp and pek %, the product Gug is integrable since it equals G(u — €(u))p +L(u)Go
and each term is integrable by the Holder 1nequahty due to the two conditions on G.

Let F = F' — C'G, which belongs to L2 (R%),and C =—-C". ’. Then, the solution w of (23) exists and is unique.
It is straightforward to check that u = w — w(D) is the unique solution of (27) and that formula (28) follows from
formula (24). O

5.2. The unfolded limit for 0 < k < +o00

In this subsection, we assume that (4) holds with 0 < k < 4+00. Note ~that this implies the relation 8" ~ k(sS)z.
Also we suppose that the following conditions on the functions p. s and f; s are satisfied:
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H1. The functions p; s satisfy the estimate || p¢ 5|/ < C uniformly in €, 8, and ’Z;bf; (pe,s) converges in measure (or

almost everywhere) in I3 x B to a function p. B
H2. The functions 83”7;’?33(fg,5) converge weakly to some f in L>(I3 x B).

Hypothesis H2 implies that £5]| £ | L2(B, 5) 18 uniformly bounded, so that Corollary 3.2 applies.

Example 5.3. A typical example of p. s and fg,(g satisfying Hypotheses H1 and H2 is the case of Section 2.0.1, where
(1[x')] x, ~ 1 (1(x') xn
Ps,a(x)—,o<g{;},g>, fw(x)_ﬁf<§{;}’5>’
with g and f defined in R’ and supported in B.
Our first statement deals with the case » = 2.

Theorem 5.4. Let u. s be a solution of problem (P; 5). Assume that x = 2, and that conditions H1 and H2 are fulfilled.
Then

ugs — uog weaklyin )y, 29)
and there exists U = U (x', z) in L2(I'3; ED) with £(U) = uolr;, such that the pair (uo, U) solves the equations
/ V.U(x',2)Voudz + / p(x', 2)U (X, 2)v(2)dz = / f(x'.2)v(z)dz (30)
R B B

fora.e. x' in 3 and allve K9;

F(r.2) dz)l/f(x/) ax’ (1)

for all € Vy. Furthermore, the solution (ug, U) of (30)—(31) is unique.

The next statement treats the case » < 2.

Theorem 5.5. Let u. s be a solution of problem (P; 5). Assume that x < 2, and that conditions H1 and H2 are fulfilled.
Then
ugs — ug weakly in )y,

and there exists U = U (x', 7) with U — ug in L*(I'3: Kp), U(x', ) = 0 for z € D, such that the pair (ug, U) solves
the equations

/VZU(X/,Z) Vzvdz:/f_(x/,z)v(z)dz (32)
R" B
fora.e. x' in I’y and all v e K9;
aU
/VMOVde—k/</a—dz’)W(x/)dx’
Vz

I3

2 D
= | fydx+ < f(x'.2) dz)w(x’) dx’ (33)
[l

forall y € V).
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Remark 5.6. The statements of Theorem 5.5 is actually the same as that of Theorem 5.4 if we set p = 0.
We now consider the case » > 2. For simplicity we assume:

H1'. There is a subset B’ of B with Lipschitz boundary such that ’TE”(IS (pe.s) vanishes on I's x (B \ B’), and

T2 (pe.s) —> b,

where p > 0a.e.on I'; x B'.

We introduce the following notations:
B"=B'UD, D"=(d0B'UD)\ (3B 'ND),
and define in the same way as K p (see (21)) the following space:
Kpr={@ e L¥ (RL); V& € L*(R"}), ®|p is a constant}.
The spaces K, and K g,, are defined similarly.
Theorem 5.7. Let u, 5 be a solution of problem (P s). Assume that x > 2, and that conditions H1' and H2 are

satisfied. Then

ugs —ug weakly in )y,

and there exists U = U (x', z) with U — ug in L*(I3; Kg»), U(x’, 2) =0 for z € B”, such that the pair (ug, U) solves
the equations

