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ABSTRACT. The work focuses on the behaviour at infinity of solutions to second
order elliptic equation with first order terms in a semi-infinite cylinder. Neu-
mann’s boundary condition is imposed on the lateral boundary of the cylinder
and Dirichlet condition on its base. Under the assumption that the coefficients
stabilize to a periodic regime, we prove the existence of a bounded solution, its
stabilization to a constant, and provide necessary and sufficient condition for
the uniqueness.

1. Introduction. This work deals with the behaviour at infinity of solutions to
stationary convection-diffusion equations defined in a semi-infinite cylinder. We
assume that Neumann boundary condition is imposed on the lateral boundary of
the cylinder, and that the coefficients of the equation are periodic along the cylinder
axis or stabilize at the exponential rate to a periodic regime for asymptotically large
axial distance. Under these assumptions we study the existence and uniqueness of
a bounded solution, and its stabilization to a constant at infinity.

The question of validity of the Saint-Venant and Phragmén—Lindel6f principles,
as well as other questions related to the behaviour at infinity of solutions to elliptic
equations and systems of equations, received a lot of attention of mechanicians and
mathematicians starting from the beginning of 20th century.

A number of rigorous mathematical works are devoted to this subject. Dirichlet
and Neumann boundary value problems in a cylindrical domains for second order
linear elliptic equations in divergence form were studied by many authors. Early
contributions include [10], [6] and [7] which contain results like Saint-Venant’s prin-
ciple for special classes of Neumann problems. As to the later works on this topic,
we mention just some of them closely related to the present paper.

In [14] an equation in divergence form in a half-cylinder with periodic coeffi-
cients on all variables except for one was considered, the exponential stabilization
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to a constant was proved. The periodic boundary conditions were imposed on the
lateral boundary of the cylinder. The technique used in this work relies on specific
geometrical methods. As was communicated to the authors ([22]), the question of
the existence of a solution that converges exponentially to a constant with large
axial distance was studied in 1976 for an equation in divergence form under some
natural assumptions on the right-hand side. The method relied on a variation of
the Lax-Milgram lemma. This result has partially been written in [15]. Another
proof of the exponential decay of the solution to the same equation was given in
[1]and it is valid also for non-flat base of the cylinder.

A boundary value problem for a second order elliptic equation with first order
terms on a half-cylinder with periodic boundary conditions on the lateral boundary
of the cylinder was studied in [19] and [20]. In these works, under the assumption
of C? regularity and periodicity of the coefficients, the existence of a bounded
solution and its exponential stabilization to a constant at infinity was proved by
means of diffusion processes techniques. Moreover, the necessary and sufficient
conditions for the uniqueness of a bounded solution were given. In [20] the obtained
results were applied to a homogenization problem for singularly perturbed operators
defined in a layer. Also, without the assumption on periodicity in axial variable
the following conditional result was obtained in [20]: if the adjoint problem has a
bounded uniformly positive solution, then the effective axial drift can be defined
and the results proved in periodic case, remain valid.

In the present paper we study operators with measurable coefficients and assume
only Lipschitz continuity of the boundary of the cross-section. In this case the usage
of probabilistic techniques is getting embarrassing and sometimes impossible, espe-
cially if the boundary condition is not homogeneous. Our approach relies on the
various results from local qualitative elliptic theory, such as Harnack’s inequality,
Nash and De Giorgi estimates, the maximum principle, positive operators theory
and a number of non-trivial a priori estimates which include as a weight the func-
tion forming the kernel of the adjoint periodic operator. We consider here not only
operators with periodic coefficients, but also with coefficients which stabilize to pe-
riodic regime at infinity. Another issue addressed in the paper is the generalization
of the existence, uniqueness and stabilization results to the case of nonhomogeneous
equations with H~! function on the right-hand side. It should be noted that ob-
taining the a priori estimates in this case is getting more complicated than in the
case of data from L2.

Also we pay special attention to the asymptotic behaviour of the solutions defined
in a growing family of finite cylinders. This gives a clear picture of how solutions
defined in finite cylinders approximate the limit bounded solution. This analysis
allows us, in particular, to distinguish the special case when the so-called effective
axial drift is equal to zero.

In [3], [4] and [8] specific classes of semi-linear elliptic equations in a half-cylinder
were considered. It was proved that a global solution, when it exists, decays at least
exponentially with large axial distance. The technique involves the derivation of a
first order differential inequality for the energy flux across a cross-section of the
cylinder. With the help of this technique spatial behaviour of solutions to elliptic
systems, in particular those of linearized and linear elasticity, was studied also (see,
for example, [9]).

A priori estimates similar to Saint-Venant’s principle in elasticity theory were
discussed in [17] under some dissipativity type assumptions on the coefficients. Also
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in this work interesting uniqueness results in proper classes of growing functions
were obtained for Dirichlet and Neumann problems for second order linear elliptic
equations in unbounded domains .

In [11] the authors investigated elliptic systems with complex constant coeffi-
cients, assuming that a weighted Dirichlet integral is bounded. The paper deals
with finite energy solutions for the system of linear elasticity.

The asymptotic behaviour at infinity of solutions to symmetric elliptic systems
were treated in [16]. This work focused on the existence of solutions in weighted
spaces with various exponentially growing or decaying weights.

In [13] the behaviour of solutions to nonlinear elliptic equations with a dissipative
nonlinear zero order terms was studied by means of the barrier functions techniques.

The goal of this work is to study the behaviour at infinity of solutions to a lin-
ear stationary convection-diffusion equation in a semi-infinite cylinder. We impose
Dirichlet boundary condition on the base of the cylinder and Neumann condition on
the lateral boundary. Under the assumptions that the coefficients of the equation
stabilize exponentially to a periodic regime, and the functions on right-hand side
of the equation and of the boundary operator decays sufficiently fast at infinity,
we prove the existence of a bounded solution and its stabilization to a constant
at the exponential rate. Also we provide a necessary and sufficient condition for
the uniqueness of a bounded solution. It should be noted that, in contrast with
the divergence form operators, for the operators with first-order terms the question
of uniqueness of a bounded solution is getting more complicated. We show that
whether a solution is unique or not depends on the sign of some constant called
effective axial drift (or flux), which can be determined in terms of a solution to
auxiliary periodic problem for the formally adjoint operator.

The problems of this type appear while constructing the asymptotic expansions
of solutions to equations describing different phenomena in highly inhomogeneous
medium. For instance, such results allow one to construct boundary layer functions
in various homogenization problems. Moreover, these results are of independent
interest in mechanics and other applied fields and, of course, in mathematics.

The paper is organized as follows. Sections 1-6 focus on the homogeneous prob-
lem with periodic coefficients. In these sections we start with the problem setup
and auxiliary results, and then proceed with the existence, the uniqueness and the
stabilization to a constant of a bounded solution to the problem under consider-
ation. In Sections 7-8 we obtain similar results for inhomogeneous problems and
equations with coefficients stabilizing to a periodic regime.

2. Problem statement. Let G = (0,00) x Q be a semi-infinite cylinder in R¢ with
the axis directed along z, where @ is a bounded domain in R%~! with a Lipschitz
boundary 9Q). The lateral boundary of G is denoted by ¥ = (0,+00) x 9Q. We
study the following boundary-value problem:

—div (a(z) Vu(x)) — (b(z), Vu(z)) =0, =€,

Ou =0, r e, (1)
ong
u(0,2") = ('), ' €q.

Here a(x) is a d x d matrix and b(z) is a vector in RY, & = (z1,2'), p(2') € H'/?(Q);
(-,-) stands for the standard scalar product in R%; du/on, = E?jzl aij(z)n; Oju is
the conormal derivative, n is the external unit normal. The matrix-valued function
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a(x) and the vector field b(x) are supposed to be measurable and bounded, that
is a;j(x) € L>®(G),b;i(x) € L>®(G), and periodic in z; functions. Without loss of
generality we assume that the period is equal to 1. For the sake of simplicity the
matrix a(z) is supposed to be symmetric. Moreover, we assume that a(z) satisfies
the uniform ellipticity condition, that is there exists a positive constant A such that,
for almost all z € R?,

AleP <Y ay(@)6s;, Ve eRY (2)
4,7

The first goal of this work is to study the behavior of bounded (in a proper sense)
solutions of problem (1).

3. Auxiliary function p(z). Consider the following periodic problem:

—div(a(z)Vu) — (b(z),Vu) = f(z), z€G}=(0,1)xQ,

ou
e = 0, ze Xy =(0,1)x0Q, (3)

u — x1 — periodic.

This problem has a unique up to an additive constant solution u(x). We denote by
A an unbounded operator in L?(G}) which maps u(z) into f(z) € L3(G}). In view
of z1-periodicity we can identify functions defined on G} with the corresponding
functions defined on the set Y = &1 x @, where G, is a 1-dimensional circle. Then
problem (3) reads

—div(a(x)Vu) — (b(z),Vu) = f(z), z€Y,
ou (4)

=0 aY.
on. , S

The operator A is an unbounded operator from L?(Y') into itself with dense domain
D(A), that consists of the functions u(z) € L*(Y) such that there exists f(x) €
L3(Y): Au= f and Ou/dn, = 0 for x € Y. For large A > 0 the inverse operator
(A+AI)~! exists and it is compact. Moreover, using the De Giorgi-Nash estimates
(see, for example, [5]) it is easy show that (A + AI)~! is a compact operator in
c(Y).

The formally adjoint problem takes the following form:

—div(aVv) +div (bv) = f, =z €Y,
ov
ong

In the sequel we will need an auxiliary function p(z) which belongs to the null space
of the adjoint operator:

—(b,n)v =0, x € 0Y.

—div(aVp) +div(bp) =0, =z €Y,

dp B (5)
8na—(b,n)p—0, x € Y.

The goal of this section is to show that such function exists and is positive.

Definition 3.1. We say that the operator B from L?*(Y) (C(Y)) into itself is
positive if from the inequality u > 0 it follows that Bu > 0.
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The linear positive operator B is called v-bounded, for some v € C(Y), v > 0,
if for every positive function v € C(Y) there exists two constants a = «(u) and
B = B(u) such that

0<afu)v<Bu<f(u)v.

