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1. Introduction

The paper is aimed at homogenization of a spectral problem for a second order divergence form
elliptic operator defined in a thin cylinder of finite length with homogeneous Neumann boundary
condition on the lateral boundary of the cylinder and Dirichlet conditions on the cylinder bases. We
make a crucial assumption that the spectral weight function changes sign and assume that both
operator coefficients and the weight function are locally periodic in the axial direction of the cylinder.

Under the said conditions we show that the asymptotic behavior of the spectrum depends essen-
tially on whether the average of the weight function over the period is equal to zero or not. In both
cases we construct an effective model and prove the convergence result; the estimates for the rate of
convergence are also obtained.
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The studied spectral problem might have interesting and important applications in the modern
theory of metamaterials, that is artificial composite materials engineered to produce a desired elec-
tromagnetic behavior with significantly enhanced performance over “natural” structures. For example,
when the world is observed through conventional lenses, the sharpness of the image is determined by
and limited to the wavelength of light. Metamaterials with negative refractive index aimed at creation
of “perfect” lenses, that is lenses with capabilities beyond conventional (positive index) ones.

First initiated by L.S. Pontrgyagin in [15], the qualitative theory of spectral problems in spaces with
indefinite metric was further developed by M.G. Krein [7], LS. Iokhvidov [4] and other mathematicians.
The detailed presentation of this theory can be found, for example, in books [1,16].

The homogenization of spectral problems in the case of positive weight functions was considered
in [5,6,17], then in [13] for elasticity system and then in many other works. However, the presence of
sign-changing weight function makes the problem nonstandard and leads to new interesting phenom-
ena. For operators with pure periodic coefficients defined in a fixed (not asymptotically thin) domains
similar problems have been studied in the recent works [11,12]. In contrast with problems investi-
gated in these works, for the model considered in the present paper the limit spectral problem is
one-dimensional, so that dimension reduction arguments are to be used. We combine the asymptotic
expansion technique with the singular measure approach developed in [20] and [2].

For the density function having positive average the effective spectral problem happens to be a
Sturm-Liouville problem. In this case the convergence of the positive part of the spectrum is justified
by means of convergence in variable spaces with singular measures.

In the case of zero average weight function the limit spectral problem is that for a quadratic
operator pencil. To study this operator pencil we apply the results from [8] combined with usual
arguments used when studying Sturm-Liouville problems. It should be noted that in contrast with
[12], the presence of slow variable in the coefficients makes the limit operator pencil nontrivial, so
that it cannot be reduced to the standard Sturm-Liouville problem.

The fact that the considered operator is defined in a thin cylinder allows us to build boundary
layer correctors in the neighborhood of the cylinder bases and, as a result, improve essentially the
asymptotics. As a matter of fact, if the coefficients are sufficiently regular, then arbitrary many terms
in the asymptotic expansion can be constructed. This allows one to approximate the eigenpairs of
the studied problem up to an arbitrary large power of the small parameter characterizing the mi-
crostructure period. The existence of exponentially decaying boundary layer correctors is assured by
the results obtained in [14].

In the last section we address the case when the local average of the weight function changes sign.
In this case the convergence of both, positive and negative parts of the spectrum is justified.

The asymptotics of negative part of the spectrum in the case of positive average of the density
function will be treated in a separate publication.

The paper is organized as follows. Section 2 contains the statement of the problem together with
some preliminary results concerning the structure of the spectrum of the original operator. In Sec-
tion 3.1 we construct the formal asymptotic expansion in the case when the average of the weight
function over the period is positive. The justification of the homogenization procedure is given in Sec-
tion 3.2. Section 4 is devoted to the case when the average of the weight function is equal to zero. In
Section 5 the case when the average of the weight function changes sign is considered.

2. Problem setup and main results

Let Q be a bounded C%% domain in R?! with a boundary 9Q. The points in R¢ are denoted
X = (x1,x"), where X' = x5, ...,x4. Denote by G, a thin rod [—1, 1] x £Q with the lateral boundary
Ye=(—1,1) x 3(¢Q) and the bases S+1 ={£1} x €Q. In the cylinder G, we consider the following
spectral problem:

Auf (x) = — div(a® () Vu® (0)) = A% p° (0u® (x), x € G,
Bfu®(x) = (a®Vu®,n) =0, xe X, (2.1)
u®(—1,x) =u®(1,x) =0, xe€d(eQ),
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where a(xq, y) is a symmetric d x d matrix and p(xq, ¥) is a scalar function; (-,-) is the inner product
in R?. We assume the following conditions to hold:

with

(HO) ajj(x1,y), p(x1,y) € Ccl([—1,1]; C¥(Y)) for some « > 0. Here Y =&; x Q denotes the period-
icity cell, &7 is a unit circle;

(H1) Functions a;j(x1, y) and p(x1, y), are 1-periodic in y1;

(H2) The matrix a(x1, y) satisfies the uniform ellipticity condition, that is for any x; € [-1, 1] and
yeyY

d
> @i, y)&igj > AEPP, E€RY A>0;
i,j=1

(H3) The weight function p(x1,y) changes sign, that is for any x; € [—1,1] the sets {y € Y:
p(x1,y) <0} and {y € Y: p(x1,y) > 0} have positive Lebesgue measures, i.e.

H{yeY: ptx1,y)s0}|>0.

Also, for presentation simplicity we assume that

e=1/L, L=1,2,.... (2.2)
The general case can be treated in the same way, see Remark 3.2 in Section 3 for further discussion.

Remark 2.1. It follows from condition (H3) that, for sufficiently small ¢, the sets {x € G;: p(x1, g) <0}
and {x € G¢: p(xq, g) > 0} have positive Lebesgue measures.

The weak formulation of problem (2.1) is as follows: find A € C (eigenvalues) and u® e
H(G¢) \ {0} (eigenfunctions) such that u®(+1,x’) =0 and
(a®°Vu®, Vv) A5 (pfu’,v)

(2.3)

12(Ge) — L2(Gg)’

where v € C*°(G,) such that v(£1,x) =0, (512, denotes the usual scalar product in L%(Gy).
First we study the qualitative properties of problem (2.1) for a fixed value of ¢. For this aim,

following the ideas in [12], we are going to reduce the problem under consideration to an equivalent
spectral problem for a compact self-adjoint operator. To this end let us introduce the space

H® ={ueH' (Go): uls,, =0}

equipped with the norm
I3 = @ wpe = (a°Var, Vat)

Thanks to the Friedrischs inequality

IVil2gey < 2I1VVI2G,y. VE HE,
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the quadratic form (aSVu,Vu)Lz(GS) defines a norm in H*, which is equivalent to the standard
H'(G¢) norm.

In view of condition (HO), the bilinear form (p®u, V)12, defines on ‘H¢ a bounded linear operator
K¢ :H¢ — HE by the following rule:
(Kfu, V)He = (pu, V)LZ(GS)'

By definition, the operator ¢ is symmetric and, since it is bounded, it is self-adjoint. Notice that K¢u
can be also introduced as a solution of the boundary value problem

A®(Kfu@)) = p°(®u(x), x€Gg,
B*(K°u(x)) =0, X€ X, (24)
Kfu(x) =0, XeSy.

Considering this representation and the compactness of the imbedding H!(G,) in L?(G,), one can see
that K¢ is a compact operator, both in ¢ and in L?(Gy).

Remark 2.2. Since for any u € L?(G,) the function Kfu belongs to ¢, then the spectrum of ¢ in
L%(G,) coincides with that in 7¢. We prefer to study the spectrum of /C? in the space H¢ because in
this space K¢ is self-adjoint.
In terms of the operator ¢ problem (2.1) takes the form
Keuf = ufu®, upuf=1/A°%. (2.5)

Exactly in the same way as in [12] (see Lemma 2.1) one can show that the discrete spectrum of the
operator K¢ consists of two infinite sequences. The following statement holds.

Lemma 2.1. Suppose that conditions (HO)-(H3) are fulfilled. Then the spectrum o (K¢) of the operator K¢
belongs to the interval [—k®, k®], k¢ = ||KC¢||; the point ; = O is the only element of the essential spectrum
00 (K?). Moreover, the discrete spectrum of the operator K¢ consists of two infinite sequences

Taking into account (2.5), we conclude that problem (2.1) has a discrete spectrum which consists
also of two infinite sequences. More precisely, we have proved the following result.

Theorem 2.1. Under the assumptions (HO)-(H3) spectral problem (2.1) has a discrete spectrum which consists
of two sequences

Under proper normalization, the corresponding eigenfunctions u?i satisfy the orthogonality condition

(uf’i,ui’i)m =e4711Q18i;, (2.6)

where |Q | is the Lebesgue measure of Q and §;; is the Kronecker delta.
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The goal of the present work is to study the asymptotic behavior of the spectrum of problem (2.1),
as ¢ — 0. As was already pointed out, the asymptotic behavior of the spectrum depends crucially
on whether the local average of p(x1,-) is zero on [—1,1] or not. To avoid the technicalities for
the moment, we formulate here the main result of the paper in a slightly reduced form, without
specifying the rate of convergence. More detailed formulation can be found in Sections 3-5.

Theorem 2.2. Let conditions (HO)-(H3) be fulfilled. If)»jf’+ (k?’_) stands for the jth positive (negative) eigen-
value of problem (2.1), and u‘j”L (uj'_) for the corresponding eigenfunction, then the following convergence
results hold:

1. If (p(x1,-)) > 0 forall x; € [—1, 1], then, for any j,

)\a,Jr

0,+
— A —
i A] , €—0,

e ||u§’+ - “?’Jr”LZ(cg) -0, £—0,

where (A?’Jr, u?’*) is the jth eigenpair of the effective Sturm-Liouville problem

d du®
_E<a6ffm)%fl)> = 1. W), x5 € (—1.1),

d (2.7)
u%+1) =0,

with a strictly positive continuous function a(x;) (see (3.3) for detailed definition).
2. If (p(x1,-)) =0 for all x; € [—1, 1], then, for any j,

exst 0 E 50

i i , &€—0,

-1, e+ 0,+
€2 ””j -V ”LZ(Gg)_)O’ £€—0,
where (v;)’i, v?’i) are the jth eigenpairs of the following quadratic operator pencil:

0
_di (aeff(m) M) +vOB(x1)v0(x1)
X1 dxq

— ()’ cxvx) =0, xi€(-1,1),
Vo1 =v2(1) =0,

(2.8)

with the functions B(x1), C(x1) > 0 defined by (4.8) and (4.7), respectively. The spectrum of this operator
pencil is discrete and real, it consists of two infinite series

0<v?’+<v3’+<-~<v?’+<m—>+oo,

0,— s
0>v; 2,

Moreover, all the eigenvalues v?‘i are simple.
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3. If (p(x1, -)) changes sign, then, for any j,

)»?’i — k?’i, & — 0,

7 |utE — b, 0, £—0,

Ge)

where (A?‘i, u?‘i) are the jth eigenpairs of the effective spectral problem

d (o, du'Cx)\ _ g 0
_E(a “”T)_”p("hﬂu x), xe(=1,1),

u(+1) =0,

(2.9)

with the function a®(x;) > 0 defined by (3.3). The spectrum of the effective problem is discrete and
consists of two infinite series

0<aPT <A< <A¥ T < 5 oo,

0>377 2297 > 2207 = > —o0.

