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HOMOGENIZATION OF A NONLINEAR
CONVECTION-DIFFUSION EQUATION WITH RAPIDLY
OSCILLATING COEFFICIENTS AND STRONG CONVECTION

EDUARD MARUSIC-PALOKA AND ANDREY L. PIATNITSKI

ABSTRACT

A Cauchy problem for a nonlinear convection-diffusion equation with periodic rapidly oscillating
coefficients is studied. Under the assumption that the convection term is large, it is proved that
the limit (homogenized) equation is a nonlinear diffusion equation which shows dispersion effects.
The convergence of the homogenization procedure is justified by using a new version of a two-scale
convergence technique adapted to rapidly moving coordinates.

1. Introduction

This paper is devoted to homogenization of a model semilinear parabolic equation of
convection-diffusion type with periodic, rapidly oscillating coefficients. The material
is stratified, that is oscillations are allowed in all but one direction. We assume that
the convection term is large, which is related to the self-similar diffusive scaling in
the equation. For this strong convection term we do not suppose that the convection
velocity is divergence free, nor that the effective drift is zero. As described in [8,
Chapter 2] in such a situation the convection might dominate the diffusion, and
we cannot expect nontrivial convergence of the family of solutions v (t,z) for a
fixed spatial frame x but only in moving coordinates x + B¢ (t). Due to the choice
of scaling, in appropriate moving coordinates the homogenized problem shows the
diffusive dynamics. As a consequence of the presence of strong nonlinear convection,
the dispersion effects appear, that is the diffusion coefficients of the limit quasilinear
problem depend on the convection velocity (see, for example [2] or [11] for the
formal asymptotic explanation of the dispersion). To prove the result we adapt the
two-scale convergence method introduced by Nguetseng [12] and Allaire [1], to the
case of rapidly moving coordinates, and we combine it with the appropriate choice
of test functions depending on the solution of the adjoint auxiliary problem (5).

Also, since classical theorems on compactness of embedding of Sobolev spaces in
bounded domains do not apply in the whole space, in our case the compactness
result for the family of solutions is not a straightforward consequence of a priori
estimates. We show that the uniform localization of solutions holds in moving
coordinates, and, in this way, we gain the compactness in the moving coordinates.

The problem under consideration appears, for instance, when studying the long-
term behaviour of the nonlinear convection-diffusion model in stratified periodic
media. In this case, letting ¢ = 1/v/T and making self-similar rescaling, we arrive
at our homogenization problems. The desired long-term behaviour can now be
described in terms of the effective characteristics of this problem.
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Previously, homogenization problems for linear convection-diffusion models with
a zero mean drift were considered in [4] and then in many other works. The
case of divergence-free convection term has been widely studied in the existing
literature; for instance, [3, 7] dealt with equations with small diffusion coefficients.
The homogenization result for general linear periodic convection-diffusion operators
with nontrivial effective drift was obtained in [13].

2. Setting of the problem
We study the asymptotic behaviour of solutions of the Cauchy problem
out
ot

— div(AS (t, 2) V) + e 1 (¢, 2, uf) - V' =0 in ]0,T[xR", (1)
u®(0,2) = p(z), zeR", (2)
with A®(t,z) = A(t,2'/e) and

it (afe ) (020, "

where z = (2/,z,) € R", 2/ € R"7!, z, € R. The matrix function A(t,y) =
[A;;(t,y)], vector function a(t,y) = (ai(t,y),...,an—1(t,y)) and scalar function
h(t,y) are assumed to be 1-periodic in y = (y1,...,Yn—1), and thus can be identified
with the corresponding functions on the (n — 1)-dimensional torus denoted by Y.
We suppose throughout this paper that the following hold.

(1) Coefficients A, a and h are of class C2. (Y.

(2) The nonlinearity f € C*(R).

(3) The initial condition ¢ € C§°(R™).

(4) The diffusion tensor A is uniformly positive definite, that is there exists a
constant ¢y > 0 such that for any (¢,y) €]0,7[ x Y and £ € R"

§-AE=D Aty &g > colgl (4)

i,j=1
Since the convection term here is not divergence free, the following auxiliary
problem plays an important role in further analysis:

div,(A'V,z+az)=0 in Y, (5)

where we use the following notation for partial differential operators with respect
to y.

divv—nia% v, = (X NN (AT, 2)a(ty)
y 70218%7 y X = 5y1’“"8yn71 ) yZ)al\l, Y
n—1
0z
=Y Aus(t, y)ﬁ—«’
ot Ys

and we always assume that any function depending on y is Y periodic, that is
defined on the torus Y = T" 1. Equation (5) is linear and has a nontrivial solution
in the space of Y-periodic functions. Furthermore, under the normalization

j 2(ty)dy =1 (6)
Y
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the solution is unique and, due to the zero maximum principle (see [8, Chapter 1]),
strictly positive.