First let us show that the operator (A + AI)~! is positive. By the maximum
principle, if f > 0, then u cannot have a negative minimum in the interior of the
domain Y. The assumption that a negative minimum is attained on the boundary
Y, will also contradict the maximum principle in view of the positiveness of f. In-
deed, since 0@ is Lipschitz then for every point & € Q) there exists a neighborhood
U(z) € R? such that the surface Q N U(Z) is represented by the equality

x1 = F(x2, ..., xq),

where F is a Lipschitz function. Let us make a change of variables straightening
the boundary 9Q, so that the piece of the boundary dQ NU (&) is mapped into the
piece of the plane & =0 and Y N U(Z) into some domain where & > 0:

51 =T — .F(IQ, ...,Id),
gk:Ik, k:2,...,d.

One more change of the variables transfers the co-normal derivative to the normal
derivative:
m = 5 1

a
e =& — -2 &, k=2..d
ail

By construction, in the vicinity of the point 77 = F(Z) the solution u is only defined
for 71 > 0. We define an extension of u (keeping the notation u for the extended
function) by setting u(ny,n’) = u(—mn1,n’) for negative 1. One can check that
after inverse changing the variables, due to the homogeneous Neumann boundary
condition on JQ), the extended function u(x) remains a solution of some convection-
diffusion equation with a positive right hand side in a neighbourhood of . Thus,
in view of the maximum principle, u(z) cannot attend a negative minimum at Z.

Let us show that the operator (A + AI)~! is 1-bounded in C(Y). First, we note
that, in view of the boundedness of the coefficients, the following estimate takes
place (see, for example, [5]):

lulleyy < Cllfllewr
for some constant C' independent of f. Thus,
(A+ A 'f=u<C.

It remains to show that (A+XI)~! f > 0if f(z) > 0, z € Y. Let us suppose that
mi}r/l u(z) = 0. In the interior of Y the function u(z) cannot attain a nonpositive
S

minimum unless u is equal to zero. If we assume that w achieves zero minimum
on the boundary &' x 0Q, then, in the same way as above, we can extend u to
a larger domain so that the extended function remains a solution of some elliptic
convection-diffusion type equation with a positive right-hand side and, consequently,
u cannot achieve its zero minimum on the boundary. Hence, we conclude that
u(z) > e(f) > 0if f(x) > 0.

Now we apply the Krein-Rutman theorem (see, for example, [12]) to compact,
positive, 1-bounded operator (A+ )~ in C(Y). According to this theorem, there
exists a simple positive eigenvalue \g of the operator (A + A\I)~! with a positive
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eigenvector, and there is no others eigenvalues with positive eigenvectors. Moreover,
if we consider (A + AI)~! as an operator in L?(Y), then there exists a nonnegative
periodic in z; eigenvector p(z) € L?(Y) of the adjoint operator (A* + AI)~!, which
corresponds to the same eigenvalue A\g. Let us note that the operator A has a
positive eigenvector (which is equal to 1) corresponding to zero eigenvalue. In view

of the uniqueness of eigenvalue with positive eigenfunction (/\—10 — )\) = 0, and,

therefore, p(z) belongs to the kernel of the adjoint operator A*.
In order to prove the positiveness and boundedness of the function p(z) up to

the boundary Y = 0Q we extend it to some bigger domain containing G.

Since OQ is Lipschitz, for any point & € 9Q there exists a neighborhood U (Z)
such that I' = 0Q NU(Z) = {z : 1 = f(2)}, with Lipschitz function f(z’). Let us
make a change of variables which straightens I':

& =21 — f(2),
gk:xk; k:27"'7d7
such that the domain QF =Y NU(7) is mapped into QF, where & > 0, and T is
mapped into I' = {{: & = 0}.
We define the “extended” coefficients a;;(§) and b;(§) in the domain

0 ={e=(6,€): a <0, (-&.¢) 0t}
as follows:
a(é1,¢) = Sa(—&,¢) 8%,
b(&1,€') = Sb(=&1,€),

where the matrix S is given by the expression

-1 0 .. O

0 1 .. 0
S:

0 0 .. 1

If we define the extended function p as

~ _ p(§17§/>a 51 > 07
p(&) = { p(=¢&1,¢), & <0,

then it can be checked that p is a solution of the equation
— div (a(¢) VH(£)) +div (b(€) (€)) =0, Q=0T UQ. (6)
Indeed, by definition
Ip
ong
where n is an external normal to Q. Since by construction

8ﬁ+—<6,n>ﬁ+——(aﬁ (B,N)ﬁ>, €erl,

ong ong -

_(Ban)ﬁzov gefa

where pt are limit values of the function p on the surface I from different sides of
it, Q1 and Q~ respectively. Then

/(?Z - (M)ﬁ*) p(€) de’ =/(g’; - (B,n)ﬁ) (&) de' =0,

r r
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for any function ¢(£) € C§°(Q). Keeping in mind the last equality, one can easily
show that p is a solution of (6).

By construction the obtained function p(&) is nonnegative. In view of the Har-
nack inequality in any compact subset Q of Q, p is bounded from below by some
positive constant § which depends on the point Z and the choice of a compact subset
(otherwise it is equal to zero which contradicts the definition of p). Moreover, p is a
Holder continuous function in Q' (see, e.g. [21], [5]), where again the upper bound
for p depends on the point T € I and the choice of a compact subset.

Making inverse change of variables we conclude that p(z) is positive and bounded
in some neighborhood U’(Z) of any point Z € dQ up to the boundary 9Q. Let us
take a covering of dQ which consists of these neighborhoods U’(Z). Since 0Q is
a compact set, there exist a finite subcovering of it. By means of the standard
compactness arguments, one can prove that p(z) is a positive continuous function
in the closed set Y.

4. Existence of bounded solutions. In what follows GZ is a finite cylinder
(o, 8) x Q, B8 = (a, B x DQ) is its lateral boundary and S, = {z = (z1,2') : 21 =
a, ' € QY.

Definition 4.1. We say that a weak solution of problem (1) is bounded if for any
N > 0 the following inequality holds:

el zony < C,
where C' does not depend on N.

Lemma 4.2. A bounded solution u(x) of problem (1) in terms of Definition 4.1
exists. Moreover,
IVullL2 @) < o0, ullpe(gsey < o0 (7)

Proof. First we consider the following boundary value problem in a finite cylinder
—div(a(z)Vu*) — (b(z), Vu*) =0, 2z € GE,

k
§i=& vek, (8)

ub(0,2') = p(2'), wuh(k,2’)=0, 2’ €Q.

It is known that the solution to problem (8) exists and for any k > 0 has finite H*
and L* norms. Obviously, in view of the maximum principle since u*(k,z’) = 0

[u¥ | Lo (s1) < 1u¥(lLoe(s, o)-

Let us consider in the cylinder G} the following auxiliary problem

—div(a(x)V 2¥) — (b(z), V 2¥) = 0, z € G,
0z*
ana - 0, ve 267

2M0,27) = p(a’),  M(L2') =uh(l2)), 2’ €Q.
Since the last problem is linear, we can represent z* as a sum z; + 2§, where z; and
2¥ satisfy the homogeneous equation and lateral boundary conditions, z;(0,2") =
('), z»1(1,2") = 25(0,2') = 0, 25(1,2') = «¥(1,2’). Tt is known that for the
function z(z) as a solution of elliptic problem in a fixed domain the following
estimate holds:
k
121 Lo (s, ,0) < C el mrr2(q)-
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The L>°(S1/5) norm of the function z5 can be estimated in terms of L>(S1)
norm of u* as follows

251l 2= (s5,)0) < @ 6l (sy),s 9)

where 0 < o < 1, a does not depend on k. Indeed, [2§| < v* in G}, where v*

satisfies the same equation and boundary conditions as z%, except for the boundary
conditions on S1, which reads v*(1,2") = ||u¥| = (s,). Due to the strong maximum
principle, v < af[u”|| L (s,) with 0 < a < 1, that yields (9). In this way we obtain
HukHL“’(Sl) < ||uk||L°°(Sl/2) < Hzl||L°°(Sl/2) + HZ§||L°°(S1/2)
< Cllellrg) +alluXpeis,y, <1,
and, finally
k O
lu || Loo (5y) < T a lellgizgy, 0<a<l.
Moreover, the L?(G}) norm of z; is bounded
2112 ey < Crllell e (g
and, since u*(1,2") € L>(S;) then
k
221121y < C2 llella1r2 ()

where C7 and C3 do not depend on k. Also, in view of the maximum principle,

”ukHL“’(G’f) < Cllell e (10)
with C independent on k. Obviously, it follows from the last estimates that
|\u’€|\L2(G%+1) <C, N>0. (11)

Let us note that the estimate (10) is valid in L>(G%), for any § > 0:
HukHLw(G§) <COellmgrrzgy, Vo>0, (12)

with C(6) independent on k.
In order to estimate the L2-norm of the gradient of u* in G§, notice first that by
the standard elliptic estimates in the cylinder G2 we get

IVurl|2c2) < Cllel e g)- (13)

Notice also, that pu” is H*(G?) function because both p(z) and u* () are elements
of HY(G%) N L*°(G%). Moreover, the estimate holds true

lpu® |l a2y < Cllel e (q)- (14)

Since div(aVuk) € L*(GE) and div(an — bp) = 0, then the normal components of

(aVu*) and (aVp —bp) on Sy are well-defined elements of H~1/2(Q) (see [2]), and
the inequality holds

lla1;00,u* || r-1r2(0) < Cllellrzgys  Nla1;0z,p — bipllg-1/2(q) < C. (15)

If we multiply the equation in (8) by pu” and integrate the resulting relation over
the cylinder G¥, then considering (5) and integrating several times by parts, we
obtain

ouk 1 o)
/(aV uF, VuF) pde = /ukpalj ({;:. dx’ — 3 /(uk)2 (aljf — bp) dx.
Gk S ’ S !
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Taking into account (10) and (13)-(15), we estimate the integral on the left-hand
side as follows

[ @it T s <l
GY
This estimate and (13) imply the desired bound

Hvuk||L2(G§) < Cllell gz, (16)

where C' does not depend on k.