All the eigenvalues A?’i are simple.

Notice that in the case (p(xq,-)) > 0 the eigenvalues of the effective problem form a monotone
sequence A0F & 1o, as j — 400, while in the cases {p(x1,-)) =0 and when (p(x1,-)) changes
sign the spectra of the effective spectral problems (2.8) and (2.9) consist of two infinite sequences,
tending to +o0o0 and —oo (see Theorems 3.1, 4.1 and Section 5). Thus, one cannot characterize the
asymptotic behavior of the negative part of the spectrum in the case (o(x1,-)) > 0 in terms of the
effective problem (2.7). The negative part of the spectrum will be considered elsewhere.

Theorem 2.2 follows from stronger results given in Sections 3-5 (see Theorems 3.2, 4.3, 5.1). In all
cases we construct interior correctors, boundary layer correctors in the vicinity of the cylinder bases,
and obtain estimates for the rate of convergence.

3. The case (p(x1,-)) >0
3.1. Formal asymptotic expansion

In what follows we denote Vy, = {3y, ..., dy,}T,

<p(xl,~>>=fp<x1,y)dy,
Y

Ayu = —divy (a(xq, y)Vyu), Byu = (a(x1, y)Vyu,n).

We are looking for a solution (A%, u®) of problem (2.1) in the form

uf ) =u’(x1) +eu' (x1, y) + 2ul (1, y) + 33 1, y) + -,

X
A8=AO+S)L1+"'7 y:E, (31)
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where unknown functions u¥(x;, y) are 1-periodic in y;. Let us substitute ansatz (3.1) into (2.1) and
collect power-like with respect to & terms. Equating the coefficient in front of ¢~! to 0, we obtain an
equation for ul(xq, ), x1 € (=1, 1):

] du®
Ayul (x1, y) = divy a1 (x1, Vg VeV
0

1 du
Byu (X]7y) :_(a-l(xla}’)7n)_

, e dY,
dX] y

ul(xq, -) — y1-periodic,

where a is a kth column of the matrix a(y). Note that 3Y = S x dQ. Particular form of the right-
hand side in the last equation suggests the representation for u',

du®(xq)
u(x1,y) = N“(xl,y)Tll +vl ),

with N1 being, for any x; € (=1, 1), a solution of the problem

-Ale’l(XLy):divyaq(x],y), yevy,
ByN"'(x1,y) = —(a1(x1,y),n), yedy, (3.2)
N'1(x1, ) — y1-periodic.

Under assumption (HO), N1.1(xq, y) € Cb¥([—1,1]; CL¥(Y)).
Similarly, collecting the terms of order £° we obtain the problem for u?:

9 du® 9 u®
Ayu?(x1,y) = ax, <a1 (1, Y)VyN"1(x1, ) ! (T]))+—<011(X1»Y) X”)

d
O( X1)

9 .
+— (ﬂn(Xl ¥) ) + divy (aq(m,y)E(Nl’l(xl,y)uo(m)))

0X
1( 1)

+divy a1 (x1,¥) + 2% 01, yul(x1),

x1€(=1,1), yey,
dv!

9
(N"xq, pulx) — (a.1(><1,y),n)a,

Byu?(x1, y) = —(a1(x1,y),n) —
x1€(—=1,1), yeay,

u®(x1, ) — y1-periodic.

0x1

The compatibility condition for the last problem reads

d 11 du®x1) o o
— [ (a11(x1, ¥) + a1.(x1, Y)VyN "1 (x1, y)) dy +2°% | p(x1, y)dyu®(x1) =0
dxq dxq
Y Y
x1€(—1,1).
Denoting
0 (xy) = / arj 1, ¥) (31 + By, N™ (., ) dy. (33)

Y
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we derive the following problem for u9:

du®(xq)

d
0,,0 eff
Au’(x1) = __dxl (a (x1) o

u*1) =0

) =1pea. ). x e (=1.1), (3.4)

Lemma 3.1. The effective coefficient a*ff(xy) e C1o[—1,1]is positive for all x; € [-1, 1].

Proof. Obviously, a®f(x;) is an element {A®ff(x1)}11 of the matrix A®ff(x;) given by

AT (1) = / (aij(x1, y) + aidy Ny (21, y)) dy,
Y

where functions N;J solve the problems

WINPT, y) = divyag(a,y),  k=2,....d, yeY,

N1 1, y) = —(ax(a, y).n), yeay,
N;'l — y1-periodic.

Let us show that the matrix A®ff(x;) is positive definite. Notice that
1.1 1.1
0:/8ym(aij,. )dy—/aij,. nmdo.
Y ay
Reorganizing the last expression yields

O:/Eym(aijil’])dy—/aijil‘]nmda
Y ay

:/(a,-maymw}l +aymaijil‘l)dy—/.aijl.l‘]nmda
ay

—<\ ~— <

(@jmdy,, N;*" = By (amiedy, NN ) dy — /aijiH”m do
3y

(@jmdy, Ni"' + Gmkdy, N0y, N;* ) dy.

Consequently,

A (xp) = /(a,-,-(xl ,Y) +aidy, N (xa, ) dy + /(ajmaymzv}’l + iy, N; oy, N 1) dy
Y Y

/.((Slm + 9y, N; )amk (8k] + 8J/k )dy’
Y
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thus, the matrix A®T is nonnegative. Let us show that a®f > 0. For an arbitrary nonnegative matrix

C we state that if C;1 =0, then C1, =0, k=2,...,d, and, consequently, Ce; = 0. Assuming that
(81j + 9y, N}’l) =0 we arrive at contradiction with the periodicity of N}J in yq. Thus, a*f > 0. O

For the reader’s convenience we formulate here the classical result on Sturm-Liouville spectral
problem (see, for instance, [10]).

Theorem 3.1. The eigenvalues of the Sturm-Liouville problem (3.4) are real and form a monotone sequence
0<A?’+ <Ag’+ < <A?’+~~-—> +00.

Moreover, all the eigenvalues are simple.

Remark 3.1. The corresponding eigenfunctions u?‘+ € C2%[—1, 1] of problem (3.4) can be normalized
by

1

dup’+ uq'+
/aEff(M)ﬁ di] dx1 = &j;j. (3.5)

-1

Our next goal is to derive the equation for the unknown function v!(x;). To this end we analyze
the right-hand side of the equation for u®(x;, y). The structure of the right-hand side suggests the
following representation:

d?u®(xq)
dx?

du®(xq)

u?(x1,y) = N*%(x1, y) + N> (x1, y) + N20xq, y)ul(xy)

dvl(x
+N]’1(X1’Y)%+V2(X1), (36)

where N22, N>1 and N2:0 are y-periodic solutions of the problems

AyN*2(xq, y) = divy (a(x1, y)N' 1 (x1, y))

+a1j (1, y) (815 + 3y, N1 (x1, ) —a(x1), yeY, 3.7)
ByN*2(x1,y) = —(a1(x1, y),n)N" 1 (xq, y), yeay,
2,1 . d 1,1
AyN="(x1,y) =div, (aq(xl,y)EN ’ (x1,y)>
a 1 da®f(x)
+M[au(x1,y)(5”+aij J(xl,y))]—T, ey, (3.8)
2,1 0 1,1
ByN* (Xl,y)z—(ad(X],y),n)EN (X1, ¥), yeay,
AyN>0(x1,y) =2 (o(x1, y) — (p(x1. 1)), yeY, (39)
ByN*9(x1,y) =0, y €Y. '
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Equating the coefficients in front of !, we get the equation for u>:

au? ] aul
Ay (x1, y) = divy a,1(x1,y)i +— an(XL}’)L
0X1 0Xq 0Xq

+200(x1, yul(x1, y) + 2 px1, pulx1), yev,
2

3 ou
Byu (XlsJ/):_(aJ(Xl,}’),n)a

The compatibility condition for the last equation reads

d (. dv!
Tdx <a ff(xﬂﬁ) —2%p(x1, )W (1) = F(x1) + 2 o (x1, H)u®, (3.10)
where

d uo()q)

F(xl)—z / a1.(x1, Y)VyN> (1, y)———dy

k=

0(Xl)

+A"/p<x1,ywl (x1.9) (311)

Y

Determining the boundary conditions for v1(x;) at the points x; = +1 requires constructing boundary
layer correctors in the vicinity of these points.

Let G~ = (0,400) x Q and G = (—00,0) x Q be semi-infinite cylinders with the axis directed
along y; and lateral boundaries X~ = (0, +00) x 3Q and X+ = (—c0, 0) x 3Q . We denote by w¥(y)
solutions to the following boundary value problems:

—divy(a(£1, y1 £4,y)Vyw¥) =0, yeGE,

(a(£1,y1 £8,y)Vyw™,n) =0, yex*, (312)

d 0
wE(0,y) = —NV1(£1, 8, y’)%(il), y €qQ,
1

where § = §(¢) is the fractional part of £~!. Due to our assumption (2.2) we have § =0 so that
problem (3.12) reads

—divy (a(£1, y)Vy,w¥) =0, y eGE,

(a(£1, y)Vyw®,n) =0, yex*
0

w(0,y) = —N"1(£1,0, y/)%(jzl), Y eq.

1

(3.13)

According to [14] there exists a umque bounded solution w* e H1 (Gi)ﬁCl % (G*) of problem (3.13).
It stabilizes to some constant W=, as |y;| — +o0:

|wE(y1.y') — WE| < Coe "1l o,y >0,

N

||VW+”L2 Ce ™", Vvn>o0,

((n,n+1)xQ) =

N

[vw=| . Ce™"", Vn>0, (3.14)

((=(+1),—-mx Q)
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for some y > 0. As a boundary condition for v!(x;) we choose the uniquely defined constants W*:
v1(£1) = w*. Thus, the problem for v! takes the form

d dv!
. (aeffoq)é) —20p(x1, )W (1) = Fxa) + A o1, )’ x1 € (=1,1),

vi(£1) = wt,

(3.15)

where F(x1) is defined by (3.11).

Due to the Fredholm alternative, problem (3.15) is solvable in H'(—1, 1) if and only if the right-
hand side is orthogonal to the kernel of the adjoint operator, that is to the function u®(x1) (see (3.4)).
Thus, taking into account the normalization condition (3.5), we have

: du® du®
Al =—A°/F(x1)u0(x1)dx1 +A°<aeff(1)—(1)\7v+—aeff(—l)—(—l)\fv_>. (3.16)
dxq dxq

-1

Under our standing assumptions v! € C>%[—1, 1]. Notice that v!(x;) is defined up to a function of
the form Cu®(x;), where C is a constant. We fix the choice of v! setting

1

/ vxDul(x) dx; =0.

-1

In this way the function

/ 0 _ /
u®(x1) +8[N“ <X1, %) du_(x1) + vl(m)] +8[w+<%, X—) — ﬁv*]

dX1 &

+elw ,— | —w
£ £

satisfies the homogeneous Dirichlet boundary conditions on S;. We denote

- x1F1 X N
(%) = " (V) y=x = wi(T, g) — W, (317)

where

1 A
5= (y) = w* <y1 F o y/> — W
Remark 3.2. If assumption (2.2) does not hold, then problem (3.12) depends on a parameter § =
8(¢) € [0,1) being the fractional part of 1/¢. In this case the boundary layer functions w*(y) also
depend on §, so do w*, v! and A'. Nevertheless, all the results of Theorem 2.2 remain valid. We
assume (2.2) just for presentation simplicity. The dependence on §(¢) does not create any additional
technical difficulties.