In addition to the above assumptions, for the nonlinear convection term we
assume that the function h satisfies the hypothesis

jy S(ty) h(Ly)dy —0, Ve [0,T]. (7)

In case of divergence-free linear convection velocity div, a = 0 the auxiliary func-
tion z is a constant and the above hypothesis reduces to the assumption that the
mean value of h is zero.

REMARK 1. The above assumption should be understood in the sense that the
average, taken with respect to the corresponding invariant measure zdy, of the last
nonlinear component of convection velocity, is zero.

The particular form of the nonlinear convection term (3) is a technical assumption
which enables the separation of scales in the homogenized problem and it does not
seem to be essential. On the contrary, hypothesis (7) seems to be crucial. Under this
hypothesis the (large) principal term of the effective convection does not depend on
the profile of the solution which makes it possible to introduce moving coordinates.
It turns out that, without condition (7), the formal homogenization procedure leads
to an ill-posed problem.

3. Solvability of the e-problem

In this section we present the existence and uniqueness result for the Cauchy
problem (1), (2). Since a priori estimates are easy to derive (see Section 5), it is a
simple exercise to prove the existence of the weak solution using the compactness
argument. We can also combine [9, Theorem 8.1] (about classical solutions) and [9,
Theorem 5.2] (about weak solutions) to get the following result.

THEOREM 1. Suppose that f € C*R), h € CY7([0,T;;Chi(Y)), a €
CH[0, T, Col (V)" h), ¢ € C*(R") N L®(R") and A € CH([0,T7;
CrA(Y)>m) for some B € ]0,1[ , and let the uniform ellipticity condition (4)

be fulfilled. Then problem (1), (2) has a unique classical solution:
ut € H*YHIR2(RE) = {v e C([0,T] x R");

(881?) D>veC(0,T] xR"),2r+s <2+ 8}.

Furthermore, if ¢ € L*(R") then there is a solution u* € L*(0,T; H*(R"))N
L>(]0,T[x R™), and it is unique in this class.

4. Main result

We are interested in the macroscopic behaviour of the solution u®. The main
result of the paper is summarized in the following theorem.
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THEOREM 2. Let u® be the solution of the problem (1), (2), and let w* (t,z) =
u (t,x + e 1 B(t)), where B is defined by

B(t) :Jt

J' (a(s,y) — div A(s,y)) z(s,y) dy ds.
o Jy

Then
w® — w® weakly in L*(0,T; H'(R")) and strongly in L*(0,T; L*(R")).
The limit w° is the unique solution of homogenized problem (40) below. This

homogenized problem is well-posed.

The proof of this theorem is given in Section 6.

5. A priori estimates

As was explained in the introduction, there is no hope of obtaining a nontrivial
convergence result for u° itself. In order to improve the situation, we introduce
moving coordinates (t,7) — (¢, +¢e 1B(t)) and study the function

wf(t,z) = v (t,x + e B(t)),

where

B(t) = L L(a(s,y) _ divA(s,y) 2(s,y) dy ds. (8)
We also denote by

Bt) = (0 = | (alt.9) = div At,) 2(,0) dy (9

the effective drift vector (see [8]).
To avoid the dimension inconsistency, we also introduce the n-dimensional vectors

(B,0) = (B1,...,B,-1,0), (b,0) = (b1,...,b,-1,0), (a%,0) = (a5, ...,a5_1,0), etc.
Abusing slightly the notation we will use, for these extended vectors, the same
symbols B, b, a°, etc. if it does not lead to ambiguity.

We are now ready to prove the a priori estimates.

PropPOSITION 1. There exists a constant C' > 0, independent of €, such that

|w® | L2000 (R < C (10)
‘w€|L°°(]O,T[><R”) < C (11)

cn=(2)

Using 2° u° as a test function in the variational formulation of problem (1), (2), we
arrive at the relation

Proof. We define

T
J J 25 A*Vu© - Vude dt = % J [0(0,2)% 2°(0,2) — v (T, x)* 2°(T, x)] dz
0 il

n

T c
0z°
— )2 dx dt
Jo JR" ) or T
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which implies, by the Gronwall lemma, the uniform in e bound (10). Estimate (11)
follows from the maximum principle (see [9] or [10]). O

The above estimates only imply weak compactness of w®. Since our equation is
nonlinear, we need some strong compactness result in order to pass to the limit. The
problem is posed in the whole space R™ which is inconvenient for proving strong
compactness. Thus, our first goal is to restrict our study to a compact subset. We
introduce the notation

Qr =]—R,R[".