Finally, using (11), (16) and compactness arguments, we conclude that u*(z)
converges weakly in H\! (G) to a function u(x) which is a solution of problem (1)
such that (7) holds true. Let us note that in view of the Nash-De Giorgi estimates
(see [21]), for any 6 > 0 a solution of problem (1) is a Holder-continuous function
in @ up to the lateral boundary of the cylinder. O

Remark 1. Let us note that we did not use the x;-periodicity of the coefficients
a;j(z) and b;(z) to prove the estimates (10) and (11). The proof is valid for the
case of arbitrary measurable bounded coefficients a;;(z) and b;(z) and uniformly
elliptic matrix a(x).

5. Stabilization of solutions. In this section we are going to show that every
bounded solution of problem (1) stabilizes to a constant at the exponential rate. To
this end let us consider two functions of the variable x1:

_ / o /
M(xl)—glggu(xl,x) and m(xl)_%%u(xl’x)'

By the maximum principle the function M (x;) does not assume a local maximum
point in the open interval 21 € (0, +0c)). This implies that M (x1) has at most one
minimum point on [0,400)), and that, starting form this minimum point, M (x1)
is monotonous. If M (z1) does not have minimum point, then it is monotonous on
the whole interval [0, 400). Similarly, m(z1) is monotonous, possibly starting from
some point.

Therefore, we have only three possibilities for the behavior of the functions M (1)
and m(z1):

o M(x1) monotonously decreases and m(z1) monotonously increases;

e M(z1) and m(z1) monotonously increase (maybe starting from some point);

e M(z1) and m(z1) monotonously decrease (maybe starting from some point).

5.1. M(z1) monotonously decreases and m(z;) monotonously increases.
Denote G%” = (N,N +2)xQ, N >0. Our aim is to estimate the oscillation of
u(z) over the cross-section Sy 41 in terms of the oscillation of u(x) over Sy. Since
problem (1) is linear, then we can assume without loss of generality that m(N) = 0.
Then in G2 the function u(x) is nonnegative. As was shown above, the solution
u(z) can be extended to a larger domain (N, N 4 2) x Q, Q C Q, in such a way that
the extended function satisfies a convection-diffusion equation in (N, N + 2) x Q,
and the maximum and the minimum of the extended function over cross-section
{x1 =k, 2’ € Q} coincide with M (k) and m(k), respectively.
Thus, the Harnack inequality holds:

m(k) > aM(k), Vk>1,
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where a constant « depends only on A, d and Q. Then
M(N4+1)—m(N+1)<(1-a)M(N+1)<(1—a)M(N). (17)
Taking into account (17) and the assumption m(N) = 0, we obtain

osc u(x)=M(N+1)—m(N+1)<(l-a) osc u(z), 0<a<l1l, N>O0.
r1=N—+1 r1=N

The last inequality implies that u(x) stabilizes to a constant exponentially. Indeed,
since this inequality holds for all N > 0, then

osc u(z) < (1 —a)V ! osc u(z).

11:N Ilzl
Finally, taking into account the boundedness of the function u(z) (see (7)) and
denoting by Cy, the limit of m(z1) as x1 — 00, we obtain

|u(z) — Cx] < Coe 0% 9 = —log(l —a) > 0. (18)
Remark 2. One can see that the constant Cj in (18) in this case takes the form
Co < Cullell sz (q) + C2 O < Cill@llmirzq) + C2Cll e 1/2(q)-
Indeed, taking into account the linearity of the problem and estimate (10), we have
|£SzClu| < 2|ullp=(sy) < Cllellaireg)-

Let us emphasize also that the constant vy depends only on the ellipticity constant
A, the space dimension d and the domain Q.

Lemma 5.1. There always exists a unique solution ug(x) of problem (1) for which
M (z1) decreases and m(xy) increases.
The function ug(x) stabilizes to a constant Cg° exponentially, as x1 — oo:

|u0 — Of;o| < Cy ||90||H1/2(Q) e Morr Ly > 1.
If o(z') € L™(Q) then for uo(x) the mazimum principle is valid, that is

i N < < ma .
;pelgsﬂ(x ) < uo(x) < glegw(x)

Proof. Indeed, such a solution can be constructed with the help of the following
auxiliary problems:

—div(a(z)Vuk) — (b(z), Vur) =0, z € Gk,

Auk

o =0, T € Zg,
o k

H0,2) = o), Z—(ka)=0, o' €Q.

By the maximum principle, M*(z;) = mag u¥(xq,2") is decreasing and m*(z;) =
z'e

mig u®(2) is increasing function, for any k. If ¢ € L>°(Q) then
z’'e

min ¢(z') < u*(z) < maxp(z'), Vk > 0.

z'eQ r’'eQ
Passing to the limit as k — oo completes the proof. Due to the maximum principle

the obtained solution g to problem (1) is unique. In view of Remark 2 the rate of
exponential stabilization of ug to C° depends only on A, d and Q. O
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5.2. M(z1) and m(z1) are monotonously decreasing (increasing) functions.
If M(2z1) and m(x1) decrease for sufficiently large a1, then M (z1) monotonously
decreases on the whole half-line [0, 400), while m(z) might have at most one max-
imum point. One can take Ny large enough so that on the interval [Ny, c0) both
functions are monotonous. Obviously, it is sufficient to prove the stabilization in the
case of monotonously decreasing at infinity functions M (x;) and m(x1): the case
when M (z1) and m(z1) are monotonously increasing functions can be considered
in a similar way. As before we assume that m(N + 2) = 0.

First of all, due to monotonicity and boundedness of M (z1) and m(z1) (we
consider only bounded solutions) the following limits exist:

lim M(x1) =M, limoo m(xz1) = m.
1=

€r1—00
For arbitrary e; > 0 and €2 > 0, let NV > 0 be such that
M(N)—M(N+2)<e, m(N)—m(N+2)=m(N) < es.

Then, by the Harnack inequality, in the domain Sy1 = {N 4+ 1} x @ the estimate
holds

go>m(N+1)>aM(N+1)>aM(N+2)>aM(N)—ae;.

Thus, we have that

osc u(z) -0, N — oo.
I1:N

The last equality shows that the functions M (z1) and m(x1) converge to the same
constant, that is u(x) stabilizes to the constant.

Now we are going to prove that u(x) stabilizes to the constant exponentially.
Without loss of generality we can assume that u(z) stabilizes to zero. Instead of
the original function u(x) we consider shifted function 4(x) = u(x; + Ny, 2’) for
Ny > 0. Due to the periodicity of the coefficients, @ remains a solution of the
same problem but with different boundary function at Sy, which we denote by
P(2') = a(0,2") = u(N,z"). Clearly, 1(a’) is a positive continuous function. Let
us define a function v(x) as a solution of problem (1) with v(0,2') =1 and v — 0
as 1 — oo. The existence of such a solution can be justified as follows. As in (8),
one can construct approximations ¥ and v* for the functions @(x) and v(x). By
the maximum principle @*(z) > ( mi% ¥)vF(z). Passing to the limit, as k — oo, in

z’'€
this inequality, we obtain:
PIC)
min
' EQ 1/}
Thus, the required solution v exists. By the maximum principle

ux) _ u(z)

— 0, xz — o0.

- S ’U(J;l, JI/),
M(N
ey M)
so, setting x; = 1 and taking maximum over z € @ of both sides of the last
inequality, we obtain
M(N +1)
< 1,2") < B < 1.
M) S maxea) <8

Consequently we have:

M(N +1) < 3M(N), VN >0,
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or
M(N) < eN=1f magu(l,x’), N> 1.
z'€

Denoting by « the positive constant —log 8 and using estimate (10), we obtain

M(N) < Cu gl e ™™,
or, in other words,

lul < Cope ™%, x> 1.

In the general case, when a bounded solution u(x) to problem (1) stabilizes to a
nonzero constant Cy,, one can see that Cy in the last inequality takes the form

Oo = Cl H‘PHH1/2(Q) + 02 COO,
with constants C7 and Cy which depend only on A, d and Q. In this way we have
proved the following

Lemma 5.2. Under our standing assumptions on a;;(x) and b;(z), i,j = 1,....d,
every bounded solution of problem (1) stabilizes to a constant at the exponential
rate, as x1 — 0O.

Remark 3. It should be noted that if we replace in (1) the homogeneous Neumann
boundary condition on ¥ with zero-flux condition
Ju
ong

then the corresponding periodic cell problem need not have a nontrivial kernel; in
particular, a constant need not be an eigenfunction. In this case the problem

—div (a(z) Vu(z)) — (b(z),Vu(z)) =0, z€Gq,

- (bv n)u = Oa

ou

_ — 19
. (b,n)u =0, T € X, (19)
u(0,2") = ('), 2 eqQ

might have a bounded solution which does not stabilize to a constant at infinity.
For example, a function u(zy,2) = sin(v/2z; )e®? satisfies the problem

_W_@_a—xl:o’ z € (0,+00) x (0,1),
1 5

9 0
(6—;1,2_114)(:17150): (a—;l—u)(ilfl,l):(), T c (07_"_00),
u(0, 22) =0, 22 € (0,1),

clearly, this solution is bounded, but does not converge to a constant, as 1 — oo.
The detail analysis of problem (19) requires quite delicate arguments of spectral
theory and is out of the scope of the present paper.

6. Main result. In order to formulate the main result we introduce the notation

by = / <a1j(x)({i§—g) - bl(ar)p(x)) dx, (20)

Go
where the auxiliary function p(z) was introduced in Section 3. Let us notice that in

view of the periodicity of the coefficients, the integral on the right-hand side of (20)
can be taken over G’,j"’l for any k > 0. Moreover, this integral can be taken over
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arbitrary cross section S¢ = {{} x Q. Indeed, integrating (5) over G} we obtain the
following equality '

/ (—au(x)i)p—jj) (o)) ar' = [ (—au(w)‘iﬁ—f (o)) d

3 n

for any positive £ and 7. Thus, for any £ > 0

by = / <a1j(x)‘i§—g - bl(ar)p(x)) dz' = Const.

Se
Theorem 6.1. Let a;;(z) € L(Q), bj(z) € L>®(G) be x1-periodic functions, and
suppose that the condition (2) is fulfilled. Then the following statements hold:

1. Every bounded (in terms of Definition 4.1) solution u(x) of problem (1) sta-
bilizes to a constant at the exponential rate as xr1 — oo, that is

lu(z) = Cx| < Ce 7%t C, v>0, 21 > 1,

where the convergence rate v does not depend on ¢ and Cu.

