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Abstract. In the paper we deal with the homogenization problem for the Poisson equation in a singularly perturbed domain
with multilevel oscillating boundary. This domain consists of the body, a large number of thin periodically situated cylinders
joining to the body through thin random transmission zone with rapidly oscillating boundary. Inhomogeneous Fourier boundary
conditions with perturbed coefficients are set on the boundaries of the thin cylinders and on the boundary of the transmission
zone. We prove the homogenization theorems. Moreover we derive estimates of deviation of the solution to initial problem from
the solution to the homogenized problem in different cases.

It appears that depending on small parameters in Fourier boundary conditions of initial problem one can obtain Dirichlet,
Neumann or Fourier boundary conditions in the homogenized problem. We estimate the convergence of solutions in these three
cases.
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1. Introduction

This paper deals with boundary value problems in domains with multilevel rapidly oscillating bound-
aries; these problems play important role in various applications. The domains of this type appear natu-
rally when describing some physical materials and biological structures.
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Fig. 1. Skin with hairs of two types.

One of the key examples is the skin of mammals. Typically, it is covered with hair of two types
(see Fig. 1). The set of long hair insulates the animal body from the environment influence such as
moisture, wind, etc., while short hair (down hair) protect the long hair bulbs from low and high outside
temperature. Hence, in the corresponding model problem the coefficients of boundary operator might
differ essentially for the parts of the domain boundary representing short and long hair. This reflects the
difference in the corresponding heat conductivities.

It can be observed that the long hair is situated quite regularly and thus we assume that its geometry
is periodic. The short hair is less regular, and it is natural to use the stochastic framework to describe its
geometry.

We consider a domain with singularly perturbed random multilevel boundary. Under natural assump-
tions on randomness we prove the homogenization theorem and then estimate the difference between
solutions to the perturbed (initial) problem and the homogenized problem.

Problems in domains with singularly perturbed boundary attract the attention of many scientists. The
presence of a microinhomogeneous rough boundary influences the macroscopic effective boundary con-
ditions. Appropriate tools for studying these problems are methods of asymptotic analysis and boundary
homogenization (see, e.g., [5,9,22,23,29,35,43,44,46], and references therein).

The effective behaviour of problems with random microstructures have been widely studied in the
existing literature. The first rigorous homogenization results for divergence form elliptic operators with
random coefficients have been obtained in the pioneer works [32] and [45]. Then the estimates for the
rate of convergence were derived in [49]. For the stochastic two-scale convergence in the mean we refer
to [14] and for almost sure two-scale convergence to [50]. The boundary homogenization for elliptic
boundary value problem with randomly alternating type of boundary conditions has been studied in [8];
the effective boundary condition in a domain randomly perforated along the boundary, was obtained in
[17]. The paper [19] dealt with the homogenization of a thick junction through a thin random transmis-
sion zone.
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The interest in boundary-value problems in domains with rough boundaries have been increasing
recent years due to essential progress in many applied sciences. A number of important models in this
fields can be studied mathematically by means of boundary homogenization technique. These models
can be found in biology (see, for instance, [16]) in physics (see [7,11,24,28,31,36,38]), in engineering
sciences [13,15,47].

Previously, problems in domain with oscillating boundary have been considered in [6,27] and then
in several other papers. In [26] one can find rigorous asymptotic analysis of a problem in domain with
multiscale oscillating boundary. A rich collection of new results on asymptotic analysis of boundary-
value problems in thick multi-structures is presented in the following papers [10-12,18,19,25,30,38-41].
For further results in domains with oscillating boundaries see [2—4,27].

The work [20] is devoted to boundary value problem in domain with periodic multilevel rapidly oscil-
lating boundary.

The present paper deals with problems in domain with multilevel rapidly oscillating boundary. In
contrast with [20] here the boundary microstructure combines periodic and random components. The
presence of two scales of oscillation of the boundary as well as the randomness of the corresponding
geometry is natural in various applications. However it leads to additional mathematical difficulties. We
consider a model problem in a domain with random double level oscillating boundary, the first level is
random and has the height €; the second one is of the height €%, 0 < o < 1, and is periodic (see Fig. 2).

Here € is a small parameter, which also characterizes the distance between neighboring thin domains
and their thickness.

We study boundary-value problems in a domain with multilevel oscillating boundary. It is assumed
that inhomogeneous Fourier boundary condition is stated on the oscillating parts of the boundary, the
coefficient of the boundary operator being a rapidly oscillating function. Out goal is to prove the homog-
enization results and estimate the rate of convergence.

The paper is organized as follows. In Section 2 we define the geometry and set the problem. Section 3
is devoted to the detailed definition of random structure and conditions on the random functions. In
Section 4 we formulate main theorems and in Section 6 we prove them. Section 5 contains auxiliary
technical statements and their proofs. In Section 7 we study the limit behaviour of eigenvalues and
eigenfunctions of the corresponding spectral problems.

Fig. 2. Domain with multilevel oscillating boundary with random transmission zone.
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2. Setting of the problem

Assume that B is a (d — 1)-dimensional ball centered at the origin and lying in the unit cube

1 1
52{5/2(51,--.,£d_1): —§<&< E,izl,...,d—l}.

Here and throughout the paper d > 2. A model domain D, with multilevel oscillating boundary (see
Fig. 2) consists of a body

Dy={zeR%: 2’ =(2,...,24-1) € Ip, 0 < x4 < B(') },

where Iy = (0,a)?!, & € C'(Iy), min &(z") = Py > 0, of a large number of the thin cylinders

IE’GT()
Giy,..ig,(€) = {x e R%: (e_lxl — iy mgy — id,l) €B, x4€ (—lsa,O]},

withz; =0,1,...,N —1,7=1,...,d — 1, and of the thin oscillating layer
/
I, = {x eR%: 2/ € 10,69($')F<$—,w) <zg < 0},
€

where ©(z’) is a smooth nonnegative function with supp ©(z’) C Iy, and F(¢,w) is a random sta-
tistically homogeneous non-positive function with smooth realizations, w is an element of a standard
probability space (§2, A, i) (see the detailed definitions below). Thus, D. = Dy U II. U G, where

1

~ d=
Gg = U
7j=l1

N-1
U Giyoig, (©).
ij=0

Here N is a big natural number, hence ¢ = a/N is a small discrete parameter. We identify the cube I
and the set {z € R%: 2/ € Iy, z4 = 0}. In what follows we denote
Je={i=C(....iq-) €27 0<i; <N —1}.

