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Homogenization of random convolution energies

Andrea Braides and Andrey Piatnitski

ABSTRACT

We prove a homogenization theorem for a class of quadratic convolution energies with random
coefficients. Under suitably stated hypotheses of ergodicity and stationarity, we prove that
the I'-limit of such energy is almost surely a deterministic quadratic Dirichlet-type integral
functional, whose integrand can be characterized through an asymptotic formula. The proof
of this characterization relies on results on the asymptotic behaviour of subadditive processes.
The proof of the limit theorem uses a blow-up technique common for local energies, which
can be extended to this ‘asymptotically local’ case. As a particular application, we derive a
homogenization theorem on random perforated domains.

1. Introduction

In this paper, we consider random energies of convolution type. Such energies and the
corresponding stationary and evolution non-local equations may be interpreted for example in
the context of mathematical models in population dynamics where macroscopic properties can
be reduced to studying the evolution of the first-correlation functions describing the population
density u in the system [21, 29]. Also, non-local problems of this type are used in biology
to model a swarm [33] and in image processing for image regularization [24] and for image
denoising and deblurring [28]. Among other applications are mathematical finance models
based on optimal control theory [4], particle systems [6], coagulation models.

Our model energies are defined on L2-functions in a reference domain D and are of the form

sd% /DXD B“J(g7 g) a(y;x) (u(y) — u(m))Zdy dz, (1.1)

or

1 / (y - :E) 5
—— a u(y) — u(x))“dy dx. 1.2
5d+2 (DNeE¥)x(DNeEw) € ( ( ) ( )) ( )

Here a : R® — R is a convolution kernel which describes the strength of the interaction at a
given distance and ¢ is a scaling parameter. In order that the limit of energies above be well
defined on H' (), we require that

/Rd a(€)(1 + [¢?) da < +ov. (1.3)

In (1.1), the strictly positive coefficient B represents the features of the environment, while in
(1.2) E¥ is a random perforated domain giving the regions where interaction actually occurs,
both depending on the realization of a random variable. Note that functionals (1.2) can be also
written as (1.1) with the degenerate coefficient B“(x,y) = x g« (z)Xxg (y), where xg denotes
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the characteristic function of E. Note that more in general we may consider oscillations on a
different scale than e; for example, taking coefficients B (z/d,y/J) with ¢ = d., but the case
when these two scales differ can be treated more easily by a separation-of-scale argument.

The effect of the scaling parameter € as € — 0 is twofold, on one hand producing a local limit
model as the convolution kernel concentrates, and on the other hand ensuring a homogenization
effect through the oscillations provided by B“. To illustrate the first issue, we may consider
the underlying energies (those with the perturbation B“ set to 1)

5dl+2/DxD“(y;$)(“(y> — u(x))?dy dx. (1.4)

We note that if u € C1(D), then u(y) — u(z) ~ (Vu(z),y — z). Here and in what follows (-, -)
stands for the standard scalar product in R?. Then, using the change of variables y = x + &€,
we have

iy | XDa(y‘"’”><<w<x>,y—x>>2dydw= | [ a@uvat.graas, o)

€

so that the quadratic functional
/ (AVu,Vu)dz, with the matrix A defined by (Az,z) = / a(€)({z,€))%d¢,  (1.6)
D Rd

gives an approximation of (1.4). Conversely, we may think of (1.4) as giving a more general
form of quadratic energies allowing for interactions between points at scale . In terms of I'-
convergence, this computation can be extended to a I'-limit result and obtain the corresponding
convergence of minimum problems. To that end, we will suppose that a : R — R satisfies

1

< <C—————F-—~F— .
0 < al6) < C e (1.7
for some C, x > 0 (which is a quantified version of (1.3)), and

a(€§) Ze>0 if €] <ro (1.8)

for some g > 0 and ¢ > 0.

In a T'-convergence context, energies (1.4) have been considered as an approximation of a
Dirichlet-type integral in phase-transition problems (see, for example, [1]) and more recently
in connection with minimal-cut problems in Data Science [23]. Limits of energies similar to

(1.4), of the form
1 (y—x)
— a
e Jpxp €

have also been studied by Bourgain et al. as an alternative definition of the LP-norm of the
gradient of a Sobolev function [7, 20], within a general interest towards non-local functionals
[19]. The relation between the regularity of functions u and the convergence of the functionals

/D /D W(W)PE(JJ — y)dzdy

with continuous W and p® converging to the d-function was considered in [36]. In the context
of Free-Discontinuity Problems, functionals of the form

1 / Yy— .
— a| =—— | min
e Jpxp €

u(y) — u(z)
y—x

2
dy dzx, (1.9)

u(y) — u(z)
y—x

’1
,e}dydx, (1.10)
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have been proved to provide an approximation of the Mumford-Shah functionals by Gobbino
[25] after a conjecture by De Giorgi. Furthermore, discrete counterparts of functionals (1.4),
that is, energies of the form

1
Edﬁ Z aij(ui—uj)27 (111)

i,j€eL

where £ is a d-dimensional lattice, have been widely investigated (see, for example, [2, 11, 16,
34]) as a discrete approximation of quadratic integral functionals. Such type of functionals or
the corresponding operators have been analysed in different ways under various inhomogeneity
and randomness assumptions (see, for example, [3, 5, 13, 15, 23, 30, 32, 34]).

The homogenization results for linear elliptic random difference operators in Z¢ were first
obtained in [32] and [30] and further developed in [34] and other works. A comparison with
results in deterministic discrete G-closure problems can be obtained from [15].

The paper [37] deals with an approximation of Mumford-Shah functional in the context
of random stationary lattices. Under some uniform geometric assumptions on the lattice, the
nearest Voronoi neighbour interaction model is considered. In contrast with Z¢ models, in the
case of stochastically isotropic lattices the I'-limit is isotropic.

In the work [3], discrete-to-continuous I'-limits are investigated for energies defined on
random stationary lattices (for random thin-film energies, see, for example, [13]). The energies
admit both nearest neighbours and long distance interactions, it is assumed that the nearest-
neighbour terms satisfy p-growth conditions and for the long distance terms proper moment
conditions are fulfilled. Under the assumptions that the lattices satisfy some uniform geometric
estimates, the authors prove the almost-sure existence of the I'-limit and study its properties.
That work represents somehow a discrete counterpart of our study in the case of uniformly
elliptic media. In general, the discrete-to-continuum analysis on lattices developed in the last
twenty years provides a number of useful techniques and results in parallel with the case of
convolution-type energies, with notable differences due to having interactions at all scales in
the convolution case.