2. by < 0 if and only if for any p(z') € HY?(Q) and for any | € R, there exists
a bounded solution u(xz) of problem (1) that converges to the constant l, as
1 — 00,

3. by > 0 if and only if there exists a unique bounded solution u(x) of problem
(1) and it converges to a constant m = m(p), as x1 — 00.

Remark 4. In the case by > 0 for a solution u(x) of problem (1), the function
M (z1) is decreasing and the function m(x;) is increasing.

Indeed, by virtue of Lemma 5.1, there exists a solution to problem (1) such
that the corresponding M (z1) monotonously decreases and m(x;) monotonously
increases. Since by > 0, the mentioned solution is unique, and the required state-
ment follows.

Although in the case by < 0 a bounded solution is not unique, the solution
for which M (x1) decreases and m(z1) increases remains unique. Such a solution
depends continuously on the boundary data ¢(z’) and defines uniquely the constant
€2, to which it converges. This constant will play an important role in the sequel.

Remark 5. Let us note that in the case when M (z1) and m(x;) are both decreasing
or increasing functions, the stabilization rate may depend on b; (cf. Remark 2). In
general, ¥ may tend to zero, as by goes to zero. Indeed, let us consider the following
problem with constant coefficients:

Au+b; 0y,u=0, z€Ga,
(21)
u(0,2") = 1.
It is easy to see that in this case p(x) = Const, by = —b; and all the solutions of
problem (21) depend only on x7; furthermore,
u(z) = Cp + Cye 121 (22)

with some constants C; and Cy. Obviously, if by > 0 then a solution to problem
(21) is unique and equal to 1; if b; < 0 then every bounded solution stabilizes to a
constant at the exponential rate. As follows from (22), the stabilization rate goes
to zero as by = —by — 0.
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Proof of Theorem 6.1. 1. Stabilization of every bounded solution had been proved

2.

above in Section 5.

Assume that for any ¢(2’) and for every constant k there exists a solution that
converges to this constant. We are going to prove that in this case by < 0. To
this end we denote by 4(z) the solution of problem (1) with ¢(z') = 1 such
that 4(x) — 0, as 1 — oo. Letting u(z) = 1 — @, we obtain a solution of
problem (1) with w(0,2") = 0. If we multiply the equation in (1) by p(z)u(z)
and integrate the resulting relation over GS = (0,€) x @, then we obtain

/(aVu,Vu)pda:+%/ <585a _ (b7n)p> u2d;g’+/a1jg—;jupdz’_0.

G} Se Se

Integrating on £ from N to N + 1, for some N > 0, gives:

N+1 1 P
/ /(aVu,Vu)p(:z:) dx d€ + 3 / (37’1; — (b, n)p> u?dz
e

N+1
C;N

0
+ / ai; 8—;;11(:6) p(z) dz = 0.
GNT!
Now, we use the facts that the integral st (aVu,Vu)p(x)dr isan increas-
0
ing function of &, p(z) > 0 is bounded and, due to our assumption, u(z)

stabilizes to 1 at the exponential rate, as x1 — co. Then for sufficiently large
N the following inequality holds:
1_
/(aV u, Vu) pdx + 3 b <C ||VuHL2(G%+1) HUHLQ(G%JA)
Gy
Combining standard elliptic estimates for a(x) = 1 — u(z) (extended as in
Section 3 to a bigger domain) with the assumption on @(z), one can see that

||VuHL2(G%+1) = ||V&HL2(G%+1) < C”ﬂHL?(G%ﬁ) <Ce N ~>0,
and, therefore,
/(aVu, Vu)pdx + %l_)l <Ce N,
G

Passing to the limit as N — oo implies that b; < 0. The inverse implication
will follow from Lemma 6.2 below.
We consider the following sequence of auxiliary boundary value problems:

—div (a(x)VuF) — (b, VuF) =0, zeGf,

o k
8” =0, T €Ny, (23)
N

k(0,2 =1, uF(k,2’) =0.

First we show that if the sequence u”(z) of solutions of the auxiliary prob-
lems (23) converges uniformly to 1 on every compact set as k — oo, then
b1 > 0.
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Let us multiply the first equation in (23) by p(z)u*(x) and integrate the
resulting relation over G’g. Integrating by parts and taking into account the
boundary conditions u*(k,z’) = 0, we obtain

1 k
/(aVuk,Vuk)pd:c—i/ <a1j§7pj—b1p) da:/—/aug—zlpd:c’:&
GE So So

In view of the maximum principle u* cannot attend its maximum in the
interior of the domain GE, so

b :2/(&Vuk,Vuk)de+/a11

Gk So

ou®
—pdx’ > 0.
al'lp =

Next we prove the following

Lemma 6.2. The following two conditions are equivalent:

(i) For every boundary condition p(z') there exists a unique bounded solution
of problem (1) and this solution converges to a constant m = m(p), as
1 — 00;

(ii) Solutions u*(x) of problem (20) with the boundary condition p(z') = 1
converge uniformly on every compact set K € G’g to 1, as k — oo.

Proof of Lemma 6.2. Let condition (i) be fulfilled. Then, obviously, u(z) =1
if ¢ = 1. Since u® — u, as k — oo in the space H. _(G), then in view of De
Giorgi estimates
w=u=1, k— o
on every compact set in G.
Let (ii) hold true. Suppose that there exist ¢(z'), two constants CL and
C2, and two bounded solutions u; and ug of problem (1) such that

Up —>C;O, u2—>C§O, r1 — 00.

Then the function v = 1 — (u; — u2)/(CL, — C%), which stabilizes to zero as
x1 — 00, solves the following problem:

—div (a(x) Vv) — (b(z),Vv) =0, z€d,

ov
=0 by
on. , xr € 2,

v(0,2') =1, ' € Q.

On the other hand, by the maximum principle v(x) > u*(x) where u* is a

solution of problem (23). According to (i), u* converges to 1 uniformly on
every compact set in G§, as k — oo. Thus v(z) > 1, z € G. We arrive at
contradiction. Lemma 6.2 is proved. |

. It remains to prove that there are only two possible options for the behaviour
of u¥: either u*(z) decays at the exponential rate, or u*(x) converges to 1
uniformly on every compact set, as k — oo.

Obviously, in view of the maximum principle, {u*(z)}, for any z € G, is a
monotonously increasing sequence and 0 < u*(z) < 1, for all z € G§. Thus
uk(x) converges uniformly on every compact subset of G to a function u(z),
0 < u < 1, which is a solution of problem (1) with ¢(2’) = 1. In view of the
maximum principle if u(x) = 1 in some interior point of G, then u(z) = 1,
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x € G. Hence, either u”* converges uniformly to 1 on every compact subset of
G or

lim maxu®(zy,2') < 1, Vg > 0.
k—ooz'€Q

Suppose that the latter case takes place, and denote lim maxu*T!(1,2") =

k—oox'€Q

£ < 1. If we introduce

uF (g +1,27)

max ubt1(1,2')’
' eEQ

vf(xl,x’) =

then v§(0,2’) < 1 and, due to the maximum principle, v§ (21, 2’) < u*(z1, 7).
This yields
w2y +1,2") < uF(zy, o)) maxu (1, 27) < W (2, 2)) maxuFT(L, 2);
r'eQ z’'eQ
thus,
uk+1(2,x’) < ﬁuk"’l(l,x') < 62'
Similarly, we can construct
ubt2 (2 +2,27)

max uk+2(2, z')
' €Q

vlg(xl, x') =

and show that klim u®(3,2") < 3°. Repeating this procedure, we obtain for
— 00

any N > 0 the inequality u*(N, 2’) < 8 which implies the exponential decay
for u*(z), as 21 — oo.
Theorem 6.1 is proved. O

Although in the statement of Theorem 6.1 one does not see any difference between
the cases by = 0 and b; > 0, the behaviour of the approximations v” is rather distinct
in these two cases. The lemmata below specify the difference.

Lemma 6.3. Let by > 0. Then the solution u® to problem (23) satisfies the estimate
luk —1] < Ce k=20 e G (24)

where the constant C' depends on A, d and Q; vy is a positive parameter which may
depend on by.

Proof. Making change of variables z; = k — 1, 2’ = 2/ in (23) and denoting
a(z) = Salk—2,2) 8" = Sa(—z,2")S*, b(z)=sblk —z,2) = Sb(—z,2"),
with

1 0 0
0 -1 0

S = . ’
0 0 -1

we transform problem (23) to the form
—div (a(z)V@*) — (b, Vi) =0, ze GE,

a~k
8Z~ =0, z € Z'g,

a*0,2") =1, af(k,2')=0.
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It is easy to see that for the obtained problem the effective drift is negative. As was
shown in the proof of Theorem 6.1, the function (1—a") tends to zero exponentially,
that is

1—ak(z)| < Ce ™, 2€Gh
Making the inverse change of variables and taking into account that " (z) = u*(k —
21, 2'), we obtain (24). O

Lemma 6.4. by = 0 if and only if a solution u* of the auziliary problem (23) is
close to the linear function on every compact set K € G, that is if we denote

T1
12 <k,
lk(fb) _ L Tl >
0, x>k

then
[u*(2) = 1¥ ()| e () = 0,k — o0

Proof. The method we use is borrowed from the homogenization theory (see, for
example, [18]). Let us denote ¢ = 1/k in 23) and make the change of variables

Tl £, T;— x5, J=2,..,d.

If we introduce the notation
T Z1

a(x1,2') =a (—,:1:/) , v (z,7) =u (—,:1:/) ,
€

5
then in the new variables equation (23) reads

52 aIl (ail aIl ’UE) +e Z aﬂﬂz (afl 6% UE) +e Z aﬂﬂk (aik aﬂﬂl ’Us)

i#1 k#1 (25)
+ D On, (05,00, 0%) + €05 0y, v + Y b0, 0" =0, z €G]
i,k#1 k#1
The periodicity of the coefficients suggests the following ansatz

- L1

vg(xvyl) :v0($7y1)+5v1(xayl)a Y1 = ?7
where the functions v% and v! are 1-periodic in y;. Substituting this expression into
the equality (25), collecting power-like terms related to € and taking into account

the periodicity of all the functions in ¥, we obtain an equation for the function v°:

ayl (all(ylv x/) a’yl UO(Ia yl)) + Z 8,7;1 (ail 8961 UO) + Z 8Ik (aik 8.7!1 UO)

i#1 k#1
+ Z Oy, (a5 O, v0) + b1(y1, ') By, 00 + Z b9y, v° =0,  (26)
ik#1 k#1

€ Gh, y1 € (0,1).

