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Abstract

We study the initial boundary value problem for the reaction–diffusion equation,

∂tu
ε − ∇ · (aε∇uε)+ g(uε)= hε

in a bounded domainΩ with periodic microstructureF(ε) ∪ �M(ε), whereaε(x) is of order 1 inF(ε) andκ(ε) in M(ε) with
κ(ε)→ 0 asε→ 0. Combining the method of two-scale convergence and the variational homogenization we obtain e
models which depend on the parameterθ = limε→0κ(ε)/ε

2. In the case of strictly positive finiteθ the effective problem is
nonlocal in time that corresponds to the memory effect.To cite this article: L. Pankratov et al., C. R. Mecanique 331 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Un modèle homogénéisé de réaction–diffusion dans un milieu poreux. On étudie le problème aux limites pour l’équati
de réaction–diffusion

∂tu
ε − ∇ · (aε∇uε)+ g(uε)= hε

dans un ouvert bornéΩ avec une microstructure périodiqueF(ε) ∪ �M(ε), oùaε(x) vaut 1 dansF(ε) et κ(ε) dansM(ε) avec
κ(ε)→ 0 quandε → 0. En combinant la méthode de convergence à double échelle et l’homogénéisation variationn
obtient des modèles macroscopiques qui dépendent du paramètreθ = limε→0κ(ε)/ε

2. Lorsqueθ est strictement positif et fini
le problème macroscopique est non local en temps ce qui correspond à l’effet de mémoire.Pour citer cet article : L. Pankratov
et al., C. R. Mecanique 331 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.
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Version française abrégée

On considère une équation parabolique sémi-linéaire avec un coefficient de diffusion périodique fo
contrasté. Cette équation intervient en chimie et en biologie et peut modéliser, par exemple, le proce
réaction–diffusion dans un milieu poreuxΩ périodique composé de blocs (matrices)M(ε) entourés de fissure
F (ε) et s’écrit :


∂tu

ε − ∇ · (aε(x)∇uε) + g(uε)= hε dansΩT
∇uε · 	ν = 0 sur(0, T )× ∂Ω
uε(0, x)=Uε(x) dansΩ

(1)

où g(u) est une fonction regulière dansR vérifiant les conditions (3) ;Ω = F (ε) ∪ �M(ε), ΩT = (0, T )×Ω . Le
coefficientaε(x), défini par (2), fait apparaître un grand contraste(1/κ(ε)) entre les perméabilités des fissures
des blocs. Le résultat principal est le suivant :

Theorem 3.1. Soienthε et Uε des fonctions vérifiant les conditions du Théorème2.1. Supposons que les suit
{hε} et {Uε} convergent à double échelle versh= h(x, y) etU = U(x,y), et que‖hε‖2,Ω et ‖Uε‖2,Ω convergent
vers‖h‖2,Ω×Y et‖U‖2,Ω×Y . AlorsU(x,y)=Uf (x) si y ∈ F et ona : (i) Siκ(ε)/ε2 → θ <+∞, alors, pour tout
t ∈ (0, T ), les solutions de(1) convergent à double échelle dansLp(Ω) versuf +um, oúum(t, x, y)= 0 si y ∈ F ,
et le couple(uf ,um) est la solution unique du problème homogénéisé(6)–(9). (ii) Si κ(ε)/ε2 → +∞, alors, pour
tout t ∈ (0, T ), les solutions de(1) convergent à double échelle dansLp(Ω) vers la fonctionu vérifiant(10).

Commeuε et ∂tuε sont bornés dansL2(ΩT ), cette convergence ponctuelle à temps implique la converg
(11) à espace-temps (voir Remarque 2).

1. Introduction

We consider a model problem describing nonstationary reaction–diffusion process in media with
contrast periodic microstructure. For a rather general class of nonlinear reaction terms we deduce the
(homogenized) problem and establish the convergence results.

Problems of this type often called double porosity problems, appear when studying a chemical react
catalyst pellet, in the theory of flames and in some biological models (see, for example, [1] and the biblio
there).

Previously linear double porosity models were investigated in [2–5] by asymptotic decomposition and tw
convergence methods. Then a number of interesting homogenization results has been obtained in [5,6] for
stationary equations that admit a variational formulation; the techniques used in these works rely essen
variational form of the problem.