In the recent paper [35], linear convolution type operators are studied in random stationary
uniformly elliptic media. The approach used in that paper relies on a corrector technique.
However, constructing correctors in a random perforated environment encounters serious
technical problems. It is an interesting open question.

In the mentioned works, the case of random perforated domains was not addressed. To
our best knowledge, this case was not studied in the existing literature (for some discrete
deterministic analog on lattices see [12], where, however, ‘perforated sets’ may be treated
in a quite simple way due to their discreteness). It should be noted that the presence of
perforation weakens the coerciveness properties of the studied functionals and makes the proof
of compactness results more delicate.

In our case, we will prove a general homogenization result, which, under proper stationarity
and ergodicity assumptions, will comprise both random coefficients and random perforated
domains as in (1.1), assuming that B“ satisfies 0 < A\; < B¥(z,y) < A2 < +00, and (1.2), where
E* is a random perforated domain consisting of a unique connected component, see Definition 3
for further details. The limit behaviour of these energies is described by their I'-limit in the
L?(D) topology as a standard elliptic integral, of the form

Fhom(u):/(AhOInVu,Vu> dx. (1.12)
D

The matrix Apon is characterized by an asymptotic formula obtained using a limit theorem
for subadditive processes, and can be compared to those in [27, 39, 40]. The choice of the
L?(D) topology is justified by the coerciveness of the convolution energies, which ensures the
convergence of minimum problems.
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The plan of the paper is as follows. In Section 2, we define the general form of the random
functionals that we are going to consider. Section 3 is devoted to the statement and proof of a
compactness theorem. The proof of this result follows closely that of the compactness result for
non-linear convolution energies used to approximate Free-Discontinuity Problems obtained by
Gobbino [8, 25]; due to the quadratic growth conditions on the energies, we can improve that
result from L' to L? compactness. In Section 4, we prove Poincaré and Poincaré-Wirtinger
inequalities, which, together with the compactness result, justify the application of the direct
method of the Calculus of Variations to minimum problems, and hence the asymptotic study
of convolution energies in terms of I'-convergence.

More precisely, given a family of minimization problems for functionals whose principal terms
are defined by (1.1) or (1.2), we can claim that the corresponding minimizers converge to the
minimizer of the functional obtained as the I'-limit of this family, if the set of minimizers is
compact in L?(D). The desired compactness follows from the results of Section 3 under the
condition that the set of minimizers is bounded in L?(D), and the proof of boundedness relies
on the Poincaré inequalities justified in Section 4. At the end of Section 7, we provide an
example of minimization problem that illustrates this approach.

In Section 5, we use the stationarity and ergodicity properties of the energies to prove
the existence of an asymptotic homogenization formula giving a deterministic homogeneous
integrand using results on the asymptotic behaviour of almost-subadditive processes in [31].
The formula is used in Section 6 to prove the homogenization theorem using an adaptation
to (non-local) homogenization problems of the blow-up technique of Fonseca and Miiller [17,
22]. Finally, in Section 7 we remark that the result can be applied to the homogenization of
random perforated domains.

2. Setting of the problem

Let (92, F, P) be a standard probability set, and assume that 7., z € R? is a measure-preserving
dynamical system on this probability space; that is, {7, },cra is a group of measurable mappings
7 : 0 — € such that:
® T, 0Ty =Tpty, To=Id;
e P(7,A) =P(A) for all z € R? and A € F;
o 7. :RYx Qs Qis a measurable map. We assume here that R? x § is equipped with a
product o-algebra B x F, where B is a Borel o-algebra in R?.

We also assume that {7, } is ergodic; that is, the measure of any set A € F which is invariant
with respect to 7, for all z € R? is equal to 0 or 1.

Given an open subset D of R?, for all ¢ > 0 and u € L?(D) we will consider convolution-type
energies of the form

P = = [ 5 (5 ) ) @)y, (2.1)

where b“ are stationary ergodic integrands satisfying
1

0< v (z,y) <C . 2.2
0 S Oy 22
More precisely, we assume that
b (1’, y) = b(mea Tywa T — y)v (23)
where b(wy,ws, £) is a function defined on Q x © x R? such that
1
0 g b<W1,W2,€) < C (24)

(1 + |§|)d+2+n :
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In order to make the definition of a function b in (2.3) well defined, we need additional
assumptions on b. One option is to assume that b(wi,ws, ) = by (w1)b2(wz)a(§), where by
and by are non-negative bounded random variables, and a(¢) is a measurable function in R?
that satisfies estimate (1.7). Another option is to assume that  is a topological space, the
group T,w is continuous in z, and the function b = b(wy, ws, £) is continuous in w; and we and
measurable in £ and b(wy,ws, &) < a(§) with a function a(-) satisfying estimate (1.7). In both
cases, the definition of ¥ in (2.3) makes sense.

In order to obtain coerciveness properties which allow to include in our results both types
of models (1.1) and (1.2), that is, with integrands

o V¥ (x,y) = B¥(x,y)a(x —y) with 0 < Ay < B¥(z,y) < A2 < +o00; or

o b (x,y) = X.pv(x)x-p~(y)a(x —y) with E¥ being a random perforated domain (see
Section 7 for the precise definition of random perforated domain);

we will make the following abstract assumption.

DEFINITION 1. We say that b is a coercive energy function if there exist constants C'
and Z such that for all U open subsets of R?, z € R?, = > = and u € L?(U) satisfying the
boundary condition

u(x) = (z,z) if dist(z,0U) < E,
there exists a function v € L?(U) satisfying the boundary condition
)

v(x) = (z,x2)y if dist(z,0U) < 2/2,

such that
/ b (2, y)(v(y) — v())* dy d < / b (2,y) (u(y) — u(x))® dy da, (2.5)
UxU UxU
and
/ (v(y) = v(@))* dy de < C b (2,y)(v(y) — v(x))? dy de. (2.6)
{z,yeU:|lz—y|<1} UxU

REMARK 1. Note that if ¥(x,y)>C >0 when |z—y|<1, or if (x,y)=
X« (x)xp-(y)a(z —y) with E“ a realization of a random perforated domain, then b is
coercive. Indeed, in the former case, we take u = v in the definition above, while in the latter
case, v is a suitable extension of u in the perforation that was constructed in [18].

REMARK 2 (coerciveness). The terminology in Definition 1 is justified by the Compactness
Theorem in Section 3, which ensures that if b“ is a coercive energy function, then sequences
bounded in L?(D) and for which the energy on the left-hand side of (2.6) is equibounded admit
L2 (D) converging subsequences and their limit is in H' (D).

2.1. Notation

Unless otherwise stated C' denotes a generic strictly positive constant independent of the
parameters of the problem taken into account.