Since du/dn, = 0 for x € X}, then making simple rearrangements we obtain the

boundary condition for the function v°:

S i 2) m5 0y, 00 + 3 ag(yr, @) ng B ® =0, &' €0Q, 1 € (0,1). (27)
J Jii#l
The solution of the boundary value problem (26)—(27) does not depend on the
variables 17 and 2/, that is:
0 (2, 1) = 00 ().
Following the ideas of the homogenization theory, we represent 9°(z, y1) as follows:

o (z,y1) = v2(z1) + £ x1(y1, 2) Oy 07 (1) + €2 (21, 41, 2'), (28)
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where the periodic in y; scalar functions x; and ¢ are to be found. For convenience
let us denote the “fast” variables (y1,2’) by z = (21, 2’). Then, collecting the terms
of order e, one can obtain the following equation for the function x1(2):

d
—div. (a(2) Vx1) = (b(2),Vaxa) = D 0z a1k + b1, 2€Y =(0,1) x Q. (29)
k=1
The boundary conditions for the function y; on the lateral boundary of the cylinder
take the form

(a(2)V.x1,n) = — Zailni, z €Y =(0,1) x 0Q. (30)

Due to the Fredholm Alternative, problem (29) — (30) is solvable if and only if the
following equality holds:

d d
/ <Z 0., a1 + b1> p(z)dz — /Z@ﬂnip do =0, (31)

v \k=1 gy =1
where the function p(z) is a solution of the following problem:
—div(a(2)Vp) +div (b(z)p) =0, z€Y,
(a(z)Vp,n) = (b(z),n)p=0,  z€0Y,
Since we assume that b; is equal to zero, then the condition (31) holds. Indeed,
integrating by parts and making simple rearrangements, it is easy to see that the

left hand side of (31) coincides with by.

Finally, collecting the terms of order £2, we obtain the following problem for the
function (1, 2):

(32)

dv(a(2), Vo)~ (). Vo) = [an+ 3 Duelanxn) + 3 andn
k=1 i=1 (33)

+ @110z, x1 + bix1| Oryay0°, 2 €Y,
(a(2)Vh,n) = — Zailnixlawﬂlvo, z € Y. (34)

Using one more time the Fredholm Alternative for problem (33) — (34) we get:
C_Lll 8x1x1’00($1) = 0, T € (0, 1),

where the constant a;; is given by

d d
ay; = / <6L11 + Zazk (a1k x1) + Zail 0., x1 + @110z, x1 + le1> pdz

v k=1 i=1
- / ZailniX1pd0~
oy *
Integrating by parts we obtain the following expression for the constant aq1:

d d
ajlr = / (an - Z a1kX10z, p+ Z a;1 02, x1p + b1 x1 p) dz. (35)
v k=1 i=1

Let us show that @;; > 0. Then 0,,,,v°(z1) = 0 and, as a consequence, v°(x1)
is a linear function on x1. The scheme of the proof is as follows:
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1. We construct the matrix A such that A = aq;. Namely, we set

flij = /aik(ékj + 0., x;)pdz — /Xiamjazmpdz—k/xl-l;jpdz,
Yy Y Y

where x1 is defined in (29) and the functions x for k& # 1 are defined by the

equations:
—div (a(2)V xx) — (b(2), VX&) = =0, ax1 — by, —bg, z€Y,
0
Xk _ —ag; ni, =z € 0Y,
ong

and by, are given by the formula:

b = /(aki 0., p—brp)dz.
Y

2. On the second step we prove that A is nonnegative definite matrix. For this
purpose we show that this matrix can be represented in the form

A= /(I +Vx) T a(2)(I+Vx)p(z)dz, (36)
s

where BT denotes the adjoint of B.

Then we show that (I + V x)e; # 0.

4. For an arbitrary nonnegative definite matrix C' = {¢;; } we state that if ¢;1 =0,
then ¢ = 0, k = 2,d. Thus Ce; = 0. We then show that Ae; # 0 in our
case. Therefore a1 cannot be equal to zero.

&

Now we proceed with the detail proE)f. The fact that A;; = a1 readily follows from
from the definition of the matrix A. In order to prove (36) let us re-arrange the
expression on the right hand side:

/ (Bim + 0 X1) @k (50 + Doy X;) pdz = / Som e (Grs + Dy X3) p 2
Y Y

+ /3zm Xi @ik (Okj + 0z, Xj) pdz.
Y

Integrating the second term by parts gives

_ 1 1
Aij :/ air; (Okj + 0z, Xj) pdz — 3 /Xixjazk (bpp)dz+ = /Xin bpnipdz

2
Y Y ay
~ 1

+/Xibjpd2—/Xi U 8zmpdz+§/Xin 0z, (amy 0z, p) dz

Y Y Y

1
-5 /Xi X;j Cmk Nk O, pdo + /Xi Ak (Orj + Oz, Xj) Nm P do.

oY oY

Finally, the last equality and (31) lead to (36).
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Let us show that (I + Vx)e; # 0. Suppose that (I + Vx)e; = 0. Then

0, x1 =—1,or
/8Z1X1 le = —1,
Y

which contradicts the periodicity of .
Consider a nonnegative definite symmetric matrix C' = {c;;}¢,_,,
that c¢;1 = 0. Evaluating the quadratic form c;;&;§; at the vector

¢={N,1,0,..,0}, N >0,

and suppose

we get

¢i;&i€j = c1aN + co1 N + cog = 2¢12N + coa.
If ¢12 # 0, then for large N (positive if ¢12 < 0, and negative, if ¢15 > 0) we
obtain ¢;;&;&; < 0, which contradicts the non-negativeness of the matrix C. Thus,
c12 = co91 is equal to zero. Similarly we can show that ¢ = 0, k& = 2,...,d.
Therefore, C'e; = 0.

In our case Ae; = (I +Vyx)er # 0, and we conclude that a;; = Ay > 0.
Consequently, v is a linear function on ;. Thus, 1(z1, 2) satisfies the homogeneous
problem with respect to the variable z and ¢ = ¢ (x1).

Let us return to problem (23). We have shown that the expansion (28) takes the
form:

5 =0 (@) + e (07) 0o+ 2p(an)
with v%(x1) = 1 — 21 and x(z) solving problem (29)-(30). Denote
v =0%(z1) +exa (%, :1:/) 0z, V7.
One can easily check that the difference (v — v{) satisfies the following problem:
—div(a®(2)V (v° —v5)) — (b°,V (v° —25)) =0, =z € G,
(v° = 05)(0,2") =ex1(0,2"), 2’ €Q,
(v° =v)(L,2") = —exa(1/e,2"), 2" €Q,
(’9(%;@%) =0, zeX].

We can rewrite problem for the function y; in the form
Zazk (air0z (x1 +21)) + Zbk Oz (x1+21)=0, z€Y,
ik k

Zaikazk (x1 +2z1)n; =0, ze€dY.

ik

(37)

By means of the extension techniques in the same way as above, one can show that
(x1 + z1) is a Holder-continuous function in [0, 1] x Q). Consequently,

[0 = vl Loesy) < Ce
and

[0° = villLoesy) < C,
and by the maximum principle

[v® = vil[Le(ayy < Ce.
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The following statement characterizes in more general situation the asymptotic
behaviour of solutions of auxiliary problems in finite cylinders in the three cases
by < 0 and b; = 0. Namely, we consider the following boundary value problem in
the finite cylinder G&:

—div (a(z) Vvk) — (b(z), V) =0, zeGf,

p) k
8U =0, reXxk (38)
N

oM0,2) = p(a’), Ptk )=M i eq,
where p(z') € L*(Q), M is a constant.

Theorem 6.5. Let the assumptions of Theorem 0.1 be fulfilled. Then for the solu-
tion v* of problem (38) the following statements hold:

1. If by > 0 then
[W* = C| < CollellL= (o) (e*%“ + e*WHl)) +COMe 7m0 (39)
2. If by <0 then
0¥ = M| < Co [|@llpoe(q) e 7™ + C M e 7™, (40)
3. If by = 0 then in G§ the function v* is close to a linear function:

k Ogo(k—xl)—FMIl
v k

. C
< Collellze@ e + — (lelzx@ + M) (41)

The constant CZ° is uniquely determined by Lemma 5.1.

Proof. Due to Lemma 5.1, if ¢ € L>°(Q) then there always exists a solution ug(x) of
problem (1) satisfying the maximum principle. Moreover, such a solution is unique
and stabilizes to a constant C'2° exponentially:

lug — C;o| < Collell=@ye ", 4 >0, z1 > 1.

Recall that vy depends only on A, d, Q and does not depend on b;.
We represent the solution v* of problem (38) as a sum vf + v§, where v} and v
solve the following problems:

—div (a(x)Vvlf) — (b(x), Vi) =0, zeGf,

ok

6—11,1 =0, x € Eg, (42)
v(0,2)) = p(a’), vi(k,a’)=CF 2’ €Q;

—div (a(z) Vv§) — (b(z),Vv§) =0, =€ Gg,

ovk
8—7’),2 = O, xr € Eg, (43)

v5(0,2') =0, v§(k,a')=-Cr+M 2’ €Q.

One can see that, due to the maximum principle, the difference (ug —v¥) is of order
e~k everywhere in GE, and, consequently,

[} = CZ| < |vf —uol + Juo — CF| < Coll@llLe(q) (e77°F +e 01, z € Gf. (44)
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e Assume that b; > 0. By Lemma 6.3 v§ satisfies the estimate
|08 < Co(C + |M|) e+ o e GE.

