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Abstract

We consider the homogenization of a system of second-order equations with
a large potential in a periodic medium. Denoting by ¢ the period, the potential is
scaled as ¢ 2. Under a generic assumption on the spectral properties of the asso-
ciated cell problem, we prove that the solution can be approximately factorized as
the product of a fast oscillating cell eigenfunction and of a slowly varying solution
of a scalar second-order equation. This result applies to various types of equations
such as parabolic, hyperbolic or eigenvalue problems, as well as fourth-order plate
equation. We also prove that, for well-prepared initial data concentrating at the
bottom of a Bloch band, the resulting homogenized tensor depends on the chosen
Bloch band. Our method is based on a combination of classical homogenization
techniques (two-scale convergence and suitable oscillating test functions) and of
Bloch waves decomposition.

1. Introduction

We study the homogenization of evolution problems for a singularly perturbed
second-order elliptic system with periodically oscillating coefficients. To fix ideas,
let us consider the following parabolic problem

9
e _ div (A (f) vug) + (8_20 (f> +d (x, f)) Ue=0  inQx(0,7),
Jat e e e

u, =0 ond2x(0,T),
ue(t =0, x)=u’(x) in Q,

ey

where Q@ C RY is an open set and 7 > 0 a final time. The unknown u, (¢, x) is
a vector-valued function from Q x (0, T) into RX. The coefficients A(y), c(y)
and d(x, y) are real and bounded functions defined for x € Q2 and y € TN (the
unit torus). Furthermore, the tensor A(y) is symmetric, uniformly positive definite,
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while c¢(y) and d (x, y) are symmetric with no positivity assumption. The parabolic
equation (1) is just an example: other evolution problems of interest covered by this
paper are the wave equation, parabolic fourth-order equations, or spectral problems.
A generalization to the Schrodinger equation is the topic of another work [10]. The
scalar case of (1) (i.e., K = 1 and u, is a real-valued function) is well understood
(see, e.g., [5-9, 13, 20, 28]) and the goal of this paper is to solve the case of systems
of several coupled equations. However, the method, as well as some results, are
very different in the system case. In order to convince the reader, we first describe
the main results and ideas of proof in the scalar case.
For K = 1, introduce the first eigencouple of the spectral cell problem

—divy (AMVy¥1) + ey =ryr in TV, )

which, by the Krein-Rutman theorem, is simple and satisfies ¥ (y) > 0 in TV.
The first eigenvalue A can be interpreted physically as a measure of the balance
between the diffusion and potential terms. Since 1| does not vanish, the unknown
can be changed by writing a so-called factorization principle

MEug(t, x)

= 82
ve(t,x) =e " (;_C),

and, after some algebra, it can easily be shown that the new unknown v, is a solution
of a simpler equation

3

X\ 0vg

vi () So—div (W74 (3) Voo )+ @ia) (v ) ue=0  in@x(©.7),
ve=0  ondQx(0.7),

0
v (t=0,x)= IZIS((?) in Q.

“

The new parabolic equation (4) is simple to homogenize since it does not contain
any singularly perturbed term, and we thus obtain the following result.

Theorem 1. Assume that (1) is a scalar problem (K = 1). Ifug(x) = vo(x)l/fl (%)
then vg, defined by (3), converges weakly in L* ((0, T); H(} (Q)) to the solution v
of the following homogenized problem:

3
a—l: —div (A*Vo) +d* () v =0  inQx (0,T),
v=0 on o2 x (0,T), ®)
v(t =0,x) =00(x) inQ,

where A* is a constant homogenized tensor and d*(x) a homogenized coefficient.

It is clear from the above brief summary of the scalar case that the main idea,
namely the factorization principle (3), does not usually work in the case of systems,
i.e., K > 1. Indeed, in general there is no maximum principle, and therefore no
Krein-Rutman theorem, for systems. Thus, {1 may change sign and the change
of unknowns (3) is meaningless because v, blows up at some points (see however
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[5] for a special system for which the maximum principle holds true). Even if we
perform a formal computation by assuming that (3) is valid, the system satisfied by
ve has not a simple structure and it is not clear that it admits a homogenized limit,
and even so, there is no reason why the homogenized tensor should be coercive.

In order to homogenize (1) in the system case, our main new idea is to use Bloch
wave theory. Under a generic simplicity assumption for the first eigenvalue and a
non-degenerate quadratic behavior near its minimum (see (9)) we obtain a result
similar to Theorem 1 (see Theorem 2 for details). The two main features are that
the homogenized equation is always scalar and that the cell problem must some-
times be shifted, namely the usual periodicity condition in (2) has to be replaced
by a Bloch periodicity condition. Technically, the Bloch wave theory allows us to
prove a new compactness result (Lemma 3) which shows that sequences satisfy-
ing some weak a priori estimates can be written approximately as the product of
a periodically oscillating sequence and another compact sequence. Our analysis
applies not only to the parabolic problem (1) but also to the corresponding spectral
problem and hyperbolic system. In the latter case, different limit regimes are ob-
tained according to the sign of the minimal cell eigenvalue X;. Section 2 contains
our notation, a brief review of Bloch wave theory and our main assumption. Our
main results are stated in Section 3 while the proofs are distributed in Sections 4, 5
and 6.