Qr = [-T/2,T/2]* denotes the d-dimensional coordinate cube centred in 0 and with side-
length T. If T'= 1, then we write Q = Q1.

If 2,y € RY, then |y — x| = Z?Zl ly; — ;).

[t] denotes the integer part of ¢t € R.

x4 denotes the characteristic function of the set A.

For all t+ > 0 and D open subset of R?, we denote D(t) = {z € D : dist(x,dD) > t}.

As a shorthand, the notation {P(£)} will stand for {¢£ € R?: P(€) holds} if no confusion
may arise.
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3. A compactness theorem

Let D be an open set with Lipschitz boundary. We show that families of functions that have
bounded energies of the type (1.4) are compact in L (D). To this end, for 0 <r < o, we
define the functional

N P

In the case when D = R?, the Llloc—compactness can be directly obtained by comparison with
finite-difference energies approximating the Mumford—Shah functional studied by Gobbino [25].

Here we follow his proof, to deduce the L? -compactness.

THEOREM 3.1 (compactness theorem). Let D be an open set with Lipschitz boundary, and
assume that for a family {w.}.~0, w. € L*>(D), the estimate

2
Frer(w <“’6 x“g) we(z )) déde < C 3.1
/Dwa) /{|s|<r} s (31

is satisfied with some k > 0 and r > 0. Assume moreover that the family {w.} is bounded in
L?(D). Then for any sequence €; such that ; >0 and ¢; — 0, as j — oo, and for any open
subset D" € D the set {w.,} en is relatively compact in L?(D') and every limit point of the
sequence {w,, } is in H*(D).

Before proving the theorem, we prove some auxiliary results. We first introduce the local
average of a function u € L?(D) by

G5 = / u( + 66)p(€) de,
{1€1<1}

where ¢ is a symmetric non-negative C5° function in R? supported in the unit ball centred

at the origin, [ ¢(£)d¢ = 1. In our framework, the function u; is well defined in D(§). The
properties of the local average operator are described in the following statement.

PROPOSITION 3.2. Let § and o be positive numbers with 6 < . Then we have
s — ullZ2(p(oy) < Cod®F5 " (). (3.2)
For any 6 > 0 such that D’ C D(§), the function us is smooth in D" and satisfies the inequalities
o _4a o _d_
[us]| ey < Cod™ 2 llullrepys I VUsllpoo(nry < Csd™ 2 Hull2(p)- (3.3)
Proof. For any u € L?(D) by the Cauchy—Schwartz inequality, we have
fis = ulbmen = [ [ [ (e 06) = (@) e+ 5m) — u(e) () (o) d de o
D(o) J{l¢|<1} J{InI<1}

—ulz)\ 2
< </D(ff /{I£I<1}/{|n|<1}( +6£5) = )) (¢(€))2d:cd£dn>
- </D(a) /{\f\@} /{\mgl} <W>2(¢(77))2dxdfdn>

< Cyd°F M (u).
The estimates in (3.3) are standard. O

Nl

Nl=
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ProOPOSITION 3.3. For any j € N such that je < dist(D’,0D) — ke, the following inequality
holds:

i+k)e,1 i
F{O5 ) < PR (u) (3.4)
for all u € L*(D).

Proof. Representing u(z + je§) —u(x) as (u(z + je€) —u(z + (j — 1)ef)) + (u(z + (§ —
Def) —ul(z + (j —2)e€)) + - - + (u(xr + €£) — u(x)), we obtain

F@%m%mgj/* / ~ (u(e+meg) —u(e + (m=1)e)* )
((G+k)e) J{IEIS1} =1

. (je)?

z +£€) — u(x))’® ke,1
dxdé = F~&
/D(ks) /{|g|<1} (je)? xdg (%)

as desired. O

Proof of Theorem 3.1. One may assume without loss of generality that » = 1. In order to
prove the compactness result, it suffices to show that, fixed D’, for each ¢ > 0 there exists a
relatively compact set K5 in L?(D’) such that for any j € N, we have

|lwe, = hjll2pry <6 (3.5)

for some h; € Ks.
We define K5 as follows. If ¢; > d, we set h; = w,; otherwise,

hj = J’sj.ﬁj - / We; (z+ 6J§)¢(£) d,
{lgl<1y

where §; = 2| e;. Note that 30 < J; <& for any j such that e; < 8. We finally set K5 =
U;i1{hj}~
It is convenient to represent K5 as a union K5 = K51 U K52 with
Ksi= |J hi  Ksa= U hy
{j:e;20} {j:e;<6}

Since €; tends to zero as j — oo, the first set consists of a finite number of elements and thus
is compact. By (3.3) for any h; € K52, we obtain

Ih;(x)| < C©), |Vhi(z)] < C(8) forallze D',

Therefore, by the Arzela—Ascoli theorem, the set /so is relatively compact in C(D’).
Consequently, this set is also relatively compact in L?(D’). This yields the desired relative
compactness of Cs.

If e; > 6, then h; = w,,, and (3.5) holds. If ¢; < J, then by (3.2) we get

e, = hyll < o Fy 4™ (w)).
Combining this inequality with (3.4) and recalling that §; = L J €5, we obtain
e, = hjll < Coi i (we,) < CO; < C6;

here we have also used (3.1). The last inequality implies (3.5).

It remains to show that each limit point w is in H'(D). To that end we may use the ‘slicing
technique’ (see, for example, [8] Section 4.1, [9] Chapter 15 or [10] Section 3.4). This general
method allows to reduce the analysis to that of one-dimensional sections, and recover a lower
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bound by integrating over all sections. It has already been applied in [25] to sequences of
non-linear functionals of the form

sdl+1/D/Da(y;x)f((uw)_EU(I))Q)dydx (3.6)

in order to obtain compactness in spaces of functions with bounded variation. In our case,
we are in a simplified situation with f equal the identity and we can improve the result to
compactness in H*(D).