LEMMA 1. For any ¢ > 0, there exists R(d) > 0 such that
[ lz2g0.71x R\Qr ) S O (12)

Proof. Let ¢ € C*°(R) be a cut-off function, such that 0 < ¢ < 1, ¢(s) = 0
for s <1 and ¢ =1 for s > 2. We denote by ¢, (x) = g0(|x|/r) and by gpr(t x) =
or(z — e71B(t)), where r > 0 will be chosen later on. Multiplying (1) by u® 2° ¢2
and integrating by parts, we get on the left-hand side

T T
ou® 1 cip o 02°
L J r u® 255 dedt = QJ'O J' ” [uf |2 8—dmdt

1 2T r—e B /
— bt) | ———— 2) Zfdxdt
+25J0J,, ™ 0() (r|x—e—1B>(%)Z v

1

1
by W@ @ do— g | e #00) dn (13

where (¢2)/(t,2) = (d/ds)p(s) . By choosing sufficiently large r

we obtain

s=(r—!|z—e"1B(®)])
J luo|? ¢, 2°(0, -) da = 0.
On the right-hand side we have

T
J J u S 2° [div A°Vu — e 17 - Vs dr dt

1 g € € 1> aus £ €
——2—6J0 J ﬂh fu)u oz, @5 2% da dt
T T -1
. — B
—J J 2L AVuf - Vu© —J J uf 2° (@)'Af TTE P N Vet dedt
oJmr 0 Jrr r|x —e 1B]
1" cos oext A [ T—€B
_ Ac - = . €
+ 2J'O J ) lu®|? (¢5) ( |m—€1B) V2© dxdt
T
+ ij J u® | (cpg,),dxdt
2e Jo Jmrn —1B| !
1 (" 1"
+ —J J [uf|? 2 div(2® o) dz dt + J J [u|? ¢t div(A'V2z7) d dt.
2e 0 n 2 0 n

We recall that af in this formula stands for (a3, ...,a5_;,0). The last two integrals
mutually cancel due to the definition of z. With the remaining terms, (13) can be
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written in the form

T
%J [w (T, )2 93(T, ) (T, ) d:ﬁj J ATV -V 2 ddt
. N
1 (7 .
N —Q_EJ- J 2 f(u”)w gi da dt (14)
0 n n
1 T R N A .'L'—E_lB .
1 T o2 o\ T — 5_1B .
— J (= At € £ & .
+25LJ”\uI(%) R p—T (=2° b+ (A", 2)° + 2° o) du dt

The last integral can be controlled using the fact that there exists a periodic in y
matrix-function 7n(¢,y), such that

divyn = (a—b)z+ A'V,z2. (16)
Indeed, due to the definition of b, the right-hand side has a zero mean for any

t€0,7T]

L(a—E—FAtVyz) zjy(a—g—divA)zdyzﬁ

which is a necessary and sufficient condition for the existence of such a function 7.
Then we have for n° (¢, z) = n(t, 2’ /¢)

€ 1 g €12 / xi‘gilB 7 t € €
/i :?EL J e (er) (M> (=02 + (A'V,2)" + a2 da dt

]. T 2 / SC*&‘ilB

= —— N ° ——— | - divpdxdt
QJO J 0 ] (%) (T|m—5—1B|> Vi e
1 (* N7 x—e 1B ~ R

— _ £ s = AV, 12
)y LA (=) o

R R - x—e 1B
+ [uf |2 (1F V) - [(%)’ <4T|x_€_lB|)]}dmdt.
Since

i v—e'B v 1 r—e 1B
3 i | S NSRS T (i
v [(%) (r|x—€1B>} P r—em B) <r|m—€1B|)

z—¢'B -1 -1 —1p—1,.-2
®<m>+§0(7" |93*€ B|) |:E7€ B| r

§ (1 e B e 513))

|z —e~1B|?
we have
<o 4+ r7?) (17)
with C' > 0 independent of €. Next we treat the integral
1 (F o ous
J5 = 2—EL J ) or 2" h f(u)u® oz, dz dt.

We first notice that, due to assumption (7), there exists a function ¥ (¢, y) such that
divyep = hz in 0,7 xY. (18)
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We let 9° (¢, ) = ¢(t,2' /) and, furthermore, define the function

Glr) = L s f(s) ds.