Remark 3.3. We succeeded in constructing exponential boundary layer correctors uf)ii owing to the

special structure of the domain Gg. This allowed us to define v!, A! and other higher order terms
of the asymptotic expansion (3.1). In the case of a generic smooth bounded domain one is unable
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to construct such a boundary layer due to the disagreement between the periodic structure and the
domain boundary. By this reason in [11] and [12] only two leading terms of the expansion have been
constructed.

3.2. Justification procedure in the case (p(x1,-)) >0

Let A?’+ be the jth eigenvalue and u?’+ the corresponding eigenfunction of problem (3.4). For any
j € N we denote

dul* (x1)

X
U?Wm=u%7m)+eN“(ij
e dxq

+evi o) +e(ug T +upT ), (318)

and v}’+ solve problems (3.4), (3.2) and (3.15), respectively (with u® = u?’* and

20 = A?‘+). The boundary layer functions uf)l‘i are defined by (3.17) and (3.13). Let us emphasize

where u?’*, N1

that, due to the presence of the boundary layer terms, the function US'" satisfies the homogeneous
Dirichlet boundary conditions on S+1, and, as a consequence, belong to the space H*.

The goal of this section is to prove the following result.
Theorem 3.2. Let conditions (HO)-(H3) be fulfilled, and suppose that {p(x1,-)) > 0 for any x; € [—1,1].
If A§’+ is the jth positive eigenvalue of problem (2.1) and u§’+ is the corresponding eigenfunction, then the

following statements hold:

(i) Forany j e N, there exist £ and C; > 0 such that
, 0,
25T =2 T <Cje, Vee(0,gjl.
(ii) Forany j e N,

e+ _
i

-1
2

Ju Uj’+|}H1(GS) < Cjee

where U?’“L is defined by (3.18), and (A?'+, u?’+) is the jth eigenpair of the limit problem (3.4). Moreover,
the “almost eigenfunctions” are almost orthonormal, that is

g—@-1)
Q|

& &,+ &,+ . .
(@ VU VUST) o L) — 8| < Cje.

(iii) Forany jeN, Aj’+ is simple, for sufficiently small € > 0.

Remark 3.4. The estimates of Theorem 3.2 rely on the presence of the boundary layer correctors in
the asymptotics of u?+. The estimates obtained in [11] and [12] for a generic smooth domain are of

order /€.

Proof of Theorem 3.2. We make use of the following statement about “almost eigenvalues and eigen-
functions” (see [18,19]).

Lemma 3.2. Given a compact self-adjoint operator K¢ : H® — H?, let v € R and v € H? be such that

IViine =1, §=|Kv—vv|,. <Vl
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Then there exists an eigenvalue i of the operator K* such that

i —v] <8,

Moreover, for any 81 € (8, |v|) there exist coefficients {b?} € R satisfying

[v—>"bous

where the sum is taken over all the eigenvalues of the operator KC¢ in the segment [v — &1, v +81], and {uj} are
the corresponding orthonormalized in H® eigenfunctions. The coefficients b;? are normalized by |b§ ?=1.

HE 81

As v € H® and v € R in Lemma 3.2 we use the normalized ansatz (3.18)

e,+
Y

L{(?H‘_ I
e+
TV

and the numbers (A?’++£A}’+)‘1, respectively. Here A}’+ is defined by formula (3.16) with u® = u?’*.

Lemma 3.3. For any j € N there is ¢j > 0 such that
-1
U™ — (39" +eaf ) Ut . <Cies e <, (3.19)

for some constant C; that does not depend on ¢.
Proof. Letting

& _ |78+ 0.+ 1,+\=1, &+

1P = iUt — (00 pealh) s,
after straightforward rearrangements we have

= sup |(IC‘SZ/I}.9’Jr - (A?’Jr + sk}’+)_lu<€’+, W) e |

weH? J
1Wlizge =1
”U?Jr”;ilg 0,+ 1,4\ re776.+ &,+
=T (9% + er )ReUsT —Ust w),,.|
J I Il =1
”U(Jg+”7_'fls 0,+ 1,+ errét £ &,+
SO pelh o, |7 +ex; )0V W) g,y = (@VUFT VW) g .
J J

Iwllgge=1
Integrating by parts and using the boundary conditions for N1 yield

e ||Uf'+||;{]g ( erré+ (O+ 1+) erré,+ )
=————— sup AU — (AT +ery)pUs ", w
0,+ 1,+ J J J J
A EA £

(Aj7 HERT) et

L2(Gy)
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0.+
9 du; ™ (x1)
+8/( 5 (),1m) > <N1 1(><1,y)—+v}’+(x1)> do
dx X1 y=x/¢
e
ve [, +ﬁ§i+),n)wd0‘
e
U5 115 o
=—J T sup (%L +e[5+ %5, w
a0t L eal ) were (7l ! i
J I Iwllpge=1
0,+
0 du; ™ (x1)
+s/(aa(x),n)—<1v1*1<xl,y)’— +v}’+<x1>) do
3X1 dX] y=x/&

X
+8/(a€Vy(ﬂf,i7 —l—ﬁii*),n)wda‘.
P

Here

P u ) D
IEX) = lo(x1, V) |lyeyse = —— a1.VyN T —L ) — —[q I ) 20 o0t ,
o) 0(x1 y>|y7x/8 3)(1( 1-Vy dx; % 11 dx j 1Y j |y:x/s
0.+
1 9 duy
IE(x) = I5,(x) — {divg+—divy § (@ — ( NV L 4y 17
1(%) efe9) { X+8 y}( 13X ( + j

du® ™t
—k}’*p(N“ J +V1,+>

dX] J

y=x/¢e

150 = A (ugi™ +ugi™) =257 0f (ugi™ +ugi™),

0,+

15 =27 pla, N1 (xa1, y) a5 oG, VD) y=ye

y=x/¢e

J
dxq
25 (i )+ U 00).
Proposition 3.1. The boundary layer functions uf)ii satisfy the estimate
e (Aup;™, V)LZ(GS) + E(GSV”EiiV’ n)LZ(Z‘g) - 8)‘?’+(p8”§1i7 V)L2(68)|

<Cee V2 v,y veR.

Proof. We prove the proposition for ubl , a similar proof can be performed for ubl+ Due to the
definition of ubl , up to the terms of higher order,

1
eAauﬁi_(x) = —(divx +E divy> ((x1 + l) (x1 , y)Vyubl (y)>

y=x/¢e
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Integrating by parts yields
£,,8,— & &,—
(A*uy ™. V) g, + (@ Vyupvin) o 5

1)\ 9 I
28/<J’1 +E)£(—1,J’)(Vyuii (y)’vv(x))‘y=x/sdx'

&
Schwartz inequality and the exponential decay of u, give

d—1)/2

e (Afug™ V)LZ(GE) +e(a"Vyuy v, ”)LZ():S)’ < Ces! IVIlH G,

with the constant C depending only on A and Q. Then, due to the boundedness of p and the
Schwartz inequality,

10 (0 U Ve, | < Co [ 1vide
Ge

By the exponential decay property of u,,

Jugi™ ”LZ(G,S) <CVEe'T .

The last estimate completes the proof. O
Further analysis essentially relies on the following statement.

Lemma 3.4. Let g(x1, y) € C1¥([—1, 1]; C*(Y)) be such that

(g(x1.9) Z/g()q, y)dy =0.

Y

Then, for any w € H(Gy), the following estimate is valid:

‘/g(xl, f)w(x)dx
&
Ge

with a constant C independent of €.

d-1
<Cee 7 |wWllgig,)

Proof. Since (g(x1,)) =0, then there exists a yj-periodic function v (x1, y) € C*([—1, 1]; C>*(Y))
being a solution of the problem

—AyY(x1,y)=8(x1,Yy), ye€Y,
(Vy¥(x1,y),n) =0, yeay.
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Then we have

/g(xlvY)W(x)dXZE/(VyW(XLY),VW(X))|y:X/8dX

Ge Ge
+8/w(x)divx(VyW(x1,y))]yzx/g dx
Ge

d-1
<Cee 7 ||Wllyi,). O

+

Let us turn back to the proof of Lemma 3.3. Since u%* is a solution of problem (3.4), then

J
Io(x1,y) € CM¥([—1,1]; C¥(Y)) and
/ Io(x1,y)dy =0.
Y

Thus, by Lemma 3.4,

‘/lg(x)w(x)dx <Ces'T Wl .- (3.20)

Ge

The terms containing ugl have been estimated in Proposition 3.1. Integrating by parts the remaining
terms of (I{, W)j2(,), using (HO) and the regularity properties of u?’+, N1 and v}’+, one can show
that

P du®*
(I8, w +8/as,n— N1 4yt wdo
(5w, e [(@mge (V)|
Le
d—1
<C88 2 ”W”H](Gg)' (3.21)
The quantity (I3, W)2(g,) is estimated in a similar way:
2 2,41
£ ](1§,W)L2(GS)\ <Ce’e 7 [wlyi,)- (3.22)

It remains to estimate the norm ||U§'+HH5. To this end we compute first the gradient of U§’+:

0,+ 1,+ 0,+
e TR0 o ; o)
—Ust=— e—2 , — NV (%, y) ——-=
ax; J dxq + X1 1, 9+ 0y1 (x1, %) dxq

O (met g,—
+ 3y (ubl ) +uy (}’))|y:§,
0,+

0 o+ d 1.1 duj (X]) 9 et e
Uy =N y) — o (U Uy x, k#1,
an j ayk ( 1 J/) dX1 + ayk( bl (y)+ bl (.V))|y=§ ?ﬁ
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where

du® " (xp)

1
up e, y) =N e, y)——

+vi T ).
X1

It is easy to see that

du®+ du’t
aEvUst, vue ) =lay1(x1, y) + a.1(x1, y) Vy N1 (xq, i J
( ; j) [a11(x1,y) + a.1(x1, ¥)Vy (13/)]dx1 i
0.+ g0t
+ [a1.(x1, ) + a1, Y)VyN" T (x1, )] Vy N (% g |
. s s y s y s dx; dx;
& & & — X
+.’xx(x1vy)+.]xy(x17y)+.]yy(xl’y)v y_g
where
. up duj gultduft L gul T auy
X1,Y)=¢€a +€a +&ea1——
Jxx( 1 y) 1 dX] dX] 1 3X] dX] 1 3)(] 3X1
0.+ 1+ . 0+
au.1'+ du; ou:" du.
£ (x1,y)=¢ea,V,N'1—— 1 4 eq v, N1 L "1
ny( 1 y) 1y 3)(] dX] Yy 3X1 dX]
du®* dubt
£ (x1,Y) =a 1V, (05T + 05 7) —— 4+ eaV, (@51 + 05 7) L
J5y(x1,y) = a1 Vy (il +bl)dxl +ea.1Vy (i "'bl)axl
ul’+ du(.)’+

+ear.Vy (i + ﬂﬁi_)a—;] +(aVyN 1 vy (i + ﬁﬁi_))—d;l
u0,+

(@ N" LV (i + ) i+ @V (), V(T ).