Equivalently, D. = Dy U I1. U G, where G. = @E\H -. We denote also

Bg = U {x € R% (6_1:E1 — iy g — id_l) € B,xg= 0},
’iGJE

Y /
I. = {x € D\G.: zq = 58(3:’)F<%,w) },

?5 = aéa\E‘; or flA"g = §a U B, where §a is the lateral surface of the set CAJE, and B; is the lower
surface of G¢; 1¢ := 0G. \ OII. and respectively S. is the lateral surface of the set G¢, I'T = {z: 24 =



G.A. Chechkin et al. / Convergence of solutions in domain with random multilevel oscillating boundary 5

d(z'), 2’ € Iy}, v = 0D, \ (I. U Y. U I}). It is easy to see that v does not depend on ¢ and 7 =
0D\(I'y U Iy). In D, we consider the following boundary value problem:

—Azue(r) = f(2), x € Dy;
/ /
O ue () + 570(x')p<%,w> ue(T) = 9(x’)q(%,w> , el
Dyus(x) + el kjus(x) = '~ %k,, z el M
ue(x) = 0, x € I;
Oyus(x) = 0, x €.

Here 0, = 0/0v is the derivative with respect to the outer normal; the constants &y, k, are positive; the
parameters p, 7 are real; p(¢/,w) and q(§’,w) are random statistically homogeneous positive functions,
0 € C>®(Iy) with 0 < O_ < O(2') < 6+. Also, we assume that f € Lé”“(Rd).

Function v, € H'(D.,I) = {v € H'(D,): v|r, = 0} is a solution of the problem (1), if the
following integral identity

/

Vue(x)Vo(z)dx + &7 / H(x’)p (%, w) ue(x)v(x) doy + etk / ue(z)v(x) doy,
I:

Te

D.

:/ f(g:)v(x)dx—i—/ H(x/)q<§,w>v(x)dax+sl_a/ kov(x)do, 2)
D, I: e

holds true for any function v € H'(D,, I7).

For any fixed € > 0 there exists a unique solution to problem (1) (see, for instance, [33]).

The main goal of the paper is to study the asymptotic behavior as ¢ — 0 of the solution to this problem.
It should be noted that the limit behavior of solutions to problem (1) depends crucially on the relation
between the parameters «, 7, i In the paper for different values of the parameters we derive the effective
model and estimate the rate of convergence.

3. The probabilistic framework and main assumptions

In this section we introduce the probabilistic framework. Further details can be found in [29] (see also
[22]).

Let (§2, A, 1) be a standard probability space.
Definition 3.1. A family of measurable maps

Ty:02— 0, 2/ eR

is called a (d — 1)-dynamical system if the following properties hold true:

e Group property:

Ty =TTy Va',y € R4, Ty = 1d (Id is the identical mapping).
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e Isometry property:
T, U € A, wWTyld) = pUl), Vo' e R vl e A

e Measurability: for any measurable functions ¢(w) on {2, the function ¢(7,/w) is measurable on
2 x R4! where the space R?~! is equipped with the Borel o-algebra B.

Let Ly({2) (g = 1) be the space of measurable functions integrable in the power g with respect to the
measure . The following assertion is a consequence of the Fubini theorem (see [29] for the proof).

Proposition 3.1. Assume that ¢ € Lq({2). Then almost all realizations ¢(Trw) belong to qu“(R(d*”).
If the sequence {1} C Ly(§2) converges in Ly({2) to the function ¢, then there exists a subsequence
{¢1.} such that almost all realizations ¢ (Tyw) converge in LZ’"(R(d_l)) to the realization ¢(T,w).

Definition 3.2. A measurable function ¢(w) on {2 is called invariant if, for any 2’ € RA-1, P(Tpw) =
¢(w) almost surely.

Definition 3.3. A dynamical system 7} is said to be ergodic if all its invariant functions are almost
surely constant.

Definition 3.4. Let / € L'*°(R?~"). We say that the function / has a spatial average if the limit

M) =1im = [ () 4w
_sgr(l)|B’ B 13 v

exists for any bounded Borel set B € B with |B| > 0, and moreover this limit does not depend on the
choice of B. The quantity M (F) is called the spatial average of the function f .

The proof of the following statement can be found in [22].
Proposition 3.2. Let a function | have a spatial average in R, and suppose that the family

{F(%/),O < € < 1} is bounded in Ly(K), for some q > 1, where K is a compact in R whose
interior is not empty and contains the origin. Then

/
F <%> — M(F) weaklyin L;"”(Rdil), ase — 0.

In what follows we repeatedly use the Birkhoff ergodic theorem in the following particular form (see,
for instance, [29] for more details).

Theorem 3.1 (Birkhoff ergodic theorem). Let T,/ be an ergodic (d — 1)-dynamical system and let ¢ €
Ly(£2), g = 1. Then, almost surely (i.e. for almost all w € (2), the realization ¢(Tyw) admits a spatial
average M (p(Tw)). Moreover,

M ($(Tyw)) = E(9),

where IE(¢) is the mathematical expectation of ¢.
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Definition 3.5. A random field ((z/,w) (z/ € R%"!, w € ) is called statistically homogeneous if
¢(2,w) = ((Tww)
for some random variable Z on (§2, A, ).

We suppose that the functions F'(£',w), p(£’,w) and q(¢’,w) appearing in the formulation of prob-
lem (1), are realizations of statistically homogeneous random fields, that is

F(¢w) = FTow),  p(¢w) =pTeow),  q(&,w) = @Tew),

for all ¢’ € R4, where F , p and ¢ are random variables on ({2, A, ;1), and T is an ergodic (d — 1)-
dynamical system on 2.

Moreover, we assume that F' has, almost surely, continuously differentiable or locally Lipschitz real-
izations. We denote

O F(w) = 0, F(Tew)|erm,  OuF(w) = Ver F(Terw)|¢r—o.-

We have V¢ F €, w)= &dﬁ (Tgrw) (see, for instance, [29]).
Finally, we make the following assumptions on the functions F, p and q:

(h1) F € Loo(2), F(w) < Oas.;

(h2) O,F € (L(2))4 Y,

(h3) p € Loo(92), p(w) = 0 as., p{w: p(w) >0} > 0;
(hd) G € La(£2), g0, F € (Lr(£2))% 1.