Then
T T _
25 = J J o dives ’ G(uw) dwdt = —J J s divy® G(u”) dr dt
0 n 8xn 0 n Oy
g 6905 a(ps ) ,
frng T (> € £ , £ £ < , r < _ _
LJ” <3$n¢ fu)u® Veu + Gu)yp° V, axn>\0(r +r77),

again with C' > 0 independent of €. Since the remaining integral on the right-hand
side of (15) does not have a big factor, it is straightforward to see that this integral
is of order r—!, so that

%J ) [us (T, )| (T, ) 2° (T, -) +J'

0
proving the claim. Ll

T
J AVUE Vuz® ¢f < C’(r_1 +772),

Our next step is to introduce the orthonormal basis {e;};ez: in L%(]0,1["), such
that e; € C§°([0,1]"). Then the functions {e;}; rezn, where e;;(x) = e;(z — k),
form an orthonormal basis in L?(R"). Now we introduce the following, time-
dependent, Fourier coefficients:

iy () = (w (L, -) 25 (L, °), exj)rz(mr
v () = (w(t, ), exj o2

with 2¢(¢,z) = 2((z + e 71 B(t))/e). We now explore the properties of these Fourier
coefficients.

LEMMA 2. There are constants Cj;, > 0, independent of € such that

b () = i (s)| = [(wo (L, -), (¢, -) exj)r2(me)
—(w(s, ), 2°(s, "Jexj)r2mr) | < Chj VIt —s. (19)

Proof. Denote é;(t,x) = ey (t,x — B(t)/e). Using 2° é;; as a test function in
the variational formulation of (1), we arrive at

(w(t, -)Z°(t, ) —w" (s, -)2°(s, -), enj)r2(mr)

J NRH [%(ug 25)(7', ZL’) —+ 5*15(7—) . V(us ZE)(T,QE) ékj (LC) de dr

s J

tr 02°
J u (1, 2) ——(7,2) é;(x) dedr
5 J Rn 8t

ot

- J (25 AV - Vég; + 6 (A%)' V2 - V) de dr

Js

t
—i—E_lJ' ,[ (u” exjdiv(a® 2°) + 2% u' (a° - V) &y + éxb- V(u'2%) dwdr
ou’

t
,5*1 JSJ ) 2 hff(uf)aékj dx dr.
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We proceed as in the proof of Lemma 1. Define 7° by (16) and %° by (18), and let
F(7) = [} f(s)ds. Then

t

(ws(t, ‘)gg(ta ) - ws(‘g: ')26(37 ')7 ek?j)L2(R") :J

s

J {775 2V (uf Vég;)
— 25 A°Vu' Véy; —° -V

NS L0z
(o) e )

t
< C’J |u6(7)|H1(Ru) dr
< C\/Vs—t. O

Notice that the above result gives the equicontinuity in time for w® z°. Our next
aim is estimating the difference between pj ; and v,.

LEMMA 3. For each k,j € Z", there exists a constant Cj; > 0, independent of
€, such that

|<’U)E7 ekj (1 — EE)LZ(R")|L2(O,T) < ij E.

Proof. Making use of relation (6), one can solve the problem
divyU =1-2 in Yx]0,T7.
Thus we have ediv, ¥ (¢,2'/e) = 1 — 2° (¢, z) implying the claim. O
According to the Arzela—Ascoli theorem, Lemma 2 implies that, for any k,j € Z",

and each sequence ¢; — 0, there is a subsequence ¢; — 0 and some 7i;,; € C([0,T7)
such that
iy — iy i C(0,7)). (20)
Furthermore, we can use the diagonal procedure to get the subsequence
el =0 (21)

such that (20) holds for all j,k € Z". Due to the uniform boundedness of ¢ w® in
L2(]0,T[ x R"), the function

w(t,x) =Y Ty (t) e ()
.k
is an element of L?(]0,T[ x R"). Moreover, we have the following.

LEMMA 4. For any N > 0 and any 0 > 0 there exists K(d) > 0 such that

w* XQn — Z Z Vlij €k <0,

[k|I<K(9) liI<N L2(]0,T[ x R")
where X, denotes the characteristic function of a set Q.

Proof. This is a straightforward consequence of the embedding H'(Qy) —
L?(Qx), bound (10) and Lemma 1. O
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THEOREM 3. For any ¢; — 0 the sequence {w® };cN has a subsequence strongly
convergent in L*(]0,T[ x R").