In Section 7 we also obtain new homogenization results for some specific well-
prepared initial data (assuming that @ = R¥). More precisely, recall that Bloch
wave theory introduces the notion of Bloch bands, corresponding to the range of
cell eigenvalues or, in physical terms, to energy levels of Fermi surfaces. Theorem 1
is concerned with the first Bloch band (or ground state). If we assume that the initial
data ug is concentrating at the bottom of a higher level Bloch band (see Section 7
for a precise statement), we obtain a convergence result similar to Theorem 1 but
with a different homogenized tensor (depending on the level of the chosen Bloch
band). Even in the scalar case this result is new. In the context of the Schrédinger
equation it is known as an effective mass theorem (see, the e.g., [21, 23, 24]). The
fact that the homogenized tensor depends on the initial data is very striking in
homogenization theory since usually effective properties are proved to be intrinsic
in the sense that they do not depend on the domain, the applied forces or source
terms, and the initial data.

In Section 8 we show that under a new assumption on the first Bloch eigenvalue,
a different homogenized limit can be obtained for (1). Indeed, the homogenized
problem is a parabolic fourth-order equation.

Finally, Section 9 is devoted to an extension of our previous results to a different
model, namely we consider a fourth-order equation. We first obtain homogenized
limits similar to those of Section 3 but with a fourth-order operator instead of a
second-order one. Then, under a different assumption on the first Bloch eigenvalue,
we prove that a second-order homogenized limit can also be obtained (a situation
which is symmetric to that in Section 8). Our method could be generalized to other
models. In particular, its application to the Schrddinger equation is of paramount
interest. However, since much more can be deduced in the Schrodinger case, we
address this problem in a separate work [10].
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There are several motivations for studying the homogenization of the singularly
perturbed system (1). First, (1) is a model of reaction-diffusion equations in peri-
odic media (like a porous medium or a crystal in solid state physics) and the large
potential is classical when studying long-time asymptotics. Second, the spectral
problem for (1) is the usual model in nuclear reactor physics, the so-called simpli-
fied transport equation. This is a set of diffusion equations for the even moments
of the neutron flux (moments with respect to the angular velocity variable). One
of the main features of this simplified transport system is that it does not satisfy a
maximum principle. So our work is the first rigorous study of homogenization for
this problem, which is of paramount interest for fast numerical computations in the
nuclear industry (see [27] for more details and numerical applications). Third, as
a limit case of large potentials we recover perforated domains with periodic holes
supporting Dirichlet boundary conditions (take ¢ = +o0 in the holes and ¢ = 0
elsewhere). In such a case the term of order ¢ 2 disappears from the equation (1)
although there is still a singular perturbation due to the presence of Dirichlet holes.
The scalar setting, K = 1, was studied in [28] and we extend this result to the vec-
tor-valued case. One possible application is the study of a composite material with
fixed inclusions in the context of linear elasticity. Fourth, even in the case when
¢ = 0 (i.e., without singular perturbation) our homogenization result for initial
data concentrating at the bottom of high-level Bloch bands is new and can be seen
as a type of corrector result for capturing an initial layer in time in the context of
classical homogenization [11, 12, 18] (see Remark 16).

2. Notation and Bloch decomposition

We first give our precise notation and assumptions on the real coefficients A(y),
c(y) and d(x, y) involved in equation (1). Our tensorial notation is the following.
Recall that N is the space dimension, and K is the system dimension, i.e., all
unknown functions are defined with values in RX. We adopt the convention that
Latin indices i, j belong to {1, .., N}, i.e., refer to spatial coordinates, while Greek
indices «, B vary in {1, .., K}. The K x K matrices ¢ and d are symmetric, with
entries cqg, dop respectively, and have no specific positivity properties. The tensor
A acts on K x N matrices. Denoting by (#¢);<,<x the components of a vector-
valued function u, its gradient is the K x N matrix Vu defined by its entries

ou
Vu = (—a
ax; 102K, 1SiEN

, (6)

and the product AVu is also a K x N matrix defined with the Einstein summation
convention by

ou
AVu = (Aaﬂija_xo'( @)
1

>1<ﬂ<1<, ISjEN
The tensor A is symmetric in the sense that

At £ = AE' & forany &, & e REXN,
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and it is uniformly coercive, i.e., there exists v > 0 such that for a.e. y € TV
A()§ € 2 vi§|* for any & € RFY.

We assume that A(y) and c(y) are real, measurable, bounded, periodic functions,
i.e. their entries belong to L>(T"), while d(x, y) is real, measurable and bounded
with respect to x, and periodic continuous with respect to y, i.e., its entries belong
to L™ (; C(T")) (other assumptions are possible).

A formal two-scale asymptotic expansion (in the spirit of [11]) shows that the
leading term in the ansatz of u, is the solution of an equation in the unit cell TV,
Therefore, we need to study a microscopic version of (1). It turns out that the key
cell problem is the following Bloch (or shifted) spectral cell equation

—(divy + 2in9)<A(y)(Vy + 21'719)1/;") +cO)Yp =M@Y, in TN, (8)

which, as a compact self-adjoint complex-valued operator on L2(TV)X | admits a
countable sequence of real increasing eigenvalues (A,),>; and normalized
eigenfunctions (¥),,>; with |||l 2(pvyx = 1. The dual parameter ¢ is called

the Bloch frequency and it runs in the dual cell of TV, i.e., by periodicity it is
enough to consider 6 € TN. We refer to [11, 15, 23] for more details about the
Bloch spectral problem (8).