/ V.U(x'.2) Vovdz = / F(¥, D)oy dz (34)
R”\B’ B\B’
fora.e. x' in I’y and all v € Kg/,;
/Vrolﬁdx—k/(/%dc(z))W(x/)dx/
Q oo
:/flﬁdx—i-/(/ f_(x/,z)dz>w(_x/)d_x/ (35)
2 s B\B

for all vy € Vy, where v, is the outward normal to D"

Remark 5.8. In Theorem 5.7 assumption H1’ can be relaxed to the case where the subset B’ depends on x” € I3 in a
regular enough way, in which case D” depends on x’ too.

For the proofs of Theorems 5.4, 5.5 and 5.7, we use the following lemma:

Lemma 5.9. For v in K B and § small enough, set

i =vm)— o HEL 2) forxeme (36)
Wes(X)=v(D)—vl -y —( or x .
£,8 51z , 25 ¢
Then, for 0 < k < oo,
ws,la —v(D) weakly in H'(£2),
and for k =0,
wg,ls — (D) strongly in H'(£2).

Furthermore, ng,ls vanishes outside the layer w. (defined by (19)).
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The proof of the lemma is similar to the proof of Lemma 4.2 from [11].

Proof of Theorem 5.4. By Proposition 3.1, the solutions u, s are bounded in M, so that, up to a subsequence, we can
assume that

Ugs — U Weakly in V.

By item 6 of Theorem 4.5, there exists a U in L3(I3; L (R%)) such that, up to a subsequence,

loc

TP (ues) =~ U weakly in L*(I3; Ly (R%)). (37)
Since ’Tb(lS (Mf, bl (ue5)) = Y l(ug,(g) 11, Proposition 4.4 implies
§
My (ue) 11y — uoj,  strongly in L2(I3: Li (RY)). (38)

On the other hand, item 6 of Theorem 4.5 gives a W in L?(I3; LY (R%)) with V, W in L*>(I3 x R" "), such that
;b’(u£3)1]Y — TP (ues) ~ W weakly in L?(I3; L¥ (RY)). (39)
From (37), (38) and (39) it follows
U+ W:uo|r3 and V,U+V,W=0,
and
8T (Vues) =V, (Tg’fg(ug,g))l%y —~V,U weaklyin L?(I’s x R"). (40)

This, combined with (37), implies the weak convergence of ’];bf; (ug, 8) toward U in L2(I'3; H, loc (R%)).
By Definition 4.1, ’2;"(13 (ue,5) =01n I3 x D, so (37) implies the relation
U=0 onl3xD. “41
Therefore, U belongs to L3(I3; ED) and W = Uojy, — U belongs to L?(I'3; Kp). Recall that by Corollary 3.2

||’0;,/82u5»8 ||L2(Bs,6) < C(Sa)%/z.

Under unfolding, this yields

1/2 _
”7:917(13 ('08/6 )7;17(13 (u555)|L2(1"3X3) < C(SS)(%/Z b, (42)
Summarizing the above estimates, we obtain
1/2
”Zzb«ls (Ps,/a )T (ue.s) ||L2(F3><B) C min{1, (8)*/2~ 1)} (43)

In order to capture the contribution of the singular terms in the limit problem, we adapt the proof of Theorem 3.1
from [11] and use Lemma 5.9.
For ¢ € Vg and v € K7f,, we set

1 /
wfi;(x):v(D) —v(E{%} ,ﬁ> for x e R,

y &6

and let ® = 1//w . Since wbl(S vanishes on y; 5, @ is a test function for problem (P s). Thus,

/W&Wwfgwdx+/w8,5v¢w§f§ dx + (8)7* / pestte,srwlls dx

Wg 2 B£,5
= / fuw? lpdx+fﬂ,3w§f51//dx. (44)
2\Be.s Bes

We now determine the limits for each of the terms in (44).
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By item 2 of Theorem 4.5,