In the one-dimensional case, it is not restrictive to study functionals of the form

and regard all functions as defined on R. With Fatou’s lemma in mind, in order to have a lower
bound it suffices to examine separately the functionals

GE(u) = /(0 , (“(x +et) - “(:”))2 da (3.8)

3

for fixed £ € (—1,1).
For simplicity, we treat the case £ € (0,1). We may suppose that u. — u in L?(R). Note that
for almost all ¢ € (0, 1) the piecewise-constant functions w. ¢ ; defined by

Ue gt (7) = uc(e€t +etk)  ifeékh <a<ef(k+1)

converge to u in L*(R), and we have

[1/e€] =1 (k41)et . 2
k=1 keg €

[1/e€] -1
Z / ( ((k+ 1)e& +tef) — uc (ke + tsf)) i@t

€

= ¢

L1/e£J 1 (UE ei((k+1)ef) — ueg, t(k€§)> dt

(0,1) k f €€

dxd 3.9
6/01)/51 5) 7“ )" do dt (3.9

eventually for all 6 > 0 fixed, where we have identified the discrete function kef — u ¢ (kef)
defined on ££7Z with its piecewise-affine interpolation. Note that for almost all ¢, this functions
still converge to u. From (3.9), we deduce that u € H*(§,1 — §). By the arbitrariness of § and
the uniformity of the bound on the L?-norm of u/, we deduce that u € H'(0,1). For more
details on this proof, we refer to [8], where the non-linear case is treated.

The deduction of the d-dimensional lower bound from the one-dimensional one can be
obtained by repeating word for word the proof of [8, Theorem 5.19] with G¢ in the place
of F} in the notation therein. This completes the proof of the compactness. O

4. Poincaré inequalities

We first prove a Poincaré—Wirtinger inequality as follows.
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THEOREM 4.1 (Poincaré~Wirtinger inequality). Let D be a Lipschitz bounded domain. For
each fixed ro > 0, there exists a constant C' > 0 such that for any v € L?(D), we have

~/D(U(x) ~ o) < C/D ~/{5?5<T0,I+EEED} (Wf@ dm’ 1)

and vp is the average of v over D. The constant C' does not depend on €.

Proof of Theorem. 4.1 We set

2
Fo v) = (1}(:54—55)—1)(;6)) de d
¢ (r:) /E)Af:fgr,m-‘rdeD} € sdr

G17G27 / / )) dmdy
G JG2

In what follows, the notation DF? is used for ED'

and

We first consider the case when D is a cube7 D= (f%, %)d, and r is a sufficiently large
number, say r > 3v/d. We also assume that £ 5 is an integer number.

Denote 8¢ = {j € Z¢ : j+[-3, 5} YN Df £ (). For any i € 8¢ and j € 8¢, construct a path
~(i,§) = {jr}2_, in Z¢ such that j; =i, jy = j, [jx — jrk+1| = 1. The path is constructed in
such a way that it starts along the first coordinate direction until the first coordinate of ji
coincides with the first coordinate of j, then it follows the second coordinate direction and so
on. We then have:

(i) the length of each path is not greater than d%;
(ii) for each j € §° the total number of paths {v(¢,1) : 4, { € S} that pass through j is not
greater than (£)4+1:

I d+1

#{v(,1) i, 1€ 8% je~y(i,)} < d<€> . (4.2)

Property (i) is evident. In order to justify (ii), consider all paths that come to j along mth
coordinate direction, that is all paths j1,. .., jny such that for some k € Z* we have j;, = j and
jr — jr_1 coincides with the mth coordinate vector. By construction, the number of starting
points for such paths does not exceed (j + %) X (%)’”_1. Similarly, the number of end points
for such paths does not exceed (£ — j + 1) x (£)?~™_ Since starting and end points define the
corresponding path uniquely, the total number of paths that come to j along mth coordinate

direction is not greater than (j 4+ 2) x (£ — j+1) x (£)?~! < (£)**!. Summing up over m,
we arrive at (4.2).
For any j € §° denote Q; = ¢j + 5[—5, 5] For i and j in 8¢, the ‘interaction energy of the

cubes @; and Q);’ can be estimated as follows. We consider a path ~(%, ), denote the length of
this path by N and its elements by 71, 72,...,7vn, and introduce the variables 72,...,nn_1,
M € Qo. Then we have

[, ], (52 s

= Ed_Q/ / (u(eys +em) — u(eyn +enn))’ dmdny
0 0

= 5d_2/ s / (u(eyr +em) —u(eye +en) + uleys +eng) —
0 0
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—u(eyy +eny)) dimdny -~ dny

N—-1
Net™? Z/ /Q (u(eyi +emi) — w(eyivr + eniv1)) dnidnia
i—1 0 o
N-1
<@t [ [ (uten +en) — ulerian + =€) dedn
Qo 7/ Qo

<wacy [ (ulems +2) — ulem + o + €))déde,
Qo J{&evi+at+efeD,|€|<r}

the last inequality here follows from the fact that for any x € eQq the set {ey;41 + €€ : £ € Qo}
is a subset of {€ : ey, + x +¢e€ € D, €] < r}, if r > 2V/d.
Considering (4.2), we deduce from the last inequality that

/ / V2dz dy
L e

i,leSe

I d+1
<(Ld)ed‘1() >/ (ulej + ) — ulej +x + =6))*dede
€ jese /r€eQo J{&w+eleD, [¢|<r}

2
< Ld+2d/ / (u(x) — u(x+€§)> dxde.
zeD J{&a+eceD,|¢|<r} €

| | ) = utwyardy =2 [ (i)~ up)as.

this yields the desires inequality in the case of a cubic domain.

The case of an arbitrary » > 0 and L > 0 can be reduced to the one just studied by standard
scaling arguments.

If D is a strongly star-shaped domain, then there ex1sts a cube B and a Lipschitz isomorphism
J: D~ B such that |J(z) — J(y)| <z —y|, |9L] <€ |[(92)7| < ¢ for some £ > 0. This
statement follows from [38, Theorem 2]. For an arbltrary u € LQ( ) denote uy(z) = u(J~1(x))
and up j = [gus(z)dz. Also, we set r; = r /(. Since the desired inequality has been proved for
cubic domains, we have

/ / 2 dar dy
-/ /B (s(z) — s (9))?
< /B /B (s () — s (9))? d dy

o [ (R

Since

(v)

1 1
5] ' ‘ aJ~ de dy
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< C«E—d€2/ / <U($) - ’LL )
D J{ga+tegeD,|g|<r} €
2
—(1(4/ / ( (.’Il) — U(y)) dy dl‘,
{&:x+eteD,|¢|<r} €

where the constant C' depends only on the size of B, r; and d.

It remains to consider an arbitrary bounded Lipschitz set D. Such a set can be represented
as a union of a finite number of strongly star shaped domains, we denote these domains
Dq,...,Dy. B B B

We first consider the case N =2, we denote by B a cube such that B C D, |[BUD;| >
2|1§| IBUD,| > 2|B\ Note that [BUD;| = [BU D,| = 1|B| if the interiors of D; and Do
do mnot intersect. In the rest of the proof, the symbols B1 and B2 stand for B U D7 and
BU Dy, respectively.

