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Abstract

The paper deals with stochastic homogenization of a system modeling immiscible compressible two-
phase, such as water and gas, flow in random porous media. The problem is written in terms of the phase
formulation, i.e. the saturation of one phase and the pressure of the second phase are primary unknowns.
This formulation leads to a coupled system consisting of a nonlinear degenerate parabolic equation for the
gas pressure and a nonlinear degenerate parabolic diffusion-convection equation for the liquid saturation,
subject to appropriate boundary and initial conditions. We consider the behavior of compressible two-phase
flow in heterogeneous reservoirs with permeability and porosity being realizations of given statistically
homogeneous random fields. We derive the effective (macroscopic) problem and prove the convergence
of solutions. Our approach relies on stochastic two-scale convergence techniques, the realization-wise no-
tion of stochastic two-scale convergence being used. Also, we exploit various a priori estimates as well as
monotonicity and compactness arguments. To our best knowledge, this is the first stochastic homogeniza-
tion result in the case of compressible two-phase flow in random porous media.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

The problem of the description of two-phase flows through highly heterogeneous media is
faced in many branches of engineering and applied sciences such as groundwater hydrology,
petroleum engineering, environmental sciences. More recently, multiphase flow attracted an
essential interest of engineers and researchers dealing with gas migration in a nuclear waste
repository [37] and sequestration of CO [35].

These applications involve a detailed description of the underground reservoir and running
the simulation on the created detailed model. This can be challenging and time consuming for
complex systems of flows in highly heterogeneous porous media because of lack of information
and description of details that require high computational time.

Since in the subsurface permeability heterogeneity occurs on many different length scales,
numerical models of flow cannot, in general, resolve all the plurality of scales. Therefore, ap-
proaches based on upscaling or homogenization are required to represent the effect of subgrid
scale variations on larger scale flow.

The problem of homogenization of multiphase flow through heterogeneous porous media has
quite a long history, a number of methods and approaches have been elaborated. There is a vast
literature on this topic. Here we will merely mention some references to mathematical homoge-
nization results for flow and transport in porous media. There were a number of works devoted to
the qualitative theory of systems of equations describing incompressible immiscible two-phase
flow in porous media. Among them are [1,9,10,17-20,23,33], where the questions of existence,
uniqueness and regularity of a weak solution were investigated. Important qualitative results
such as existence and regularity of weak solutions for compressible immiscible two-phase flow
in heterogeneous porous media were obtained in [5,24-26,32], and in the case of discontinuous
capillary pressure in [6]. For the results on homogenization of incompressible and compress-
ible two-phase flow in porous media, we refer for instance to [2—4,7,8,29,30] and the references
therein.

The mentioned articles considered homogenization problems in porous media with a periodic
microstructure. In particular, the rigorous homogenization results obtained in these papers are
valid under the assumption that the corresponding porous medium is periodic or locally periodic.
Although the results obtained for systems with periodic coefficients provide an important infor-
mation on the effective behavior of the two-phase flow of interest, the description of the effective
behavior of the flow based on the periodicity assumption usually cannot be accurate except for
some special cases.

The properties of the medium, such as the porosity and the permeability, are not known in
any precise way due to the lack and accuracy of available measurements. Due to this fact, sub-
surface flow and transport predictions are plagued by uncertainty. The need for assessing and
quantifying uncertainty in subsurface flow has driven research in the stochastic aspects of hydrol-
ogy and multiphase flow physics, see for instance [22,27,34]. The complex nature of subsurface
systems, together with inherent incomplete information about their properties, have resulted in
the surge of probabilistic modeling of these uncertainties. Quantifying the uncertainty of the
model parameters and modeling them as random variables means that the coefficients of the gov-
erning partial differential equation (PDEs) are stochastic rather than deterministic. In order to
assess the resulting output uncertainty, a stochastic method is required. One possible option is
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homogenization which was applied successfully for single phase flow in [12,14,16,28,38] and
incompressible immiscible two-phase flow uncertainty quantification in [13,36]. In connection
with these problems a new technique called stochastic two-scale convergence in the mean was
developed, see [15].

In the case of natural reservoirs the assumption that the porous media are random statistically
homogeneous is much more realistic and allows to provide more accurate description of the ef-
fective characteristics. This paper focuses on modeling and effective descriptions of immiscible
compressible two-phase flows through heterogeneous reservoirs with random statistically ho-
mogeneous geometric structure. We will be concerned with a nonlinear degenerate system of
convection-diffusion equations in a domain modeling the flow and transport of immiscible com-
pressible fluids through heterogeneous random porous media, taking into account capillary and
gravity effects.