In this paper we consider nonstationary double porosity equations with nonlinear reaction term and co
the two scale convergence method and variational techniques, we reduce the original problem to a variatio
lem with parameter. This allows us to pass to the limit in the nonlinear term and to obtain an effective mode
contains an additional (hidden) variabley. The elimination of this variable leads, as in the linear case, to a non
in time model which exhibits a memory phenomenon (see Remark 3). However, in contrast to the linear c
structure of the nonlocal in time term is more complicated and cannot be reduced to a time convolution op

2. Problem statement and a priori estimates

Let Ω be a bounded domain inRn (n � 2) with a smooth boundary∂Ω . We assume that, in the standa
periodicity cellY = (0,1)n, there is an obstacleM � Y with a piecewise smooth boundary∂M. The remainder is
denoted byF = Y \M. We assume that this geometry is repeated periodically all overRn. The geometric structur
within the domainΩ is then obtained by intersecting theε-multiple of this periodic geometry withΩ , ε being a
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small positive parameter. We assume thataε in (1) is given byaε = aε(x, x
ε
) with

aε(x, y)= a(x, y)IF(y)+ κ(ε)a(x, y)IM(y) (2)

wherea(x, y) is a uniformly positiveY -periodic iny function of the classC(�Ω;L∞
# (Y )), andκ(ε) ↓ 0 asε ↓ 0;

IF andIM are the indicators of the setsF andM (extendedY -periodically to the wholeRn), respectively.
In the cylinderΩT = (0, T )×Ω we consider the initial boundary value problem (1), wherehε,Uε :Ω → R

are given functions and	ν is the outer unit normal on∂Ω .
We suppose thatg = g(u) is aC1(R) function such that

µ0|u|p−1 −A1 �
∣∣g(u)∣∣ �µ1

(|u|p−1 + 1
)
, −∞<Λ≡ inf

u∈R
g′(u) (3)

with µ0> 0 and 2� p < 2n
n−2 if n� 3 and 2� p <+∞ if n= 2.

Using the standard approach relying on the compactness principle and the Galerkin method (see, e.g
prove the following result. (From now on‖ · ‖p,Q stands for the norm in the spaceLp(Q), whereQ is a measurable
set inRn or in R × Rn or in Rn × Rn.)

Theorem 2.1. Let us suppose that the source functionshε are uniformly bounded inL2(Ω) and the initial data
Uε verify ‖Uε‖2

p,Ω + ‖√aε(x)|∇Uε|‖2
2,Ω � A2 with a constantA2 independent ofε. Then for any finite interva

(0, T ) problem(1) has a unique solutionuε(t)= uε(t, x) such that∥∥uε(t)∥∥2
p,Ω

+ ∥∥uεt ∥∥2
2,ΩT

+ ∥∥√
aε(x)

∣∣∇uε(t)∣∣∥∥2
2,Ω �A3 (4)∥∥uε(t +!t)− uε(t)∥∥2

2,Ω �A4!t (5)

whereA3, A4 are constants independent ofε andt .

3. Statement of the main result

We consider the boundary value problem (1) and study the asymptotic behaviour of the solutionsuε = uε(t, x)
asε→ 0.

The following homogenization theorem states that the homogenized problem is a double permeability re
diffusion model.

Theorem 3.1. Let hε andUε satisfy the conditions of Theorem2.1. Suppose also that the sequences of funct
hε andUε two-scale converge toh= h(x, y) andU =U(x,y), ‖hε‖2,Ω and‖Uε‖2,Ω converge to‖h‖2,Ω×Y and
‖U‖2,Ω×Y , respectively. ThenU(x,y)=Uf (x) if y ∈ F , and we have:

(i) If κ(ε)/ε2 → θ < +∞ then, for anyt ∈ (0, T ), the solutionsuε(t) = uε(t, x) of (1), converge in two-scale
sense inLp(Ω) to uf (t, x)+ um(t, x, y), whereum(t, x, y)= 0 if y ∈ F . The couple(uf ,um) is the unique
solution of



|F |(∂tuf + g(uf )
) − ∇x · (A∗(x)∇xuf

) = Sθ (x,um) in ΩT
A∗∇xuf · 	ν = 0 on (0, T )× ∂Ω
uf (0, x)=Uf (x) in Ω

∂t(um + uf )− θ∇y · (a(x, y)∇yum) + g(um + uf )= h(x, y) in ΩT ×M
um(t, x, y)= 0 onΩT × ∂M
um(0, x, y)=U(x,y)−Uf (x) in Ω ×M