Our main assumption is that there exists a Bloch parameter 6y € TV such that

(i) 6o is the unique minimizer of A{(6) in TV,
(i) A1(6p) is a simple eigenvalue, )]
(iii) the Hessian matrix Vo Vg1 (6p) is positive definite.

Remark 1. In the scalar case, K = 1, assumption (9) is satisfied with 6y = 0.
Indeed, by using the maximum principle, it is easily seen that the minimum of
A1(0) is uniquely attained at 0, and then that the Hessian matrix Vo Vgi1(0), being
equal to the usual homogenized matrix (see, e.g., [16]), is positive definite. On the
other hand, for any K > 1 and in the absence of a zero-order term, i.e., c = 0, it
is easy to check that 6y = 0 is the unique minimizer of A1(0) (however, A1(0) is
not simple and, if it exists, the Hessian matrix may be not positive definite). In full
generality, there always exists a minimizer of A1(6) but it may be non-unique and
A1(6p) has no reason to be simple (although, by extending the results of [2], it is
possible to show that A1 (6p) is generically simple).

Remark 2. The range of possible values of 6 is limited. The coefficients A and ¢
being real, it is clear that taking the complex conjugate of (8) amounts to changing
0 to —6. In other words the function A1(6) = A1(—0) is even. Since by periodicity
it is enough to minimize A;(6) on [—1/2, +1/2]N, the assumed uniqueness of the
minimizer 6y implies that necessarily all the components of 6 are either O or 1/2.

We do not know if it is possible to obtain a non-zero value of 6y. We performed
numerical experiments in 2-d to compute 6y for the simplified transport equations
(the SPN model) which is a system of two coupled equations [27]. Even for numer-
ical values of the coefficients out of their range of physical validity, we always
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obtain 6y = 0. Nevertheless, in a slightly different context, namely for a system of
linear elasticity which is not uniformly elliptic but simply satisfies the Hadamard
ellipticity condition (in other words the associated energy is rank-one convex but
not convex), there is numerical and physical evidence that the minimal value 6,
in (9) is not zero [17]. Similarly, numerical computations in [1] show that, for a
different model of fluid-structure interaction, in 2-d there are two minimal values
6o: (0,1/2) and (1/2, 0).

Remark 3. Assumption (9) can be slightly weakened, see Remarks 11, 12 and 13.
However, if we remove the simplicity assumption for A1 (6y) the homogenized limit
is not any longer a scalar equation but rather a system (see Remark 13 for details).
For example, when ¢ = 0, the minimal eigenvalue A1(0) = 0 is of multiplicity K
(with constant eigenvectors), and it is well known that, in such a case, (1) admits
an homogenized limit which is again a system of K equations.

Under assumption (9) it is a classical matter to prove that the first eigencouple
of (8) is smooth at 6y (see, e.g., [19]). Introducing the operator A(0) defined on
L*(TN)X by

AOY = —(divy +2i70) (A, + 2700 ) + WY =M @w,  (10)

it is easy to compute the derivatives of (8) for n = 1. Denoting by (ex)<;<, the
canonical basis of R | the first derivative satisfies

A(Q)% = 2imer A(y)(Vy + 2im0) Yy + (divy, + 2im0) (A(y)2imeryr)
+3)»1 0 11
%( ¥, an

and the second derivative is

82101 . ) vy ‘ . . oy

26030, = 2imer A(y)(Vy + Zlﬂe)TGI + (divy +2im6) (A(y)Zzneka—el>
9 5

+2imeA(y)(Vy + 21‘7{9)8%00/: + (divy 4 2im0) (A(y)ZinelaTlil)

oA ad ar a
+ 22 )20 92 ) O
a6k a6, a6, 96k

AO)

92,
—4nle A(y)ertr — 4m e A ert + ——— (0)¥1. (12)
00700y

For 6 = 6y we have VgA1(6p) = 0, thus equations (11) and (12) simplify and we
find
Y _ . 9y

=2y, = —47% 1, 13
26, 7 Gk 36,06, T Xkl (13)

where ¢ is the solution of

ABo)ek = ex A(y)(Vy + 2im) ¥t + (divy + 2i76p) (A(y)exyrr)  in TV,
(14)
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and xz; is the solution of

AOo) xu = ex A(Y)(Vy + 2im6p) ¢ + (divy + 2imwby) (A(y)exlr)
+er A(y)(Vy + 2im6) & + (divy + 2im o) (A(y)erde)

2)\1
A A L (4 inTV. (15
terA)ery + et A(y)ex o aelaek( 0)¥1  in 15)

There exists a unique solution of (14), up to the addition of a multiple of ;. Indeed,
the right-hand side of (14) satisfies the required compatibility condition (i.e., it is
orthogonal to 1) because ¢ is just a multiple of the partial derivative of yr; with
respect to 6 which necessarily exists, see (11). By the same token, there exists a
unique solution of (15), up to the addition of a multiple of ;. The compatibility
condition of (15) yields a formula for the Hessian matrix Vg Vg (6p).

We now recall some results on the Bloch decomposition associated with the
spectral problem (8) (see, e.g., [11, 15]).