More precisely, we consider the flow of an incompressible wetting phase (water) and a com-
pressible nonwetting phase (gas) in a porous reservoir. Here we consider a single rock-type
model. The original microscopic model is defined in a domain with random statistically homo-
geneous ergodic microstructure. In our context it means that both the porosity and the absolute
permeability are rapidly oscillating statistically homogeneous random functions of the micro-
scopic variable y = x /g, where x is the macroscopic variable, and ¢ > 0 is a small parameter that
represents the characteristic length scale of the medium. The problem is formulated in terms of
the wetting saturation phase (water) and the nonwetting pressure phase (gas). The corresponding
system of equations is derived from the mass conservation laws of both fluids on the one side and
from the relations between the velocities and the pressure gradients as well as the gravitational
forces. These relations are provided by the Darcy-Muskat law. The resulting system consists of a
nonlinear equation for the gas pressure coupled with a degenerate parabolic convection-diffusion
equation for the water saturation, both equations are subject to appropriate boundary and initial
conditions.

In this system the diffusion operator degenerates due to the capillary effects, the degeneracy
of this type can be observed both in compressible and incompressible flows. Another type of
degeneracy occurs in the region where the gas saturation vanishes. In this region the gas density
cannot be determined by its evolution since the gas phase is not presented.

The degeneracy and strong coupling of the equations in the system of interest make the proof
of homogenization result rather involved especially in the case of random coefficients. In par-
ticular, we are not able to obtain uniform estimates for the gradients of the phase pressures. To
overpass this difficulty we reformulate the studied problem in terms of the global pressure and
the saturation. This leads to a weaker coupling between the equations of the system. However,
we still do not have uniform estimates for the saturation gradient. In addition, due to degeneracy,
solutions do not possess much regularity. As a result, passing to the limit in the studied system is
not direct and requires rather delicate arguments.

Homogenization problem for incompressible two-phase flow in a random medium was treated
successfully in [13]. However, to our best knowledge, rigorous homogenization results for an im-
miscible compressible multiphase flow in a random medium are missed in the existing literature.

The paper is organized as follows. Section 2 deals with problem setup. We describe the phys-
ical model, introduce the corresponding system of equations and provide the assumptions on the
data. In Section 3 we recall the results on the existence of a solution and obtain a number of a
priori estimates. Finally, in Section 4 we formulate and prove the homogenization theorem.
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2. Problem setup

In this Section we formulate the problem of interest. First, in Subsection 2.1 we introduce
the system of equations that describes isothermal immiscible compressible two-phase flow in a
random porous medium. Subsection 2.2 provides the main assumption on the data. In Subsec-
tion 2.3, we provide two examples of the random model. Finally, the notion of the global pressure
is briefly recalled and useful relations are also recalled in Subsection 2.4.

2.1. Governing equations

We consider an immiscible compressible two-phase flow model in a heterogeneous porous
medium with a random statistically homogeneous microstructure. We suppose that the porous
medium occupies a porous reservoir Q C R, d=1,2,3, being a bounded connected Lipschitz
domain. We focus on the phases water and gas, but the consideration below is also valid for a gen-
eral wetting phase and a non-wetting phase, each consisting of one component. For presentation
simplicity we assume that there are no source/sink terms.

To introduce a random microstructure we assume that (€2, 7, P) is a standard probability
space equipped with an ergodic dynamical system 7y, x € R, that is

o Topy=TioTy, x,yeR?, Ty=1d;

e P(7.(A)=P(A) forallx eR?, Ae F;

e 7 : RY x Q> Q is a measurable mapping from R¢ x Q to €2, with R¢ being equipped
with the Borel o -algebra.

The ergodicity of 7. means that the probability of any set A € F which is invariant with respect
toall 7., x € RY,is equal to zero or one.

Also we assume that there are a positive random variable ® = ®(w) and a positive definite
random matrix K = K (w) and denote

that is @ (-, w) and K (-, w) are realizations of the random porosity function ® and random global
permeability tensor K.