(6)

whereA∗ = {a∗
ij } is the homogenized permeability tensor defined by:

a∗
ij =

∫
F

a(x, y)(	ei + ∇ywi)(	ej + ∇ywj )dy (7)
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with {	e1, . . . , 	en} the canonical basis ofRn andwi being the unique solution inH 1
# (F) \ R of


−∇y · (a(x, y)(	ei + ∇ywi)

) = 0 in F
(	ei + ∇ywi) · 	ν = 0 on∂M
y→wi(x, y) Y -periodic

(8)

the effective source termSθ (x,um) is given by

Sθ (x,um)=
∫
F

h(x, y)dy − θ
∫
∂M

a(x, y)(∇yum · 	ν)dsy (9)

(ii) If κ(ε)/ε2 → +∞ (while κ(ε)→ 0) then the solutionsuε(t)= uε(t, x) of (1), converge in two-scale sense
Lp(Ω) to a unique solutionu= u(t, x) of


∂tu− ∇x · (A∗(x)∇xu

) + g(u)= ∫
Y
h(x, y)dy inΩT

A∗∇u · 	ν = 0 on (0, T )× ∂Ω
u(0, x)=Uf (x) inΩ

(10)

whereA∗ = {a∗
ij } is still defined through(7), (8).

Moreover,‖uε‖p,Ω converges to‖uf + um‖p,Ω×Y .

Remark 1. The main result of this Note remains true (with evident modifications) when the weakly perm
inclusionsM(ε) form a connected set inΩ , provided that the fissures setF (ε) is also connected. In this case t
boundary condition forum in (6) becomesum = 0 wheny ∈ ∂M \ ∂Y andum(t, x, y) is Y -periodic iny.

Remark 2. As far as the convergence in time is concerned, the uniform estimate (4) implies thatuε and∂tuε are
bounded inL2(ΩT ). From this bound and the pointwise convergence int one easily deduces that

T∫
0

dt
∫
Ω

uε(t, x)ϕ

(
x,
x

ε

)
ψε(t)dx→

T∫
0

dt
∫
Ω×Y

(uf + um)ϕ(x, y)ψ(t)dx dy (11)

for anyϕ ∈ C(�Ω;L2
#(Y )) and any sequence{ψε} which converges toψ weakly inL2(0, T ).

Remark 3. It follows from the structure of problem (6) that forθ ∈ (0,+∞) the functionSθ (x,um(t)) given by (9),
can be expressed as a functional ofx anduf ( · , x). An important property of this functional is the fact that it n
only depends on the value ofuf at the current timet but on the whole trajectory{uf (s, x): 0 � s � t}. Thus the
term on the RHS of the first equation in (6) is nonlocal in time. This represents the memory phenomeno
effective model.

4. Sketch of the proof of Theorem 3.1

For the sake of brevity we only consider the caseθ = 1 andp = 2 in (3). First of all we establish the followin
preliminary compactness result.

Lemma 4.1. Let {uε = uε(t, x)} be the sequence of solutions of problem(1). Then there exist a subsequence(still
denoted by{uε}) and functionsuf (t, x), um(t, x, y) such that

(a) uf ∈H 1(0, T ;L2(Ω))∩L∞(0, T ;H 1(Ω)), um ∈H 1(0, T ;L2(Ω × Y ))∩L∞(0, T ;L2(Ω;H 1
M(Y )), where

H 1
M(Y ))= {u ∈H 1

# (Y ): u= 0 in F};
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mit
(b) for any t ∈ [0, T ], uε two-scale converges touf + um;
(c) for anyϕ ∈L∞(0, T ;L2(Ω;C#(Y ))),

T∫
0

dt
∫
Ω

∂tu
εϕ

(
t, x,

x

ε

)
dx→

T∫
0

dt
∫
Ω×Y

∂t (uf + um)ϕ(t, x, y)dx dy

(d) for almost allt ∈ (0, T ), up to a subsequence,
√
aε∇uε two-scale converges to√

a(x, y)(∇xuf + ∇yvf )IF (y)+
√
a(x, y)∇yum(t)IM(y)

wherevf ∈ L2(Ω;H 1
#(F) \ R).

The proof of the Lemma is based on thea priori information on the family{uε}ε>0 provided by Theorem 2.1
along with the extension result [8], and makes use of arguments similar to those in [9]. In what follows{uε} stands
for a sequence satisfying the conditions of Lemma 4.1, if the contrary is not indicated.