. . . 0,+ 1,1 .
Using the regularity properties of u;"" and N*-" one can easily see that

X
TECHE
Ge

Then, by the periodicity of N:! in yq, we have

X
’/ fﬁy(’“’z)""
Ge

Taking into account the exponential decay of uiii (see Proposition 3.1) we obtain the estimate

¢ X
,—)d
Ge

< Ce|Ge| < Cegd1,

<Ce/‘VyN]'l‘yzx/de:Css’led/‘VyN]'l‘dyngsd’l.

Ge Y

d—1
< Cee™ 0.
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Thus,
0,+
du®t du™
& &,+ e,+ 1,1 i J
(@* VUi, vU; hmﬁ—/wﬂ+m%w bﬂwdm X
Ge
0,+
du®t du>
— | {a1. +avyN'1lv, N1 i I dx| < Cegd 1,
/{ 1. +avy } y ‘y:x/s dx;  dxq =
Ge
Considering (3.3) and Lemma 3.4, we get
0,+
du®t du’
& &,+ e,+ eff i J d—1
(a®VU; ,VU; )Lz(cg) — /a (X])W i dx| < Ceg? 1.
Ge
Consequently, in view of the normalization condition (3.5), one has
(@ VU, VU)o, — 1QIETT 85| < Cee®, (3.23)
and, for sufficiently small ¢,
_@-n 1Q|!/2
e 7 Uit e > =— e<ai (3.24)

Combining estimates (3.20), (3.21), (3.22), (4.35) and Proposition 3.1 yields the desired bound (3.19).
Lemma 3.3 is proved.

Combining Lemma 3.3 and Lemma 3.2, we conclude that for any eigenvalue A?’Jr of problem (3.4)
there exists an eigenvalue //,2’+ of the operator K¢ such that

&+ 0.+ 1,+\—1 .
g™ = (5 +er ) <cje.
Considering the fact that ;" = (ug'™*) ™1, we have
0,
\AZ**—AJ.+| <cje, &<ej. (3.25)

Generally speaking, there might be more than one eigenvalue of the operator A° (problem (2.1))
satisfying inequality (5.14), but we will show that in the case under consideration such an eigenvalue
257" is unique if £ < gj.

Lemma 3.5. For any q, the estimate holds

0<m<AET <M.

£,
q

Proof. Let us first estimate the norm of the operator K¢,

|| = sup (K°u,u),..= sup (peu,u)Lz(Gg)<C||u||Lz(Gg)
lullzge =1 e =1
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where C does not depend on ¢. Thus, /Ls'+ < C, for any g, and, consequently, A§’+ >m with m
independent of €.
In order to show that the inverse inequality is valid, we recall that for any A?’+ there is an eigen-

value of ¢ such that
uee j)— (97 e—o.

It implies that (g, j) > ¢; and, moreover, ,u,i“L >cj for all k > j. Lemma 3.5 is proved. O

It follows from Lemma 3.5 that, up to a subsequence, A% converges to some A4, as € — 0.

Lemma 3.6. Suppose that (perhaps for a subsequence)

AsT

i —> Ay, €—0.

Then A is an eigenvalue of problem (3.4).

There are several different ways of proving Lemma 3.6. Here we expose the proof based on the
technique of convergence in variable spaces with singular measures.

Introduce the “universal domain” K4y =[—1, 1]". For ¢ small enough, G, C Kg4. In what follows, for
arbitrary Borel set B C K4, we denote

~(d-1)
Q|

Me(B) = /-X(Ga)dx, (3.26)
B

where x(G¢) is the characteristic function of G.; dx is a usual d-dimensional Lebesgue measure.
Then e converges weakly to a measure w, =dx; x §(x'), as € — 0. For any &, the space of Borel
measurable functions g(x) such that

/ (2(0))* dpe (%) < 00
K4

is denoted L?(Kgq, [de).
Let us also recall the definition of the Sobolev space with measure.

Definition 3.1. We say that a function g € L?(Ky, 1) belongs to the space H'(Ky, i) if there exists
a vector function z € L2(Ky4, e)¢ and a sequence @ € C°(Ky) such that

o —> g inL*(Kg, pte), k— oo,
Vo — 2z in Lz(Kd, ,ug)d, k — o0.
In this case z is called the gradient of g and is denoted by V#¢g.

Since in our case the measure (. is a weighted Lebesgue measure, then V#¢g = Vg and the space
H'(Kg4, ie) coincides with the usual Sobolev space H!(G,).

Definition 3.2. We say that a sequence of functions {g°(x)} C L?(Kgq, s) weakly converges in
L?(Kg, ie) to a function g(xq) € L2(Kq, 4+), as & — 0, if
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(1) 18N 2k pe) < Cs
(ii) For any ¢ € C*®°(RY) the following limit relation holds:

gi_%/gg(X)go(X)dus(X)=/g(X1)¢(X)dM*(X).
Kq Ky

A sequence {gf} is said to converge strongly to g(x1) in L%(Kq, te), as &€ — 0, if it converges weakly
and

slig})/gg(X)t/fg(X)dua(x) =/g(X1)1/f(X1)du*(X)
Kq Kq
for any sequence {y¢(x)} weakly converging to v (x;) in L%(Kg, ji¢).
Notice that the property of weak compactness of a bounded sequence in a separable Hilbert space
remains valid with respect to the convergence in variable spaces.

In order to prove Lemma 3.6 we use the technique of two-scale convergence in variable spaces
with measure, so for the reader’s convenience we recall the relevant definition.

Definition 3.3. We say that g¢ € L?(Ky, its) two-scale converges in L?(Ky, jt¢) to a function g(x;, y) €
L?(Kg X Y, f1s x dy), as € — 0, if

(1)
|® ”LZ(Kd.u,g) <G >0
(ii) The following limit relation holds:
. e X -
slgl}) g XWey| = dpe(x) = E(x1, Ve Y (y)dy dps(x)
Kq Kqg Y
for any ¢ € C*°(Ky), and ¢ (y) € C*°(Y) periodic in y1.

Proof of Lemma 3.6. By the normalization condition (2.6)

||”?+”L2 y ”VU?JFHLZ(Kd,Mg)d <G (3.27)

(Kg, e

thus, up to a subsequence, u§’+(x) converges weakly in L2(Kg, (te) to a function us(x1) € L2(Kq, it+),
as &€ — 0. Let us show that in fact the convergence is strong. Denote

ﬁf(xl) = / uj’+(x1,x’) dx'.
eQ
Then, due to the Poincaré inequality,

/(u?’*(x)—ﬂﬁ(m))zdx’<C82/|V(uj’+(x)—ﬁ?(x1))|2dx’.
eQ £Q
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Integrating with respect to x; and taking into account (3.27), we get

/(UE*(X) — % (x1)) dpee < Ce.
Kq

On the other hand, ﬁi (x1) is uniformly bounded in H'(—1, 1), thus there exists ii(x;) such that

1
—d-1)
£ a /(E‘;()q))z dx:f(ﬁ(x1))2dx1.
1

Ge

lim
e—0

The strong convergence of u§’+(x) to T(x1) = ux(x1) in L2(Kg, e) is the immediate consequence of
the last two formulae.
By Lemma 3.4, pf(x) converges weakly to (o(x1,-)) in L2(Ky, it¢). Thus,

A‘j’*pg(x)u?*(x) — Aelp(x1, )uw(x1)  weakly in L2(Kgq, ie), & — 0.
Denoting
FE@=27Tpfut T, ) = Ao, )uaxr),
J J
we arrive at the following boundary value problem:

AUT 0 = fE(X). X€Ge,
B°uSt (0 =0, X€e X, (3.28)
u?’*(j:l,x/)zo, X €eqQ.

The homogenization theorem for locally periodic elliptic equations in variable spaces (see [2,20]) im-
plies that

u’j’*(x) — u,(x1) weaklyin L?(Kg, fie), € — 0,

d T
a* () Vu§ T (x) - {ae“()q)ﬁ(x]), 0,. ..0} weakly in L%(Kq, )%, € — 0,
1

where u,(x1) € H(l)(—l, 1) is a solution of problem (3.4).
It follows from the normalization condition (2.6), boundedness of p(x1, y) and )\?Jr that
8_(d_1)
Q|

:A?’Jr/pg(u?'Jr)zd,tLg
Kq

1=

3 &+ &,+
(@ VU5 VU g,

2
<Gj ”“?Jr I L2(Kg,fte)”
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Considering the strong convergence of u?J“ to u, in L?(Ky, ue), we conclude that u, % 0. Thus,
(A4, Uy) is an eigenpair of the effective problem (3.4). Lemma 3.6 is proved. O

Turning back to the proof of Theorem 3.2, suppose that there exist two different eigenvalues
AT £ )L?Jr satisfying inequality (5.14) with A%% being an eigenvalue of the operator A°. As was

+

. . . . . . &,+ &,
proved in Lemma 3.6, in this case the corresponding eigenfunctions u;*" and u ;' converge strongly

in L2(Ky, ,ug) to the eigenfunctions u?’+ and u?’+ of A%, which correspond to A%, Let us show that

u0 * and u * are linearly independent. By the normalization condition

PO ) ey =i

Notice that, by Lemma 3.4, p® converges weakly in L%(Ky, f¢) to its average (o(x1, -)). Thus, passing
to the limit in the last identity, we obtain

a /(p(x1, Pt oudt x) dps = 8
Kq

that implies the linear independence of u?‘+ and u?’f But A% as an eigenvalue of .40 is simple by
Theorem 3.1. We arrive at contradiction, thus, for any j there exists a unique A§‘+ satisfying (5.14). In

particular, it means that for sufficiently small ¢ the eigenvalues A?‘* are simple.
Combining Lemma 3.2, Lemma 3.5 and Lemma 3.6 one obtains the first statement of Theorem 3.2.
The second statement (ii) of Theorem 3.2 follows immediately from Lemma 3.2 and (i). This com-
pletes the proof. O

Theorem 3.2 might be formulated in terms of convergence in variable spaces with measure.

Corollary 3.1. Suppose that conditions (HO)-(H3) hold true and {(p(x1,-)) > 0. Let (A§'+,u§’+) and

(AO + 0 +) be eigenpairs of problems (2.1) and (3.4), respectively. Then

(a) Forany jeN, A?’Jr - AS.H, as & — 0, and

(x) — u (xl) strongly in L2(I<d ne), €—>0

in terms of Definition 3.2.
(b) The convergence of fluxes takes place, that is

a0+ T
ag(x)Vu§’+(x)—>{ eff(X1) Y (X1) 0,. 0}

weakly in L2(Kg, je)?, as & — 0.

Proof. The first statement follows from the normalization condition (2.6) (see proof of Lemma 3.6).
The convergence of fluxes is a consequence of the homogenization result used while proving
Lemma 3.6. O
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4. The case (p(x1,-)) =0
4.1. Formal asymptotic expansion

Using the arguments similar to those in Section 3.4.1, [12], yields

for some constants ¢ and C.
Considering the last estimate, we look for a solution of problem (2.1) in the form

X
uf () =u’(y) +eu' (x, y) + U )+, Y= =
A= W0l 4. (41)
where V0, v1, u%(x1), ul(x1, y) and u?(x1, y) are to be determined. We suppose that ul(x;, y) and

u2(xq, y) are 1-periodic in y;. Substituting asymptotic ansatz (4.1) into (2.1) and collecting terms of
order £, we obtain the following equation for the unknown function u'(x1, y):

) du®(x1)
Ayu(x1, y) =divya.1(x1, ) o Vol yulx1), yev,
1 du®(xq)
Byu' (x1,y) = —aj1(x1, y)n; q , y eay,
X1
u'(x1, ) is 1-periodic in y1.