/ Ve sVullyy dx = 8" / T (Ve 3 TP (Yl T2 () dx d.

n
Wg xRl

By item 4 of the same theorem,

1 1 , 1
T2 (Vwbhl) = —gvzv and  T§(Vues) = 5vz(z{’g(u.,;,a)) in Iy x EY’

so that (45) yields
n—2

bl 8
Vue sVw, s dx =

o, n
3 3 xRY

Since v is with compact support, the obvious inequality
bl
1705 (w) — w”Loc(rsx%y) Scel|Virlipeo@y
implies
Tgbé (Y)V,v — ¥V,v strongly in LZ(F3 x R%).
This, together with (40), allows to pass to the limit in (46) to get

e—0
We F’;XRrJ’r

The second term in (44) converges as follows:
lim | Ve Vywblsdx = v(D) / VuoVy dxdy.
e— ’
2 2xY
By item 2 of Theorem 4.5 again, the last term on the left-hand side of (44) now reads

(e8) f pe ste.swlly dx

Bs,é
=glmxgn> / T (0e.6) T4 (e $) TS (W) T25 (whls ) dx' dz
I3xB
n—2

&
I3xB

Since » =2, this is simply

5/1

-2 bl
(€8) f ps,Sus,Sww&s dx = e
BS,B F3XB

Note that ’Z;b(ls (wffa) is just —v(z), and that by assumption H1, st(l; (pe,s) converges a.e. to p(x’, z). At the limit,

: -2 bl
lim (6) / Pe,sUesPw, sdx
e—0 ’

B: s

=k / p(x'. 2)U(x", 2)¥(x', 2) (v(D) — v(z)) dx' dz.

I3xB

[ V@) vz ar e

lim [ Vu, sVwllsydx = —k / V.U(x', 2) Vo) ¢ (x) dx' dz.

7 [ T T T T ) dx'dz.

-2
f T3 (e 8) T (e ) T () T (wl'y) ' dz.

129

(45)

(46)

(47)

(48)

(49)

(50)
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Regarding the right-hand side of (44), using again the unfolding, it is easily seen that

e—0
'Q\Bs.ﬁ

lim [ fwffswdx:u(D)/f(x)w(x)dx,
2

lirr(l)/‘fg,gwffswdxzk / F(x',2)(v(D) — v(2)) ¥ (x') dx" dz.
‘ BS,B F3XB

Summarizing, the limit of Eq. (44) reads

v(D) | VuoVyrdx —k ( VZU(x’,z)vadz)w(x/)dx/
[ourvin-i(f

I3 Ri

+k/</ﬁ(x’,Z)U(x’,z)w(x’,z)(v(D) —v(2)) dz)l/f(x’) dx’

I3 B
=v(D) | fydx+k ( f(x',2)(v(D) — v()) dz)w(x’) dx'. (51)
[

By density arguments, the last relation holds true for every ¥ € Vy and v € Kp.
With v € KOD, i.e. v(D) =0, and since ¥ is arbitrary, Eq. (51) gives (30) for a.e. x" in I3.
In view of Corollary 5.2, for v € K p, it follows that,

/VZU(x’,z)Vzvdz+/,5(x’,z)U(x’,z)v(z)dz

R B
Z/f(x/,z)v(z)dz—v(D)/gTUdz/.
B D "

Multiplying this equality by ¥ = ¥ (x") and integrating over I's and subtracting the result from (51) gives (31).
The uniqueness of the solution of (30)—(31) will be proved in Section 6. O

Proof of Theorem 5.5. The proof is similar. In this case, in view of (49) and « < 2, the third term converges to 0 in
(44) and the limit problem is the same as before but with p replaced by 0. O

Proof of Theorem 5.7. The proof proceeds essentially along the same lines. Under the extra hypotheses, however,
estimate (43) implies that U vanishes a.e. on I3 x B”. Then, by choosing v € K, the third term in (44) is already
zero and we obtain the weak formulation (34)—(35). O

5.3. Unfolded limit for k =0

In the case k = 0 the contribution of y, 5 and B, ;5 is asymptotically negligible, and the limit problem includes the
Neumann boundary condition on I3.
We introduce the following hypothesis:

H3. The number » and the functions p, s and fg,(g are such that, as € and § tend to zero,

min{(e8)/( 075" feos | 12, €81 Fesll 205, 00}

is bounded (so that Corollary 3.2 applies).