Lemma 1. Let u(y) € L*(RN)X. Define a (0) = [ u(y) - ¥ (y, 0)e 27 Vdy.
Then,

u(y) =y /T @) (y, 0)e* 0 dp.

k=1
Furthermore, if v(y) = 3> fon Be@) Vi (y, 0)e* ™Y do in L*RN)X, then

/];w u(y) - v(y)dy = wa ok (0) B (0) df.

k=1

In what follows we shall need a rescaled version of Lemma 1 that we now
describe. Upon the change of variable y = ’g‘, we define u® (x) = ¢ ~V/2u(y) which
satisfies [|u® || 2 qgyvyk = [lullL2@®nNyk - Applying Lemma 1 we deduce the following
rescaled Bloch transform:

X . ._6px
w =Y [ v (Sboen) 2T an, o)
=10 T ¢

09—
&

with n = % and ap(n) = eN/2q;(0). The same orthogonality property holds

true:

/]RN ut(x) - v*(x)dx = Z /Eil’ﬂw ai(’?)ﬁi(’?) dn.

k21
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3. Main results

Let @ C RY be an open set (bounded or not). Let 0 < T < +oo be a final
time. We first consider the parabolic problem

Ous iy (A (;—‘) vug) + (C @), 4 <x, E)) ue =0  inQx (0.7),

ot g2
u, =0 ondQ x (0, 7),
ue(t =0,x) = ud(x) in Q.

a7

The unknown u, (¢, x) is vector-valued, i.e., it is a function from (0, 7)) x 2 into
CX with K = 1. Since Bloch waves are involved in our results, we always con-
sider complex-valued unknown functions. Assuming that the initial data ug belongs
to L2(2)X, it is a classical result that there exists a unique solution of (17) in
C ([0, TT; L2 )X) N L? ((0, T); H} (2)K).

Since the matrix c does not satisfy any positivity property, we cannot obtain any
a priori estimate directly from (17). On the other hand, the cell spectral problem and
assumption (9) indicate that A1(6p) governs the time decay (or growth, according
to its sign) of the solution u,. Therefore, we first perform a time renormalization
in the spirit of the factorization principle (3) and we introduce a new unknown,

A @)t
ug(t,x) =e « ug(t,x), (18)

which satisfies

ol c(2)— A8
Me _ div <A (f)Vﬁ8)+Mﬁg+d(x, f) i,=0  inQx(0,T),
ot e g2 €
us =0 on a2 x (0, T),
e (t=0,x)=u’(x) in Q.
(19)

Then, we can obtain the following a priori estimate.

Lemma 2. There exists a constant C > 0 which does not depend on &(but may
depend on T') such that the solution of (19) satisfies

lizell oo (0,7y: 222K ) + €N Vitel 20 ryxavsk < Clludlipagyr.  (20)

Theorem 2. Assume (9) and that the initial data ug € L2()X is of the form
. Bpx
) =y (Z.00) ¥ ), @

with v0 € WL(Q). The solution of (17) can be written as

2 @)t

wtn =7 (n(260) o0 +nen). @)
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where r¢ is a vector-valued remainder term, defined on (0, T') X RY, such that

lim [[rell 220, 7y xw)k = 0 for any compact set » C RY, (23)
e—0 ’

and v, is a scalar sequence which converges weakly in L2 ((0, T); H! (SZ)), and
strongly in L? ((0, T); L%OC(Q)), to the solution v of the scalar homogenized prob-
lem

3
a—: —div (A*Vo) +d* () v =0  inQx (0,T),
v=20 on o2 x (0,T7), 24)
vt =0,x) =) inQ,

with A* = 5VpVpr1(00) and d*(x) = [rw d(x, Y)¥1(y) - Y1 (y) dy.

Remark 4. Of course, if €2 is bounded, we can take w = €2 in (23) and replace
L} () by L*() in the above theorem.

Remark S. It is only for simplicity that we make assumption (21) on the “well-
prepared” character of the initial data. Indeed, we use it only for proving the
strong convergence of v, to v in L? ((0, T); L%OC(Q)). The rest of Theorem 2
holds true with the weaker assumption that ug(x)e’zm % two-scale converges
to Y1 (v, 0p)v°(x) with v° € L*(Q) (see [3, 22] and Proposition 1 for the notion
of two-scale convergence). What is more, for any kind of initial data we can still
obtain a similar result, but the homogenized initial condition v? is just defined as
some type of weak two-scale limit (which may well be zero). In other words, there

is no need to have well-prepared initial data in Theorem 2.

Remark 6. Theorem 2 still holds true if we add to equation (17) a non-linear term

of order €. Typically, we can add a non-linear term of the type g(x, =, Ug) Where

g(x,y, &) is an homogeneous of degree one, Lipschitz function with respect to &
such that

g(x,y.6) —g(x,y, &N = ClE — &', g(x,y,1§) =18(x,y.§) Vi>0.

In such a case, the homogenized problem (24) has an additional zero-order term

which is g*(x, v) with g*(x, v) = [px 8(x, ¥, ¥1(y, 60)v) - ¥, (v, 6p) dy. Simi-
larly, it is possible to add to (17) a source term of the type

_ M@t . gyx X
felt,x) =e &2 e f(ﬂx,—).
£

It yields a source term f*(¢, x) = fTN f(t,x,y) - ¥{(y)dy in the homogenized
equation (24).