Combining the last estimate and (44) and taking into account the bound
Cy < ll¢ll o< (@), We obtain (39).

e If by < 0 then the solution u* of problem (23) decays exponentially, which
leads to the estimate for v (x)

05 — (M = C2)| < Co (llpll=q) + M) e,z € G,

which proves (40).
e In the case b; = 0 to estimate v5(x) we make use of Lemma 6.4. Namely, v
is close to a linear function in this case:

k M_Osio <€

of = 20| < 7 (Ielee) + M)

The last estimate and (44) implies (41). Theorem 6.5 is proved.

7. Equivalent definitions of a bounded solution.

Lemma 7.1. For a solution of problem (1) the following conditions are equivalent:

(i) HUHLQ(G%H) de <C, VN >0,
where C does not depend on N € [0,00);
(1) [ull Lo (@sey < 005
(m) HquLz(G) < oQ.
Proof. e (i) — (i¢) Under assumptions of uniform ellipticity of matrix a(z) (2)

and boundedness of the coefficients, for any compact set G’ in (N, N +1) x Q
the generalized solution of problem (1) satisfies the following estimate:

HUHC“(G’) < CHU‘HL2(G%+1)5
for some constants C' and « > 0 independent of N and, consequently
ullca@y < C,
for any compact set G’ in G%H with C' independent of N. Thus,
H“HLOO(G;O) <C() <oo, 6>0.

e (i) — (#it) In Section 5 we proved that any bounded solution u(z) stabilizes
to a constant Co, at the exponential rate with large axial distance. Then
the function (u(x) — Cs) solves problem (1) with boundary condition (u —
Coo)(0,2") = (p(2') — Cx) and vanishes at infinity at the exponential rate.
Extending u(z) to a larger domain (as in Section 3) and applying standard
elliptic estimates to (u(x) — Cs) one deduces that

[V (u— COO)HLz(G%*l) < Cllu— COOHLz(G%jf) < Cei’yNa
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where the constant C' does not depend on N. Thus V u(z) stabilizes to zero
at the exponential rate, as 1 — oo, and

/|Vu|2dx = i / |V ul?de < Cy i e 7N <.
& N=0, 41 N=0
(i4i) — (7) Let u(z) be a solution of problem (1) such that
IV ull L2y < C. (45)
The Friedrichs inequality gives an estimate for the L?-norm of u(x) in the
finite cylinder G%"’l:
”u”§/2(0%+1) <Ci+ 2N

with constants C7 = C1(p) and C5 independent on N. Note that if 0 < N <1
then

sy < G

below we suppose that N > 1.
Let v(z) be a bounded solution of problem (1) (it exists by Lemma 4.2).
Notice that the difference (u — v) satisfies the estimates

flu— v|‘iz(g%+1) <Ci+CeN, [|V(u=0)|72q <C.

If we denote

1
wN = —=\u—"v), 46
N = (=) (46)
then . .
1
HwN||i2(G%+l) S W + CZ; HV wN||%2(G) S N

Since wy is a solution of problem (1) with zero boundary condition on the
base of GG, then the last estimates imply

HwNHLoo(GON+1) < w,

with @ independent of N. By the maximum principle |wy| does not exceed
the solution vy of the following problem:

—div(aVoy) — (b,Voy) =0, z¢eGY,
O g, zexy* (47)

Ong o
on(0,2) =0, on(N+1,2")=w, 2'€QqQ.

We will congider separately the cases by > 0, by =0 and by < 0.
Let first by > 0. From Theorem 6.5 for N large enough we conclude that
the function wy is close to zero for zy < N/2:

lwy| <oy <Coe "N, @ < NJ2.

Therefore, considering the definition of wy (see (46)) one obtain the following
estimate for the difference (u — v):

lu—v| < CovVNe ™ -0, N — oo,
which implies that « = v and thus

lull oy < C.
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Consider the case by = 0. As was proved in Lemma 6.3, in this case a
solution of problem (47) is close in the cylinder G3'™ to the linear function,
namely

w

I . N+1
lony — 21 (N+1)||L°O(G(JJV+1)§N—|—17 re Gy
Consequently
CvN W
—v| < VN, VN >0.
Ju v|—N+1+I1(N+1) ’ ”

For z1 < N®, a < 1/2, we obtain that
|lu—v|—0, N — oo,

thus u(z) = v(z) is a bounded solution.

Finally, let us consider the case by < 0. As was discussed in Section 5, due
to the maximum principle, either m(z1) increases or M (z1) decreases in the
neighbourhood of infinity. Suppose that

min u — 00, X1 — 00,

z'EQ
the case of decreasing M (x1) can be studied in a similar way. Subtracting
from u(z) a bounded solution v(z) of problem (1) with v(0,2") = u(0,2’), one
can assume without loss of generality that u(0,2’) = 0. Then w(N,z")/m(N)
will be greater than or equal to 1. Let us introduce a function vy as a solution
to the problem

—div (aVuy) — (b,Von) =0, z€GY,

81)]\[
. =0, xe€ Eév, (48)

on(0,2) =0, on(N,2')=1, 2'€QqQ.

By the maximum principle u(x)/m(N) > vy. As was shown in Theorem 6.1,
vy satisfies the estimate

|’UN—1| SCQ(?_’YJH, T > 1.
Thus
u(z) — m(N) > —Com(N)e 7.
Let T1 = %1n(200), then for any x; > Z; the following estimate holds:

a1
Coe’Yl<§.

Then vy > 1/2 and, consequently,
1

w(Z1,2’) > Em(N), ¥ € Q.

From the last estimate, using Friedrichs inequality, we obtain

1
IVl 2 gary 2 4—3—31m2(N) — 00, N — o0,

that contradicts (i77).

Lemma 7.1 is proved. O
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8. Inhomogeneous problem with periodic coefficients. We proceed with
studying the existence and the stabilization to a constant of a solution to the fol-
lowing boundary value problem:

—div (a(z)Vu) — (b(x), Vu) = f(z) +divF, z€G=(0,00) % Q,

ou
O :g(x)_(Fvn)v IEZ:(0,00) ><8Q, (49)
U(O,:E/) =0, 2 e Q.

Here the assumptions on the coefficients a;;(z), b;(z) and the cylinder G are the
same as in the previous sections. Concerning the functions f, F' and g we suppose
that f(z) € L*(G), F € (L*(G))%, g(z) € L*(X), and that these functions decay
exponentially as z1 goes to infinity, i.e.

”f”L?(G%“) <Che ™M N, HF”L2(G%+1) <Cie ™M N7
(50)

”gHLQ(E%+1) S CQ e ™M N

for some positive 7.

Definition 8.1. We say that u(z) € H] (G) is a weak solution to problem (49) if

the following integral equality holds for any ¥ (z) € C§°((0, 0); C*(Q)):

/(a(x)Vu,Vw) dx — /g(x)w(x) do — /(b, Vu) (x)de = —/(F7 Vi) dz.

G % G G

We begin with the case F' = 0. In this case we can use the integration by parts
technic in the weighted space with the weight p(x), as we did in the proofs of the
previous statements. It turns out that this technic fails to work if F' is not equal
to zero. That is why we consider the case of nonzero F' separately and reduce it to
the case F' = 0.

Lemma 8.2. Let F = 0. Then there exists a solution u(x) of problem (49), which
stabilizes to a constant at the exponential rate, as x1 — oo, and satisfies the esti-
mates

IVulzze <CAUI+ va) flleze) + 1+ Ve gl ) (51)
ull 2 gy <CUIA+ V1) fllzze) + 11+ Vo) gllez ), VN 20 (52)
Proof. Let us consider the sequence of auxiliary problems
—div (a(x)Vuk) — (b(z), Vuk) = f.(z), =€ G§,

duk

on, — 9ml@) z € 5§, (53)
uk (0,2") =0, uF (k2") =0, ¥ € Q.

Here f, () = f(z)x(GT+Y) and g, (z) = g(z)x(GTHY), x(G?) is a characteristic
function of GZ. Multiplying the first equation of (53) by the product p(x)u®, (),
integrating by parts over G§ and using boundary conditions for u¥,, we obtain

/(a(a:)vufn,vufn)pdx— / gm () uk pdo = / fm(@)uk pde.  (54)

ab st Gt
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Let us estimate the integral on the right-hand side. Using the boundedness of
p(z) and Schwartz inequality one has

[ )b pds) < Ol o ks oy
k
0

The Friedrichs inequality yields
/ (uf )2 dex < (m+1) / |V ul |2 de, (55)
Gt g

and, finally,

[ @)k pda| < CITu g2y 1+ Vi) ol
k
0

Using analogous arguments one can estimate the integral over the lateral boundary
of the cylinder:

/ Im () Ufnp(gc) do| < C(1+4vm) ||9m||L2(zz+1) ||V“7kn||L2(G§)-

m+1
Combining the above bounds with the integral identity (54), we conclude that
||VU§1||L2(G§) <C(1+vm) (||fm||L2(Gm+1) + ||9m||L2(zm“)> ’ (56)

where the constant C' does not depend on m, k. Estimate (55) implies that the L2-

norm of the function ufn is uniformly in k£ bounded on each G%H for all N < m:

bl ooy <t m) (Ll oy + lgmll gy ) -
In the cylinder G¥, | the function uF, satisfies homogeneous equation and

C”Ufn”Hl(Gm*l)

O +m) (Il oy + 9l o) ) -

a2,y <
<

For u* (z) estimate (10) obtained while proving Theorem 6.1 takes the form

||u£€n||L°°(G§n+l) < g Ml /2 (s, y)-

Consequently, the following inequality holds

bl sy < € +m) (1l + lgmll o)) (57)
for N > 0 with the constant C' independent of k and m.
Since f(x) = 13—1 fm and g(z) = 15—1 gm, then uF = 13—1 uk is a solution
of problem

—div (a(2)Vuk) — (b(x), Vu¥) = f(z), =€ G§,

ou®
677/ = g(fE), € E EIS)
uk(0,2") =0, uF(k,2")=0, 2 € q,
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and, in view of (56) — (57), satisfies the following estimates:

[u*ll p2eny < C (1L + vEn) fllza) + 11+ VEn)glraes) (58)
IVu Il aary < € (I + van) flzze) + 11+ Van)gllaes) ) (59)
k

with C independent of k. Hence, up to a subsequence, u" converges weakly in the
space H} (G), as k — 0o, to a function u(z) which satisfies (51) and (52). We
will prove the exponential stabilization to a constant only in the case f,g = 0,
F # 0. This proof can be extended to the case of nontrivial f and g with minor
modifications. We leave it to the reader. O

It remains to consider problem (49) with a non-trivial F' and with f =g = 0.