Note that, since {p(x1,-)) =0, the compatibility condition is satisfied. The structure of the right-hand
side of the last equation suggests the following representation for u'(xq, y):

+VONTO(xp, )l (xq) + vix). (42)

du®(x1)
ul(x1, y) =N1’1(x1,y)d—‘
X1

Then the functions N'! and N'.? are 1-periodic in y; solutions of the problems

AN (xq, y) =divyaq(x1,y), yev,
ByN'(x1,y) = —ai1 (x1, y)ni,  y €9Y, (4.3)
N1 (x1, y) is 1-periodic in yq,

AN y) = p(a,y), yevy,
ByN'"%(x1, y) =0, yeay, (4.4)
NBO(xq, y) is 1-periodic in y.

Under assumption (HO) the functions N'1(x1, y), N-9(x1, y) belong to the space C1%([—1,1] x Y).
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Similarly, substituting (4.1) into (2.1) and collecting the terms in front of £, we have

) oul
Ayu?(x1, y) = divy (a.1 (x1, y)a(xu y))

9
(a1.(1, »Vyu' (x4, )

+ E
du®(xq)
dX1

d
+ —(an(XL}/)
0X1

+ v, y)ulx)
+0 (1, yyul (), yevy,

9
Byu2(X1,y)=—an(><1,y)niaul(><1,y), yeay,

uz()q , y) is 1-periodic in yq.

The compatibility condition for the last problem reads

du®(xq)

d
dX] 4

4 (a11 +a1.(x1, Y)VyN" 1 (x1, )
dX]
Y

d
+ VOE/UL(XL YIVyNO(xq, y)u®(x1)dy
Y

du®(xq)
dX]

+v°/p<x1,y>N1"(x1,y)dy
Y

+(v°)° / p(x1, YN (xq1, y)u®(x1)dy = 0.
Y

Rearranging the last three terms in (4.6) gives

d
Vo / a1.(x1, Y)Yy N"0(x1, y)ulxn) dy
Y

duO(x1)
dX]

+v°/p<x1,y)N1*1(xl,y>dy
Y

+ (”O)Z/P(XLY)N1’0(X1,y)u0(x1)dy
Y

= (VO)ZUO(X1)/(G(X1, y)vle,O, Vle’O) dy
Y

d
+ vouo()q)a /(a(x1,y)VyN1’1, VyN]’O) dy.
Y

3111

(4.5)

(4.6)
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Denote
C(x1) = / (a(x1, y)VyN"0, v,N'0)dy, (4.7)
Y
9
B(x1) = o /(a(xl,y)VyN“, VyN0)dy. (4.8)
1
Y

In view of the regularity properties of N'1 and N.°, Ce C1®[—1,1] and B € C*[—1, 1]. Thus, (4.6)
supplemented with an appropriate boundary condition takes the form of a quadratic operator pencil

(o)) =~ (eff< SR ”)+v03<x1>u°<x1>

(4.9)
—(v° ) Cxu’(x1) =0, x1e(=1,1),
(-1 =u1)=0
The variational formulation of problem (4.9) reads: find u® € H} (1, 1), u® #0, such that
1 i d 1 1
u® dv
/ a®f " ax v [Buov dxq — (v°)2/CuOv dx; =0, (4.10)
dX] dX1
e 1 e

for any v e H)(~1,1).
The next theorem characterizes the spectrum of the quadratic operator pencil (4.9).

Theorem 4.1. The spectrum of problem (4.9) is discrete. The eigenvalues are real, algebraically and geometri-
cally simple, and form two infinite sequences

0,+ 0+ 0,+

0O<vy ' <y <. <y -oo = 400,
0,— 0,—
O>v1 >V, > >V = =00,

The corresponding eigenfunctions can be normalized by

1
du O:thOﬂ:

1
pis 0.%,,0.+ 0%, 0 +
—dx V; Cu.” dx1 = 6, 411
/ dx1 dx1 1+ J / i 1 =20ijj ( )
-1 -1

where a®f and C are defined by (3.3) and (4.7), respectively.

Proof. The existence of infinite number of eigenvalues is given by the following classical theorem (see
[3.8]).

Theorem 4.2 (Keldysh theorem). Given compact operators T and H, such that H is a normal operator with
Ker H = {0} (HH* = H*H) and H? is self-adjoint. Consider the Keldysh operator pencil

B(M) =Id — ATH — A\*H?,

where Id is the identity operator. The following statements hold:
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1. For any § > 0, there is only finite number of eigenvalues outside the angle

&

2. Denote N (r) the number of eigenvalues counted according to their multiplicity of the operator H? in the
interval (1/r2, +00). Let Ny (r, B(1)) be a number of eigenvalues of the operator pencil B(1) contained in

)}
arg A — %‘ <8], k=0,2;

the sector
km T
A |largh — —| < —, Ml <1y, k=0,1,2,3.
2 4
If
log N
liminf 28N+ _ o (412)
r—00 logr
then

Na(r. B(D)

lim inf’
Ni(r)

l‘ =0, k=0,1.
r—o0
In our case the operator pencil has the form

1 (v°) = A% +1°B(xp)Id — (v0)* €.

Since (A%~ is a self-adjoint compact positive operator from L2(—1, 1) into itself, then there exists
a self-adjoint positive operator S = (A% ~1/2, It is compact as an operator from L?(—1, 1) into itself,
bounded if we consider it as an operator from L%(—1,1) into Hé(—l, 1), and compact if it acts on
H(l)(—l, 1) with values in H(l)(—l, 1). We apply the operator S to both sides of the operator pencil
IT(19). As a result we obtain

A (v°) =1d +°SB(x1)S — (1°)*SC(x1)S. (413)

One can check that H2 = SC(x)S : L2(—1,1) — L?(—1, 1) is a self-adjoint compact positive operator.
Then H = (SC(x1)S)'/? is also compact positive and self-adjoint with Ker H = {0}. Introducing

T = SB(x1)S(SC(x1)S) "%,

we see that T is a compact operator from L2(—1, 1) into itself. Indeed, SB(x1)S is a compact operator
from L?(—1,1) into H)(~1,1), and H~! = (SC(x1)S)"1/2: H}(—1,1) — L?(—1, 1) is bounded.

The spectrum of the quadratic operator pencil (4.13) is discrete and consists of eigenvalues of finite
multiplicity possibly accumulating at co.

Let us estimate the number of eigenvalues of H? in the interval (1/r2, +00). Let L be a subspace
of L?(—1,1). Then due to the minimax principle, the kth eigenvalue of H? can be found from the
formula
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(HZX, X)Lz(f‘l,l)
Uk =min max ——~=
L xeL\{0} (X, X)Lz(fl,l)

(Sx, SX)LZ( 1,1)
< Cmin max ——~=
L xeL\{0} (x, X)Lz( 1.1)

= g'L’Lk ’

where uk* is the kth eigenvalue of the operator (A% ~!. Similarly, since C(x;) is bounded from below,
we get the lower bound for v,j , and, consequently,

Thus, we conclude that the number of eigenvalues of the operators H2 and (A%)~! in (1/r2, +00) is
asymptotically equivalent. The following inequality characterizes the growth of the eigenvalues of the
Sturm-Liouville problem for the operator .A° (see, for example, [9,10]):

C1m2k? 1 Comr2k?
g =

4 \Mlj,\ 4 ’

where the constants C; and C; are lower and upper bounds for a®(x;), respectively

Thus, we conclude that the number of eigenvalues of H? in the interval (1/r2, +00) is proportional
to r, and, consequently, condition (4.12) is satisfied. By the Keldysh theorem, Nq(r, H(v%)), as well as
No(r, H(vo)) goes to infinity, as r — oo, thus, it is true also for H(vo)

Let us show that the eigenvalues of problem (4.9) are real. Suppose

where %(v%) and J(v°) represent the real and imaginary parts of V0, respectively. Substituting the
last expression in (4.10) and setting v = u® we obtain

1 1 1
012
/ o°f ‘%‘ dx; +0() f Blu [ dx; — [(1(1)) — (3(v°))*] / Cu®f dx; =
-1 ! -1 -1
1 1
S(UO)/B|uO|2dx1 —zzs(vo)z)t(v")/c|u°|2dxl =0
-1 -1

By our assumption J(v°) # 0. Thus, it follows from the last equation that

1 1

/B|u°|2dx1 =2$R(v0)/c|u0|2dx1,

-1 -1

and, therefore,

" ‘ dx +[(107) + (3O0)7] [ € P =0

1
2
du®
/aeff
1
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that contradicts the positiveness of aT and C, and, consequently, v° is real. In this way the existence
of two infinite sequences of eigenvalues tending to +oo is proved.

Let us show that the algebraic multiplicity of v° is equal to 1. Suppose there exists ¢! € H(l)(—l, 1)
such that

(V%) (x1) = —Bx)u’ (x1) + 20°C(x1)u (1),

where IT is defined by (4.9). Using ¢! as a test function in (4.10) and substituting the resulting
equality into the last formula yields

In view of (4.9),

1 1
0=2(,9)? / C(u®) dxy —v° / B(u®)? dx;
1 21

uo

1 1
— (102 / C(u®)dx; + / w|d

-1 -1

2
dX] > 0.

X1

We arrive at contradiction. Thus, the eigenvalues of problem (4.9) are algebraically simple.

Suppose the geometric multiplicity of v0 is greater than 1, in other words, there exist two linearly
independent eigenfunctions u? and ug corresponding to the same v°. Choosing C; and C; in such a
way that the function #® = Cyu + C,uJ satisfies the boundary conditions

o dii®
i°(-1)=——(-1=0,
dX]

we see that, by the uniqueness result for ordinary differential equations, #i® = 0, that contradicts the
linear independence of u$ and uy. O

We turn back to constructing the asymptotic expansion. The specific form of the right-hand side
of (3.6) suggests the following representation for u?(x;, y):

d?u%(xq) du®(x
w2 (x1, y) = NP2y, ) T 2y GO
dxs dx
dud(x
+10g2(x1, y) d)f 2 VON2O(xy, y)ul (1) + vINTOU0
1
dvl(x
+ (00)2ra (1, YU (xn) + N1 (xa, y) d}fl D
+VONTO(xq, y)v(x1) + vE(x1), (414)

where N22, N>1 and N2 are y;-periodic solutions of the problems
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AyN*2(x1, y) = divy (a(x1, y)N" 1 (x1, y))
+a1j(x1, y) (81 + 3yjN1’l(X1, y)— a(x), yev,

ByN*2(x1,y) = —(a.1(x1, y), n)N"1(x1, y), yeay,
. 9
AyNz%x],y)=dnvy(a.1<x1,y)aN‘J(xl,y))
9 1.1 da®(xy)
+E[alj(xlv}’)(3]j+8yjN’ (xl,y))]—T, €y,
2.1 _ 9 1
ByN*'(x1,y) = —(a.1(x1,y),n) 8X1N (x1, ), yeay,
. 3
AyN*0(xq, y) = divy (a.1 (x1, y)ENm(xl : y))
3 1,0
—(a7.(x1, y)VyN """ (x1,
+3X1(1(1 YIVyN'2(x1, y))
_4 10x1 ) d
i ar.(x1, y)VyN " (x1,y)dy, yeYy,
X1
Y
9
ByN*0(x1, y) = (a1(x1, y), n)a—x]NLO(xl, ), yeay.