Proof. Let {€/} be the subsequence constructed in (21). We intend to show that
the subsequence {w* }.n_o tends to w strongly in L*(]0, T[xR"). Let § > 0 be
an arbitrary number. We first note that, due to Lemma 1, there exists N > 0 such
that

. )
|w® —w® xQy |L2(0,7[x R) < g (22)
Now, by Lemma 4, there exists K (d) > 0 such that
e c 0
W Xoy = DL D Ve <3 (23)
k<K (6) i I<N L2(j0,T[x R")
By Lemma 3, for € small enough
0
S Y- Y Y S
[EI<K(0) [7ISN [EISK(0) [FISN L2(]0,T[x R")

Finally, the convergence (20) implies the existence of a ¢(d) > 0, such that, for all
el < gg (or equivalently for all ¢ > i¢(d)) one has

" _ 6
Y Y- Y Y SR
k<K (6) [71<N k<K (8) [71<N L2(J0,T[x R")
It remains to chose K(§) large enough, so that
_ _ )
- Y e = 26)
k<K (8) [iI<N L2(J0,T[x R")

Summing up (22)-(26) we achieve the convergence of {w®’ } towards @ in the norm
of L*(]0, T[x R™). O

6. Convergence of the homogenization procedure

Two-scale convergence, introduced by Nguetseng in [12], has to be slightly
modified to make an appropriate tool for our problem. In fact we modify its
evolutional version from [6]. We define the two-scale convergence for oscillating
functions and fast traveling frame. We give its definition: we say that the
sequence ¢° € L2(]0,T[x R"), |9 2o, rxrr) < C, two-scale converges to e
L2(]0,T[ x R" x Y) in moving coordinates (xz + e~ B(t)) if

T
J J o (ta)p(t,x —e ' B(t),e ') dx dt
0 n

- j:j | Eteritn) dyds (21)

for any test function ¢ € L2(R" x]0,T[; Cper(Y)).
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REMARK 2. Our modification consists of allowing the test function to be taken
in the form

Ve (t,x) = Y(t,x — e 'B(t),e 'a).
It is clear that
Eh_r)r(l)|¢a|L2(R" x10,7D) = |¥]r2® xj0,7[ xV)-

Hence the shifted test functions admit uniform bound, and the compactness argu-
ments used in the theory of two-scale convergence, also work in our case. However,
we repeat the proof of the compactness theorem for the reader’s convenience.

We also modify slightly the compactness result from [1] and [6].

PROPOSITION 2. Let functions ¢ € L?(0,T; H'(R")) satisfy the bound

l¢* L2010 (7)) < C.

Then there exist a subsequence, denoted by the same symbol {¢°}, and functions
¢ € L2(0,T; HY(R")) and o' € L?(]0,T[x R" ; H'(Y)) such that

©° — two-scale (28)
Vet — V0" + Vo' two-scale. (29)

Proof. 'We proceed as in [1] to find the bound for the integral

T
J J ¢ (t,2) Y(t,x —e *B(t),e 'a’) dx dt
0 n

< CR(t,r — 8713(t)’571$/)|L2(]0,T[x R")

< COly(t, xvy)|L2(]O,T[>< R”;Cper(Y))"

Therefore the sequence of measures defined by
T

(€)= |

J O (t,x) Y(t,x — e ' B(t),eta’) dx dt
0 n

admits a subsequence that converges weakly* in L2(]0, T[x R"; Mpe(Y)) to some
by € L*(J0, T[x R"; Mper(Y)),
where Mper(Y) = (Cper(Y'))’. Using the property stated in Remark 2, that is,
Lim [ ]2 0,7 1x re) = [$lr2qo.rix Re <),

we conclude that £y is continuous functional on L2(]0,7[ x R" xY'). Thus it can be
represented as

T

(t0.0) = |

j J SOty 2,y) Ot 2, y) de dt dy
0 n JY
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for some ©° € L2(]0,T[x R" x Y) implying (28). By the same reasons we can
associate with the sequence V£ a function ¢° € L?(]0,7[ x R" x Y)" such that

T
hII(l)J J Ve (t,x) (t,x — e ' B(t),e 'a’) dr dt
£— 0 n

_ JT J ﬂ L Ot 2, y) V(t, o, y) de dt dy.

0
Integration by parts leads to

T
€ J J Ve (t,x) (t,x — e B(t), e 'a’) dr dt
0 n

[ ] e, vt B, )

0
+ediv, Y(t,x — e ' B(t), e a)| dx dt.
Thus

T
J J Jsoo(tw,y) div, ¥(t,2,y) dedt dy = 0,
0 n JY

implying that ¢ does not depend on y. Taking v such that div, ¢ = 0 and passing
to the limit gives

JTJ ) L(CWﬂpodivmW —0,

0

that is, ¢ — Vo? L ¢ for all ¢ € C’O (0, T[x R™; C’gﬁr( )) such that
div, z/J(t z,y) = 0. Consequently (°(t,z,y) = V, ¢"(t,x) + V, o (t,z,y) for some
ot € L2(J0, T[x R" ; Hper (V) O

REMARK 3. If we rewrite the functions ¢° in moving coordinates: ¢°(z,t) =
¢ (z + e 1B(t),t), then relation (27) takes the form

JT J & (ta)p(t,z,e Ha' +e ' B(t))) dudt

0

T
HJ J L @ (t, 2, y) Y(t, 2, y) dy d dt.