Lemma 8.3. There exists a solution of problem (49) with f = g = 0, which satisfies
the estimates

IVl < Cll(1+ a0 Fli2 ),

(60)
||u||L2(G%+1) <C H(l + ,/xl)F||L2(G), VYN > 0.
This solution stabilizes to a constant at the exponential rate, as xq1 — oo.
Proof. Consider the sequence of auxiliary problems:
—div (a(z)Vu*) — (b(z), VuF) = divF, z e G§,
ouk
o —(F,n), ze Xk, (61)
uk(0,2") = uF(k,2') = 0, ¥ €qQ,
Let us represent the function F in G§ as follows:
M M
F(z) =Y X(GurIT) Fla) =) F™(x),
m=0 m=0
where y(GU™)7)(z) is a characteristic function of the domain Gy,
k k
F=AY M= |= = .
T H T M1
Clearly, suppF"™ C Gg,TTH)T. Due to the linearity of the studied problem, we can
represent a solution u*(x) of (61) as the sum Z%ZO uk (z):
—div (a(z)Vuk) — (b(x), Vuk) =divF™, =z € GE,
ok,
= —(F™,n), z ek (62)
uk (0,2") = b (k,2') =0, ' € Q.

We will first assume that the coefficients a;;, b; are smooth functions.

Our analysis is based on the properties of the Green function G*(z, y) of problem
(61):

—div, (a(z)V, G¥(2,y)) — (b(x), V. GF(x,y)) = 0(x —y), =z € GE,

9G* (x,y)
Tna = 0, T e 2]5,

G*(0,2",y) = G*(k,2',y) =0, 2 €Q.
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Due to our assumptions on a(x) and b(x), the Green function G*(z,y) is well-

defined. If we denote by v* a solution of (61) with the function X(Gg,TTH)T) on the
right-hand side

—div (a(z)V vF) — (b(z), Vuk) = x(GIE™D7™), z e Gk,

ok
. =0, T € EIS,
o*(0,2") = v*(k,2") = 0, ¥ €qQ,

then

o (z) = / G* (. ) dy.

Glmtor
As was shown in the proof of Lemma 8.2, the functions v*(z) satisfy the estimate:
k
m T <
||’U ||Lm(GEmt?;T) = C(mT + 1)7

with the constant C' which depends only on A, d and @, but does not depend of k.

In particular for all x € S(;,—1)7 U S(m2)r, since y € Gg,TTH)T,

G¥(z,y)dy < C(1 +m7).

Glmtor

Recalling the fact that G*(y, ) is the Green function of the adjoint problem, using
the mean value theorem and the Harnack inequality for G*(z,-), one can easily get
the following inequality:

1QG*(a,y) < a|Q| G (z,y0) = o / G* () dy < C(1 + mr),
GlmtDT

(m+1)7 (m+1)7
mT mT .

for all x € Sy, for ally € G and some yy € G Here a > 0
depends only on the ellipticity constant A, the dimension d and the domain Q.
Similar inequality is also valid for all z € S(,;,42),. Then the standard elliptic

estimates read

m—1/2)T

”vka(‘T’ ')||L2(G£,’Z:“>T) < C|GH(, ')HL2(GE’"+3/2)7) (63)
S C(l + mT), xr e S(mfl)T U S(m+2)~r'

Let us emphasize that the constant C' in (63) depends on A, d, @ and does not
depend on k.

Now we turn back to problem (62). Considering the representation of u¥, in
terms of the Green function, one can see that

ul () = — / (V,G* (), F™ (1)) dy,

qim+nr

mT

and, consequently, in view of (63),

k
||um||L°°(S(m,1).,.) < ||vka ({E, .)||L2(G£,T,.+1)THFm||L2(G£,7::.+1)T)

< C(l + mT) ||FmHL2(G£::_+1)T).
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Similar estimate is valid for z € S(,, 42,
k m
b =) < OO+ M) [ e

By virtue of the maximum principle, since u¥ (0,2') = vk (k,2’) = 0, we have

||ufn||Lm(Gém*1)") < C(l + mT) HFmHLz(G%’;H)T); (64)
lumll e (e, ) < CA+mT) [F™] o gominry. (65)
(m—+2)T ( mT )
In order to estimate the L2-norms of uk, and Vuk, in GEZJ_F?;:, we represent uF, as

a sum vF, + wk  where

v¥ is a solution of homogeneous equation, v¥ ((m — 1)7,2') = vk, ((m — 1)7,27),
ok ((m + 2)m,2') = ub, ((m + 27, 2'),

w” satisfies the nonhomogeneous equation and zero Dirichlet boundary condi-
tions on S(,,—1), and Sgy,42)--

In view of (64), (65) and the maximum principle we have
”UanLW(GE::ff;:) <C(l+ mT)||Fm||L2(G5:1T+1)T).

Combining the last estimate with the standard elliptic H'-estimates in the domain
GEZﬁg:v and taking into account the fact that the shape of the domain does not

depend on m, we conclude that
”vanHl(GEZfﬂI) SCA+mT)|[F™| 2 gomsnry-

m-+2)T
m—1)7"
Then exploiting the Friedrichs inequality and taking into account the specific choice
of 7, one can see that

To estimate w¥, () let us multiply the equation by wk, and integrate over GE

A
||Vv7k””L°°(GEZt?;:) < §||Fm||L2(GE;ffr+1)T);

AT
van”Lm(GEZt?;:) < 7||Fm||L2(G£:E_+1)T)'
Consequently, one has

H“ﬁ%HHl(ij;;) SCA+m7) [F™ || 2 gty

where C' depends only on A, d and Q.
Elliptic estimates for u¥, in Gémfl)T yield the bound

Hvuiﬂnan(Gém*l)T) < C(l + mT) ||Fm||L2(G5$+1)T)_
k

(m+2)7
geneous Neumann boundary conditions on the lateral boundary E’(“m 42y then in-

equality (16) takes the form

Since in G the function uF, satisfies the homogeneous equation and homo-

IV, 2y < Clltball sy < O+ mr) [F™ o g

Thus,

||u£€n||L2(G%+1) S C(l + mT) ||Fm||L2(Gm+1)T)7 VN Z 0; (66)

||vufn||L2(G§) < C(l + mT) ||Fm||L2(G£;nj1)T)'
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And, consequently,
[l gy < C A+ VED sy, YN 20,

IVuF]l 2y < CIA+ VaD) Fl 2o,

where the constant C' depends on A, d and Q.

Using the compactness arguments, we conclude that, along a subsequence, u* ()
converges weakly in H. (G), as k — oo, to a function u(z) which solves problem
(49) and (60) hold. This completes the proof of the existence of a bounded solution
in the case of smooth coefficients.

In the general case of measurable bounded coefficients a;; and b; define

fau djéx_ )dyv
fb 1/)533— )dya

(67)

where (&) € C°(R?) is such that w5<§> > 0, 95(=€) = ¥5(€) and [, 90 ()dg = 1.
In order to define a’(x) and b°(z) we should extend a(z) and b(x) outside R x Q
(on R_ x @ the coefficients are extended by periodicity). For example, we can set
a(x) = AI, I is a unit matrix, b(z) = {0, ...0} for 2’ ¢ Q. Clearly, the obtained a(x)
and b(x) satisfy the same uniform ellipticity and boundedness conditions as before.
By construction, a‘sj converges to a;;, and b5 converges to bj, as § — 0, in LP(G§),
for any £ > 0 and p > 1. For the solut1on uk(x) of problem (61) with smoothed

coefficients af , b? the following bounds are valid:

Hut?"L?(G%“) <O+ /@) F| L2y, YN >0,
IVuglipz@ry < C A+ VE)FllL2 6y,

with C' independent of 6. Thus, up to a subsequence, uf — u* in LQ(G%‘H),
Vuf — Vuk in L2(Gf), as § — 0, where u” solves problem (61) with measurable
bounded coefficients. Clearly, u*(x) satisfies the estimates

”uk”L2 (GN+ = lim ||U§HL2(G53+1) <O+ \/x_l)FHL%G)
IValuscey < Hnint [ Vb0 < L+ VaD Pz

Using the compactness arguments, we conclude that, along a subsequence, u* con-

verges weakly in H. (@), as k — oo, to a function u(z) which solves (49) with
f =g =0, and estimates (60) are valid.

It is left to prove the stabilization of u(x) at the exponential rate to a constant.
It can be easily seen that along a subsequence the functions {u* } constructed above
converge weakly in H! (G), as k — oo, to a function u,,(z) which is a solution to
the problem

—div (a(2)V tup) — (b(z), Vuy,) =divE™, x€ G,

Oy,

_ (69)
O, (F™, n), MO
um (0,2") = 0, ' € Q.

It is clear that u(z) = Y~ um(z). With regard to Theorem 6.1, one can see
that there exists a constant C5° such that for a solution w,,(z) of problem (68) the
following estimate holds:

[um = Co¥| < Colltml| sy, gy €727, 21 > (mt+-2)r
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Notice that by construction, since uk, (k,2') = 0, |C°] < lumll 2 (s yay,)- AS
was shown above,

1372800 < OO M e
Thus,

[um — Cop| < C(L+mT)|E™| 1y gmsnr- e V@=mED)T) 0 S (m 4+ 2)7. (69)

)
Let us check that u(z) converges to C> = Y.7°_ C°. To this end we estimate the

m=0 m

L2(G§\J,\i+1)7)—norm of the difference (u — C'*):

oo
”u - Coo”Lz(GgVN:rl)T) < Z Hum - Cvosan(vaf\L*l)T)'
m=0

Splitting the sum into two parts and taking into account (50), estimates (60) and
(69), we have

N-3 0
b= Clagory < (S 5 ) on = il

=N
N—-3 00
<Cr Y (1+mr)eym™ e~V (NT=(m+2)7) | > (||um||L2(G(N+1)T) + |Cﬁ$|)
m=0 m=N—2 NT

<CN2e N7 4 Ce " N=27/2 S~ (14 mr)e "7/2 < Ce N7 N >0.
m=N-—-2

The case of nontrivial f and g in (49) can be considered analogously. It suffices
to use estimates (51) — (52) instead of (60) and notice that bound (69) remains
valid if we replace [[F™[| , gom+nry With [|fmll o gontnry + lgmll o gom+or). The
rest of the proof is exactly the same as above. Lemma 8.3 is proved. |

As in Section 7 we can define a bounded solution of problem (49).