Also in a number of statements we assume that
(h2') OuF € (Lo(2))"if d < 5, 9 F € (Lgpp(2)?"if d > 5.
Part of the results on the rate of convergence are obtained under the following condition

(h2") O,F € (Loo(12))%".

Remark 3.1. Notice that in the lower dimensions d < 5 conditions (h2) and (h2’) coincide.

4. Main results

In this section we introduce two possible homogenized problems and formulate the convergence re-
sults. The first of these problems takes the form

—Azuo(r) = f(2), x € Dy,
ug(x) =0, x eI, 3)
Oyug(z) = 0, x €7,

—axd'LL()(Jf) + (IT:QH(IE/)P(.%',) + luzl_aEkl)uo(x) = Q(x')Q(m’) + Eky, z €.
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Here
_J1 fw=g, -
lo=s = {0 otherwise, = =1/9B|,
— E(pn/1 + (0(x)0.Fw@)?) (1 - |B]), )
Q(z q(w)\/l ") 0. F(w)) )(1—1B]),

and the symbols |B| and |0B| stand for the (d — 1)-dimensional volume of B and (d — 2)-dimensional
volume of the boundary OB, respectively. Problem (3) has a solution ug € H'(Dy,I) = {v €
H'(Dy): v|r, = 0}. The corresponding integral identity reads

Vuy(z)Vo(z)dzr + / (100 (') P(2') + 1y=1—aZk1 ) uo(x)v(z) dz’
D() IO

f@v(@)dz + / (0(2")Q(a") 4+ Zky)v(x) da’ ()

Dy I

for any function v € H'(Dy, I).
The second homogenized problem reads

—Aguo(z) = f(x), x € Dy,
ug(r) = 0, x € I U I, (6)
Oyup(x) = 0, x €.
It has a solution vy € H'(Dy, 1 U Iy) = {v € HY(Dy): v|rur, = 0}. This solution v, satisfies the
integral identity

Vuy(x)Vo(x)dr = f@)v(z)dx (7
Dy Dy

for any function v € H'(Dy, Iy U Iy).

By the standard regularity results for elliptic equations and thanks to the structure of the junction
between I and +, the solution uq of problem (3) (respectively (6)) belongs to the space H>(Dy).

Since D, depends on ¢, it is convenient to introduce a domain, say D, which contains all the domains
D¢, e < 1. The existence of such a domain is assured by condition (h1).

Remark 4.1. Clearly, the function uy is not defined in the whole domain D.. Applying the technique
of symmetric extension (see, e.g., [33,34,37]), allows us to extend wu into a larger domain D; we keep
the same notation uq for the extended function. In particular, for all ¢ € (0, 1] we have ||ugl| z2p,) <
C||uol| gr2(pyy» Where C' does not depend on .

Theorem 4.1. Let conditions (h1)—(h4) be fulfilled and assume that f € L,(DV) and F(§',w) has, al-
most surely, continuously differentiable realizations. Then, almost surely for all sufficiently small € > 0,
problem (1) has a unique solution. Moreover, if T > 0 and pu > 1 — « then u. converges to a solution of
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problem (3) and the following limit relations hold true
lim [[ue — wol[L,0.) = 0 as. ®)
and
;i_I}})E(HUe — || yp.y) = 0. ©)

Under assumptions (h1), (h2"), (h3) and (h4), we have a stronger convergence:

;i_lg |ue — uollg1p.,y =0 a.s. (10)
and

E(|Jue — uoll g (p.)) — O, (11)
ase — 0.

The rate of convergence of . towards u( can be estimated under an additional mixing assumption on
the random fields F'(£'), p(§’) and ¢(¢'). In order to introduce this assumption we first define the so-called
maximum correlation coefficient.

For a bounded set A in R?~!, denote by o4 the o-algebra o {F'(¢/, ), p(£', ), q(&',-): € € A}, i.e. the
o-algebra generated in 2 by F'(¢',-), p(¢, "), q(&, ), for £’ € A.

Definition 4.1. The maximum correlation coefficient p(s), s > 0, of the random field (F, p, ¢) is defined
by

p(s)=  sup sup  [E(mi7p)
A],AzCRd-l,meLz(QﬂAl),
dist(A1,A2)>s T]zELz(.Q,O’Az)

>

where the second supremum is taken over all o 4, -measurable 7; and o 4,-measurable 7, such that En; =
0 and E{(nj)z} =1,7=1,2.

We first consider the case 7 > Oand > 1 — a.

Theorem 4.2. Let 7 > 0 and pn > 1 — «, and assume that conditions (h1)—~(h4) are fulfilled, F (£, w)
has almost surely continuously differentiable realizations, and f € L,(D™) with dist(supp(f), ) > 0.
If, in addition,

o0
/ p(s)ds < oo, (12)
0
then the following estimate holds true
E(|Juo — ue| gp,y) < K (Lumi—ac? ™ H 4622 4/ 11, 4067), (13)

where u. and ug solve problems (1) and (3), respectively, and the constant K does not depend on ¢.
If we replace (h2) with the stronger condition (h2"), then estimate (13) holds for any f € L,(D™).



10 G.A. Chechkin et al. / Convergence of solutions in domain with random multilevel oscillating boundary

In the case 7 < 0 or it < 1 — « the following statement holds.
Theorem 4.3. Let 7 < 0 or u < 1 — «, and assume that (h1)—(h4) are fulfilled, F(¢',w) has almost
surely continuously differentiable realizations, and f € L,(D™). Then relations (8) and (9) remain valid

with ug being a solution of problem (6). Furthermore, for the solutions u. and gy of problems (1) and
(6), respectively, the following estimates take place:

o lftr<u—1+aandp > p_ >0, then
lue — ol Ly, < C (777 +€'/7), (14)
o IftT>u—1+aandk, >0, then
[t — ol Lyp.) < C (1772 4 £2/2). (15)
Remark 4.2. The condition in (12) is fulfilled if the random field (F, p, ¢) has finite range of depen-
dence.
5. Auxiliary statements

This section is devoted to various technical assertions, which will be used in the further analysis. Some
of these assertions have been proved in [21] and [1]. We omit their proofs.