Theorem 5.10. Let u. s be a solution of problem (Pg s5). Assume that Hypothesis H3 is fulfilled and k = 0. Then

ugs — uog weaklyin )y,



G.A. Chechkin et al. / J. Math. Pures Appl. 98 (2012) 115-138 131

and uy is the solution of the following variational problem

/Vuovwdxz/fwdx (52)
9}

2
Sfor all € V.

Remark 5.11. Note that for k = 0 the value of x has no influence on the structure of the limit problem. Its formulation
(52) only involves the function u( and thus, represents the macroscopic limit problem.

Proof of Theorem 5.10. We take an arbitrary v € Kp and construct wé’f{s as in Lemma 5.9. Since k = 0,

actually wf’la converges strongly in H'(£2) to v(B). For ¢ € C°°(£2) and vanishing in a neighborhood of I7, let
D= wwffa. Since wlg’f‘s vanishes on B, s, @ is a test function in problem (P s). One has

/Vug,,gwffawdx+/w8,5vwwff8dx= / fwlliydx.
@ Q 2\B.,8

Passing to the limit ¢ — 0 and using a density argument (of the 1’s in 1jy) completes the proof. O
5.4. Unfolded limit for k = oo
In this case the “spots” y,, § are large enough to ensure the Dirichlet boundary condition on I3 in the limit problem.

Theorem 5.12. Let u. s be the solution of problem (P s). Assume that Hypothesis H3 is fulfilled, and k = oo. Then
ugs — uog weaklyin )y,
and uy is the solution of the following variational problem

/wwwm:ffwdx, uo=0 on I3,
Q

2
forall yr € Vo with v =0 on I3.
Proof. By items 5 and 6 of Theorem 4.5 it follows

(Te.s(we,s) — Mf,(wg,,g)I%Y) — W=0 weaklyin L2(1"3; LY (R%)).
VZ(’];,(;(wg,g)) I%Y — 0 strongly in Lz(F3 X Ri)
Tos(wes) — U weakly in L*(I3; i (RL)),

and W', 2) =U (', 2) +uop(x’,0). Since U (x’, z7) =0forz € B and W = 0, it follows that ug = 0 on 3. The desired
statement follows by taking the test ¥ vanishing on a neighborhood of I3, and by using density arguments. [

Remark 5.13. Note that for k = +o0o the value of x has no influence on the structure of the limit problem. Its
formulation in the statement of Theorem 5.12 only involves the function u¢ and thus, represents the macroscopic limit
problem.

6. Macroscopic description of the limit problem for 0 < k < o©

6.1. The case x =2

One can rewrite system (30), (31) in a form where only u( appears.
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Let U be the unique solution of the following problem, where x’ € I's appears as a parameter:
/Vzl_](x’,z) Vvdz+/ﬁ(x’,z)l_](x’,z)v(z)dz=O (53)
R B
forall v € K9, where U belongs to L2(I's; Kp)and ¢(U) = 1.

Because p is nonnegative, essentially bounded and with compact support in z € R” , this problem admits a unique
solution given by Corollary 5.2 for U in L>(I'3; Kp).