0
Abusing slightly the notation we will write in this case ¢ — ° two-scale.

Estimates (10), (11) and Theorem 3 derived in the previous section imply the
following convergence.

LEMMA 5. There exist w® € L?(0,T; H'(R")) and w' € L?(]0,T[x R" x
H!. . (Y)) such that

per
w® — w’ weakly in L*(0,T; H'(R"))
strongly in L*(0,T; L*(R"))

two-scale, (30)

V' — Vouw® + Vywl two-scale. (31)

Further analysis will rely on the following statement.
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LEMMA 6. Let p € L*(]0,T[x Y) have zero average in y, that is,

J p(t,y) dy =0
Y

for (almost everywhere) ¢ € (0,T). Then for any ¢ € C§°(]0,T[ x R") the following
hold.

(i)

T T
5_1J J ﬁ6w5¢d$dt—>J J (J pw! dy)qbdxdt.
0 Jr 0o Jre \y

HR P I0) G gdrdt — H K (j b (F(0) ) dy) du dt,

where pf (t,z) = p(t,e L2’ +e72B(t)).

Proof. (i) Since p € L*(0,T; L§(Y)) there exists ¢ € L*(0,T; H.,.(Y')) such that

and IY q = 0. Then for the function
F(tx)=(q(t,e 2" +e72B(t)), ..., qu_1(t,e 2’ +72B(1)))

we have

n—1

div, ¢ Z 8 =1y,

Thus

T T
J J p°w® ¢drdt = J J div,: ¢ w® ¢dxdt
0 n n

JO J ) (q W P+ w G -V ¢>dwdt

T
— J ( {q¢- Vo’ +q-V wl}dy)qbda:dt
n Y

Ju ( Yq )w Vg drdt
0 J ¢<qu-vyw1 dy)dxdtzLTJ ” ¢>(L div, g w' dy)dwdt
LTJ . <pr1dy>¢dxdt.
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(ii) For the second assertion we combine the same idea with the strong

convergence (30). Defining ¢ as in (i), we have

T T
w*® F(w®
a*lj J 7 f(w®) 0 ¢>Odmdt:e*1J J P OF (wr) ¢° dx dt
o Jrr 6$” o Jrr Tp
T ¢O
= —J. J F(w®)div,q dz dt
0 n n

! ~€ 8¢0 c - . ad)o
:L JR 7 {w (8xn> F(w) + Vyw® f(w )axn]d‘”dt

oo Lo |
—>JAO JR(?Tnf(w) qu-Vyw dy |dz dt

[ aen ()

Our next step is to pass to the limit in equation (1).
We take the test function of the form

U (@) = 2° (6, 2)e0 (8, — T B(E)) + ¢! (“ —<7'B(), x)

where ¢ € H'(0,T; H'(R")) is such that ¢°(T,z) = 0 and ¢! € H}(]0, T[x

H2, (V).

per

Thus we obtain
JT J . d2°
0 Jrr ot

+ (V@O 27 + (V, ¢1)°} } dx dt

o\ €
(¢0)5 —‘rZE (%) )—‘rAEVUE {VZE (¢0)5

T
et |l D) (a0 # o div(erad) (60 dode
0 n

T
" J J (0" - Vui (61 +5- (Voo ) dodt
0 T

+51JTJ h f(u)

0

ou® r

ox,

ou®

Ne da dt
axn (¢ ) x

2 (¢°)° da dt ,J

0

| e p)

:J ngp(:z:)z((), :) $°(0,2) dz + O(e),

n.
R";
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In some of the above integrals we change the variables * — x — ! B(t); then we

denote
e B ' B(t) <. B ' B(t)
a(t,x)a(t,8+ 52 >, A(t,x)A(t,€+ 52 .