We then scale this random structure with a parameter ¢ which represents the ratio of the typical
size of local inhomogeneities to the size of the whole region Q, and define the porosity and the
absolute permeability tensor by

° (x, w) = <I><§, a)) —(Tiw).  K'(r.o)= K(E a)) = K(T:0), 2.1

we assume that 0 < ¢ <« 1 is a small parameter that tends to zero. Prior to writing down
the equations of the model, we introduce the following notation. Let S¢ = Sf (x,t) and SZ; =
S[f, (x,) =1 — S be the saturations of the wetting and the nonwetting phases, respectively;
kyy = ky;(S7) and k., = ki, g(Sg) stand for the relative permeabilities of the corresponding
phases; p; = pj(x,1), pg = p:‘é (x, 1) are their pressures; and g;, o, are the corresponding den-
sities. In what follows we assume that the density of the wetting phase is a constant, without
loss of generality this constant is equal to 1 so that o;(p;) = 1. We then fix an arbitrary time
interval [0, T], T > 0, and denote Q7 = Ox]0, T[. Standard flow models consist of equations
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for mass conservation of each phase, the multiphase extension of Darcy’s law for fluid flow in
porous media and by the capillary pressure law (see, e.g., [9,18,21]):

0<$°<1 ae.inQr,
. 0S5¢ ) . . . '
P (x, w) —div{ K°(x,0)(S)(Vpf —8){ =0 in Qr;
ot
(2.2)
d)S( 8@8 d KE ))\‘ (SS ( 8) V & £\ 2 —O . Q .
X, ®) 5 — 4 (x, 0)Ag (8%)05 (Pe) (Vg — 0g(pE) { =0 in Or;
Pc(8%) = py — pj in Qr,
where ®F¢ is the function given by
O° £y (pf)(1 — 59, 2.3)

and the velocities of the wetting and the nonwetting phases ¢; and c}? satisfy the Darcy-Muskat
law:

) ) . k
G =—K°(x, 0)A(5°%) (fo —~ g) with A;(s) = —2(s); 2.4)
i

- - . ky
de = —K°(x, ®)Ag(Sy) <Vp§ — Qg(pg,)g> with Ag(s) = M:: (s)- (2.5)

Here the subscripts / and g correspond to liquid or wetting phase and to gas or nonwetting phase;
g, i, ¢ and A7, A, stand for the gravity vector, the viscosities and the mobilities of the wetting
and the nonwetting phases, respectively.

System (2.2)—(2.3) is equipped with the following boundary and initial conditions.

Boundary conditions. We suppose that 9Q consists of two (d — 1)-dimensional sets I'jy
and Tjyp with a Lipschitz boundary such that Iy N Tjyp =9 and 00 = Finj U Emp. The sub-
scripts come from “injection” and “impervious” parts of the boundary. The boundary conditions
are given by:

pe(x,t)=pj(x,1)=0 on Ty x (0,7);

I 2.6)
qf-v:qggw):O on ['imp % (0, T),
where the velocities g;°, g, are defined in (2.4)—(2.5).
Initial conditions. The initial conditions read:
pi(.0)=p)() and pg(x.0)=pQ(x) inQ. @7)

Notice that from (2.6) and the fact that P.(1) = 0, it follows that S°* =1 on I'jy; x (0, T'). The
initial condition for S¢ is uniquely defined by the equation

Pe(8°(x)) = pY(x) — p(x). (2.8)
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Then according to (2.3) the initial condition for ®¢ reads

0 =0, (P (1 — 5. (2.9)

In the next Section we specify the conditions on the data of system (2.2)—(2.9) which ensure
the existence of a solution to this system. Our goal is to study the asymptotic behavior of this
solution as ¢ — 0, and to construct the limit problem.

Since the coefficients ®(-) and K (-) are random fields, the solutions of problem (2.2)-(2.7)
are also random functions that depend on the realization w € 2. In the rest of this paper, for the
sake of brevity, we follow the convention commonly uses in the literature on stochastic analysis
and do not indicate explicitly the dependence on w. In particular we write ®(x) and K (x) instead
of ®(x,w) and K (x, w).

2.2. Main assumptions

Here we provide our assumptions on the data of system (2.2)-(2.9). In order to formulate these
assumptions we need two auxiliary functions. Namely, we denote

_ )\g(s) Aw(s) ,
als) = e | PL(s)] (2.10)
and
B(s) = [a(r)dr. @.11)
0

We assume that the following conditions are fulfilled:

(A.1) The random variable ® belongs to L>°(2); moreover, there are constants ¢_, ¢ such
that 0 < ¢_ < ¢ and

0<p_<P®<PpT <1 as. inQ. (2.12)

(A.2) The random field K belongs to (L°(2))4*4  and there exist constants K_, K such that
0<K_<KTand

K_IE]? < (K(w)&, &) < KT|E]% foralle € RY, a.s.in Q. (2.13)

(A.3) The density of the nonwetting phase o, = 0¢(p) is a continuously differentiable in-
creasing function such that Qg(p) = Omin for p < pmin; Qg(p) = Omax for p > pmax;
Omin < 0g(P) < Omax fOT Prin < P < Pmax; With 0 < omin < Omax < +00 and 0 < pyin <
Pmax < +00.