Lemma 5.1. Almost surely, the inequalities

v<x',5@(x')p<§,w>> ~o(e.0)

v/l oz < CovElv D, (17)

< Cl\/EHUHHl(DE) (16)
Ly (1p)

and

hold for any function v € H'(D,), with deterministic constants Cy and C,.
Ifu € H*(DV), then we have, for d > 2,

u<x',g@(x')p<§,w)> —u(2',0)

with a deterministic constant C5.

d+2)/(2d
< C3e /D || 1o o, (18)
Lq/a—2)Ho)

As a consequence of the previous lemma and the trace theorem we have

v(x',s@(m')F(%,w))

< CHUHHI(DE)
Ly(1o)
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forv € H'(D,) and

u<x',5@(x')p<§,w>>

for u € H?*(D™) with a deterministic constant C' which does not depend on «.
When computing boundary integrals over I, it is convenient to choose the coordinates =/ =
(x1,...,xg—1)on I,

< Cllullg2p+) (19)
La/a—2)Uo)

Lemma 5.2. Let (do,) be an element of (d — 1)-dimensional volume of I .. Then, almost surely,

do, = \/ 1+ |0(2) 8o F(Ty jow)|* da’ (1 + O(e)), (20)
where |O(e)| < Ce with a deterministic constant C.

By the Sobolev embedding theorem one has

‘/ uvdz’
Iy

for all u,v € H'2(Ip).
The following result is a consequence of the Birkhoff ergodic theorem.

< Cullull gz gy 101l ey (21)

Lemma 5.3. Let h(¢',w), & € R, be a random statistically homogeneous function such that
|h(0, )| Lo (2) < 00, and assume that

E(h(f’,w)) =0.

Then, almost surely,
! ’ / /
h W ua(x )va(m)d:p — 0, (22)
Io

as € — 0, for any families u.,v. € H'Y*(Iy) such that [uell g2,y < C and [Jve|| 172, < C.

Ifﬁo 102 — R, k > 1, is a random vector such that hy € (L,(£2))*, and a function R(x', z): Iy x
R* — R has the following properties:

ReC(IhxRY), |R(z.¢)|<C(1+¢) (23)
forall 2’ € Iy and ¢ € R¥, and

]ER(x’,EO(-)) =0 foreacha' €I, (24)
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then a.s.
/ R(.’L’/,EO(Txl/aUJ)) v° (w’) dz’ °3° 0 (25)
Iy

for any family v¢ € H'(D,) with 10| 1o,y < C.

The proof (22) is similar to the proof of Lemma 5 in [21]. The convergence in (25) is proved in [1].
Using Lemma 5.3 we obtain the following one.

Lemma 5.4. Almost surely, for any v° € H'(D,) such that ||v*| i p,, < C and u € C®RY), as
€ — 0, the following limit relations hold

/ 0 (x’) q (%/, w) v¥(x)do, — / 0 (:U’) Q (x/) v® (:U', O) dz’| =0, (26)

€ IO

/ 0 (a:')p (%, w) v (x)u(z)do, — / 0 (x') P (:L") v° (x', 0) U (x', 0) dz’| =0 27
€ I()

with P(z") and Q(z') defined in (4).
We also need estimates for the trace of H! functions on 7.

Lemma 5.5. For any functions v € H'(D., I'|) the following estimates are valid

51_0‘/ v (x)doy, < 0560‘/ |V02dx+06/ vz(:c/,O) da’ (28)
e Ge Iy

and
51_0‘/ v (z)do, < C7”“||?11(D5)' (29)
Te

The proof of this lemma relies on trace and Friedrichs—Poincaré inequalities.
Similarly one can prove that for any v € H'(D,, I'}) the estimate

/ Xe (2')v*(2/,0) da’ < Cs (50‘/ Vo> dz 4+ &'~ / v (x) dam> (30)
Ge 1.

Iy

holds true, where y.(z') = X(%), and x(§),€ € R4 s 1-periodic in &1, &, . . ., €41 function defined
as:

1, £€€B, _
Obviously (see, for instance, [22,44]), the estimate
‘(XE - |B ’U)Lz(g)‘ < C\/EHUHHI/z(D)

holds for any v € H'/2(D).
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Reasoning as in the proof of Lemma 1 from [21] yields the following lemma.
Lemma 5.6. The inequality
oll o0 < Ce*2|loll o,
holds true for any function v € H'(D.).

Proposition 5.1. Let u. be a solution to problem (1). Then under assumptions (h1)-(h4), there exists
C' > 0 such that, almost surely for all sufficiently small ¢ > 0, the following estimates hold

el g1p.y < C (32)
and
E(llucllgp.) < C. (33)

Proof. The estimate (32) easily follows from the uniform coerciveness of the quadratic form of problem
(1) in the space H'(D,, I'}). Taking the expectation of both sides in (32) yields (33). O

Suppose that ¢ € H'(DWY) with DI = Iy x (—®1,0). Then for almost all ¢t € [—£%1,0] one can
prove the estimate

1 0
H<z><-,t> o / LOCzadn| < O 0,0, 0, (34)

L(1p)

Indeed,

, 1 0 , 2 .
/Io <¢(x,t) — E/_aalgb(m,xd) dxd> dx

| 0 / / -
:W/j </_€al(¢($,t)—¢($,$d))d;pd> dz

1

0
/ / 2 /
< E/IO/M(¢>($,75) — o(e ) deada

1 0 t 2
- T/ / (/ 8wd¢(:v’,y) dy) dxgdz’
el Iy J —e<l Tq

0 0
<[ [ ] (el n) aydraas
Iy J —exl J—e2l
@ 2
=¢ l/})g)(@mdqb(x',xd)) dx.
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Lemma 5.7. The following estimates hold for all sufficiently small ¢ > 0:

51_“/ L,O(.’IJ)dO’x—E/ gp(ac’) da’
T, T
61_0‘/T go(x)d)(x)dUIE/ gp(x’)¢(1:’) da’

Iy

< Ce?||ollmp., Ve € H(D.),

(35)

< Ce*\ el oIl mp.y Vet € H'(Do),
where = = [|0B].
The following statement relies on Lemma 7.1 in [1].