Now, by Lemma 5, we get for the first two terms on the left-hand side of (32)
o Jmn ot o Jro ot o Jmn ot’
T T
0z° 0
u (¢05_>J J wO¢O_(J Z)ZO
J’O J’ n at ) 0 n at Y

Next, we group together the terms

T T
J J AV (¢0) daedt — et J J (a° = b) - (V@) u® 2° dadt
o JRr 0o Jrr

T

—e! JT J div(a®z%) (¢°) u” dudt = _5—2J

0

| wer i atv,)y

T

+ (divy (2 @) ydowdt — ! J J {(A'V,2)° + (a° — b)2°} - (V. ¢°)*u du dt

0

T
_ _5_1J J [(A'V,2)° + (@ —B)2"} - (V@) o da di;
0 n

equation (5) has also been used here. By the definition of b, we have
—J {A'V, 2+ (a—b)z}dy = J (divy A —a+b) (t,y) 2(t,y)dy =0.
Y Y

Therefore, item (i) of Lemma 6 applies and we obtain

o AT )

=—¢! J:J ) [Ag(VT,Z)E + (@ —b) 25] (t,z) - VO(t, ) w® (t, x) dx dt

T
—>—J J J w' (A'V, 2+ (a —b)z) - V¢° dy dz dt
0 Jre Jy

T
= J J J z {w' (divy A —a+b)+A'V,w'} - V¢° dyda dt.
o Jrr Jy

We proceed with other terms in (32). Directly from (31) we get

T T
J AV V5 do dt — J J <J 2A(V,w® + vyw1)> V¢° dydx dt.
JR" 0 n Y

The next integral is easy to handle:

T T

J Af V[V, ¢ dadt — J (J Al vy¢1) - Vuw® dy dx dt
n 0 JrR" \Jy

T
+J J (J AVyw1Vy¢1>dydxdt.
0 n Y

0
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The linear convection terms related to ¢! give

LTJ NN u (¢1)° +b - (Veo') u)dadt

J J J Vw —l—Vw)qbld:cdtdy—l—J J J bV, 6! wdzdt dy
0 IR o Jrr Jy

K qsl ab> -Vl da dt dy + (J Pt (a - vywl)ﬂ dx dt dy.
R" Y

We now have to deal with the nonlinear terms. Thanks to hypothesis (7), strong
convergence (30), and item (ii) of Lemma 6, we obtain

e ow* T g0
-1 £ e € . 1
€ L J ) h® 28 f(w )axn da dt Jo J ” (Lhzw dy> flw )az, dx dt.

Finally, for the last integral on the left-hand side of (32), considering (11), we get

JTJ () gzz (¢Y)F da dt — JTJ' fw )g:n (L h ¢ dy) da dt.

0 0

Since z is periodic in variable y, we have

J #l) ¢0(0’x)z<0’ %) dz —>J pla) ¢°(0,x) dz

Combining all the above convergences we prove the following statement.

PROPOSITION 3. The limit functions w® and w' satisfy the following coupled
problem.

J ) o(x)¢°(0,2) doe = —LTJ' w? %ﬁodx dt

T
J J {(J w' z (div, A — a +b) dy> -V + (J zAdy) VwOngO}dzdt
n Y
J J {(J (A +AHV,w! dy> Vel + <J ¢1a.(vm°+vyw1)dy>
O n Y

T
< ¢>1 dy> b-Vow }dzdtJrJ J <J A(Vw0+Vyw1)~Vy¢1> dz dt

0 o A\JY

J‘oj’ ”q hzw! dy)f( )a;bj dx dt+JOTJ " F(w°) ZQ:: <Lh¢1 dy) du dt,

(34)

+

for any ¢ € L*(0,T; HY(R")) and ¢* € L?(]0, T[x R" ; H . (Y)).

per
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REMARK 4. It could be more convenient to rewrite (34) in a symmetric form
by choosing ¢! (t,x,y) = 2(t,y) ¥(t, z,y). Thus (34) becomes

0 o 2 ! R 0
J o(z)¢"(0,z) de = —J J w Edmdt —|—J' J (J ZA"Vyw dy) V¢ dxdt
n 0 L n Y

0

T ~
+ ( A (Vw0 + V,wh) (V.00 + V,0) dy) dx dt
JO JR”» JY
T

T N
- ( zA'V dy) V,w dz dt + J
R \JY 0

J ) (L[wl 2 (divy A — a +b) - V¢

+z9(a—b—div, A) - V'] dy) dx dt

T ¢ r
+ ( [za+ A’ Vyz]-vywlz/)dy> dz dt
JO JR” JY

L ) B [ [ (1) s

(35)

To justify the convergence of the homogenization procedure it suffices to prove
the uniqueness of the homogenized limit. That way all the subsequences w*® have the
same limit w®. We prove the uniqueness by decoupling. The idea is as follows: first
we notice that the coupled problem (35) is linear with respect to w'. Therefore, for
fixed w?, there exists a unique w' such that (w® w') solves the coupled problem.
Furthermore, such w' admits a separation of ‘fast’ and ‘slow’ variables, see (36)
below. Substituting w of this form in (35) reduces the above two-scale problem to
the quasilinear parabolic equation (40) (the homogenized problem). It then remains
to prove that (40) has only one solution.