(A.4) The capillary pressure P.(s) is a C1([0, 1]; R™*) function such that P/(s) <0in [0, 1] and
P.(1)=0.
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(A.5) The functions A;, Ag are continuous on the interval [0, 1] and possess the following prop-
erties:

0<Ai(s), Ag(s) <1 foralls €[0,1];  A(0) = Ag(1) =0; (2.14)

there is a constant Ly > 0 such that

A(S) =A(s) +Ag(s) = Lo foralls €[0,1]. (2.15)

(A.6) The function « defined in (2.10) belongs to C ] ([0, 1]; RT). Moreover, a(s) > 0 for s €
(0, 1). Notice that due to (2.14) we have «(0) = (1) = 0.

(A.7) The function 8 —1 inverse of B is Holder continuous on the interval [0, 8(1)] that is there
exist constants 6 € (0,1) and Cg > 0 such that for all s1,s; € [0, 8(1)] the following
inequality holds:

B s1) — B )| < Cplst — 2l

(A.8) The initial conditions pg and p? are L?(Q) functions.
(A.9) The function S° satisfies the inequality 0 < S° < 1 a.e.in Q.

In the existing literature conditions similar to those in (A.1)-(A.9) are commonly used in the
theory of multiphase flow in porous media.

2.3. Example of random media

In this Subsection we provide two examples of random porosity functions and absolute per-
meability tensors. The first example is based on the Bernoulli checkerboard structure and the
second one on a Poisson point process.

1 Letgj,je 74, be a family of i.i.d. (independent identically distributed) random variables such
that

~__J ko with probability g
=1k with probability 1 — g,

for some kg, k1 € R, 0 < ko < k1, and g € (0, 1). We set
A o 1 ) 1
D(x) =¢j, 1f]k—§<xk§]k+§, k=1,...,d.

The law of ®(-) is invariant with respect to any integer shift of its argument. In order to make
it statistically homogeneous in R? we consider a random variable 1 which is independent on
$j.J € 74, and uniformly distributed on the unite cube —%, %]d. Letting ®(x) = CiD(x —n) we
obtain a statistically homogeneous porosity function. The ergodicity immediately follows from
the fact that ®(-) has a finite range of dependence.

Similarly, for positive definite symmetric matrices o and K; and for ¢; € (0, 1) we consider

a family of i.i.d. random variables M;, j € 74 with
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M= Ko with probability ¢
77| K1 with probability 1 — g;.

Then we define
5 | |
Kx)=M; if ]k—§<ka]k+§, k=1,...,d,

and K (x) = K (x — ).
2. Let E be a Poisson point process in R¢ with intensity one. By definition Z is a locally finite
random set in R¢ such that

i. For any bounded Borel set Q C R4 the random variable #(Z N Q) has Poisson distribution
with parameter |Q|:

- orlor
P{#(czﬂQ):n}:e .
n!
ii. For any disjoint Borel sets Q1, ..., On the random variables #(2 N Q1),...,#(EN QOn)
are independent.
Denote by x1, x2, ..., the points of this Poisson point process, and by V; the cells of the corre-

sponding Voronoi tessellation. We recall that
V; ={x e R? : dist(x, x;) < dist(x, E \ {x;})}.

Then we consider i.i.d. random variables ¢, j € Z, that take on values on the interval [k, k1]
with 0 < k¢ < «1, and define the porosity, for x € V;, by ®(x) = ¢;. The absolute permeability
tensor K (-) is defined in a similar way.

The statistical homogeneity of ®(x) and K (x) follows from the shift invariance of the law
of E. The ergodicity is a straightforward consequence of the properties of a Poisson point pro-
cess.

2.4. Global pressure and useful relations

In this section, we rearrange the system of equations in (2.2) using the notion of the so called
global pressure [9,18]. The main idea is to replace the studied two-phase flow with a flow of a
fictive fluid for which the Darcy law holds with a non-degenerate coefficient. This rearrangement
helps us to obtain several important a priori estimates and finally the compactness results.