Definition 6.1. For a.e. x" € I3, the generalized capacity in R’} associated with the weight function p(x’, z) for the

set D is
D

B

Q.‘:
F18

x’, Z)dz. (54)

Note that by Hypothesis H1, ©® belongs to L*°(I3%).
Define also U € K 9’ to be the unique solution of the following problem:

/ V.U(x',z) Vodz + / p(x. 2)U (¥, 2)v(z) dz = / f(x'. 2)v(z)dz (55)
R" B B
forallve K %. Here again, the Lax—Milgram theorem applies directly in K %. We then set

7\ Y —( £y 8[7 /A /
x)=/f(xsz)d2—/p(x,Z)U(x,z)dz—i-/a—vz(x,z)dz.
B B

D

By Hypothesis H2, the function F belongs to L>(I3).
The macroscopic formulation can now be expressed in terms of the functions ® and F.

Theorem 6.2. The limit function ug given by Theorem 5.4 is the unique solution of the homogenized equation

up € Vo,

/Vuovwdx—i—k/()uot/fdx —/fl//dx+/Fwdx (56)
2 I3 I3

Yy € V.

Proof. It is straightforward that

~

U(x',2) =uo(x")U(x",z) + U(x', 2).

Combining this with (31) gives (56). Uniqueness for the solution of (56) is standard, and also implies uniqueness in
Theorem 5.4. Consequently, the whole sequence {u. s} converges weakly to ug in the space Vy. O
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Remark 6.3. The strong formulation for (56) is:

—Auo:f inQ,
8u0

— 4+ k®uy=F on I3,
av

ad

ﬂ=0 on I,
av

up=0 on I7.

6.2. The case x # 2

For » < 2, the formulation (32)—(33), being the same as (30)—(31) for » = 2 with p = 0, the macroscopic for-
mulation is the same as above. In this case, ® is a constant which is the usual capacity of the set D in R
(half of its capacity in R").

For x > 2, the system (34)—(35) is again of the same form as (30)—(31) with D replaced by D” and B replaced by
B\ B’. The macroscopic formulation is therefore as above with these modifications.

7. Convergence of the energy and improved convergence results

In Section 6, the sequence u, s was shown to converge weakly to ug in the space V. Can strong convergence hold?
The following theorem gives a positive answer (we give the details only for the case 0 < k < 00, » = 2, for which the
proof is the most elaborate). It improves on converges (29), (37) and (40).

Theorem 7.1. Under the hypotheses of Theorem 5.4, the following strong convergences hold:

ugs — ug Sstrongly in Vp,
Tsils(us,a) — U strongly in Lz(p3; 1.2 (R:’-))’

loc

(VZ’ZZ’(IS (ug,(;))I%Y — V,U strongly in LZ(F3 x RY).

The limit U of the boundary layer term is in L>(I's; Kp). Due to the discontinuity of the boundary layer term
st(ls (ue,5) at 8(% Y), one cannot expect its convergence in this space. However, the last two convergences above imply

that one can extend Tgbg (ug,s) into (I's x R'), so that this extension converges strongly to U in L3(I3; K D).
The complete information at the limit is encapsulated in the pair (1o, U). It belongs to the Hilbert space G(Vo, D),
defined as

G(Vo, D) ={(¢.¥) € Vo x L*(I’s; Kp); (¥ (x',-)) = ¢y (x') for ae. x" € I3}
We first show a density result in G(Vp, D).

Lemma 7.2. The subspace G5 = {(£(v)@, ¢|ryv), ¢ € V; and v € I?E)} is total in GV, D).

Proof. Let (p, g) be an element of the product Hilbert space Vy x L2(I3; K p). We show that if it is orthogonal to G
in Vy x L2(F3; K p), then it is also orthogonal to G(Vy, D).
Now, (p, g) orthogonal to G reads

E(v)/VpVgod)hL / ¢V.qVvdx'dz=0 forallgeVSandv e K&,
2 1“3><IR{’F

Choosing v with £(v) = 0 implies fr3an+ ©V.qVvdx'dz =0, which in turn implies that, for a.e. x’ € I';, g satisfies
—Azq(x’, )=0 inRY,

