Available online at www.sciencedirect.com
s COMPTES RENDUS

s
SCIENCE dDIRECTﬁ _‘%ﬁ
C r'n’ ‘}él
/ e

"Mﬂ‘@’ MECANIQUE

ELSEVIE C. R. Mecanique 331 (2003) 253-258

Homogenized model of reaction—diffusion in a porous medium

Leonid Pankrato®®, Andrey Piatnitskif9, Volodymyr Rybalkd

@ Département de mathématiques, B.Verkin Institut des Basses Températures (FTINT), 47, av. Lénine, 61103, Kharkov, Ukraine
b Laboratoire Jacques-Louis Lions, Université Pierre et Marie Curie, 4, pl. Jussieu 75252 Paris cedex 05, France
¢ Narvik University College, HiN, 8505, Narvik, Norway
d Lebedev Physical Institute RAS, 53, Leninski prospect, 117333, Moscow, Russia

Received 24 January 2003; accepted after revision 19 February 2003

Presented by Evariste Sanchez-Palencia

Abstract

We study the initial boundary value problem for the reaction—diffusion equation,
ouf — V- (a®Vu®) + gu®) =h®

in a bounded domaif with periodic microstructurec®) U M), wherea? (x) is of order 1 inF® and« (¢) in M® with

k(e) - 0 ase — 0. Combining the method of two-scale convergence and the variational homogenization we obtain effective
models which depend on the parametet Iimsﬁok(s)/az. In the case of strictly positive finité the effective problem is
nonlocal in time that corresponds to the memory effégtitethisarticle: L. Pankratov et al., C. R. Mecanique 331 (2003).

0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé
Un modéle homogénéisé de r éaction—diffusion dans un milieu poreux. On étudie le probleme aux limites pour I'équation
de réaction—diffusion

dut =V - (a*Vub) + g(u®) = h

dans un ouvert born® avec une microstructure périodiqé?) U M), olia® (x) vaut 1 dansF® etk (¢) dansM @ avec

k(¢) — 0 quande — 0. En combinant la méthode de convergence a double échelle et ’homogénéisation variationnelle, on
obtient des modéles macroscopiques qui dépendent du paraiméthmgéok(s)/az. Lorsqued est strictement positif et fini,

le probléme macroscopique est non local en temps ce qui correspond a I'effet de mEmoigter cet article: L. Pankratov

et al., C. R. Mecanique 331 (2003).
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Version francaise abr égée

On considére une équation parabolique sémi-linéaire avec un coefficient de diffusion périodique fortement
contrasté. Cette équation intervient en chimie et en biologie et peut modéliser, par exemple, le processus de
réaction—diffusion dans un milieu poredx périodique composé de blocs (matriceg)¢) entourés de fissures
F© ets'écrit :

dut — V- (a*(x)Vuf) + gw®) =h* dansQ2r
Vut -v=0 sur(0, T) x 952 (1)
uf(0,x) =U*?(x) danss$2

ol g(u) est une fonction reguliére dafsvérifiant les conditions (3)2 = F©& U M©®, 27 = (0, T) x 2. Le
coefficienta® (x), défini par (2), fait apparaitre un grand contradtéc (¢)) entre les perméabilités des fissures et
des blocs. Le résultat principal est le suivant :

Theorem 3.1. Soienth® et U* des fonctions vérifiant les conditions du Théor&rie Supposons que les suites
{h®} et{U*} convergent a double échelle vérs= h(x, y) etU = U(x, y), et que||h®| 2. et||U¢ |2, convergent
vers||hllz,oxy etlUll2,exy. AlorsU(x, y) = Uy (x) siy € F etona : (i) Sik(g)/e? — 6 < +o0, alors, pour tout

t € (0, 7), les solutions dél) convergent & double échelle dah8($2) versu r + i, OUu,, (t,x,y) =0siy € F,

et le couple(u ¢, u,,) est la solution unique du probleme homogénéie(9). (ii) Sik(¢)/e? — 400, alors, pour
toutr € (0, T), les solutions dél) convergent a double échelle dah8($2) vers la fonctior: vérifiant(10).