We now consider the eigenvalue problem in a bounded domain :

—aiv (4 (%) Vi) + ( ST g)) T

u, =0 on 9€2.
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Since 2 is assumed to be bounded, problem (25) has a real discrete spectrum

WESAES < AE L > too,

= "n
with real eigenfunctions denoted by uj, normalized by [luj || 2q)x = 1.

Theorem 3. Under assumption (9), for each k = 1 there is

16
A = 1(20)+Mk+0(1) with Tim o(1) = 0,
e e—0

and the corresponding eigenvector uj (x) admits the representation
) = v (2. 60) AU e () + 1 (1) 26)
where v}, € H& (RQ) andr; € L2(Q)K satisfy
é}i_ll% Irillzz@x =0, villg ) = C, gll_rf}) lvgll2) = 1,

and any limit point v, as ¢ — 0, of the scalar sequence vy, is a normalized eigen-
function associated with the k™ eigenvalue i of the scalar homogenized spectral
problem

—div (A*Vv) + d*(x)v = pv in Q,

v=0 o0noQ, 27)

with A* = 5VpVpri(60) and d*(x) = [pv d(x, YY1 (y) - V1 (y) dy.
Furthermore, if uy is a simple eigenvalue of (27), the entire sequence vj, con-
verges to the homogenized eigenfunction vy.

Finally we address the hyperbolic problem

Pue o x c(2) |
2% gy (A (-) WS) + 2% 20 inQx (0,1,
ot2 e g2

ug, =0 ond2 x (0,7),

28
us(t =0,x) =ud(x) in Q, (28)
dug 1 .

E(I =0,x) =uy(x) in 2,

where u,(t, x) takes its values in CX with K > 1. Assuming that the initial
data are u? € H} (@)K and u! € L2(Q)X, (28) admits a unique solution u, €
C ([0, TT; Hy(X)nc! ([0, T1; L2(2)X). The scalar case K = 1 was addressed
in [4]. Depending on the sign of the minimal eigenvalue A1 (6p) of the cell prob-
lem (8), we obtain different asymptotic behavior for (28). We begin with the case
A1(8p) = 0 which does not require any time renormalization.
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Theorem 4. Assume (9), 11(6p) = 0 and that the initial data are of the form
x G
ul6e) =1 (Z.00) 27 00) € HY@F,
. Opx
utGe) = (Z.00) 270 () € L2@)F,

with 0 e HO1 () NWL2(Q) and v! € L2(Q). The solution of (28) can be written
as

(29)

x 2ir 20X
ug(t, x) = ¥ (g, 90) e v (1, x) e (2, X)), (30)
where r, is a vector-valued remainder term such that
lim [[rell 20,7y xw)k = 0. for any compact set » C RY, 31
e—0 ’
and v is a scalar sequence which converges weakly in L? ((O, T); H! (Q)) to the

solution v of the scalar homogenized problem

2
O _Giv(ATV) =0 in@x(0,T),

912
v=20 on a2 x (0,7),
v =0,x) =) in R,

=00 =) in %
oy 0= ,X)=v (x) inQ,

(32)

with A* = 513V Vphi(60)-

When 11(6pg) # 0, we cannot homogenize directly (28). As in the scalar case
[4] we must rather perform a time rescaling and consider large times of order ¢ 1.
In other words, instead of (28) we now consider
82 c X
22 iy (A (f) wg) + L)ug =0  inQx(T),

02 & g2

us, =0 ondQ x (0, 7T),

u.(t =0,x) = uo(x) in 2,

aug(t—O x)—u (x) in .

(33)

Let us first assume that A1(6p) < 0. We perform a time renormalization analo-
gous to (18) and we introduce a new unknown,

_ /R @)t
Ue(t,x)=e 2 ug(t, x), (34)
which satisfies
9% ou

&2 —11(60)——

—d“’( (3) Vi)
+wlk -0 inQxO.7), (5

e =0 ondQ2 x (0, 7),
Ug(t =0,x) = uo(x) in ,
8u8 A= )»1(90

(t—Ox)—u()— ud(x) in Q.
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In this case we obtain a parabolic homogenized equation.

Theorem 5. Assume (9), L1(6p) < 0 and that the initial data is
00-x
ul0) = v (.00) @70 ) € HY(@)F, (36)

with v* € H}(Q) N W1°(Q), and that e*ul(x) is bounded in L*(Q)X while
821/f1 ()s—‘, 490) . u; (x) converges weakly to O in L%(Q). The solution of (33) can be
written as

NERICL x
win=e o (91 (50) AT v e 0), 6D

where rg is a vector-valued remainder term such that

lim {7z || 20,7y xw)k = 0. for any compact set » C RY, (38)
e—0 ’

and v, converges weakly in L? ((0, T); HI(Q)) to the solution v of the scalar
homogenized problem

ov . N .
—)\1(90)5 — div (A Vv) =0 in2x(0,7T),
v=0 on 99 x (0, T), (39)
v(t=0,x) = %vo(x) in S,

with A* = L5V Vo1 (60)-

Remark 7. The % factor in front of the initial data in the homogenized problem
(39) is quite surprising. It arises because the initial velocity in (35) contains some
contribution of ug. As already explained in the scalar case [4], there is an initial
layer in time in (35) which is not taken into account by Theorem 5.