If we denote

1 1 1
ur = —— [ ulx)dr, k=12 ﬂ_:T/uxdx, k=1,2; ﬂ:T/uxdx
o= @ ox=g [ue o= ] )
Dy, B B

then

o]

2
1 1
(@ — o 1) <|B1|D1| . (z) dz dy 5,101 Jo, Jo, (y) dx dy
dx d
~ B |D1|/Bl/m V) ddy
dzx dy
|B1| \D1| /D1 /Dl v

- /D | /{D N }( (93);”(3/)>2dyda?
—d/ /{yED N l|<e,}( (x)gu(y))zdydx;

here we have used inequality (4.1) in D; that holds because D; is a strongly star shaped
domain. In the same way, we prove that

2
(ﬂo.l — ﬂo,g)Q < C&‘_d/ / (u(x)_u(y)) dy dx’
D J{yeD:|y—x|<er} €
(Uo,2 — U2)* < _d/ / ( u@) —u(y)) dy dx.
{yeD:|ly—z|<er} €

2
(W — W)? < Ce*d/ / (“(m) - “(y)> dy dz.
D J{yeD:|y—z|<er} €

and

Therefore,



306 ANDREA BRAIDES AND ANDREY PIATNITSKI

Since up € (a1, Uz), the last inequality yields

/D(u(z) — up)? 22: ( / ) — ) dz + 2| Dy (T —uD)Q)

k=1

22/ ) — )2 d + 2D (T — Ts)?

2
<Oa—d// (Wc)—u(?/)> oy da.
D J{yeD:ly—az|<er} €

The case N > 2 can be achieved by induction. |
We next consider functions with given boundary data.
LEMMA 4.2 (Poincaré inequality). Let D be a bounded set and let u € L*(D) be such that

u = 0 on a 2e-neighbourhood of D (and extended to 0 outside D). Then there exists a constant
C' depending only on the diameter of D such that

2 i ul\x — u\xr 2 X . .
[ @pae<c; [ /{ (w9 —ute)ad (43)

Proof. Tt suffices to treat the case d =1 and D = (0,1), the general case being recovered
from this one by considering one-dimensional stripes. For notational convenience, we replace
by 2e, so that our claim becomes that

1 +o00 T+2e
| w@pa<os [ [ ) - u@)dyas. (1.4

keeping in mind that the first integral in the right-hand side is indeed restricted to (0,1).
For all k € N, we note that, since

(x —2e,2+2¢) D (ke —e,ke+¢) if v € (ke —e,ke +¢),

we have

/kk€+€/w+25 (x))2dydx
/kk5+€ /kk:€+€ )) dydx
/k /:aJre (o) dydo
e [ e x—2/:€u< ar [ <>dy+e/k’:5+€|u<y>|2dy

ke k€+5 ke+e
el [ deﬁ / |2dx\/ [ wpdrs [ )Py
ke—e ke— ke ke
ke+e 2
<\// x)|2de — / |2dy> . (4.5)
k ke
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Note that for k£ = 0 this gives

\/ / uw)l?dy < \/ -/ i / j?u(y) )2y dy,
and for k& >k(:+8 - mﬂs
\//k yI*dy - \//k y)I*dy < \/ /k / — u(w))?dy dy,

By a recursive argument from k = 0, we deduce that

/;H? )P dy < ( \/ / /+ ) - ula >>2dydx>
\gi/;eﬂ/wzs (x))Qdydx

2 “+o0 x+2¢e )
<% [ -y

where the factor 2 takes into account that the intervals (je — ¢, je + €) overlap for consecutive
values of j. Noting that indeed the term with k£ = 0 is 0 by our assumptions on the values of
u close to the boundary, it suffices now to sum up the contribution over all k € {1,...,|1/¢]}

to obtain
1 1 € +o0 x+2e
[ wrar <2 [ [ ) - uw)ayas,

which gives (4.4) with C' = 2. Note that if the interval (0,1) is substituted by any interval, then
we can take C' as twice the length of the interval. O

5. Definition of the homogenized energy density
Let b be as in Section 2. For all K € N, we set

W(x,y) iflz—yl <K
b (2, y) = 5.1
i@, y) {0 otherwise, (5-1)

and, for z € R%, U open subset of R?, and K € N, we define
M4 (2,U) = inf {/ / be-(z,y) (v(z) — v(y))2de dy : v(z) = (2, x) if dist(z,0U) < K}
U JRrd

(5.2)
Note that, using v(z) = (z,z) as a test function, we get
M5 (2,2 + Qr) < CRYz)? (5.3)

for all z and R.
We now recall that the function b defined in (2.3) and thus b%; are statistically homogeneous
and satisfy estimates (2.2). This allows us to prove the following statement:
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LeEmMA 5.1. For all K and z, the limit

i (2) = Rl—i}-EOO w (54)

exists almost surely, it is independent of w, and K — v (z) is an increasing function. Moreover,
there exists an increasing function fr with

1 =
R—%Too fK ( ) oo

such that

M?){(za TR + QR)
R—+oc0 Rd

for all {xr} such that |xr| < Rfk(R).

(5.5)

Proof. Our arguments rely on a uniform version of the sub—additive_ergodic theorgm, see
[31, Theorem 1]. For any j € Z%* = {0, 1, 2,...}¢, we define Qj =j+ 5+ Q, where § is the

vector (1,%,...,1). For any finite subset .A of Z%% denote Q4 = =Ujea Q and ®Y (z A) =
M5 (2,Q1).

From definition (5.2) for any non-intersecting finite sets A and B, we have
D% (2, AU B) < D% (2, A) + D% (2, B).
REMARK 3. Observe that the last inequality holds for the truncated kernels b%,, however,

it need not hold for the generic kernel b if its support does not belong to the set {(z,y) :
[z —yl < K}.

Since b4 (x,y) is statistically homogeneous, the family {®x(z,.A)} is stationary; that
is, for any j € Z%* and any finite collection Aj,..., Ay the joint law of {®x(z, A; +
7)oy O (2, An + j)} is the same as the joint law of {®Px(z,41),...,Px(z, AN)}.