Commeu® et d,u® sont bornés dans?(£27), cette convergence ponctuelle & temps implique la convergence
(11) a espace-temps (voir Remarque 2).

1. Introduction

We consider a model problem describing nonstationary reaction—diffusion process in media with a high
contrast periodic microstructure. For a rather general class of nonlinear reaction terms we deduce the effective
(homogenized) problem and establish the convergence results.

Problems of this type often called double porosity problems, appear when studying a chemical reaction in a
catalyst pellet, in the theory of flames and in some biological models (see, for example, [1] and the bibliography
there).

Previously linear double porosity models were investigated in [2-5] by asymptotic decomposition and two-scale
convergence methods. Then a number of interesting homogenization results has been obtained in [5,6] for nonlinear
stationary equations that admit a variational formulation; the techniques used in these works rely essentially on
variational form of the problem.

In this paper we consider nonstationary double porosity equations with nonlinear reaction term and combining
the two scale convergence method and variational techniques, we reduce the original problem to a variational prob-
lem with parameter. This allows us to pass to the limit in the nonlinear term and to obtain an effective model which
contains an additional (hidden) variableThe elimination of this variable leads, as in the linear case, to a nonlocal
in time model which exhibits a memory phenomenon (see Remark 3). However, in contrast to the linear case, the
structure of the nonlocal in time term is more complicated and cannot be reduced to a time convolution operator.

2. Problem statement and a priori estimates

Let 2 be a bounded domain iR" (n > 2) with a smooth boundar§s2. We assume that, in the standard
periodicity cellY = (0, 1), there is an obstacl&1 € Y with a piecewise smooth boundaiy1. The remainder is
denoted byF = Y \ M. We assume that this geometry is repeated periodically allR¥efhe geometric structure
within the domains2 is then obtained by intersecting themultiple of this periodic geometry witk, ¢ being a
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small positive parameter. We assume #rfain (1) is given bya® = a®(x, 7) with

a®(x,y)=a(x, M) +«r@alx, MIpmy) (2)
wherea(x, y) is a uniformly positiveY -periodic iny function of the clas€ (£2; L (Y)), andk(e) | 0 ase | O;
| 7 andl 4 are the indicators of the sefSand M (extended -periodically to the wholdR"), respectively.

In the cylinder2y = (0, T) x £2 we consider the initial boundary value problem (1), wheteU*® : 2 — R
are given functions andl is the outer unit normal ofs2.
We suppose that = g(«) is aC1(R) function such that

polul” ™ = A1 < [g@)| < pa(lul”TH+1), —co < A= inf g') (3

with y0 > 0and 2< p < 25 if n > 3and 2< p < +oo if n = 2.

Using the standard approach relying on the compactness principle and the Galerkin method (see, e.g., [7]) we
prove the following result. (From now dn- || ,, ¢ stands for the normin the spaLé(Q), whereQ is a measurable
setinR” orinR x R” orin R" x R".)

Theorem 2.1. Let us suppose that the source functi@fsare uniformly bounded irL2(£2) and the initial data
Ue¢ verify |U* ||]29,9 + ||«/a8(.x)|VUS|||§)_Q < A with a constantd; independent of. Then for any finite interval
(0, T) problem(1) has a unique solution® () = u®(z, x) such that

[ @[5, o + 14 15,0, + IVa* @) [Vt 0] < As (4)
Juf + a0 —uf () |5 < Aadrt (5)

whereAs, A4 are constants independentoénd:.

3. Statement of the main result

We consider the boundary value problem (1) and study the asymptotic behaviour of the sottition$(z, x)
ase — 0.

The following homogenization theorem states that the homogenized problem is a double permeability reaction—
diffusion model.