BCI(X/y ) —

0 onR"~'\ D.
av,
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Using Green’s formula (28) with ¢ = v — £(v), for v in K¢ , gives
ag(x’, z
/qu(x &) Vudz = £ )/ 903 (57)
R

forae.x’ € I[3andall v € K p. From the above formulae we deduce the relation

g (x',
E(v)(/Vchpdx+ / (pde/dz/> =0.
dZp
2

F} xD
Consequently, for all ¢ € VJj one has
g (x/,
/VpV(pdx—i- / wy dx'dz =0. (58)
zZ
2 3xD "

This holds also for every ¢ in ) by density, and can be interpreted as p satisfying

—Ap=0 in 2,
p=0 on I7,

0

a—p=0 on I,

v

0 g (x',

—p(x’)zfmdz’ for almost all x” in I3.
3X3 3Z3

D

Now let (&, ¥) belong to G(Vy, D). Applying (57) for a.e. x” € I's with v replaced by ¥ (x', -) and integrating over
I’; gives

0
/ VgV, ¥ dx'dz = / e(t;f)a—q dx'dz .
z
I3xRY I3xD 8
But by definition, £(¥) = @|r;, so by (58) it follows that (p, g) is orthogonal to (@, ¥), which concludes the
proof. 0O

Proposition 7.3. The following convergence holds:

/|Vug,5|2dx+(£8)_2/,08,3u§’5dx—>/|Vu0|2dx
?) 2 2

+k / |VZU(x/,Z)|2dx’dz+k / ﬁ(x/,z)|U(x/,z)|2dx’dz. (59)
[3xRY 3% B

Proof. By Lemma 7.2, equality (51) implies for every (@, ¥) in G(Vy, D)

/VMOV®dx+k / V.U(x',2)V.¥(x', z)dx"dz
2 F3><]Ri
+k / ,5(x’,z)U(x’,z)lI/(x’,z)dx’dz
I3xB
=/f(1)dx+ / f(x/,z)llf(x/,z)dx/dz. (60)
2 F}XB

This is true in particular for (@, ¥) = (ug, U). Hence
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fqu0|2dx+k f |VZU(x/,z)|2dx/dz+k / ,5(x/,z)|U(x/,z)|2dx/dz

2 F3XR:_ F3XB
:/fuodx—i— / f(x',2)U(x',z)dx' dz. (61)
22 I3xB

The variational formulation Pgs (rewritten here with » = 2) with u.;s as a test function, and together with (3) implies

/|V”86| dx + (e8)” 2/p88u85dx_ / fs»susédx‘i‘ / Sfuesdx.
2

B;.8 £2\Bg,8

By unfolding, it is easy to see that under Hypothesis H2,

lim ﬂgusgdxz / fUdx',

8—)0

F";XB
hr% / fugadx—/fuodx
E—>

'Q\Be 8
so that, confronting with (61) completes the proof. O
Now we claim that from the above convergence, Theorem 7.1 follows. But this proof is not straightforward. Indeed,
if we unfold (¢8)™* fQ pg,guia dx, it is not too hard to see that

n—2

_ ) 2
) [ psi s =" [ T T e ax' dz
2 F3><R1

so, by the weak lower semi-continuity of norms,

lim |vu8,3|2dx+(ea)—2/p8,3u§5dx
e—0 ’
2 2

>/|wo|2dx+k / p(x',2)|U(x,2) [ dx’ dz.
2

I 3X B
Here we have used the following simple integration result:
Lemma 7.4. Let O be a measure space with measure u, {o,} a sequence in L?(O) which weakly converges to some «,

{pm} a sequence of nonnegative functions which is bounded in L°°(O) and converges to some p almost everywhere.
Then,

llmmf/ |t |* pim d e > /Ial pdu.

Furthermore, if equality holds, then

N Pm@m — /P strongly in L*(0),

and if py,/ p is bounded, then oy, also converges to . 0O
Therefore, (59) is more precise and indicates a gap, we will with it in the proof of Theorem 7.1.