Lemma 5.8. Assume that H('),£' € R is 1-periodic in € function with values in R*. Let h(£',w) =
h(T¢w) be a statistically homogeneous random field with values in R*, and suppose that condition (12)
is fulfilled. Then, given a smooth function R(z', z1, ), ' € Iy, 21 € RF, 2, € R*, such that

HR(@“/’ %(')’ ZZ) HLz(Q) <G,

/ ER (2, h(-), H(£'))de' =0, forall ' € I,
[O,l]d_]

we have

IE( sup
==l

1-11/2(10):1

2
><Oﬁ, (36)

/ R(x', h(f,w> s H<§>)w(:v) dz’
I g g

with a constant C' that does not depend on €.

6. Convergence and estimates

Proof of Theorem 4.1. The existence and uniqueness of u. follow from the coercivity of the quadratic
form of problem (1) and the Lax—Milgram lemma (see [22] for further details).

eThecase7 > 0and u > 1 — .
If w =1 — a and 7 = 0, then after simple transformations we find

/ V(ug — u)Vodx + / Op(ug — ue)vdog + '~k / (ug — ug)v doy,
£ 1> TE

= VuoVudx — fvodxr — Oqudo, —e'™@ kyvdoy,
D. D. I T.

—I—/ Hpuovdaxﬂ—el_akl/ upv doy
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= / VugVodr — / fodz+ | 0Q + Zky)vda’ — (OP + ZEky)ugv dz’
D:\Dy D\ Dy Iy Iy

—/ qudO'x—Ela/ kzvd0x+/ 9pu0vdax+€lak1/ ugv do,. 37

Here wy is a solution of problem (3).
Let us estimate all the terms on the right-hand side of the last relation. By Lemmas 5.5 and 5.6 bearing
in mind the smoothness of u, we have

/ VuoVodx
D:\Dy

< Vol Loz |01 ooy + I Vuoll Ly l0l 1.

+ VuoVodx

Ge

< ‘ VuyVodx
11,

< C(\/EHUOHHZ(DE)HUHHI(DE) + 5a/2HUOHHZ(DE)HUHHI(DE))

< C|luoll ooy 1V | oy .

and
‘/ frdz| < ’/ fvdz / fvdx
E\DO HE GE

< OWelflapollolmwp. + e | wollvlmiw.)

< C2|| fll aeoo 0]l 1D, - o

_l’_

Then, according to Lemma 5.4, as € — 0, almost surely we have

/ 6’qu0$—/ 0Qu dx’
€ I()

0 (40)

and

—0

/ qum)d()'x—/ 6 Pugv dz’
€ IO

for any v € C*°(R%). By Lemma 5.7 the inequalities hold

< Ce®2||v]| gap, (41)

61_a/ kyvdo, — = | kyvdd!
€ IO

and

< Cao‘/zHUOHHl(DE>HUHH‘(DE)'

6]_0‘k1/ uovdam—Ek:l/ uov da’
5 I()
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It follows from Proposition 5.1 that, for a subsequence ¢, — 0, we have u., — U weakly in H Y(Dy), as
k — oo. This implies that, for any v € C®(R%),

lim (Vug — Vue, )Vvdr = V(ug — u)Vudz.

k—o0 Dsk Dy

Passing to the limit, as £ — oo, on both sides of (37) and exploiting Lemmata 5.4 and 5.7, we conclude
that, for any v € C°(R?%) N H'(Dy, I),

/ (Vuog — Vu)Vodzr + / 0P (') (up — Wy dz’ + / Eki(ug — w)vdz’ = 0.
Dy Iy Iy

By density arguments the last relation also holds true for any v € H'(Dy, I'}). This implies that ug = 7.
Therefore, a.s. the whole family . converges to uo weakly in H'(Dj), and (8) follows from the Rellich—
Kondrashov theorem (see, for instance, [22]).

The convergence (9) follows from (8).

e The case © > 1 — aand 7 > 0. In this case, after simple transformations, we derive from (2) and
(5) that

V(uy — u)Vodr + &7 Op(ug — u)vdoy, + etk / (ug — ug)vdoy
D. I: €

= VugVudx — fvdx — / Oqvdo,
D, D, €

—51_0‘/ krgvdax—l—sT/ Gpuovdam—l—e”kl/ upv doy,

= / VuyVodx — / fodz+ | (0Q + Zky)vda’
D\Dy D\Dy Iy

—/ qudax—el_a/ kzvdax—{—eT/ 9pu0vdax—|—5“k1/ ugv doy,. 42)

Clearly, estimates (38)—(39), (41), as well as relation (40), remain valid. By Lemma 5.2 and Proposi-
tion 3.1, for any v € C*®°(R%), we have a.s.

67’

/ p(ug — ug)v doy

5

<< [ pluo = uclolds’ < 7o ~ el e,
Iy
with a constant C' that might depend on w. Also, by Lemma 5.5 we have

6,u—l-i—cz

7% [ (up — uevdoy| < CeP 1Y |uy — Ue |l g1,y

Te
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Combining the above relations we obtain that, for any v € C*° (RY N HY(Dy, I),

/ V(ug — us)Vodx| — 0,

as € — 0. As in the previous case this yields (8) and (9).

The cases y =1 —a, 7 > 0and p > 1 — a, 7 = 0 can be considered in a similar way.

We now turn to the H' convergence (10). We choose v = (ug — u.) as a test function in (37) (respec-
tively (42)). The resulting relation reads

/ [V(up — Ua)‘z dzr + / Op(ug — ue)* doy + &'k / (up — ue)* doy
D. I Te

= / VuoV(ug — us)de — / flug —ug)dr + OQ + Eky)(ug — ue)da’
D:\Dy D:\Dy Iy

— [ (0P + Ekpuo(ug — u-)dz’ — | Oq(up — uc)doy
Iy I:

—gl@ / ka(up — uz)doy, + / Opuo(ug — uz)dog + '~k / up(ug — ug)do,  (43)

£

and, for (42), we have

/ |V(uo — ua)\2 dz + €™ / Op(ug — ue)* doy + ek | (up — ue)* doy
De I. 7.
= / VuoV(ug — ug) dz — / flup —ug)dx + / OQ + Eky)(ug — ue)da’
D:\Dy D:\Dy Iy
- / Oq(up — ue)doy — El_a/ ky(up — ug)doy + €T/ Opuo(ug — ue) doy
I 7. I