Theorem 3.1. Let 2 and U*¢ satisfy the conditions of Theoreil Suppose also that the sequences of functions
h® andU* two-scale converge th=h(x,y) andU = U (x, y), |h®|2.2 and ||U? |2, converge td|A|2,oxy and
U2, 2xy, respectively. Thet (x, y) = U (x) if y € F, and we have

(i) If x(e)/e2 — 6 < 400 then, for anyr € (0, T'), the solutions:® (1) = u(z, x) of (1), converge in two-scale
sense inLP(2) touy(t, x) + um(t, x,y), whereu,, (t,x, y) =0if y € . The coupleu ¢, u,,) is the unique

solution of
|F|(Buy + guys)) — Vi - (A*(x)Vius) = Sp(x, um) in 2r
A*Viuyp-v=0 on(0,7) x 382
up0,x)=Ur(x) in 2 (6)
O (um +uyg) —0Vy - (alx, y)Vyum) + glum +usg) =h(x,y) in L2y x M
up(t,x,y)=0 on 27 x 4IM
whereA* = {a;;.} is the homogenized permeability tensor defined by
a?j=/a(x,y)(é}-+Vywi)(é'j+Vywj)dy (7)

F
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with {1, ..., €,} the canonical basis d®" andw; being the unique solution iHé(]—‘) \ R of

—Vy - (a(x, )@ + Vyw;)) =0 inF
[ (Ei+Vyw,-).D=0 onoM (8)
y—= wi(x,y) Y -periodic
the effective source tersy (x, u,,) is given by
So(x, um) = /h(xa y)dy—#6 / a(x, y)(Vyup - V) dsy 9)
F M

(i) If k(e)/e? — +oo (while x (¢) — 0) then the solutions® (1) = u®(z, x) of (1), converge in two-scale sense in
L7 (£2) to a unique solutiom = u(z, x) of

du — V- (A*(X)Vyu) + gu) = [, h(x, y)dy in Q27
A*Viu -v=0 on(0,7T) x 382 (10)
u(0,x)=Ur(x) in 2

whereA* = {a;"j} is still defined througl{7), (8).

Moreover,||u?|| . converges tdlu r + um |l p,2xy -

Remark 1. The main result of this Note remains true (with evident modifications) when the weakly permeable
inclusionsM® form a connected set if2, provided that the fissures s&t®) is also connected. In this case the
boundary condition fo,, in (6) becomes,, = 0 wheny € 9 M \ Y andu,, (¢, x, y) is Y-periodic iny.

Remark 2. As far as the convergence in time is concerned, the uniform estimate (4) implied thad d,x° are
bounded inL2(§27). From this bound and the pointwise convergencedne easily deduces that

T T
/ o / usa,x)go(x,g)w@(r)dﬁ f " / (U + ) (e, ¥ (1) cr dly (1)
0 2 0

2xY

for anyg € C(£2; L%(Y)) and any sequende/®} which converges tgy weakly in L2(0, T).

Remark 3. It follows from the structure of problem (6) that fére (0, +o00) the functionSy (x, u,, (¢)) given by (9),

can be expressed as a functionakaindu (-, x). An important property of this functional is the fact that it not

only depends on the value of; at the current time but on the whole trajectorfu ¢ (s, x): 0< s <t}. Thus the

term on the RHS of the first equation in (6) is nonlocal in time. This represents the memory phenomenon in the
effective model.

4, Sketch of the proof of Theorem 3.1

For the sake of brevity we only consider the céise 1 andp = 2 in (3). First of all we establish the following
preliminary compactness result.

Lemma4.l. Let {u® = u®(t, x)} be the sequence of solutions of problgth Then there exist a subsequeristl!
denoted byx®}) and functions: ¢ (¢, x), u,, (¢, x, y) such that

(@) uy € HY(0,T; L3(2)) N L®(0,T; HY(2)), um € HY(0, T; L%(22 x Y)) N L™(0, T; L*(22; H},(Y)), where
H},(Y) ={u € H}(Y): u=0in F};
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(b) foranyt € [0, T1, u® two-scale converges 0y + u,,;
(c) foranyg e L®(0, T; L2(2; Ca(Y))),

T T

/dt/&tuf(p<t,x,£> dx—)/dt / O (uy +up)et,x,y)dxdy
&

0 2

0 2xY

(d) for almost allz € (0, T), up to a subsequenceg/a® Vu® two-scale converges to
vax,y) (Vxuyr +Vyve)l 7(y) +valx, y)Vyum (O pm(y)
wherev s € L?(2; HX(F) \ R).