In order to justify the stationarity, consider first an arbitrary A; C Z%* and a vector j €
Z%*. By the definition of ®% (2, .A;), we have

DY (2, A1 + 7) = M5 (2, QM) = M% (2, Q™ +7)

= inf {/QA1+J' b3 (z,y) (v(z) — v(y)) dzdy : v(z) = (z,z) if dist(z, O(Q™ + 7)) < K}
= inf {/Q-Al /Rd bic(x — 4,y — §)(v(z) — u(y))Qd;c dy :v(x) = (z,z) — (2,7) if dist(m,a(QAl))<K}

= inf {/QAI /Rd b7 (2, ) (v(x) — v(y)) dedy - v(z) = (z,z) if dist(z, Q™)) < K}

= M7 (2,Q" = 7% (2, A1),

The case of a finite collection of sets can be considered in the same way.
Then according to [31, Theorem 1], there exists yx (z) such that for any N > 0, we have

‘Mw 2, IJ;SHQ)) ()

li
Aim_sup {

a| < N} =0 (5.6)

almost surely. This implies (5.4); moreover, since b > 0, K +— yx(z) is an increasing function.
Note that we can choose a (slowly growing) sequence N = N“(R) such that (5.6) still holds,
which yields (5.5). O
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DEFINITION 2 (homogenized energy function). We define

v(z) = lim qg(z) = sup vk (2).
K—+o00 K>0

For z € R?, U open subset of R?, and K € N, we set
MY(2,U) = inf {/ / b (z,9) (v(z) — v(y)) dedy : v(x) = (2, x) if dist(z, dU) < K}.
vJu

(5.7)
Note that M%(z,U) cannot be directly compared with M%(z,U) as defined in (5.2) since
on one side b%- < b* while the second integral is performed on U and not R?. However, still
using v(x) = (z, ) as a test function, we get
M4 (2,2 + Qr) < CRY|2|? (5.8)
for all x and R.

LEMMA 5.2. Let b“ be coercive. For all K and z, we have

o Mi(Qr) o M2, Qr)
(0= i s S = i it S o
almost surely.
The proof of this lemma is based on the following proposition.
PROPOSITION 5.3. IfU is a cube in R? and v € L?(U), then we have
/ B (2. )(0(x) — v(y))dr dy < CK (0() ~ v(y))da dy.
{z,yeU:|z—y|>K} {z,yeU:|z—y|<1}
(5.10)

with the same k as in (2.4) and the constant C' depending only on the bounds on b and the
dimension d.

Proof of Proposition 5.3. Without loss of generality, we may assume that the cube U is
centred at the origin; that is, U = Q7 for some T > 0. Furthermore, we may suppose that T
is integer, and cover Q7 with the set of unit cubes Q(j) = Q +j, 1 € Z'NU. If K > T, the
statement trivially holds. Otherwise, for any j' and j” such that |j' — j"”|; = n with n > K, we
consider a path (that is, an array of points in Z%), ' = jo, 71, ..., 40 = 4", with [j; — jiz 11 = 1,
that has the following properties: in the starting segment of this path jo, j1,...,Jn, only the
first coordinate is changed until it is equal to the first coordinate of j” (that is, ny = j1 — 41,
and j;+1 = ji + (1,0,...,0)). Then we proceed with the second coordinate, and so on.

In order to estimate the contribution to the energy of the interaction between the cubes
Q(j") and Q(j"), with fixed n we first estimate the integral

/ (v(yO + ]0) - v(yn + jn))zdyodyn
{(yo,yn)€QxQ}

n—1 2
:/ / (Z (v(yi + Ji) — v(Yit1 +j¢+1))) dyody: . .. dyn
Q Q \i=0

< n//z (v(z + ji) — v(y + jip1) dz dy .
Q Q

=0
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Note that each pair of neighbouring points in U N Z% belongs to not more than n? paths as
described above for some pair j/, j” in U such that |j/ — j”|; = n. Taking this into account
and summing up over all j/, 5" in U N Z< with |j' — j”|; = n, we obtain

S [ e -+ iasdy <ttt [ () — v(y))?da dy.
P LR (UxU)N{a—ylhi<2}

,'// j—
1§'=3"], =n

Taking (2.4) into account, we have

/ b (2, y)(0(x) — v(y))*dz dy
{(z,y)eUXU:|z—y|>K}

d+1

T
<O G me (v(2) — v(y))*dw dy

/{(x,y)eUxU:zyth}

<CK™® (v(z) — v(y))>dx dy.
{(z,y)eUxU:|z—y[1 <2}

The desired statement follows from the last inequality by a scaling argument. (]

Proof of Lemma 5.2. Denote
M (2,U) = inf {/ / be-(z,y) (v(x) — v(y))2dedy : v(x) = (z, ) if dist(z, OU) < K}
vJu

(5.11)
Then

0< M35 0) - Wi 0) = [ [ el e (@ - ) dody
U JRAU
< C)2)PK s Hi1(oU). (5.12)
Let w be a minimizer for M$,(z,U) (which we may assume exists). Let v be given by

Definition 1 with Z = 2K. We then have
M (2,0) < /U /U b (2, ) (v(x) — v(y))?da dy

- / / B (2, 9) (0() — 0(y))>de dy
U JU

b (2, y) (v(z) — v(y))*dz d
+/{I~,y6U:|z—y>2K} (z,y)(v(z) —v(y)) Y

< M;K(z7 U)+CK™™" (v(z) — v(y))de dy
{z,yeU:|z—y|<1}

< Moy (2, U) + CK ™" - bz, y)(v(w) — v(y))*dz dy

< My (2,U) + CK~"[2)*|U|
<MY (2,U) + CK"2]2|U| + Clz|P K "H4= L (9U). (5.13)
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Conversely, since ﬂ“} (z,U) < M“IJ( (2,U), we have
M4 (2,U) < M%(2,U) + CJlzPK' " H*=1(9U). (5.14)

Dividing by R?, taking the upper limit in (5.13) and the lower limit in (5.14) with U = Qg,
we obtain

e ME(2Qr) o MG (2, Q)
= <
W@ =T R ST A
. .//\;l/w (Z QR)
< limsup — &2 <2
R%+o£) Rd
< limsup QK(?QR) + CK " |z]?
R—+o0 R
= Yo (2) + CK "z
Taking the limit as K — +o00, we obtain the claim. O

6. Homogenization

We now state and prove a homogenization result with respect to the strong L?-convergence.

THEOREM 6.1. Let D be an open set with Lipschitz boundary, and let F¥ be given by
(2.1) on L*(Q). Then F* almost surely T'-converge with respect to the L*-convergence to the
functional

Fhom (u) = / <Ahomvu7 VU> dx (61)
D

on HY(D), where Apom is a symmetric matrix which satisfies
<Ahomzy Z> = '7(2:) (62)

The proof of this theorem will make use of a ‘convolution version’ of a classical lemma by
De Giorgi that allow to match the boundary values of a target function (see [18, Proposition
2.2])

PROPOSITION 6.2 (Treatment of boundary values). Let A be a bounded open set with

Lipschitz boundary and let v, — v in L*(A) with v € H*(A). For every § > 0, there exist

v converging to v in L?(A) such that

n
v)=vin A\ A(),  v)=wv, in A(20)

and
lim sup(EF% (v2) — F¥(v,)) < o(1)

n—0 nATn n

as 6 — 0.