We are looking for a pressure P? and the coefficient y (s) such that y (s) > 0 holds true for all
s €10, 1], and

AI(SS)fo+)»g(S8)Vp§, =y(S*)VP®. (2.16)

Now let us define the desired pressure P? (the global pressure) and the coefficient y. The
global pressure P? is defined by

P =P°*+Gi(S°) and pg="P°+Gg(5%) (2.17)
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with
s

G, (s) =G, (0) +/

0

A(r)
A(r)

Pl(r)dr, Gi(s) = Gg(s) — Pe(s). (2.18)

Here the function A is defined in (2.15).
Due to (A.4) the function P? is well defined. Since

Ag(S%)
VG(§%) = -4 = P/(5°) VS*, 2.19
1(8°) = =S LS (2.19)
it is straightforward to check that
Ao (85)VG4(S?) + A (SP)VG(SP) =0 (2.20)

and, hence
M(SIV pf + g (SIV G = M(SIVP + [ (S VG (8°) + (S VGI(ST) | = a(5)VP*.

It remains to set y (s) = A(s), and (2.16) follows.
Notice that from (2.18) we get:

M(SE)VGI(S?) = a(SF)VS® and  Ag(S°)VG(S?) = —a(S)V S, 221

where the function « is given by (2.10).
It is also convenient to introduce the following quantities:

a(s) = /% |Pl(s)] and b(s)= / a(r)dr. (2.22)

0

After straightforward computations, considering the definition of the global pressure, (2.11) and
(2.22), we obtain

hg (SOIV PSP + 1 (S5)|V pi 2 = M(SH)IVPE 2 + | V() (2.23)
and
M(SH)Vp) =1(S5)VPE +VB(S®), and Ag(SS)Vpg = Ao (S5)VP® —VB(S%). (2.24)
Also, since by condition (A.5) the functions A; and A, are bounded, we have

Ag(S°) A (S°

IVB(sH)| = 5 ) 1vo(s) P < € V(s[> (2.25)

It remains to determine the initial and boundary conditions for P¢. The initial condition can be
easily derived from (2.7), (2.8) and (2.17). We leave out the details.
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Let us calculate the value of the global pressure function P on I'jy;. Since by condition (A.4)
we have P.(1) =0, then S° =1 on Ijy;. Therefore, thanks to (2.17), the function P? is equal to
a constant on I'jy;. We denote it by pl.

3. Existence result and estimates of a solution

The question of the existence of a solution to problem (2.2)—(2.9) has been studied in the
previous works [2,26]. In the same works a number of important a priori estimates have been
obtained. For the reader convenience we formulate here the corresponding existence result and
several estimates for the solution.

1 _ 1 R - in it wi —

Denote Hl"mj(Q) = {u eH () :u=0o0n ij}- We equip it with the norm ”u”HFlmj @ =

” Vu || (LZ(Q))d .
From (2.12) and (2.13) if follows that almost surely

b <P°(x)<pT and K_|EP < (KE(x)E, &) < KT|g)? forallx e Q, £ R, (3.26)

with ®%(x) = <I>(7'§a)) and K¢(x) = K(Tfa)), see (2.1). We call w € Q for which (3.26) holds
typical. From now on without mentioning it again we assume that o is typical.

Definition 3.1. A triple of function pg = pi, (x,1), pj = pj(x,1) and §° = §°(x, 1) is called a
solution of problem (2.2)-(2.9) if all of the following holds

pi Py e LX(Qr) and  VA(S®)Vp], \[Ae(S9) V€ L*(Qr); (3.27)
B(S) e L*(0,T; H'(Q) and P*—P'e L0, T; Hy, (Q); (3.28)
98¢ 90°
CD‘“?? eL*0,T; H'(Q)) and ol>€W e L*(0,T; H'(Q)); (3.29)
0<S°<1 ae.inQr, S =1 on Tiy; (3.30)

for any @i, Qg S Cl([(), T], Hl(Q)) such that Q= @g = 0 on Finj X (0’ T) and wl(x7 T) —
@g(x, T) =0, we have:

—/tbg( )S¢ a(pld xdt — /Cbs(x)SO(x)gal(x,O)dx—i—/Ke(x))»l(Sg)VpﬁV(pldxdt
Qr Q Qr
- / KE()M(S5) 8- Veydxdt =0

Qr
(3.31)
and

—/®€(x)®8aa%dxdt /

Qr Q
+/Ks(x)kg(Ss)Qg(pg)Vpg-V(pgdxdt /
Qr Qr

@ (x) O (x)gg (x, 0) dx

2
K*(1)hg(5) [Qg(pg)] g Vegdxdt =0
(3.32)
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with ®¢ defined in (2.3); the following relation holds
P.(S%) = p}, — pf.-

The initial conditions are satisfied in the following sense: for any ¢ € Hr1 (Q)

inj

tlirr(l) /CDS(x)SS(x,t)I//(x)dx=/®8(x)SO(x)1ﬁ(x)dx (3.33)
Q Q
and
lim /q>8(x)®8(x,t)1//(x)dx:/obf(x)@“(x)w(x)dx (3.34)
t—
Q Q

with §® and ®° defined in (2.8) and (2.9), respectively.