7. Decoupling the homogenized problem

We write down the solution w! in the form
n—1 awo
Nery) = 30 () P (t0) + 0(t.0) F(u02) 22 (12). (30)
a=1 n
By substituting the above ansatz in (35) and choosing ¢° = 0, we find that y, and
f must satisfy the equations

a- V(Xa + ya) - diV[Av<on + ya)] =ba (37)
a-Vl —div(AV0) + h = 0. (38)
Those two equations are stationary, linear convection-diffusion equations on the
torus Y. Due to the choice of b and condition (7), each of them has a unique (up

to a constant) classical solutions on Y or, equivalently, in the space of 1-periodic
functions. This statement relies on Fredholm’s alternative and reads as follows.

PROPOSITION 4. Problems (37) and (38) have unique (up to a constant)
solutions if and only if

J (a—b—divA)zdy =0
Y
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and

J z hdy = 0.
Y
Furthermore, x,,0 € C*([0,T] x Y).

Clearly, w!(t,z,y) is defined up to an additive function of the arguments ¢ and
z. In order to make the choice of this additive function fixed, later on we always
impose the normalization condition IY wh(t,z,y)dy = 0.

LEMMA 7. Given the first component w® € L*(0,T; H*(R™)) N L*(]0, T[x R™)
of a solution to problem (35), the second component

w' € L*(]0, T[x R" ; H). (Y))

per

is uniquely defined. Furthermore, such w! can be written in the form (36), with x,
and 0 defined by (37) and (38), respectively.

Proof. Let w® € L2(0,T; HY(R")) N L*(]0,T[x R") and w' € L?(]0,T[x R";
H!..(Y)) be a solution of the coupled problem (the existence is granted by
Theorem 3). For fixed w® the problem for w! can be written in the form

—div, (2 AV, w') + (za+ A'V,2) - V,w'

3w0
oz,
This is a linear elliptic equation with respect to y (where (¢, z) are only parameters).

It has a unique solution w' € L?(]0, T[x R" ; H}.(Y)). The representation (36) is
a straightforward consequence of solvability of the equations (37) and (38). O

=z(b—a+div, A) -V, w® — 2z hf(wo) (39)

Taking ¢! = 0 in (35), substituting w! in the form (36), we get the macroscopic
(homogenized) problem for w? in the form of a nonlinear diffusion equation. In fact,
we have the following.

LEMMA 8. Let (w°, w') be a solution of coupled problem (35). Then w° satisfies
the quasilinear equation

ow°

5~ div (Aw®) Vu®) =0 in]0,T[xR", w’0,-)=¢ inR", (40)
where the homogenized diffusion tensor A(w®) has the form
Aw?) = A% + f(w®) A" + f(w")? A2, (41)
with
] O _
A0, = J 2[Aap+ Y (Aay + AP 4 (divA —a+D)s Xa (42)
Y = 8y»y
3 n—1 90
Al = L {z[(divA —a+0b), 00, + z:(A(w + AW)W dsn + hxs 6an]} (43)
y=1 Y

AZ/} = (J hz 9) Oand8n .- (44)
Y
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We know that (40) has a solution. To prove the uniqueness we shall use, again,
[9, Theorem 8.1]. We should verify its conditions.

LEMMA 9. There are c(w®) > 0 and C > 0 such that
¢ AW €= () ¢ > CleP,
for any £ € R".

Proof. Multiplying (37) by z xp&a s, integrating over Y and taking the
summation over « and (3, we obtain

3 Ag@fafﬂzj CAV( 1) V(R +y) €0, (45)

a,f=1 Y

where £ = (&1,...,&,) and X = (x1,-- -, Xn—1,0). Analogously, multiplying (38) by
z 6 and integrating over Y we obtain

—J hz@zj ZAVOVE > 0. (46)
Y Y
Finally, combining (37) and (38), we get
> A& = 6 | 2(A+A) OV +0) -8l (47)
a,f=1

Summing up the above relations we obtain

Z Aw®)ag & €5 :J zAVyw -V, w, (48)
a,f=1 Y
where
w=X+y) &+ Fw’)0&,. O

THEOREM 4. The homogenized problem (40) has a unique classical solution
w® € H*AIH0/2(RE) N L2(0, T; HY(R")).

Proof. This follows from [9, Theorems 8.1 and 5.2]. O

This completes the proof of the main theorem, Theorem 2.
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