Proof of Theorem. 6.1 By Remark 2, it suffices to describe the T-limit in H'(D).
We note that F are quadratic functionals, so that also their I'-limit is a quadratic functional
(see [9]). Then, if we prove that the I'-limit exists and admits the representation

RmM=A%WM% (6.3)
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then also 7 must be a quadratic form on R?, from which the existence of a matrix Apom
satisfying (6.2) follows.

We now prove (6.3), first showing a lower bound. We fix w, u € H'(D) and a sequence
ue — u with bounded F.(u.). As in [18], we use a variation of the Fonseca—Miiller blow-up
technique [22]. We first define the measures on D given by

ne8) = = [ (2L eto) (o)t

Since p. (D) = F.(u.), these measures are equibounded, and we may suppose that they converge
weakly* to some measure p. We now fix an arbitrary Lebesgue point x( for u and Vu, and set
z = Vu(zg). The lower bound inequality is proved if we show that

Z—g(xo) > v(2). (6.4)

Upon a translation argument, it is not restrictive to suppose that g be a Lebesgue point of
all u. (upon passing to a subsequence), and that u.(zo) = u(ro) = 0. We note that for almost
all p > 0, we have p.(x0 + Q,) — p(xo + Q,). Since

du . M(fUO + Qp)
o) = lim PO T e
dx (© pi}g* P ’

and for almost all p > 0
Q) = gl_r)% pe(z0 + Qp)
we may choose (upon passing to a subsequence) p = p. with 1 >> p >> ¢ such that

du . Ma(xo + Q))
U (0) = 1im KT TS0
dl’( ) 5—1>I(I)1Jr pd

Note that we may choose p. tending to zero ‘arbitrarily slow’; that is, for all f with lin%) fle)=0,
e—

we may choose p. with

pe = f(e). (6.5)

Note moreover that

pe (w0 + Q) = ;i/wap /D b (g, g) <u5(y> ;ug(m))2dm dy

2
1 —
> Ti/ / B (g y) (us(y) ug(f@) dr dy.
€ fL‘(J"FQp 11;0+Qp € € €

We now change variables and set

Ue (-TO + Py)

v-(y) = fory € Q1.

Note that, since xg is a Lebesgue point of both v and Vu and we have assumed that u(z¢) = 0,
then @ converges (for a subsequence) to (z,y) as p — 0 in L*(Q1). Since we also have
assumed that u.(xzo) = 0, we may choose p = p. above so that

v. — (z,9) in L*(Q).
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By Proposition 6.2 above, applied with v = (z,z), A = Q1 and n =¢/p, for all § > 0 there
exists a sequence v such that v (y) = (z,y) on Q1 \ Q1_s and

i, L ()

as 6 — 0 uniformly in €.
If we set R = R. = p/e and change variables, we get

1 1
oo+ @)= g [ [ ) onte) - vnw)P dedy -+ ol1)
p 24Qe J24Qe

as d — 0, where

For every fixed K > 0, we have that
vr(z) = (z,z) if dist(x,a(% + Qg)) <K

for € small enough (and hence R large enough). Hence, we may use vg as a test function in
the definition on MY, (z,Qr). We also note that suitably choosing f in (6.5) we have that
xR = xo/p satisfies |zp| < Rfx(R) in Lemma 5.1, so that we finally obtain

.1 ) MY (z,2r + QRr)
e+, oy

+o(1) = v (2) +o(1)
as 6 — 0. Hence we have
I-liminf F, (u) > / vi (Vu) dz + o(1).
e—0 U

By taking the supremum in K, using the Monotone Convergence Theorem, and by the
arbitrariness of §, we get the desired lower bound.

The proof of the upper bound is obtained by a standard density argument by piecewise-affine
functions (see also [18]) once it is shown for D a d-dimensional simplex S and u(x) = (z,z) a
linear function. We consider L large enough so that @, D D for some L > 0. We fix m € N and
subdivide Q7, into m? cubes Q™ = 2™ + Q. /m of side-length L/m and disjoint interiors. With
fixed K € N we choose ul € L*(2Q7") such that v(z) = (2, ) if dist(z, 20Q7") < K and

) . 1
S o) - ) oy < My (5 el @ ) 1
torxiar e &

Ld
< () + o) +1 (6.6)

as € = 0 and K — +o0.
We then define u™ € L?(Q) by setting

ul'(x) zgu’a(g) ifxe@i".
We set
"= {1:Qr N D £},



314 ANDREA BRAIDES AND ANDREY PIATNITSKI

and compute

<Y am [, (G we e e

7.6[7” X Qm

1 Ty
==
i#£]

/ 5 (2. ) 2o — o de dy
{xeQi:dist(z,0Q")<e K} J{yeQ*:dist(y,0Q7")<e K} g’

1 / Yy 2
+—r b (2, L) (2 () = ul (v)?da dy
511—0—2 (2.9€Q L |o—y|>eK} 6 € € €

<) e / (z,y)(ul(z) — ul(y))’dedy + CKmel|z|* + CK ™"

ielm Qm x L in

< (|U| + O(;))w&z) +0(1) + CKmelz|* + CK".

Note that we have used assumption (2.2) to estimate the second term in the sum, and
Proposition 5.3 with U = %Q and the coerciveness of b to estimate the third term in the sum.
We may now choose m = m. — 400 such that
limsup F¥ (u™) < LYk (2) + o(1)
e—0
as K — +o0. Note that, since u"(z) = (2, ) if dist(z, |J, 0(Q}")) < eK, then ul® = (z,z) in
L?(D) and we obtain an upper bound with v (2) + o(1). Letting K — 400, we finally have
the desired estimate. ]

7. Random perforated domains

In this section, we note that Theorem 6.1 can be applied to the homogenization on randomly
perforated domains.
First we define random sets in R%.

DEFINITION 3 (Random sets and random perforations). We say that E“ is a random set in
R if there exists Q1 € F with P(Q;)P(Q\ Q1) > 0 such that E¥ = {z € R? : xq, (1,w) = 1}
for each w € Q.

A random set E“ is called a random perforated domain if it possesses the following
properties.

(i) Almost surely R?\ E“ is a union of bounded open sets in R,
(ii) The diameters of these sets are uniformly bounded.
(iii) The distance between any two distinct sets is bounded from below by a positive constant.
(iv) The boundary of these sets are uniformly Lipschitz continuous; that is, there exist
constants L > 0 and py, po2 > 0 such that for any point x € OE“ there exists a set C' which, up
to translation by x and rotation, is of the form (—pi,p1)9~! x (—p2, p2) such that C N E“ is
the sub-graph of a L-Lipschitz function defined on (—py, p1)?~!.