+ etk / uo(ug — ue) doy. (44)

We proceed with estimating the terms on the right-hand side of (43). First, since uy € H?*(D,), in
view of Lemma 5.6, we have

< Ce/? (45)

/ VuoV(ug — ue) de
DE\DO
for sufficiently small . Similarly,

/ flug — ue)dz| < Ce*/?. (46)
D:\Dg




18 G.A. Chechkin et al. / Convergence of solutions in domain with random multilevel oscillating boundary

By Lemma 5.7 and Proposition 5.1, the inequalities hold

5]_0‘/ ko(ug — ue)doy, — E/ ka(up — uo) da’| < Ce/?
€ I()
and
el =%k, / ug(ug — ue) doy — =k / uo(ug — ug)dz'| < Ce®/2.
1. Iy
Denote

T = / Opug(ug — ue) doy, — / 0 Puo(ug — ue)dz’.

€ Iy

Our next goal is to show that almost surely

lim 7. = 0. 47

e—0

Remark 6.1. Similar convergence has been studied in [1].

For the sake of brevity we introduce the following notation:

Us(&) = o <x E@(J;')F(%,,w)), UL() = . <x',g@(x')p(§,w> )

B (48)
S () = (14 O (&) [0 F(Ty o)) /7.

Notice that Uj does depend on €. We represent 7. as the sum of four terms:
Je = </ Opuo(uo — ue) doy — / OpUo(Up — U:)S® dl”)
Fe IO\Bg

+ (/ OpUy(Uy — U,)S® dz’ — / Opuo(Uy — U,)S® dx’)
Ip\BY I\B?

+ (/ Opuo(Uy — U,)SE da’ — / Opug(ug — ue)Se dx’)
Io\BY I\B?

+ </ Opug(ug — ue)Se da’ — / 0 Pug(ug — ue) dx’).
Ip\B? I

Let us show that each of these terms vanishes as ¢ — 0. By (19), (20), assumption (h2’) and the Holder
inequality, a.s. for sufficiently small € we have

~ /
/ pu% do, < 2/ p(l + 62 (x') |awF(T$//EUJ)‘2)1/2U% (m',s@(z')F(%,w)) dz’
5 I()

< CHﬁHLoo(Q)(l + ||awF||Ld/zvz(Q))HUOH%{Z(DJr) < C9HUOH§LIZ(D+) (49)
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with deterministic constants C' and C; here we denote g V2= max(é, 2). From (2) and (32) it is easy
to deduce that a.s.

/ gp(ua)z do, < C.

€

Combining the last two inequalities we conclude that almost surely for sufficiently small € the following
estimate holds

/ Op(ug — uz)?do, < C (50)

5

with a deterministic constant C'. From (49), (50) and (20) we get

< Ce.

/ Opuo(ug — ue) doy, — / OpUo(Uy — U2)S* (2') da’
5 IO\BS

Considering (49), (50) and (h2’), by Lemma 5.1 and the Holder inequality we obtain

/ OpUy(Uy — U.)S da’ — / Opuog(Uy — U.)SE da’
Io\B? Io\B?

< / [Uo — uo| (v/0pSe|Uy — Ue|) /60pSe da’
Ip\BY

< ClUp = wol| Ly aayiiy < CEP/CD < OV

Notice that Lemma 5.1 applies here since u is extended in D . For d = 2 the desired inequality follows
from the Holder continuity of wy.
In order to show that, almost surely,

lim =0 (1))
e—0

/ Opuo(Uy — Uo)SE da’ — / Opug(ug — ue)S® dx’
I\ B I\ B

we observe that, by the Sobolev embedding and trace theorems, uo € Ljg—1y/a—4)({o)- Due to assump-
tion (h2’) this implies that ||Suo|| 1,1, < C a.s. Therefore,

< CW/e

/ Opug(Uy — U.)SE da’ — / Opug(ug — ue)SE da’
Io\B?2 )\ B

here we have also used (16) and (32).
It is easy to see that

/ OpSuo(ug — uz)dz’ = | OpS ug(ug — us)(1 — xo) da’,
I\ B2 Iy
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where x.(2') = X(%’) and y is defined in (31). Now, in order to prove (47) it remains to show that

lim [ (6p(1 — x2)S° — P)ug(ug — u:)dz’ = 0. (52)

e—0 IO

This convergence follows from the Birkhoff ergodic theorem. Indeed, by the definition of P we have

E{0(')p(1 — |B))\/1 + €2(2/)[0.FP — P(a)} =0,

for any (z/,0) € Iy. Under assumption (h2’) this implies that the function (fp(1 — x.)S — P) converges
almost surely to zero weakly in Ly q/2(1o). Since ug € H?*(D™) and (ug — u,) is bounded in Hl/z(Io),
the family wo(ug — ue) is compact in Ly g4 /(d—Z)(IO); here 2 A ﬁ = min(2, %). This yields (52).

Combining now (45)—(47), we arrive at the conclusion that all the terms on the right-hand side of (43)
almost surely tend to zero, as ¢ — 0. This yields

lim =0,
e—0

/ |V(uo — u5)|2 dx + / p(ug — ue)* dog + '~k / (o — uz)* doy

D, I T

and by the uniform coercivity of the quadratic form of problem (1) we derive that a.s.
;i_% [0 — vel| g1 (pe) = 0.

The convergence (11) is a direct consequence of (10).
For 7 > 0 and it > 1 — « the desired convergence can be justified by similar arguments. O

Proof of Theorem 4.2. Consider the case 4 = 1 — o and 7 = 0. Since f vanishes in the vicinity of
1y, the solution ug is smooth in a sufficiently small neighborhood of I and thus has a smooth extension
in D; as above, we keep the same notation v for the extended function.