Definition 8.4. We say that a weak solution w(z) of problem (49) is bounded if
one of the following conditions is fulfilled:

(1) ||u||L2(G%+1) <C, VN >0,
(i) IV ullpzq) < C.

Lemma 8.5. The conditions (i) and (ii) are equivalent.

Proof. In view of Lemma 8.2 there exists a solution v(z) of problem (49) such that
the conditions (i) and (ii) hold. Let us consider the difference (u(x) — v(x)). It
satisfies the homogeneous problem (1) with ¢ = 0. But for a solution to problem
(1) conditions (i)—(ii) are equivalent. Lemma 8.5 is proved. O

The rest of this section is devoted to studying the uniqueness of solution to
problem (49). The result similar to that of Theorem 6.1 takes place. As before, we

denote
b = / (alj(x)(ig—g) — bl(:v)p(x)) dx,

Go

where the function p(x) was introduced in Section 3.
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Theorem 8.6. 1. Any bounded solution u(x) of problem (49) stabilizes to a con-
stant at the exponential rate as x1 — oo, that is

H’U,(:E) - COOHLz(G;’LO) < Oo ei’yn, Vn > O,

for some Cy >0 and v > 0;

2. by < 0 if and only if for any p(z') € H'/?(Q) and for any constant | € R, there
exists a bounded solution u(x) of problem (49) that converges to the constant
l, as x1 — o0;

3. by > 0 if and only if for every boundary condition p(z') there exists a unique
constant m(p) such that a bounded solution of problem (49) converges to this
constant as r1 — o0.

Proof. The existence of a bounded solution that stabilizes to a constant at the
exponential rate was proved in Lemma 8.2. Denote this solution by ug(z). If u(z)
is an arbitrary boundary solution of problem (49), then Theorem 6.1 applies to
the difference (u(x) — up(x)) and implies the first statement of Theorem 8.6. In
order to obtain the second and the third statements, it suffices to observe that the
uniqueness of a bounded solution to problem (49) is equivalent to that of problem
(1). Indeed, if there are two distinct bounded solutions, say u; and wus, of problem
(49), then the difference (u; — uz) # 0 is a bounded solution of the homogeneous
problem, and thus a bounded solution of homogeneous problem is not unique.
Conversely, if we assume that problem (1) with ¢ = 0 has two distinct bounded
solutions, say vy and vy, then (up 4 v1) and (up 4 v2) are bounded solutions of (49).
Theorem is proved. |

9. Non-periodic coefficients. The goal of this section is to generalize the results
of Section 6 to the case of the coefficients which stabilize exponentially to a periodic
regime. We will consider the following boundary value problem:

—div (a(z) Vu(z)) — (b(z), Vu(z)) =0, zeG,

ou _y, P (70)
871{1
u(0,2') = ('), 2 eqQ,

where @ is a bounded domain in R~! with a sufficiently smooth boundary Q. We
suppose that the matrix a(z) and vector b(x) admit the representations

a(z) = a(z) +a°(x), b(z) = b(x) + b°(z),

(o)

where a(z) and b(x) are z;-periodic, while ag;

for almost all x € G

and b7 decay exponentially, that is

lag)| < Cre "™, [bf < Cae” ™1, 41 >0, (71)

Moreover, as in the previous sections, we assume that a(x) is a symmetric uniformly
elliptic matrix, i.e. there exists a positive constant A; such that for almost all z € R?
the following estimate holds:

A€ <ag(a) & &, EERY,
and dij (,T), i)j S LOO(G)
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Lemma 9.1. Let the above conditions be fulfilled. Then a bounded solution to
problem (70) exists and stabilizes to a constant at the exponential rate. Moreover,
the following estimates hold:

[V ullL2gy <00, [Jullpee(ase)y < o0. (72)

Proof. To prove the existence of a bounded solution we use the sequence of auxiliary
problems in growing finite cylinders:

—div(a(z)Vuk) — (b(z), Vuk) =0, = e Gk,
ouk

8nd -
uk(0,2') = p(2), uF(k,a") =0, € qQ.

Let us recall that according to Remark 1 for measurable bounded coefficients a;; and

(73)

zeXy,

I;j, not necessary periodic, estimates (10) and (11) hold true. Using the standard
elliptic estimates for u*, we conclude that

HukHHl(G%H) <C, VN >0,

and thus, along a subsequence, u* converges weakly in LIQOC(G) to some function

u € HE (G), as k — oo, and Vu* converges weakly to Vu in L2 (G). This allows us
to pass to the limit in the integral identity and establish the existence of a bounded
solution to problem (70) such that

||u||H1(G%+1) <C, VN >0. (74)

However, these estimates do not imply the finiteness of L?*(G) norm of Vu.

We will proceed as follows. First, making use of Theorem 8.6, we will show that
a bounded solution to problem (70) stabilizes to a constant, and then, with the help
of this result, we will obtain an estimate for Vu.

Obviously, problem (70) can be rewritten in the form

—div(a(z)Vu) — (b(z), Vu) =div(a®(@)Vu) + (0°(z), Vu), ze€GqG,

ou ou
on, Ongo’ zex, (1)
u(0,2") = p(a’), z' € Q.

Consider the following problem in G
—div(a(z)Vw) — (b(z), Vw) = div(a®(z)Vu) + (b°(z),Vu), ze€d,

ow ou

_ (76)
ong Ongo’ TE,
w(0,2") = p(z), x' e Q;

here w is an unknown function and u is the solution of (75). Taking into account
(74), it is easy to see that under our assumptions on a°® and b° all the conditions
of Theorem 8.6 are fulfilled, and, therefore, any bounded solution w(z) to problem
(76) stabilizes to a constant at the exponential rate. Since u is a solution of (76),
it stabilizes to a constant exponentially. Moreover, the inequality holds

/|Vu|2 dr = Z / |Vul? dz < Cy Ze‘”" <C.
G n:OGzJrl n=0

Lemma 9.1 is proved. O
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One of the principal results of this section is given by the following lemma,
which states that the uniqueness property is invariant under exponentially decaying
perturbations of the coefficients.

Lemma 9.2. o by < 0 iff for any o(z') € H/?(Q) and any | € R' there exists
a bounded solution to problem (70) stabilizes to l, as x1 — o0;
o by > 0 iff for any (x') € HY?(Q) there exists a unique bounded solution to
problem (70) and it stabilizes to a constant m = m(yp), as r1 — 0.

Proof. First, assume that for any ¢(z) there exists a unique solution to problem
(70) which stabilizes to a constant m = m(y), as 1 — oo. In particular, for ¢ =1
a solution u to problem (70) is unique and u = 1. This solution can be obtained
as the limit of solutions u* of (73). Since u = 1, then u* converges to 1 uniformly
on each compact subset of G, as k — oo. Let us show that in this case by > 0.
Multiplying the equation in (73) by u*p and integrating by parts over G’g we obtain

/(quk,Vuk)pda:—l— /(LLOVuk,Vp) uP dx — /(bo,Vuk)puk dx

ck G¥ Gg
1 0, ou®
5 [ (2 - o) 2+ [ S bpar =0
Sg “ SE ‘

The integral containing a°(z), admits the following upper bound

[(a°Vuk, Vp) uF dz

Ggntt

k-1
<X

n=¢

} /(aC’Vuk, Vp) u® da
Gk

k=1
<C Z e_'Ylnva||L2(G::+1).
n=¢

For any 6 > 0 we can choose sufficiently large &, so that for all £ > &,
k—1
CY e MVl pagpiny < 6
n=¢
Similarly, for large enough &,

‘/(bo,Vuk)pukd:c < 0.
Gk

Taking into account the convergence of u® to 1, coerciveness of the matrix a and
the definition of by, we obtain the following inequality:

Z_)l > —05, Vo > 0,

which implies that by > 0.
Now let us suppose that for any constant there exists a solution of (70) converging
to this constant. Then for any £ > 0 there is a solution v(z) to problem

—div (a(z) Vo(x)) — (b(z),Vv(z)) =0, =€ G,

o _y reny, (78)

871(1_ ’

v(€,z") =0, ¥ €qQ,
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such that
=1 <CEe ™8 2y > ¢

It is clear that uniformly in £ for any n > 0
[vll g1 gy < C.
We rewrite problem (78) in the form
—div(a(z)Vw) — (b(z), Vw) = div(a®(x)Vv) + (b°(x),Vv), =€ G,

ow ov

v oo (79)
ong Onge’ TE X,
w(§,x") =0, a' e Q;

If we assume that b; > 0, then (79) has a unique bounded solution which coincides
with v(z) and converges to a constant. The uniqueness of solution allows us to
estimate [[v[|p2(gn+1) in terms of the norm of the right-hand side:

[0l 2@ty < Cl(L+ V/E1)a* Vol L2ax)
<C 3 N1+ YAVl iy, <C 35 (1+ VN e N,
N=¢ N=¢

For any positive 9, choosing sufficiently large £, we obtain
[vllp2gntry <0, n>&

This contradicts our assumption that v converges to 1. Therefore, b; < 0. Lemma 9.2
is proved. O

Remark 6. It turns out that in the case when af;(x) and b§(z) do not decay
exponentially, the statements of Lemma 9.1 and 9.2 may fail to hold. To illustrate
this, let us consider the following problem

—Au —bJ(x1)01u=0, ze€dq,

— =0, T EX, (80)
u(0,2") =1, ¥ € q,

with b = 2/(1 + x1). Observe that, in contrast with the non-perturbed problem,
which has a unique solution, problem (80) possesses two bounded solutions: u; = 1
and ug = 1/(1 4 x1). The last one stabilizes to zero, as ;1 — oo, but not at the
exponential rate.
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