There is a great variety of random perforated domains. We consider here two examples to
clarify a possible structure of such domains.

(i) Consider a random point set in R? that was used in [3, 37]. Recall that this set is
stationary, and there exist constants » > 0 and R > r such that the distance between any two
points of this set is almost surely greater than r, and any ball of radius R contains at least one
point of this set. Then, for each point of the set, we place a ball of radius /2 centred at this
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point and take the union of such balls. The complement to this union gives us an example of
random perforated domain.

(ii) For a Poisson point process X (w) = {z¥} in R? with intensity one, we consider the
corresponding Voronoi tessellation V(w) = v¥ with v; = {z € R? : dist(z,z;) < dist(z, X \
xj)}. Then for positive r and R, 0 < r < R, we select all the indices j such that the ball
of radius r centred at ; belongs to v; and diam(v;) < R. We introduce a random perforation
as the union over these j of the sets 0; = {x € R? : dist(z,z;) < idist(z, X \ z;)} and define
a random perforated set as its complement.

We now assume that E“ is a random perforated domain, and we set

b (2,y) = X o ()X o (W) a(z — y). (7.1)

The key observation is that such b“ is coercive. This is implied by the following theorem in
[18, Theorem 3.2].

THEOREM 7.1 (extension theorem). Let E¥ be a random perforated domain that satisfies
condition (1)—(4) above. Let b be defined by (7.1). Then there exists k > 0 and r > 0 such
that almost surely for all u € L?(D NeEY) there exists v € L?(D) such that

v=u on DNeE", (7.2)
2
/ / (v(x—i—a{)—v(w)) de dz < CF (u) (7.3)
D(ke) J{l€|<r} €
and
/ |v]?dx < C |u|? dz. (7.4)
D(ke) DneE

Theorem 6.1 can be rephrased as follows.

THEOREM 7.2. Let D be an open set with Lipschitz boundary, let E“ be a random
perforated domain as above, and let F¥ be given by

1 T —y
Fg"uz—/ a< >u — u(z))*dy dx. 7.5
=g [, () e e (75)

Then F¥ almost surely I'-converge with respect to the L*-convergence to the functional (6.1)
on HY(D), where Apom is a symmetric matrix which satisfies

(Ahomz,2) = lim  lim % inf { / / a(z —y)(v(z) —v(y))dedy
QrNEY ©

K—+o00 R—+oco

v(z) = (z,x) if dist(z,0QRr) < K}. (7.6)

In order to deal with minimization problems in perforated domains, we need a version of
Poincaré inequality adapted to the perforated domains geometry. The following statement is a
corollary of Theorem 4.1.

COROLLARY 7.3. Let rg > 0 be defined in (1.8). Let k > 0 and r > 0 be the same as in
Theorem 7.1. Then for any u € L?(D), the following inequality holds:

2
/ (u(@) — ugpeyes)’ de < CF. (u); (7.7)
D(ke)NeE
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here

1
- dz.
UDEINEY = TRy A2 E /{Dwsm} ue)de

Proof. Consider an extension of function u that belongs to L?(D) and satisfies conditions
(7.2)—(7.4). We denote this extension by v, its existence is granted by Theorem 7.1. Denoting

1
VD0 = (D (ke /WE) vie)da,

we have
2
/ (w(z) — u{p(ke)rer}) dx
D(ke)NeE
2 2
< / (u(z) = v(p(reyy)” dz < / (v(2) = viD(ke)y)” dx
D(ke)NeE D(ke)
2
<C/ / (v(m—kgf)v(m)) de dz < Oy F(u);
D(ke) J{|€|<ro} €
here we have used Theorem 4.1 and inequality (7.3). O

We provide now an example of homogenization of a minimization problem. Let D be a
bounded Lipschitz domain in R?, and assume that E¥ is a random perforated domain. From
the definition of E¥, it follows that D \ e E* is a union of a finite number of bounded open sets
whose diameter does not exceed ce with a deterministic constant ¢ > 0. We denote these sets
S5,...8% with N = N(e,w), and define

D.=D\ U S;.

{7 : dist(8§,0D)>/e}

Denote 2(D.) = {u € L*(D.) : J12(p.y udz = 0} and L2(D) = {u € L*(D) : J12(p) udz = 0}

Given f € L2 (D), consider the following minimization problem

1 T—y .
5d+2/DExD5a< 6 )(u(y)—u(x))dedy— . f(@)u(z)dr — min, (7.8)

where the minimum is taken over L2(D,).

PROPOSITION 7.4. Under assumptions (1.7) and (1.8), problem (7.8) has a unique minimizer

u®. Moreover, ase — 0, u® converges in L (DE) towards the unique minimizer u® of the problem
Fuon(w) = P(@1) [ fla)u(e)ds — min
D
where the minimum is taken over 22 (D)N HY(D), and Fyom is defined in (7.6).

Proof. By [18, Theorem 3.2] for any u € IO,Q(DE), there exist k > 0, r > 0 and an extension
v® of u to D such that

/ (v° (&) — v (4))2dady < C (x - y) (uly) - u(a))*dedy
(D(ke)x D(ke))n{|z—y|<re} D.xD. €
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with D(ke) = {z € D : dist(z,0D) > ke}. Since for all sufficiently small € in D\ D(ke), we
have v*(x) = u(x) and the last inequality yields

/ (" (z) — v (y)’dady < C | a(m — y) (uly) — u(z))?dzdy.  (7.9)
(DxD)N{lz—y|<re} DexDe. €

By the Poincaré inequality stated in Theorem 4.1, we obtain

1
= (0% (&) = () Pady > ¢ [ (0F(2) — 07 d
€ (DxD)N{|z—y|<re} D

> c/ (u(z) — v5H)* do > c/ (u(z))?* d.

D. D.

Therefore,

e [, () e - v > [ oy .

D DE

This implies that for each € > 0 the functional in (7.8) has a unique minimum point, and,
denoting this minimum point u*, we have [|[u®||;2(5_ < C. Taking one more time the extension
of u® to D and applying Theorem 3.1, we conclude that the said extensions are relatively
compact in L?(D’) for any open set D’ such that D’ C D. The desired statement now follows
from Theorem 7.2 and we should also take into account the relation

/ fudr — P(Ql)/ fulde, ase—0,
D. D
which is a consequence of the Birkhoff theorem. O
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