Remark 1. As was shown in [2] for any function ¢ € Hllinj(Q) the integrals f D (x)S (x,
Q
)Y (x)dx and f O (x)®%(x, 1)y (x)dx are continuous functions of # on [0, T']. Thus, the limits
Q
in (3.33) and (3.34) are well defined.

The following result has been proved in [2,26].

Theorem 3.2. Under assumptions (A.1)-(A.9) for any ¢ > 0 problem (2.2)~(2.9) has a solution
pj =pj(x,1), pg, = pg(x, t) and S¢ = S¢(x, t) that satisfies Definition 3.1.

Below we also formulate several estimates for a solution of (2.2)—(2.9) that have been obtained
in [2,8].

Theorem 3.3. Let p;, pz,, S¢€ be a solution of problem (2.2), and assume that the global pressure
P¢ is given by (2.17). Then

f {AI(S8)|fo|2+kg(Sg)|Vp§|2}dxdt <cC, (3.35)
Or
f {|VPE|2+ IVB(SO)? + |Vb(S8)|2}dxdt <C, (3.36)
Or
18: (DOl 12¢0.7: 110y + 10: (DS 120,72 -1(0)) < C (3.37)

here the constant C is deterministic and does not depend on ¢.
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4. Homogenization result

In this section we first remind the notion of stochastic two-scale convergence. We use here
the realization-wise version of this convergence that was introduced in [39]. Then we provide
several compactness results for a solution of problem (2.2)—(2.9). After that we calculate the
homogenized coefficients and formulate the homogenization theorem. The proof of this theorem
is given in Section 4.3.

4.1. Stochastic two-scale convergence. Compactness results

Changing if necessary the probability space we may assume that €2 is a compact metric space,
F its Borel o -algebra and the dynamical system T is continuous. We give a definition of stochas-
tic two-scale convergence that is adapted to our framework.

Definition 4.1. We say that a family of L?(Qr) functions u® = ut (x, t) stochastically two-scale
converges to a function uo(x, t, w) if the following two conditions are fulfilled:

e There exists gg > 0 such that

4’1200,y < Co forall e < go;

e Almost surely (for almost all @ € 2) for any ¢ € C*°(Q7r) and any ¢ € C(2) we have

/uf;)(x,t)g)(x,t)gb(@&))dxdt—) /uo(x,t,w)go(x,t)g/f(a))dxdth(a)). (4.38)
Or Qr

As was shown in the proof of Lemma 5.1 in [39] (see the first paragraph on page 41 for the
detailed formulation) for any function i € L?(Q) there is its modification (that is a function that
differs from 1y on the set of zero measure P) such that relation (4.38) holds true. In what follows
we consider this particular modification of functions from L3(Q).

In order to formulate the main properties of stochastic two-scale convergence we introduce
the subspaces le)ot(Q) and Lfol(Q) in the standard way, see [31, Section 7.2]. Let U, x € R4, be
a strongly continuous group of unitary operators in L?(Q2) defined by U, f (w) = f(T,w). The
generator of this group along the jth coordinate direction is denoted by 9; and its domain by D;.
The set D = mj?zl D; is dense in L*(R). Letting Vyu(w) = (dju(w), ..., dqu(w)) for u € D
we denote by LSO[(Q) the closure of the set {V,u : u € D} in (L*(2))4. The subspace Lfol(Q)

is defined as the closure in (L2(§2))? of the set of vector function (v|(w), ..., vg(w)) such that
vjeD;, j=1,....d,and Y9 9,v; =0.

The subspaces Lfmt(Q) and L?OI(Q) are orthogonal in (L2(£))4, and (L2(Q))? = Lgot(Q) &)
Lfol(Q). See, for instance, [31] for further details.

Some properties of the stochastic two-scale convergence are collected in the following state-
ment.

Theorem 4.2. For any family u® = ufb(x, 1) such that |u®|| 2o,y < C (@) there exists a sequence

ex — 0 and a function ul e LZ(QT x Q) such that u®* stochastically two-scale converges to uo,
as k — oo.
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If

lufll 20y + IViu®ll2¢0,) < C(@),

then u® does not depend on w, ul e L2(0, T:;H l(Q)), and there exists a function ul

L2(Qr; L2, () such that

S

e 528

Vyu Vu+u

s2s .
here and later on symbol — denotes stochastic two-scale convergence.