Let us now assume that A1(6yp) > 0. We perform another time renormalization
and we introduce a new unknown,

_l'4/)”l(00)t
ug(t,x) =e 2 ug(t, x), (40)
which satisfies
820 il
62225 420 /31 (Bo) ==
—div (A (%) Vi)
4Dy nQxO.7), 4
i, =0 on Q2 x (0, 7),
ie(t =0,x) = ud(x) in Q,
.
Yot =0,x) = ul(x) — i YLV 1( 000 in .

at

In this case we obtain a Schrodinger-type homogenized equation. Remark that,
although there is no remainder term in (43), the convergence of v, is much weaker
than in the previous cases (see also Remark 14).
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Theorem 6. Assume (9), A1(6g) > 0 and that the initial data is
._Opx
ul0) = v (2.00) @70 ) € HY(@F, “2)

withv? € W1(Q), and that e*ul(x) is bounded in L*(Q)* while >y (£, 6p) -
u ;(x) converges weakly to 0 in L%(2). The solution of (33) can be written as

PRNAIC TIPS
ug(t,x) =e < " e ve(t, x), (43)

where v two-scale converges to V1 (y, 6)v(t, x) and v € L? ((O, T); HO1 (Q)) is
the solution of the scalar homogenized problem

9
2i\/)»1(90)8—1; — div (A*Vv) =0 inQ x (0, T),
v=20 on o2 x (0,T), (44)
v(t =0,x) = $10%) inQ,

with A* = L5V Vo1 (60).

Remark 8. All the results in the hyperbolic case (Theorems 4, 5, and 6) hold true
when we add a zero-order term of the type d (x, f) ug, where d(x, y) is areal sym-
metric non-negative matrix with entries in L>° (Q; c(TV )) . This yields a zero-order
term in the homogenized problem which is precisely d*(x) = f?l‘N dx, Y¥1(y) -

Yi(y)dy.

4. Proofs in the parabolic case

Notation. for any function ¢ (x, y) defined on RV x TV, we denote by ¢° the
function ¢ (x, 7).

Proof of Lemma 2. We multiply equation (19) by i, and we integrate by parts to
obtain

1 5 1 ! X\ . =
5fﬂms(t,x)ﬂdx—§f§2|u§(x)|2dx+/0 fgd(x,g) fis - e ds dx

t _ L) O, __
+/ / <A (f) Vi, - Vi, + Mae -zzg> dsdx = 0. (45)
0 JQ & &

If we can check that the last integral in (45) is non-negative, the lemma is proved
by a standard Gronwall inequality. Extending iz, by zero outside 2 and changing
the variable to y = %, a sufficient condition is to prove that, forany u € H TRM)K,

/RN (A Vu - Vi + (c(y) =1 00) u - uw)dy = 0.

Applying the Bloch decomposition of Lemma 1 to u yields

fR (A VU VI ()~ 21 @) T dy
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D> fT 10O ((6) = 21(60)) d

k=1
which is non-negative by assumption (9). O
‘We now briefly recall the notion of two-scale convergence (see [3, 22]).

Proposition 1. Let w, be a bounded sequence in L* (). There exist a subsequence,
still denoted by ¢, and a limit w(x, y) € L*>(S2 x TV) such that w, two-scale con-
verges to w in the sense that

nm/ we (x)¢b (x,)—‘)dx:// w(x, V) (x, y)dx dy
e—0 Jo & QJTN

for all functions ¢ (x, y) € L? (Q; c(TV )). The two-scale convergence is denoted

2s
by w, — w.

Furthermore, if eVw; is also bounded in LZ(Q)N, then, up to another subse-
2s
quence, eVwg = Vyw and w belongs to L? (Q; HI(TN)).

Proof of Theorem 2. To simplify the exposition we forget the notation ~ for the
solution i, of (19). Equivalently, we could have subtracted from c(y) an adequate
constant, so that A (6p) = 0 and u, = ii,. Define a sequence w, by

_oipfox
we(t, x) = ug(t, x)e " 7e .
By the a priori estimate of Lemma 2 we have

lwell oo (0. 7): 2% ) + eVWwell 20, 1yx2)x =C,

and applying Proposition 1, up to a subsequence, we find that there exists a limit
w(t,x,y) € L*((0, T) x Q; H'(TV)X) such that

2s 2s
we —~w and &Vw, — Vyw

in the sense of two-scale convergence.

._0px
First step. We multiply (19) by the complex conjugate of £2¢(t, x, %)ez”’OT,
where ¢ (¢, x, y) is a smooth test function defined on [0, T) x 2 x TN, with com-
pact support in [0, T) x €2, and with values in CX . Integrating by parts yields

— ._0px T a—g
82/ ul - P e T dx — 82/ / Wy - idt dx
Q o Ja ot

T
+/ f A% (eV + 2imhp)w; - (eV — 2imbo)d° dt dx
0 Q

T
+/ /(cs —2160) + 2d%)w, - §° dt dx = 0.
0 Q
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Passing to the two-scale limit yields the variational formulation of
—(divy + 2i719)<A(y)(Vy + 2in9)w> +c(y)w = A1 (Bp)w in TN.