Proof of Theorem 7.1. We introduce a sequence of functions vs in K, such that
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vs(D) =1, 0<vs <1, vs(z) /11, Vzasd—0,
1
supp(vs) C my-

The important part is that the support of vs grows slower that 1/§. From this function, using formula (36) from
Lemma 5.9, we construct the sequence w; s as follows:

1[x Xn
1 =uvs(D) — —1—t , =] forxeR"
We,5(x) = v5(D) va((s{g }Y 88) X T
and introduce the sequence v, s,
Vgs =1— W,s5.

So

We,s + Ves =1, 0<ves,wes <1 and w5 1 ae. in$2. (62)

Now we rewrite the left-hand side of (59) as

/ |Vite 5|2 ie 5 dx + f |Vite 51> 0e.6 dx + (£8) 7> / Pe.su? 5 dx.
k94 2 2

By Lemma 7.4, the first term satisfies
liminf/ Vg 5|2 e 5 dx > / [Vuo|® dx. (63)
£,6—0
Q Q

By unfolding the second term

n—2
~ 2
/ Vit 1% Te,5 dx = f | Vo (T2 (e, 5)) | "vs () dx’ dz,
2 1_'3><R'_:_
and Lemma 7.4 again gives
11%11%f/|w8,5|258,5dx>k / |V.U|?dx'dz. (64)
£,6—
9}

D3xRE

In an analogous way,

liréli%f(£8)_2fpg’5u§’5dx >k / p(x', ) |U (', 2) [ dx’ dz.
£,0—
2 F3XB

Combining this with (63), (64) and (59), one finally obtains the term by term convergence:
/ |Vite, 5| We, s dx — f |Vuo|? dx,
2 2

n—2

/ V= (T (e ) [Pvs () dix’ dz — k / V.U dx'dz,
F3XR1 1—‘3><R1

&

n—2

f T05(pes)| T e )| dx' dz — k f P 2)|U (. 2) [ ax'dz.
F3XR1 F}XB

&

Now applying Lemma 7.4 repeatedly completes the proof of Theorem 7.1. O
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8. Some generalizations

All the above results can be extended for the case of a second order elliptic operator with a possibly oscillating
matrix Ag s(x). The original problem is changed to
Findu, s € Vg s satisfying
/AS,S(X)VM8,8V¢ dx + /(88)_”ps,8u8,8¢dx = / f8,8¢dxs (Pes)
2

2
Vo eVes.

The extra hypotheses for A, 5 are

Al. A, s is positive definite and bounded uniformly in ¢ and é and for a.e. in x € £2.
A2. A, s H-converges to some limit matrix Abom,
A3. T;’é (A.5) converges to some A” a.e. on I3 x R%.

Let us briefly describe the limit problem in the case 0 < k < +00, and x = 2. Egs. (30) and (31) become respec-
tively,

/.on 2)V.U(x',2) V, vdz-l—/ o(x',z)U(x, z)v(z)dz—/fx 2)v(z)dz
]R” B
fora.e. x’in I3 and all v e K9;

/Ahom(x)Vu()Vde+kf(/ (x ,z)dz—l—/ v dz/)lﬂ(x’)dx/
81{40
D

B

/fwdx+f</fx ) ) V(&) d.

For the corresponding macroscopic formulation, the auxiliary problem (53) reads

/AOV U(x z)V vdz—l—/ (x z)U(x',z)v(z)dzzQ
R B
and the corresponding generalized capacity becomes

@(x’)i/ﬁ(x/,z)ﬁ(x/,z)dz+/

B D

U
8\)A0

(x/’ Z/) dz/.

The first term of (55) is modified in a similar way. The proof goes along the same lines making also use of the
definition of H-convergence.

The convergence of the energy still holds (with obvious modifications) and implies the strong convergence for the
boundary layer term. The strong convergence of u, 5 — ug in V) is replaced by the standard corrector result associated
with the H-convergence of the operators A, s(x).

The other cases for k and x are modified accordingly.
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