If
lu®ll 200y + el Vit ll 200, < C(@),
then
2
eViut - V,ul(x, 1, w).

The proof of these statements can be found in [39].
We turn to the properties of solutions of problem (2.2)—(2.9).

Theorem 4.3. Let S¢, pl and p¢ M be a solution of problem (2. 2) (2.9), and assume that conditions

(A.1)—(A. 9) are fulfilled. Then there exist a function $=3 (x,1), 0< S <1, a function Pe
LZ(O, T:H' (Q)) and a function B¢ L% (Qr) such that, for a subsequence, as € — 0,

SE(x,t) = §(x, t) inL1(Qp) forallg €[l,+00); (4.39)
P (x,1) — P(x, t) weakly in L*>(0, T; H'(Q)); (4.40)
®° - ® inL%(Op). (4.41)

Moreover, ® = (1 — 5) 0g(Pg) with Py =P+ Gg(s:)-

Remark 2. The statement of the latter theorem holds for any typlcal reahzatlon . However, the
choice of a convergent subsequence as well as the limit functions S,Pand © might depend on @.

As an immediate consequence of (4.39) we have
B(S%) — /3(3’\) in L1(Qr) forallg €[l,+00). (4.42)

Proof of Theorem 4.3. By the Birkhoff ergodic theorem almost surely the functions ®° con-
verge weakly in L2(QT) to a constant equal to E® = fQ ®(w) dP(w). Then according to
Lemma 4.2 and Remark 1 in [2], Section 4 the families {S¢}..¢ and {®f},-( are compact in
L?(Qr). This implies the desired convergence in (4.39) and (4.41). The convergence in (4.40) is
an immediate consequence of the estimate (3.36).

The relation © = (11— §) 0g4(Pg) has been justified in Lemma 4.8 in [2], Section 4. O
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4.2. Effective system and homogenization theorem

We begin this section by considering an auxiliary problem that reads:
given a vector n € R? find & n € Lgot(Q) such that

K&, +n) e Ly ().

This problem has a unique solution, see [31, Chapter 7.2]. If n is equal to the j-th coordinate
vector e; in R?, we denote the corresponding solution by & It

Let § = §(w) be a matrix valued function whose j-th column coincides with §;, j =1,....d.
We define the effective characteristics

Q Q

here the symbol I stands for the unit matrix.
The homogenized system takes the form

0<S<1 inQr;

phom 2-‘? —divi { K 3 (S[VE -]} =0 inQr:
hom %—? — divy {Kh"m 05 (P) Ag(SH[V P, — Qg(Pg)g]} =0 in Qr: @49
P(S)=Pg— P inQr.
O=(1-5)04(Py) inQr.
Boundary conditions.
{ Pg(x,1) = Pi(x,t)=0 on iy x (0,T),
~ . o~ (4.45)
q,~u=qg~v=0 on imp x (0, T);
where the velocities 3,, 3g are defined by
a=—K""0 @ <VP1 - §) and G, =—K""()(VP —0g(P)E).  (446)

Initial conditions. The initial conditions are the same as for the original system in
(2.7). Namely,

Pi(x,0)=p)(x) and P(x,0)=pi(x) inQ. (4.47)

Observe that the limit problem is deterministic. The functions S, P and Py represent the
homogenized wetting phase saturation, the wetting phase pressure and the nonwetting phase
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pressure, respectively. Concerning the numerical computation of the effective parameters d"°™
and KM™ we refer for instance to [11] where some example computations, for a two-phase
flow through a quarter five spot reservoir, comparing the heterogeneous simulations to the global
homogenized one are presented.

Theorem 4.4. Assume that conditions (A.1)-(A.9) hold. Then, almost surely, a solution (SE, pf,
pg) of problem (2.2)-(2.9) converges for a subsequence, as ¢ — 0, to a solution (S , Pr, Pg) of

the homogenized problem in (4.44)-(4.47) in the following topology:
$¢ > S in L1(Qr) foranyq € [l, +00);
p; — P, and pg — P, weakly in L*(Qp).

The proof of this theorem is given in the next section.
4.3. Proof of the homogenization theorem

Proof of Theorem 4.4. The rigorous derivation of the limit problem relies on the above a pri-
ori estimates and compactness results as well as on stochastic two-scale convergence technique
developed in [39].