The proof of the Lemma is based on theriori information on the family{u®}.-o provided by Theorem 2.1
along with the extension result [8], and makes use of arguments similar to those in [9]. In what faif¢\esands
for a sequence satisfying the conditions of Lemma 4.1, if the contrary is not indicated.

It is well known, that the solution® of problem (1) verifies, for almost adle (O, T),

{—V- (@®*Vuf) + Auf + gw®)=H* in (12)
Vut-v=0 onas?
where H = h* — 9,u® + Aju® is considered as a given function arid > A. Thus, for anyA; C [0, T'], u®
minimizes the functional

u

1(5)[u]=/dt/{%a€|Vu|2+G(u)—ng}dx, WhereG(u)zfg(g)d§+%u2 (13)
As 2 0

overu € L*®(0, T; H1(£2)). In the following two steps we study the problem of minimization of (13) in the limit
of smalle and obtain a limiting (homogenized) functional.

Step | (upper bound). Letp; € L>(0,T; CY(R2)), ¢m € L0, T: CH2; Hy,(Y) N Ci(Y))) and ¢ €
L>®(0, T; CH(£2; C4(Y))). We introduce the test function® = ¢ (, x) + ¢m(t, x, %) + €4 (1, x, £). By using
Lemma 4.1 we get that limsyp o/ ® [u°] < lim—o I'©[w®] = J[¢f, ¢m, ], where

1 1
J[¢f,¢m,¢]=/dt{ f S ) Vi + ¥yt Pebedy + / S ) V2 ey

A 2xF 2xM
+ / (G(¢f +¢m)_(¢f +¢m)H)dXd)’} (14)
2xY
with H =h(x,y) — 0;(u s +um) + Ar(u s + u,). Minimizing J{¢ ¢, ¢, £1 with respect ta yields
limsup! ©[u] < Tnom[d 5. ¢m] (15)
e—0
where
1 1
Thom @ fs dm] = /dt{/ E(A*(X)Vx(ﬁf ) Vx¢f) dr + / Ea(xa Y)lv)‘¢in|2dXdy
Ay 2 2xM
+ / (G(¢f+¢m)_(¢f+¢m)H)dXdY} (16)
2xY

Itis clear that (15) remains true for any coupder, ) € L>(0, T: H(22)) x L>®(0, T; L3(2; Hy((Y)).
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Step Il (lower bound). Lemma 4.1 and the lower semicontinuity property of convex functionals with respect to
the two-scale convergence (see, e.g., [9]) imply that

e—>
A

1 1
Iimigf dt/{§a€|Vu8|2+G(u€)—hgue}dx >/dt{/§(A*quf'quf)dx
2 17

At

1
+ / Ea(x,y)lvyum|2dxdy+ / (G(uf+um)—(uf+um)h)dxdy} a7
2xM 2xY
Therefore, (15)—(17) yield
limsup dt/(a,wsf —A1|u€|2) dx < / dr / V(t,x,y)dxdy (18)
-0 A 2 A 2xY

whereV (¢, x,y) = (us +um)d; (s +upm) — A1(uy + um)2. On the other hand we have

e—0

T
) _ .1, 2 2
imy [ o [[€7245 (uiu — Ayl ) de = lim 2 (e 2457wt ()3 5~ |13 )
0 2

=

T
> (€2 uy(T) +un (D5 6,y — 1UIB g y) = f d / e 2V (t,x, y) dudy (19)
0 2xY
This implies that the strict inequality in (18) is impossible. Thus the cotupteu,,,) minimizes the functional, o,
in the classL>(0, T; H(£2)) x L>®(0, T; L3(2; Hy(Y)).
Now, in order to complete the proof of Theorem 3.1 we minimize the energy functional (16) with respect to
(97, dm). In a standard way (see, e.g., [10]), we obtain the homogenized problem (6). This problem is clearly well
posed. Therefore the convergence holds for the whole family - o.
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