The y1-periodic functions q;(x1, y) and r(x1, y) solve the problems

Ayqa(x1, y) = divy (a.1(x1, N2 (x1, y)) +a1.(x1, y)VyN"0(x1, y)
+ o1, YN (x1, y), yevy,
Byqa(x1,y) = —(a1(x1,y).n)N"0(x1,y), yeay,

{Ayrzm, ¥)=px1, YN O(x1,y) —C(x1), yev,
Byra(x1,y) =0, yedY.

(4.15)

(4.16)

(4.17)

(4.18)

(419)

Bearing in mind (4.3) and (4.4), we see that the compatibility condition for (4.18) is satisfied. Similarly,

by (4.7), problem (4.19) is solvable.

Our next goal is to obtain an equation for v!(x;). To this end we substitute (4.1) into (2.1) and
collect terms of order ¢! in the equation and of order &2 in the boundary condition. In this way we

get the problem for u3(xq, y),
3 , du?
Ayu(xq, y) =divy 0-1(X1,J’)E(X1,y)

0 2
+ E(am(m,y)vyu *1.¥))
i<f111(?<1 Y)du](Xl)>
0X1 ’ dX]
+vlp@, yul () +v0p (e, put(x1), yev,

+

0
Byu*(x1,y) = —an(xl,wmau%x],y), y€ay,

u3(x1 ,y) is 1-periodic in yq.

(4.20)
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The compatibility condition for the last problem reads

d dv!
——(a®=— ) + v°Bv! — (1)0)2C\/1 =F; —v'Bu® +2v10cu®, (4.21)
dX] dX]

where B(x1) and C(x7) are defined by (4.8) and (4.7), respectively, and

Fi(x1) = %/al‘(xl,wvyﬂz(xhwdy
y
4 d a otlq
E/ 1050 dy
y

+1° / p(x1, y)ia(x1,y)dy. (4.22)
Y

Here for brevity we denote

- du®(x
fi1(x1,y) =N""(x1, ) d)f D 4 VOO (xy, y)uxa),
1
. d?ud(x du®(x
fia(x1, ) = N22(xg, ) O 4 21y ) LD
dxs dx
du®(x1)

+10g2(x1, y) +VONZO(x1, y)ul(x1)

dX1
+ (V) ra(x1, uC(x)

with the functions N22, N1 N20 gq,,r, defined in (3.7), (3.8), (3.9), (4.18), (4.19).

As in Section 3, determining the boundary conditions for v!(x;) requires constructing the bound-
ary layer correctors in the neighborhood of the points x = £1.

Denote, as before, G~ = (0, +00) x Q and G = (—00,0) x Q the semi-infinite cylinders with the
axis directed along y; and lateral boundaries ¥~ = (0, +00) x 9Q and X = (—00, 0) x dQ. Consider
the following boundary value problem:

—divy(a(£1, y1 +8,Y)VywH) =0, yeG*,
(a(£1,y1+38.y)Vyw®,n) =0, yex®, (423)
. .
w(0,y') =-N"1(£1,8, y/)%(j:l) —ONTO(£1,8, y)ul(£1),
1

with § being the fractional part of 1, which is equal to zero in view of condition (2.2). There exists
a unique bounded solution w* e C1%(G%) of problem (4.23) stabilizing to some constant W¥, as
|y1] = +oo (see [14]):

[wE(y1,¥) = WE| < Coe "1l Co,y >0,

[vw?]

N

o
Z(@ntnxg) SC€ T, =0,

[vw=| . <Ce ", vn>0, (4.24)

((=(+1),—-mx Q)
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for some y > 0. As a boundary condition for v!(x;) we choose the uniquely defined constants W*:
v1(£1) = w*. Thus, the problem for v! takes the form

m(VO)v!(x1) = F1 —v'Bu® +20v100Cu®, X e (-1,1), (4.25)
viED) = wh '
Since IT(v%)u® = 0, problem (4.25) is solvable if the right-hand side is orthogonal to u?, that is

1 1 1
/F1u0dx1 =! /B(uo)2 dx; — 2001 /C(uo)2 dx; + F,
5 5 5

where the constant F is given by

0 0
F= (aeff(l)%(n\fﬁ - aeff(—1)%(—1)wf>. (4.26)

It follows easily from (4.9) that

1 1

/B(x1)(u0(x1))2dx1 —2v°/C(x1)(uO(x1))2dx1 #0.

-1 -1
Thus, v! can be defined in such a way that (4.25) possesses a solution. Namely,

1 1

-1
vl = :/Huod)q —F}:/[B(;q)—2v°C(x1)](u°(x1))2dx1} : (4.27)

-1 -1
We fix the choice of the function v! by setting

1

/ vxDul(xq) dx; =0.

-1

Note that, in view of the regularity assumptions (HO), v! € C2%[—1, 1], & > 0. In this way the function

x\ du®(x P
u®(xq) +8N1’1<X1, —)ﬁ +8v°N1’°<xl, —)UO(Xl) +evi(x) +eufy (%),
e dxq e

with
ui](x) :ﬁtg,l(}’”y:x/s

1 N 1 .
(el fr) ) (e ) )

satisfies the homogeneous Dirichlet boundary conditions at x; = £1.

, (4.28)
y=x/¢
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4.2. Justification procedure in the case (p(x1,-)) =0

Let v?'i be the eigenvalues and u?'i the corresponding eigenfunctions of problem (4.9). For any
j € N we denote

du%* (x1)
Ty

X
U?i@)=u?i@r%+sNL‘(m,—>
e dxq

X
sv‘.”iNLO(x], _>u9’i(x1)
j e )i
+eviFn) + euf (0, (4.29)

where u?’i, N1 N1.O 3pd v}’i solve problems (4.9), (4.3), (4.4) and (4.25), respectively (with u® =

u?’i and V0 = v?‘i). The boundary layer corrector u, is defined by (4.28) and (4.23).

Let us emphasize that, due to the presence of the boundary layer terms, the function Ué* sat-
isfies the homogeneous Dirichlet boundary conditions on S, and, as a consequence, belong to the
space HE.

We denote by u}‘i a constant defined by (4.27) with u® = u?’i and 10 = v?‘i. For the readers
convenience we recall its definition.

1 1 -1
— 2
ﬁi::fpwywm—F}{/m—zﬁiq@$jdm}, (4.30)
-1 -1

where (v?’i,u?’i) are eigenpairs of problem (4.9), the functions B(x7),C(x1) are defined by (4.8)
and (4.7), respectively; the function Fq(x;) and the constant F are given by (4.22) and (4.26) with
u® =u%* and 10 = uj.)'i.
The goal of this section is to prove the following result.

Theorem 4.3. Let conditions (HO)-(H3) be fulfilled, and suppose that (p(x1,y)) =0 for any x; € [—-1,1]. If
()\?i, u?’i) are eigenpairs of problem (2.1), and (v?’i, u?’i) are eigenpairs of the operator pencil (4.9), then

(i) For any j, there exist £j and C;j > 0 such that

A5 — (¢TI +ulE) [ <Cje, Ve e O g5l
Here v}’i is defined in (4.30).
(ii) Forany j,

d—1

e,+ d—1
AR <Cjee 7,

””] U?’i”m(cg)

where Uf’i is defined by (4.29). Moreover, the “almost eigenfunctions” satisfy the almost orthogonality
and normalization condition

g—(@-1)

e,+ e,+
Q (a®VU;=, VU

J )Lz(Ge)

—dij| < Cje.

(iii) Forany jeN, )ﬁ;*i are simple, for sufficiently small ¢ > 0.
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Proof of Theorem 3.2. As in Section 3, we make use of Lemma 3.2. Denote

, -1 5e,
e [l T

Lemma 4.1. For any j € N there is £ > 0 such that
_ -1
e U™ = (e7 = 40} US| < e e <y, (4.31)
where the constant C; depends only on j.

Proof. After straightforward rearrangements and integration by parts we have

=R )
”UEJiH?_i]F ey 1,00E | L[ aeg et
_m su71_)£s (AUTF W) o, — (7077 +07) (0°UTT W) 2,
Wiy =1

+ /(afvuj’i, n)wdo‘.
e

It is convenient to use the notation
:t 0,+
UST 00 =ud ™ (x1) + eu; = (1, ¥)ly=x/e + EUf (X).

Recall that u £(x1) € C2%[-1,1] and u £x1,y) € C1¥([=1,1] x Y). In this way we obtain

" ||U€¢||—1 ‘/AE( 0k () 4 1:|:< x)) 0 d
:— su u; T (x u: | xy, — ) Jw®x)dx
le—1 Oi—i—v i| we?l-iE J ! J 18

Iwllpe=1 Ge

—(8’1v?'i+ HE)/,0 (x)( (x1)+8u (x1,y)|y=x/8)w(x)dx
Ge

ul®

+8/(af€],n) 8]

e

(x1,¥) |y=X/sW do +&(A%uy,, W)LZ(GS)

= (] + v F) (0 W) g, + /(ai’ 1) Vyii (9] _ye o |.
%

The last three terms containing uﬁl can be estimated exactly like in Lemma 3.1,

e (Aup, W)LZ(GS) +é&(a*Vupw, ”)L2(>:£) - (V?’i + SV]]"i)(pguglv W)LZ(GS)}

<Cee V2w, weH. (4.32)
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Then
X
/AE (u?’i()q) + Su}’jE <x1, E))W(X) dx
Ge
(e ) [ o E ) +euf oy i d
Ge
+s/(a,1,n) s *1, W),y e wdo
X
ul#
_ 0(ge 1(7¢ & J .
=¢ (IO’W)LZ(G5)+€ (Il’W)LZ(GE)+8/(a-1’n) %1 (xl’Y)|y:x/er"’
Xe
here
I(S)(X) = lo(X1, Y)|y=x/e
0.+
8 1.+ 8 uj,
=——(aq.(x1, y)Vyu. ~(x1, — — | a11(x1, X
8X1(1(1 YIVyu ;= (x ¥) 8x1<“(1 ) i (x1)
=, YUTE ) = VI L Y)Y ly=xes
1 ul®
HOE —{divx+g divy}<a.1(><1,y) i (X1,y)> = Ep 1, YIUE 1, Yy

By (4.9), the average of Ig(x1, y) € C¥([—1,1]; C*(Y)) over Y is equal to zero, thus, by Lemma 3.4
& < a1
‘(107W)L2(cg)’ S Cee Z Wiy,
Integrating by parts and bearing in mind the regularity properties of u}‘i and assumption (HO), one
can see that
1,4+

J
0Xq

ou

’(Ii’W)LZ(GS)_i_/(aﬂ’n)

Le

(xl,y)lyzx/gwda‘

1.+

B . Buj
=/ (@4, Vw) 3

X
dx — vl | pfeoult®(xg, S )wx)dx
X J J £
1 y=x/e
Ge Ge

-1
<Ce 7 [Wllyig,-
Thus,

+,-1
s~ i
J HE 871

F<C————
|8—1v?’i+v}’i|

(4.33)
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Let us estimate ||U§’i||Hs. Rearranging the terms in the expression for (Uf‘i, Ufﬁi)He yields