Consider the relation (43). Recalling (48) one can derive from (16) and Lemma 5.2, that

Oq(ug — us)doy — | Og(1 — xe)S*(ug — ue)da’
I: Iy

Taking into account the C'°°-smoothness of g in the vicinity of I, one also has

< CVellug — uel| gp,)- (54)

/ Opug(ug — ue) doy, — / Op(1 — x=)S%ug(ug — ue) dz’
5 I()

Now, for z; € R4 ! and 2, € R, let us define

R(x’,zl,zz) = H(ac')zz\/ 1+ (9(30’))2212(1 - |B|) - H(x')Q(:c').
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It is easy to check that the function R(z/, 8w15 , Q) satisfies the assumptions of Lemma 5.8. Therefore,
considering the boundedness of (ug — u.) in H 1/ 2(Iy), we have

“

Similarly, in view of the smoothness of g in the neighborhood of I, we obtain

“

Combining (53)—(56) with the estimates obtained in the proof of Theorem 4.1, yields

x/QUQ—ﬂJ—anﬂmm—uady

Iy

}<Oﬁ. (55)

/1 0(p(1 — x=)S° — P)ug(ug — u.) da’

} < Cve. (56)

/
IE/ ‘Vug(ar) — Vuo(g;)‘2 dr + E/ 0p<%,w> (ua(x) - uo(x))2 do,
D. I
+ El_o‘klE/ (us(x) — uo(ac))2 do, < C’s”‘/zEHu6 — ol g1¢p,y + Cy/e.
Te

Thanks to the coercivity of the quadratic form of problem (1) this implies the bound (13).
The case 1 > 1 — « and 7 > 0 can be treated in a similarly way. The theorem is proved. O

Proof of Theorem 4.3. Substituting u,. for v in (2) and using Proposition 5.1 and Lemma 5.7, we get

/
/ ‘Vug(x)‘2 dr +¢&" / 9p<x—, w) u*(z)do, + 'k, / u*(z)do, < C. 57)
D. I. € 1.

If 7 < p— 1+ «, then, dividing the last relation by €7, we have

xl 2 / :B/ / xl 2 —T
/I\BO Op g,w uz| x',eOF ;,w dx’ < / Op ;,w uz(x)do, < Ce™ 7. (58)
0 e 5

Considering the upper bound ||uc || 1 (p.) < C, by condition (h3) we obtain

/ /
lim / 0(Ep)(1 — \B|)u§(aﬁ) da’ — / 9p<£,w> ug <x',€8F<£,w>> dz’| =0 as.
e—0 I I()\Bg 9 g
Since Ep > 0 and 6 > 6_ > 0, this implies that a.s.
;I_If(l) HUEHLz(Io) =0. (59)

The family {u. } is uniformly bounded in H'!(D.). Consider arbitrary convergent subsequence . o Ek
0. It is evident that the limit function u/(x) satisfies the equation —Au’ = f and the boundary conditions
v’ = 0on I and 9,u’ = 0 on ~. In view of (59), it also holds u/|;, = 0. Hence, u/(x) = ug(z). Then,
the whole family {u.} converges to o, that is, |[u: — uo||f2(p,) — 0, as € — 0.



22 G.A. Chechkin et al. / Convergence of solutions in domain with random multilevel oscillating boundary

If p > p_ > 0, then, as an immediate consequence of (58) and (16), we get

Jue — U0HL2<IO\Bg> = ”UaHLz(IO\Bg) < C(fT/2 + 61/2)-

Exploiting the upper bound |[ue: — ol g1p.y < C we conclude that

lue — uoll Loy < C (772 +€'/2).

(60)

(61)

Since (ue — ug) is a harmonic function in Dy that satisfies the boundary conditions (u: — up) = Oon 17,

and 9, (us — ug) = 0 on ~, then

e — ol Lapy < C(e77/2 +€'72).

(62)

To justify this inequality it suffices to represent (u. — ug) in terms of the corresponding Green function

and to use (61).

If 7 > pu — 1+ a, then, by the same arguments, we obtain

lim [[ue —wol|z,0.) = 0 as.
and, if p > p_ > 0,
Hua - UOHLz(Do) < C(*":(lioéim/2 + Ea/z)-

This completes the proof. O

7. Estimates for eigenelements

In this section, we apply the results developed in [44] to the spectral problem associated with boundary

value problem (1). Consider the following problems:

—Auf (@) = Neub (), z e D.:
/

Oyul (@) + €Tp<%,w) uf(x) =0, z €Iy

Oyul(z) + e kyul(z) =0, e

ul(z) =0, el
[ O ul(x) =0, T € e,

—Agul(x) = MNuk(),

dyuf(x) =0,

—8zdu’§ (a:’,O)

£ (5r0P (&) + S Zhi )b (21,0) = 0.
ug(x) =0,

HZED(),
.’IZ'EBD()\(F]UI()),

k=12,...

(ml,O) e I
T € Fl,

’

(63)

(64)
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and

—Aguk(@) = MNouk @), e Dy,

By ug(x) = 0, x€dD\ (UL k=12.... (65)
ul(z) =0, z eIy Ul,
Here, uf e H\(D., I), ulg € H'Y(Dy, I), k = 1,2,..., are orthogonal basis in L,(D,) and L,(Dy),
respectively. The sets {)\’g }s {)\lg },k=1,2,..., are the corresponding eigenvalues such that
0<A <A< <A<, 0SA A< <M<

and they repeat with respect to their multiplicities.
For the sake of completeness, we state here the results on spectral convergence for positive, selfadjoint
and compact operators on Hilbert spaces (see Section III.1 in [44] for the proof).

Theorem 7.1. Let H. and H be two separable Hilbert spaces with the scalar products (-, ). and (-, +)o,
respectively. Let A, € L(H.) and Ay € L(Hy). Let V be a linear subspace of Hy such that {v: v =
Agu,uw € Hy} C V. We assume that the following properties are satisfied:

e—0

o Cl. There exists R. € L(Hy, H;) such that (R.F,R:F)y. — Y, F)n,, for all F' € V and
certain positive constant .

o C2. The operators A. and Ay are positive, compact and selfadjoint. Moreover, || A:|| .y are
bounded by a constant, independent of €.

o C3.||AcR.F — ReAoF . "2 0forall F € V.

e C4. The family of operators A% is uniformly compact, i.e., for any sequence F*¢ in H. such that
sup, || F&|| . is bounded by a constant independent of €, we can extract a subsequence F®', that
verifies the following:

|A0F — B, 0,

as e — 0, for certain v° € H,.