It is well known, that the solutionuε of problem (1) verifies, for almost allt ∈ (0, T ),{−∇ · (aε∇uε)+Λ1u
ε + g(uε)=Hε in Ω

∇uε · 	ν = 0 on∂Ω
(12)

whereHε = hε − ∂tuε + Λ1u
ε is considered as a given function andΛ1 > Λ. Thus, for any∆t ⊂ [0, T ], uε

minimizes the functional

I (ε)[u] =
∫
∆t

dt
∫
Ω

{
1

2
aε|∇u|2 +G(u)−Hεu

}
dx, whereG(u)=

u∫
0

g(ξ)dξ + Λ1

2
u2 (13)

overu ∈ L∞(0, T ;H 1(Ω)). In the following two steps we study the problem of minimization of (13) in the li
of smallε and obtain a limiting (homogenized) functional.

Step I (upper bound). Letφf ∈ L∞(0, T ;C1(�Ω)), φm ∈ L∞(0, T ;C1(�Ω;H 1
M(Y ) ∩ C1

#(Y ))) and ζ ∈
L∞(0, T ;C1(Ω;C1

#(Y ))). We introduce the test functionwε = φf (t, x) + φm(t, x, xε ) + εζ(t, x, x
ε
). By using

Lemma 4.1 we get that limsupε→0I
(ε)[uε] � limε→0 I

(ε)[wε] = J [φf ,φm, ζ ], where

J [φf ,φm, ζ ] =
∫
∆t

dt

{ ∫
Ω×F

1

2
a(x, y)|∇xφf + ∇yζ |2 dx dy +

∫
Ω×M

1

2
a(x, y)|∇yφm|2 dx dy

+
∫
Ω×Y

(
G(φf + φm)− (φf + φm)H

)
dx dy

}
(14)

with H = h(x, y)− ∂t (uf + um)+Λ1(uf + um). Minimizing J [φf ,φm, ζ ] with respect toζ yields

lim sup
ε→0

I (ε)[uε] � Ihom[φf ,φm] (15)

where

Ihom[φf ,φm] =
∫
∆t

dt

{∫
Ω

1

2

(
A∗(x)∇xφf · ∇xφf

)
dx +

∫
Ω×M

1

2
a(x, y)|∇yφm|2 dx dy

+
∫

Ω×Y

(
G(φf + φm)− (φf + φm)H

)
dx dy

}
(16)

It is clear that (15) remains true for any couple(φf ,φm) ∈L∞(0, T ;H 1(Ω))×L∞(0, T ;L2(Ω;H 1
M(Y )).
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Step II(lower bound). Lemma 4.1 and the lower semicontinuity property of convex functionals with resp
the two-scale convergence (see, e.g., [9]) imply that

lim inf
ε→0

∫
∆t

dt
∫
Ω

{
1

2
aε|∇uε|2 +G(uε)− hεuε

}
dx �

∫
∆t

dt

{∫
Ω

1

2
(A∗∇xuf · ∇xuf )dx

+
∫

Ω×M

1

2
a(x, y)|∇yum|2 dx dy +

∫
Ω×Y

(
G(uf + um)− (uf + um)h

)
dx dy

}
(17)

Therefore, (15)–(17) yield

lim sup
ε→0

∫
∆t

dt
∫
Ω

(
∂tu

εuε −Λ1|uε|2
)
dx �

∫
∆t

dt
∫
Ω×Y

V (t, x, y)dx dy (18)

whereV (t, x, y)= (uf + um)∂t (uf + um)−Λ1(uf + um)2. On the other hand we have

lim
ε→0

T∫
0

dt
∫
Ω

e−2Λ1t
(
uεt u

ε −Λ1|uε|2
)
dx = lim

ε→0

1

2

(
e−2Λ1T

∥∥uε(T )∥∥2
2,Ω − ∥∥Uε∥∥2

2,Ω

)

� 1

2

(
e−2Λ1T

∥∥uf (T )+ um(T )∥∥2
2,Ω×Y − ‖U‖2

2,Ω×Y
) =

T∫
0

dt
∫
Ω×Y

e−2Λ1tV (t, x, y)dxdy (19)

This implies that the strict inequality in (18) is impossible. Thus the couple(uf ,um)minimizes the functionalIhom
in the classL∞(0, T ;H 1(Ω))×L∞(0, T ;L2(Ω;H 1

M(Y )).
Now, in order to complete the proof of Theorem 3.1 we minimize the energy functional (16) with resp

(φf ,φm). In a standard way (see, e.g., [10]), we obtain the homogenized problem (6). This problem is clea
posed. Therefore the convergence holds for the whole family{uε}ε>0.
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