By the simplicity of A1 (6p), this implies that there exists a scalar function v(z, x) €
L2 (0, T) x 2) (possibly complex-valued) such that

w(t, x, y) = v(t, x)Y1(y, bo). (46)

Second step. We multiply (19) by the complex conjugate of

N
W, = 2 (m (Z60) 9.0+ >3 (1) (E)) ST

where ¢ (¢, x) is a smooth, compactly supported, test function defined from [0, T') x
Q into C, and ¢ (y) is the solution of (14). After some algebra we find that

/ AfVu, - VU, dx :/ Af (V+2m )((ﬁwg) <V 2im— )wl
Q Q
)
+8/A8<V+2 >( ) (V 2im— ){k
Q & 8Xk
—/ Agek%wg . <V —Zine—o) v
Q an &

3
—/ AgwEV—¢~ekl//?
Q a3
3 _
—/ Agwgv—d) - (eV — 2im60)T,
Q 0xg

_ 9d
+/ A8{Z(8V+2in90)ws~v—¢. (48)
Q 0xk

Now, for any smooth compactly supported test function ® from Q into CX, we
deduce from the definition of | that

4 0\~ |1 _
/AS (V+2in—o> wf.(v-zin—o)c1>+—2/(c8—,\](90))¢f.q>=0,
Q & & & Q

(49)

and from the definition of &g,

0 0= 1 _
A (V4 2in 2 ) gf - v-zin—o D+ — | (¢F — 1B - P
Q & 2 Q
-1 P bo P P A~
=¢ A (V4 2im— ) ¥y - e ® — e ! Aleryry - |V = 2im— ) .
Q € Q €

(50)



194 GREGOIRE ALLAIRE ef al.

Combining (48) with the potential term, we easily check that the first line of its
right-hand side cancels out because of (49) with ® = ¢w,, and the next three

lines cancel out because of (50) with ® = 5) ¢ wg. On the other hand, we can pass
to the limit in the three last terms of we ﬁng that (48). Finally, using the above
information, we find that (19) multiplied by W, yields after simplification,

— T — 0 %p —
0. = —
/Qus W, (t =0)dx A /ng (wlat S atgk dtdx

T
0 .
—/ /AstV—¢~ekWidtdx
0 _Ja dxk

- (eV = 2im00) dt dx

|
o\
ﬂ
5
=
S
o
4
$|§3

T e )

+ AL, (eV +2imbp)we - V—dt dx
0_J2 dx

+/ dfw, - Wy dt dx = 0. &))
0o Ja

Passing to the two-scale limit in each term of (51) gives

// e 130 = O dy /// Yrv- wl—‘l’drdxdy
/ // 1vV— ekl/fldtdxdy
’]I‘N

/ // AwlvV— (Vy —2in6p)¢ dt dx dy
TN

o3
+/ // A{k(Vy+2in60)1p1v-V—¢dtdxdy
0o JalJrv 0xk

T
+f // dyriv -y ¢pdtdxdy = 0. (52)
0 Q JTN

Recalling the normalization fTN |¥112dy = 1, and introducing

247 = / (Al/flej ey + Ayrier ey
']I‘N
+AY1e; - (Vy —2im00)5; + AVies - (Vy — 2im60)E

— AT (Y, + 20001 - € — AT (Vy + 2im00) v ek>dy, (53)

and d*(x) = f’JI‘N d(x, y)¥r1(y) - El (y) dy, (52) is equivalent to

r _
/ 2% (0)dx — / f (v% + A*v-VV¢ — d*(x)vq_b) dtdx =0,
Q 0o Ja ot

which is a very weak form of the homogenized equation (24). Note, however, that
we cannot recover the Dirichlet boundary condition from (52). To this end we shall
use the compactness Lemma 3 below (which was not required so far) or, more
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precisely, its Corollary 1 which implies the existence of a bounded scalar sequence
ve in L2 ((0, T); HI(RN)) such that

X 21‘7190—‘)C
et ) = Y1 (Z.00) 7 vile.x) + et ), (54)

and limg—0 [I7e [l 20, 7)xw)k = O for any compact set @ C RV, Up to a subse-
quence, v, converges weakly to alimit v in L? ((O, T); H' (RN )) , which necessarily
coincides with the two-scale limit obtained in (46). If the compact set w lies outside
Q,ie.0 C (R \ Q), we deduce from (54) that

X 2i7r90—'x .
Ui (Z.60) 7 vt x) = —re(t,x) i x (0,7),
£

and since i is normalized, we obtain
2 ! X 2 2
el s = J | 11 (Z.00) Ploe(e.0)Pdr ax

T
_>/ /|v(t,x)|2dtdx=O.
0 w

Therefore, we deduce that v = 0 in any compact set w outside €2. This implies that
v belongs to L ((0, T); Hj ().

The compatibility condition of (15) for the second derivative of | shows that
the matrix A*, defined by (53), is indeed equal to 87_+2V9 Vo Xri1(6p), and thus is real,
symmetric, positive definite by assumption (9). Therefore, the homogenized prob-
lem (24) is well posed. By uniqueness of the solution of the homogenized problem
(24), we deduce that the entire sequence v, converges to v (which is a real-valued
function if the initial data v¥ is s0). O

Remark 9. As usual in periodic homogenization, the choice of the test function
W,, defined by (47), is dictated by the formal two-scale asymptotic expansion that
can be obtained for the solution u, of (17). Indeed, if we admit that the ansatz of
u, starts with the following two exponential terms (which is not obvious a priori!),
then a simple and formal computation shows that

_ M)t 6o-x

N
u(t, ) e 2 e (Wl (z 90) (t, x) —I—el; %(r, x) (%)) ,

where v is the homogenized solution of (24).