=+ =+
(UPF UG ) e = T Iy + IS+ T3y
where

e [ [ B

= X a X1, X

xx 1 dx dx1 M odx,  ax 24
Ge Ge

0.+, 1.+ 1L a1
+5/"§1L i (X1,y)dx+‘92/“§18ui My,
dx1  0x 0x1  0xq
Ge Ce

du®* du™ du®*

J’s‘y:/(aﬂ’vle’lﬂy:VE dx; dX] dx—i—/(aﬂ,vyasbl)bzx/aﬁdx
Ge Ge
du®* oul*
+v?’i/(a?1nyN]’O)|y:x/g d?lfl u?’idx+8/( 1,Vyuj )| y=1/e —L—(x1,y)dx
Ge Ge
~ 8u]’jE
+8/(ai,Vyu‘§1)]y /e o —L—(x1,y) dx,
Ge

du®= du‘j + du®*

szx:/(aral’vle,lﬂy:x/s d;(l dx; dx+/( ﬂﬁl)|}’=x/€ d;jq
Ge Ge

du®* 3”1’i
+v?’i/(a?1,VyN]’°)|y=X/8 d)]ﬁ u?’idx—i--i-@/(a?pvy”i]’i”y =x/e ox; — o (xa y)dx
Ge Ge
1,:|:
+8/(a~81’vyﬁ§l)|y =x/e 8 Xy dx,
Ge

du®* du?‘i

Sy = [@wnttwnt) L S
Ge

dX1

duOi
0.+ [(e0 n1.0 1.1 0.+
+v; /(a VyN'? v,N )|y:x/€ul Xm dx

Ge

0,+
0.+ du;
y=x/e" ] dxl

dx

+ v?’i/(aSVyN]’O,Vle’]ﬂ

Ge

0.+ 0+ [ eg 10 10 0404
+ v [(a VyN'O WyNLO) |y dx.

Ge
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There are several “typical” terms in the expressions for J§,, Jg,, Jjx and J§, to be estimated. For
example, using the regularity properties of a(x1, y), u?‘i and u}’i we get

duO,:l: 8Ll1<’i

8/a§1 ; L (x1. y)dx

< Ce|Gg| = Ceed™1,
dX] 0X1 | 8|

Ge

Then, taking into account the exponential decay of ﬁﬁl one can see that

1/¢e
0,£+
e | (a1, vyif)| dex < cet dx1 | |Vyig)|dy’ < Cee?!
1 VylUp )| y—y/e dx < 1 yUp |4y s .
Ge —1/e Q

In view of boundedness of Bu}‘i/a)q and periodicity of N1, N1.0

1.+

ou;
e [ (@ Vi), S v

&

< Ce/HVyN“(xL |+ |[Vy N0 (xq, y)|]|y=x/8 dx
Ge

< ced nFa¥]]|:/|Vle’1(x1,y)|dy+/|VyN1'0(X1y,V)|dY:|
x1€|l—1,
1 Y Y

< Cee® 1,

Notice that

/{(al.m,y),vyNI-O(xLy)) + (a1.x1. Y)VyN 0 (x1, ), Vy N1 (1, y)) } dy = 0,
Y

and, thus, by Lemma 3.4

vio’i/{(a].(XLY)a VyN"0(x, )

Ge
du®*
+ (1.1, VYN0, ), VN G, )y et = 0) djq (x1) dx

< Ceet 1,
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Similarly,

vq’i/{(ay(x],y),VyN]'O(xLy))

j
Ge
du®*
+ (1.1 VN1, ), Vy N )}y et (1) (1) dx
< Ceed™T,
Consequently,
0.+
dup’i du;’
e,+ e, + _ 1,1 J
(Ui ™. U; )Hs_/(afl—i—aﬂvyN (X1’y))‘y:x/£ d>l<1 X, dx
Ge
du®* du®*
+ [ {(@,vyN"1) + (a®V,N"1, v, N1 i L dx
/{( 107y ) ( y y )}|y=x/e dxqy  dx;
Ge
+v?’iv?’i/(agvle’O,VyN]'O)‘yzx/su?’iu?‘idx—f-?zg,

Ge

where |R¢| < Ceg?~1,
Recalling the definition of the effective coefficient a®f and of the function C(x;) (see (3.3) and
(4.7), respectively), by Lemma 3.4, we have

1 0,+
dup’i du;’
U{;.i’ U§,i .- Ed—l /aeff X i J dx
(U; j )H, Q| (x1) dx dx; 1
-1

1
_vlf)yzl:v;),:tgdwa'fc(xl)u?,:tu(;,:t dxy

-1

< Cegd™ T,

In view of the normalization condition (4.11),

~@d-1)
- (UF=.U5%) e — 83

<Ce. (4.34)
e~

Estimate (4.34) implies the lower bound for the norm ||Uf‘i||Hs:

12
|H5>|Q£ 7, s<e (4.35)

&+
(CH
Combining (4.33) and (4.35) yields the desired estimate (4.31). Lemma 4.1 is proved. O

We turn back to the proof of Theorem 4.3. By Lemma 3.2, in view of estimate (4.31), for any j
there exists an eigenvalue /Lg'i of the operator K¢ such that
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g = (e7hop = ) T < e e <y

Considering the relation kj’i = (u‘;’i)‘1, we get

et — (e IF+vi ) <Cie, e <y, (4.36)

Our next goal is to prove that, for any j, there is a unique Ai'i

proof consists of three steps presented below. Lemma 4.2 gives the lower and upper bounds for kj’i.

satisfying inequality (4.36). The

Lemma 4.3 claims that, up to a subsequence, 8A§’i converges to an eigenvalue of the operator pencil
(4.9). Then we show that there exists a unique eigenvalue Aj'i satisfying (4.36).

Lemma 4.2. For any j, the estimate holds true
*
0<m<ela; ™| <M;j (4.37)
with some constants m and M.

Proof. By the definition of the operator K¢,

Kéll= su Kév,v = su v, v .
I ]| (v,v)Hpe:1( )HS (V,V)Hpgzl(p )LZ(GS)

Arguments similar to those in Lemma 3.4 yield

‘/ps(V)zdx
G

&

2
< C8||V||H1(G8)'

Thus,
|Kf|<ce,  |uiF[<Ce, Vi

Considering the equality A‘;’i = (u‘;'i)*l, we obtain the lower bound in (4.37). The upper bound in
(4.37) follows easily from estimate (4.36). Lemma 4.2 is proved. O

Lemma 4.3. For any j, up to a subsequence, ek?i converges to an eigenvalue v, of problem (4.9).

Proof. In view of Lemma 4.2, skj’i converges to some v, € R\ {0}. Let us show that v, is an eigen-
value of the operator pencil (4.9). The weak formulation of problem (2.1) has the form

(.Aguf’i — Af’ipauf‘i, W)LZ(GE) =0, weHSE.

Integrating by parts leads to the equality

(uf’i, Afw — )\f‘ipgw)Lz(GE) + /(aSVw, n)uf’i do =0, weH:. (4.38)
Z‘E
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By the normalization condition (2.6), uf’i(x) € L?(Ky4, ) converges strongly in the variable space

L?(Kg, pte) to a function u.(x1) € L2(Kq, t+), Kg =[—1,1]% (see Lemma 3.6 for the details). Thus,
showing that A°w — Af‘ipsw converges weakly in L?(Ky, we) will allow us to pass to the limit in
(4.38). For this purpose we construct a test function

dv(x1)
dX1

X X
VEX) =v(x1) +eN"! <x1, E) szkf’iNl’()(xL E)v(m), veCsl-1,11.

We would like to emphasize that, in contrast with ansatz (4.29), we do not add the boundary layer
corrector here. The reason is that v(xy) is equal to zero at points +1 together with all its derivatives,
that yields V¢(41,x") =0.

Simple transformations yield

ASVE 255 pEVE = JE(x1, y) + J5 (1, Y)ly=x/e,

where

& d 1,1
]](X1,y)=——<a1.(xl,y)VyN (X1, Y)

8)(1

d
- i<(111(X1,y) V(Xl))

dv(xq)
dx >

0X1 dxq

es:l:a

—EAS’
i 0Xq

— (a1.(x1, Y)VyN"0x1, y)v(x1))

dv(x1)
dX1

— (e25%)? p(xa, YN0 (x1, y)v (1),

1 d d
J.y) = —S{diVerg divy}[aq(m,y)a (N“(xl, ») g:”)]

—exlFp(xa, YN (xq, y)

. 1 . 0
_ gZAf,i{dlvx +g divy } |:a.1 (x1, y)a(Nl,O(XL y)v()q))].

In view of (3.3), (4.8) and (4.7),
d
/ St pdy == (ae“( p ]1)> + A FBO)Y (x1) — (825F) Cln)v (x0).

Using Lemma 3.4 and normalization condition (2.6), we obtain

’/]f(xmf) el 0 dx— //Jf(xl,y)uf’i(x)dydx
G Ge Y

@1

< Cee 2 H”is’iHHl(Gg)

< Cee® 1,
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Then, integrating by parts one gets

/]§(x1,y)|y=x/8uf’i(x)dx+/(aevve,n)uf’ida
Ge >N

:S/aq(x],y)ai(N]’l(xl,y)dv(xl)>
X1 dX]

&€

Vuf‘i(x) dx
y=x/¢e

Vuf’i(x) dx.

0
e / a6, 5= (V00 ve)]

Ge

Estimating the terms on the right-hand side of the last equality yields

‘/]g(xl,y)]yzx/guf’i(x)dx—i-/(aEVVE,n)uf’ida
Ge Z

< CelGg|'/? HVuf‘iHLz(GS)

d—1
< Cee” 7.

Consequently,

0= (uf’i, Afw — Af’ipsw)Lz(Ge) + /(aSVw, n)uf’i do
Eé‘

= (uf’i, H(ekf’i)v)Lz(GS) +18, | < Ceed1,

By definition of the measure . (see Section 3)

/ uf’i(x)H(skf’i)v(m)d/Lg + 0.

K4

rE
ed=11Q|

Passing to the limit in the last equality, taking into account the strong convergence of uf’i

L%(Ky, (e, yields

[ wxom .y di.io =o.
Kq
Integration by parts gives
/V(M)H(v*)u*(m)du*()c) =0, veCy°[-1,11.
Kq

Thus, u, satisfies the equation

dX1

3127

in

d d
O(v)u,(x1) = o (ae“ﬂ> + v,Bu, — (v,)%Cu, =0. (4.39)
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By the definition of uf’i and Af’i we have

H“fi”i{f = )‘i&i(pe”fi’ “fi)LZ(Gg)'

Since (p(x1,-)) =0, then

[ oy o

Ge

< ngufi ”LZ(GE) H“f'i ”Hl(GS)’

and, consequently,

2
H“f’in < C“f’iH“f’iHLz@) ”uf’iHHWGS)'

Taking into account estimate (4.37) and the definition of the measure 1., we have

””f’i [ 2(Kge) = € > 0-

Considering the strong convergence of uf"i in L2(Ky, ite) leads to the inequality

lusll2—1,1y 2 ¢ >0,

which means, together with (4.39), that (v,,u,) is an eigenpair of the operator pencil (4.9).