By the estimates in Theorem 3.3 and Theorem 4.2 we obtain that almost surely for a subse-
quence

J(SEIV pE = 1(55)VP + VA(59) 2o S)VP + VBES) + 6, (4.48)

with 6 = 6, (x, 1, @), 6 € L*(Qr; Ly, (R)), and

hg(SE)V S = 2y (ST)VPF + VB(SF) 5 (VP + VBE) + 6, (4.49)
with 6 = 6, (x, 1, ), 6 € L2(Q7; Loy ().

Lemma 4.1. Under our standing assumptions, for a subsequence

KE (M (SVP® +VB(59)) LK (ME)VP + VBE) +6,). (4.50)

K€0g (P + Gg(59)) (Ag (S5)VP? + VB(S9)) = Kog(P + Gy (8)) (g (S)VP + VB(S) +6,).
4.51)

Proof. Since the function K¢ is statistically homogeneous and bounded, the limit relation in
(4.50) follows from (4.48). Indeed, it is sufficient to choose for any § > 0 a continuous bounded
function K5 € C(£2) such that |Ks — K||;2(q) < d. Then by the Birkhoff ergodic theorem for
almost all & € Q and for all sufficiently small ¢ > 0 we have || Kj — K| 12(9y) < C4. Relation
(4.50) holds true if we replace K¢ and K with K§ and K, respectively. The validity of this
relation for K¢ and K can now be obtained by the standard approximation arguments.
Justification of the convergence in (4.51) is more tricky. Denote {§= 1} the set {(x,1) € Qr :
/S\(x, 1) =1}, and let 1;5_,, be the corresponding characteristic function. From (4.41) it is easy
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to deduce that (1 — 1{§:1})Qg(PE + G¢(S%)) converges to (1 — l{gzl})gg(ﬁ~|— Gg(:S:)) a.e., as
& — 0. Considering the boundedness of g, and the properties of K* we conclude that

(1= 151 K700 P+ Gy (590) (1o (SO VP* + V(%)) =

2 4.52)
—(1-15 1})KQg(PJrcag(S))(x (S)VP + VB(S) +6).
It remains to show that
s2s
1+ K¢ Pg—f—G SN (Ao (SE)VPE + VB(S8)) —~
1 K04 (55)) (1 (5%) B(S%)) wss)

D15 KoeB+Gy(3) (1 )P+ V) +6,).

Since A¢(1) = 0 and VP? is bounded in L>(Qr),
151,25 (SHVP* — 0=1;5_,A,(S)VP strongly in L*(Qr).
By (3.36) and the first relation in (2.25) we obtain
1{§:1}V/3(S8) — 0= l{gzl}Vﬁ(ﬁ) strongly in L2(Qr).

Therefore, 1,5_,6, = 0. Combining the last three relations yields (4.53) and completes the proof
of Lemma. O

Next we choose in the integral identity (3.32) a test function of the form ¢, (x,?) =
ep(x, t)lp(TA w) with ¢ € C®(R? x [0, T]) that has a compact support in R4 x [0, T), and
Y € D(Q). Then the first two integrals on the left-hand side of (3.32) tend to zero as ¢ — 0.
Passing to the two-scale limit in the last two integrals and considering (4.51) we obtain

f / 9K (©)0g(P + G () (Ag(S)VP + VB(S) + ) - Voih (0) dxdtdP(w)

or Q R R ., (4.54)
- / / 9K (0)Ag(S) [0g(P 4+ Gg(5))] g - Vo (@) dxdiP(w) =

Or Q

Since ¢ is an arbitrary smooth function with a compact support, then for almost all (x,?) €
R4 x [0, T] we have

/ K(@)[A(S)VP + VB(S) — 15 ($)0g (P + Gg(5))E + ] - W(w) P(w) =
Q

for each ¥ € Lgot(Q). Taking into account the definition of £(-) we arrive at the following for-
mula

O, = E(@)[1g(S)VP + VB(S) — 15 ($)og (P + Gg (5))]. (4.55)
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It remains to choose a smooth test function ¢ of the form ¢ = ¢(x, ) with a compact support in
R? x [0, T). Substituting the expression on the right-hand side of (4.55) for 6, in (4.51), taking
into account the definition of KM™ in (4.43), and recalling the relations between the global
pressure and the phase pressures, we pass to the two-scale limit in (3.32) as ¢ — 0. This yields
the weak formulation of the second equation in (4.44). The first equation can be derived in a
similar way with a number of simplifications. The proof of the fact that the boundary and the
initial conditions in (4.45)—(4.47) are fulfilled is straightforward. This completes the proof of
Theorem 4.4. O
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