Let {115 )52, and { ug 152, be the sequences of the eigenvalues of A, and Ay, respectively, with the clas-
sical convention of repeated eigenvalues. Let {w; }52, and ({w? 72, respectively) be the corresponding
eigenfunctions in H., which are assumed to be orthonormal (H, respectively).

Then, for each k, there exists a constant Cﬁ), independent of ¢, such that

‘/‘i - ui\ < C{CO sup |AeReu — Re Aoul| 1.,
uEN (uf, Ao),
(||| £y =1

where N(MIS,AO) = {u € Hy, Apu = ,ugu}. Moreover, ifuz has multiplicity s (M% = ,u,gﬂ =... =

1 4s_1)» then for any w eigenfunction associated with 19, with ||wl| g, = 1, there exists a linear combi-

nation w* of eigenfunctions of A®, {w5 };j;rs_l associated with { ji; };2?3—1 such that

Hw6 — st”Hg < CF|AcRow — R.Agw|| ..,

where the constant C}, is independent on ¢.
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We denote by H. the space L,(D.) with the scalar product
(f59%) . = / fe(x)g® () d.
D,

We denote by H the space L,(Dy), where the scalar product is
(1) = [ 1 an
Dy
We define the operator

Ac: Ly(Do) —» HY(D., ), Acf = ue,

where . is the solution to the problem (1) with g = 0 and k, = 0.
Inthecase 7 > 0 and p > 1 — o we set:

Ag: La(Do) — H' (Do, I1),  Aof = o,

where u is the solution to problem (3) with @ = 0 and &k, = 0.
Inthecase 7 < Oand p < 1 — o we set:

Ag: La(Do) — H' (Do, I1 U Ly),  Aof = uo,

where wuy is the solution to problem (6).

In fact, A, and A are operators associated with the eigenvalue problems (63), and (64) (if 7 > 0 and

p=1—a),and (65) (if T < Oand u < 1 — «), respectively.

Now, considering the operators A.: H. — H. and Aq: Hy — Hy, it is easy to establish the posi-
tiveness, self-adjointness and compactness of the operators A. and Ay, respectively. In particular, the
compactness of both operators follows from the compactness of the imbedding of H'(D,) into the space

Ly(D.) and H'(Dy) into the space L,(Dy), respectively.

Let Vbe V = HY(Dy,I) if T >0and o > 1 — ), and V = HY (Do, I U Iy) (if 7 < 0 and

1 < 1 — «), which satisfies Im(Ag) C V C Hy, and let R, be
R : Ly(Do) — Ly(De)
the extension operator (we extend functions by zero in D, \ Dj).

Let us verify the conditions C1-C4 of Theorem 7.1 (Theorem 1.4 from Section III.1 in [44]).
C1. The operator R, : Hy — H. is defined in (66). Obviously,

(R-F,R.F)g. :/ F?dr — [ F?dx = (F,F)g,
5 D()

as € — 0. Hence, we conclude that this condition is fulfilled with vy = 1.
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C2. Let us prove that norms || A¢ || z(zr.) are uniformly bounded with respect to . Keeping in mind the
equivalence of norms, we obtain that:

x/
HuEH%{l(DE) <Chy (/ ]Vu5\2 dx + ET/ 0p<g,w> ug(w) do, + ek /T ui(m) dam>
D. I .

< Cus| fll oo llel oy

or

HUEHHI(DS) < Ol fllLomo-

Thus, || Az fllg. < Ch4l| f]m., and condition C2 is fulfilled.
C3. By Theorems 4.2 and 4.3 condition C3 takes place. Indeed, by the definitions of the operators A,
Ag for any f € V, we obtain that:

|A:R.f — ReAof |7, = |lue —ul|f;. = 0 ase — 0.

Thus, condition C3 holds.

C4. If a sequence { f.} is bounded in H. then, by Proposition 5.1, the solutions {u. = A.f.} to
problem (1) are uniformly bounded in H'(D,, I'}). Therefore, there exists w € H'(Dy, I'}) and a subse-
quence €/ — 0 such that u.s — w in L>(Dy) and weakly in H'(Dy). Thus,

HAE/fE/ — Rslw”%{sl = /D (UE/(J)) — w(w))z d.’L' — O as 5, — O,

El

and condition C4 is fulfilled.
Now, we consider the spectral problems:

k k_k k
Acug = piul, wu; € He,

plzp2zo b= >0, k=12,
(ulaulg)Hs = Ok
and

k k, k k
Aouy = poug,  uy € Ho,

gk k>0 k=1,2,...,
Lok
(uo,uo)HO = O

According to our definitions * = ﬁ, and pf = )\—lk, where A\F and \¥ are the eigenvalues of problems

(63) and (64) (if > 0and u > 1 — ), and (65) (if g‘ < 0and p < 1 — @), respectively.
Finally, applying Theorem 7.1 (Theorems 1.4 and 1.7 in Section III.1 of [44]), we prove the following
statements.
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Theorem 7.2. In the case T > 0 and p > 1 — « for the eigenvalues /\Ig, /\’g of problems (63) and (64),
respectively, the estimate holds

‘)\]; - )\IS‘ < C(lymi—ac" ' + g/2 4 14y 1,—0¢7).

In the case T < 0 or i < 1 — a for the eigenvalues \¥, /\Ig of problems (63) and (65), respectively, the
estimates

NN <C(eTP 4V forr<p—1+a
and

NN < OO 1) forr > p—1+a
are valid.

Theorem 7.3. Let us consider the same hypothesis as in Theorem 7.2. Suppose that k,l are integers,

k>0,0>1,and \§ < \0T1 =0 = AL < \EHHL
Then, in the case T > 0 and v > 1 — o for any w, eigenfunction of (64), associated with the eigenvalue
/\’g+‘, there exists a linear combination u. of eigenfunctions uﬁ“, o ,uf“ of problem (63) such that:

[T — Rew|| 1,0y < C(Lpmi—ae? e 4 e 4 e/ 41, 0e7).

Then, in the case T < 0 and . < 1—a for any w, eigenfunction of (65), associated with the eigenvalue

/\§+1, there exists a linear combination . of eigenfunctions u**', ..., uk*t of problem (63) such that:
|t — Rew|| LDy < C(&_T/2 + 51/2) forr<p—1l+4+a

and
|te — Rew|| LoD,y < C(e(l_“_a)/z + 80‘/2) fort>pu—1+a.
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