Lemma 4.3 is proved. O

Assume that

ekf’iav?i, e —0,
8A8’i—>v?’i, e—>0

Then necessarily i = k. Indeed, by Lemma 4.3 the eigenfunctions uf’i and ui‘i converge to the eigen-

0,+
J
ub® # 0. Since the eigenvalue v%% is simple, we have

2 : g i ple,

functions u;“i and uz'i of (4.9) corresponding to v

*, 4 — kE
uy— +cuy =0

)

for some ¢q # 0. Assume that i # k, and consider the expression

1 . _
TE = g(pg(uf’i + clui’i)’ (uy™ + Cl“/i’i))LZ(Kd,w‘)‘

Considering (2.6), (4.37) and (3.26), we obtain

e+ e+ e+ e+
TE — 1 (ui > Uj )HE C% (uk > Uy YHE
exy® ehQl T etlQ
1 a 1 & 1+q 0
= — _— —> - - =1
e.x e x 0.+ 0.+ 0.+ :
EA;” EA > > >
i k Vi Vi Vi

, and, as was proved above, u’;'i # 0 and

(4.40)
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It was shown in the proof of Lemma 3.6 that uf‘i and ui‘i converges strongly in L?(Kg, %),
therefore,

e+ g,+
|uf ™ + cr ™ | 2, oy = O
as € — 0. Denote by S(x, y) a solution to the following problem

—AyS(x1,y)=px1,y), ye€G,
VyS(x1,y)-n(y) =0,  yeX*,
S(x1, y) is 1-periodic in yq.

Since (p(x1,-)) =0, this problem is solvable. Setting R(x1, y) = V,S(x1, y) we have

Lo(x. %) =divr(x. %) = 2 Rex )|
8/0 Lo)= R ox: LY yex/e

Denoting R{(x) = %R(xl . Vly=x/e and R®(x) = R(x1, £), we rewrite T* as follows
e s pE(, & E &,x e,+ e,+
T® = (divR® (uy ™ + iy ™), (U™ + 1wy ™)) g, e

- (Réir(”?’i + Cl“i’i)v (“?’i + Cl”?i))LZ(Kd,m)'

Clearly, R} is uniformly in & bounded. Therefore, the second term on the right-hand side tends to
zero, as € — 0. Integration by parts in the first term yields

(div R (™ - cxu ™), (4™ +n ™)) oy, ey

=—2(R*(uf* + clu,f’i), v (u + Clulii))Lz(Kd,/,LS)'

Since ||Vuf’i||Lz(Kng) and ||Vuf’i\|Lz(Kd_ug) are uniformly in ¢ bounded, the first term also tends to
zero, as € — 0, which implies that lim,_,o T® = 0. This contradicts (4.40). We conclude that i =k.
Finally, we conclude that for any j there is only one k?i satisfying inequality (4.36), and thus,

it is simple for sufficiently small €. In view of the geometric simplicity of v?’i and Lemma 3.2, the
corresponding eigenfunction uj'i can be approximated by the “almost eigenfunction” Uffi:

&+

Ly

i+
UT™ e <cje, e <ej.
The proof of Theorem 4.3 is complete. O

5. The case of sign-changing (o (x1, -))

In the case of sign-changing (p(x1, -)) the limit spectral problem takes the form

dX]
=2%px, X)), x1€(=1,1),
u®(£1) =0.

0
AP0 (xy) = _4 (ae“(ng)
dX1



3130 1. Pankratova, A. Piatnitski / ]. Differential Equations 250 (2011) 3088-3134

Here the effective coefficient a®f is defined by (3.3). By Lemma 3.1 the coefficient a®f(.) is a
C1.%[—1, 1] function such that a®®(x;) > 0 for all x; €[-1, 1].

Since (p(x1,-)) changes sign, one can see in the same way as in Theorem 2.1 that the spectrum of
problem (5.1) is discrete and consists of two infinite sequences

0<A?’+<}»(2)’+<--~<k?’+---—>+oo,

O>k(1)’_ >kg’_ > --->A?’_---—>—oo.
Moreover, since problem (5.1) is one-dimensional, all the eigenvalues A?’i are simple. The correspond-

Ing eigenfunctions u;"~ € C#%[—1, ol problem (5.1) can be normalize y
ing eigenfunctions u®* € C>*[~1, 1] of problem (5.1) can b lized b

; du®* du®=
af(x)—— —L dx; = 8. 5.2
/ ( 1) dX] dX] 1 ij ( )
-1
For any j € N we denote
dud* (x1)
USF 0 =ul (a) + eN"0n, y)——
X1 y=x/e
+eviFea) +e(ugt ) +ufm (), (5.3)

where u?’i, N1 and v}’i solve problems (5.1), (3.2) and (3.15), respectively, with u® = u?’

20 = x?’i. The boundary layer functions uiii are defined by (3.17) and (3.13) with u® = u?’i.

* and

Theorem 5.1. Let conditions (HO)-(H3) be fulfilled, and suppose that {p(x1, -)) changes its sign on [—1, 1].
If (k?’i, uj’i) are eigenpairs of problem (2.1), and (A?’i, u?’i) are those of problem (5.1), then the following
statements hold:

(i) Forany j € N, there exist ¢; and C; > 0 such that

WE—20F| < Ce, Ve e(0,¢)l.

(ii) Forany j €N,

d—1

e,+ e,+ .
T U g, < CieE 2

Juj

where Uj’i is defined by (5.3). Moreover, the “almost eigenfunctions” satisfy the almost orthogonality
and normalization condition

8_(d_1)

1Q|

(@ VU=, VUSH) o6y — 8| < Cje.

(ili) For jeN, A?’i are simple, for sufficiently small ¢ > 0.



I. Pankratova, A. Piatnitski / ]. Differential Equations 250 (2011) 3088-3134 3131

Proof. Since the proof of Theorem 5.1 is similar to that of Theorem 3.2, we give here just a sketch of
this proof.

First, we construct a formal asymptotic expansion for a solution (A%, u®) of problem (2.1). In the
case under consideration it takes the same form as in the case (p(x1,-)) > 0 (see (3.1)). Namely,

uf(x) =u0(x1) +eul(a, y) + 2ul(x1, y) + w3 %1, ) + -,
X
A=204erl+.-, y="=, (5.4)

where unknown functions u¥(x1, y) are 1-periodic in y;. We substitute these ansatz for u¢ and A¢ in
(2.1), collect power-like terms, and repeat the computations of Section 3.1. At the first step we obtain
that

du®(x;)
ul(x1, y) = N"(xq, y)———= i +vix)

with N1 defined in (3.2). At the second step this yields problem (3.4), that is the pair (A%, u®) solves
problem (5.1).
Notice that, since 0 does not belong to the spectrum of (5.1), for each u® 0 we have

1

2020, [{ooa.)(uw) dx o (55)

-1
In order to determine the function v!(x;) we set, like in (3.6),
d2u®(x;)
2
dx;

dvlx
+N1’1<x1,y>—d( D 4 v2),
X1

(X1)

ul(x1,y) = N*2(x1, y) + N1 (xq, y) + N20xq, y)u®(xq)

where N22, N21 and N20 are y;-periodic functions defined in (3.7)-(3.9). Recalling the definition
of the boundary layer functions w*(y1,y’) (see (3.13)) and the corresponding constants Ww¥, and
repeating once again the computations of Section 3.1, we arrive at problem (3.15) that reads

d ( o, AV 0 1
—E(a (M)H) — (o, vl ()

=Fx) + 1 px1, u’, x1e(=1,1),
vi(E£1) =wt

with F(x1) defined by (3.11).
In view of (5.5), normalization condition (5.2), and by the Fredholm theorem, the solvability con-
dition of the last problem reads

1
0
Al :—AO/F(X1)uO(x1)dX1 +AO< Eff(1) (1)w+ eff(—l)%(—l)ﬁv‘). (5.7)
1

-1

Imposing the normalization condition
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1

/ vi)u®(x)dx; =0

-1

and letting

Xx1F1 X .
usFx) = Wi(—l;F , E) —wE, (5.8)

we finally obtain a formal asymptotic expansion of u®:

/ 0
x )du (x1) +evien) +e(ult )+ ulm (). (5.9)

Uf(x) = u%(xq) + eN"! <X1, —
e dxq

Let A?’+ (A?’_) be the jth positive (negative) eigenvalue of problem (3.4). We substitute the corre-
sponding eigenfunction u?’*’ (u?’_) for u® in (5.9) and denote

du = (x1)
UGE@ =i ) +eNM L y) ———| e
X1 y=x/g
+e(ug T +up” ®), (5.10)

0,+

where u;™, N1 and v}’i solve problems (5.1), (3.2) and (5.6), respectively, with u® = u%=

and
A0 = A?’i. The boundary layer functions uiii are defined by (3.17) and (3.13) again with u® = u?‘i.

Notice that by construction the function Uj’i are elements of the space H*.
Consider the normalized ansatz (5.10)

-1
(T

and the numbers (A?‘i + SA}’i)*] with A}’i defined by formula (5.7) with u® = u?i and A0 = A?’i.
The statement of Lemma 3.3 remains valid in the case under consideration both for positive and

negative parts of the spectrum.

Lemma 5.1. For any j € N there are ¢j > 0 and C; > 0 that only depend on j, such that
e+ 0,+ 1,+\—1, e+
H/csuj = (AT +enyT) U |4 <Cje foralle <e;. (5.11)
Proof. As in the proof of Lemma 3.3 we set

L R I

and after straightforward rearrangements get

-1
5= sup (KU = (5 +ery ™) U w),,.|
weH

Iwllge =1
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”Uii”;& 0,+ 1,+ err€,x e,+
= EE g b (T e TR U W
J I 7wl =1
”Uji”;'(lg 0,+ 1, err€,* & e,+
= 0E o sup, |(A77 +ex; ) (P U™ W) 6, — (@ VUTT VW) 5
J I 7wl =1

Estimate (4.35) justified in the proof of Lemma 3.3 did not rely on the positiveness of {p(x1,-)). Thus
it also holds in the case of sign-changing (o (x1, -)). Namely, for all sufficiently small ¢ > 0 we have

Q"2 @
[UF = e > =27 (512)
Analogously, in the same way as in the proof of Lemma 3.3, we obtain
0,+ 1,+ eyt & e,+ -1
ws;?{g |(Aj +eh; )(p uj ’W)LZ(Gg) —(a vU§ ’VW)LZ(GS)| <Cse 2z . (513)
Iwllgge=1

Since A?’i # 0, then for sufficiently small ¢ > 0 we have |)L?‘i + ek}‘i| > C with some C > 0. Com-
bining this estimate with (5.12) and (5.13) yields (5.11). O

From Lemma 5.1 and Lemma 3.2 it follows that for any j € N there are ¢; > 0 and g* such that

,E 0,+
}‘Zi —A77|<cje, e<ej (5.14)
By the same arguments as in Lemmata 3.5 and 3.6 it is easy to deduce that for any q € N,

&,x
0<m< [Ag™| < Mg,

and that any limit point A, of a sequence {A?‘Jr} or {A?f} is an eigenvalue of problem (5.1).
In the same way as in the proof of Theorem 3.2 this readily implies all the statements of Theo-
rem 5.1.
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