Lemma 3. Let u, be a bounded sequence in L2RM)K . Assume that there exists a
finite constant C such that

/ <A ()_‘) Vu, - Viis + C(E)_—;\l(%)us E) dx=C. (55
RN € ¢

Then, under assumption (9),

e =91 (2.60) ¥ 0, (0) + 1), (56)
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where v, is a bounded scalar sequence in H'(RN) and lim,_,o |7e ||L2(a))’< = 0 for
any compact set  C RN,

Remark 10. If the sequence u, further vanishes outside an open set €2, then we
can obtain the representation (56) with v, uniformly bounded in HO1 (2). Indeed, it
is enough to project the function v, € H'(R"), given by Lemma 3, on HO1 ().

Corollary 1. Let u, be the solution of the parabolic system (19). Then, under
assumptions (9) and (21),

~ X 2ir f0X
e (1,0 = Y1 (Z.00) X7 w10 4 120, ),

where v is a bounded scalar sequence in L2((0, T); HY(RNM)), such that 33”;
bounded in L2((O T) x RN, and lim,_¢ I7ell 20,1y xa)k = 0 for any compact
set w C RN In particular, v, is relatively compact in L* ((O T); LloL (RN)).

Proof of Lemma 3. Our proof is in the spirit of the previous works [14, 16, 26].
Applying the rescaled Bloch decomposition (16) to u.(x) with n = ‘9;00, we have

u () = / g (S 00+ en) TR ay,(57)

k=1

and

g2

< VMS'VE—FM .u_8>dx

_ _zzf FHROE xk(90+sn)—kl(90))dn-

k=1

Since Ax(0) — A1(6p) = 0 and, for k = 2, Ax(0) — A1(8y) = C > 0, we deduce
from the bound (55) that

> f leg ()7 < Ce?.

k=2
For k = 1, by assumption (9) there exists C > 0 such that
21(6) = 11(60) = C10 — bo|* V6 € TV,
and thus (55) implies

/ g Il NP S C.
-

Extending o (1) by zero outside ¢~ !TV, and using the inverse Fourier transform,
we deduce that the scalar sequence v, defined by
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O (x) = / of (me* ™ dn,
RN
is bounded in H!(RM).
Introducing a parameter g € (0, 1) (to be chosen later) we define a cut-off of
Ve by
Ve = / ol (n)e* ™ dy. (58)
In|l<e™4

The difference between v, and U, is small since

~ 2
”Ué‘ - UEHLZ(RN) = /

In|>e~4

lof ([P < &% /R | InPPlafanPPdn = Ce*.
Similarly we have

x o 2im 0t
/ - ai (myn (;,90+8n) XTI AT dy
-

. . 6yx
_ / s (M (; 60 + en) Q2T AT g g (),

Inl<e—4

where 7, is small, i.e.,
e sy = | afanPan < [ inPlajPay < ce.
nee~ TN, |n|>e~4 e~ ITN

Since the first eigencouple of (8) is differentiable with respect to 8 at 6y, there exists
a constant C > 0 such that

[¥1C.0) — Y1C 00l 2y < ClO — 6o VO € TV.
Therefore, we have
. . Bpx
/ ol (MY (f, 00 + an) AT 2T
Inl<e—4 €
X ._0y-x
=91 (2.00) ¥ e (@) 4+ 5:2)

where s, is small, i.e.,

2
”S&‘ ||L2(w)l(

= /w ‘/|n|<£*‘1 Otf(n) (1//1 (g, 6o + gn) — (z’ 90>) 82inn~x62in90T'xdn
= /;) (/mqu dn) (/In|<rq |°‘§(’7)|2 ‘l/” (g 0o + sn) - (g Go)fdn) dx

sceno [ o ([ i (S en) - () )

< Cla)le_Nq/ &2 [n1%1ef () 2dn
Inl<e™4
< Clo|s?~Ne

2
dx
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for any compact set @ C RY (we cannot obtain a uniform estimate on R" since s,
is not defined as a Bloch decomposition). Collecting all the intermediate steps we
deduce

ue @) =91 (2,60) 7 () + 1)

and ||r, |2 « S Clwle e with the optimal value of ¢ equal to 2/(N +2). O

L (@)

Proof of Corollary 1. The parabolic energy estimate for (19) yields

1 — A1 (6 _
/|u8(T)|2dx+f f(Agwg Vil +C—1(°)~ ﬁg)dxdt§C.
8

This implies assumption (55) (integrated in time) and thus, mimicking the proof of
Lemma 3, we obtain the same result with v, bounded in Lz((O, T); H'(R")) and
re converging strongly to 0 in L%((0, T) x w)X.

To obtain the bound on 2% we now multiply (19) by = 3“8 to obtain

I ). —
/ / 2/ (ASVﬁg-Vﬁe—i-c—z](O)ﬁg-ﬁg) (T)dx
Q &
= (6 _
- 2/ (A Vil vag+cg—21(°)zzg.a€> (0)dx. (59)
Q

When we use assumption (21) of well-prepared initial data, and take into account
the equation satisfied by 1!, a simple computation shows that the right-hand side
of (59) is equal to

8u5

1 eopl 0 —1 —0
E/QA (¢6®W)-(w€®v1;)dx,

which is bounded since v° € W!(Q). Thus, it implies that d”*? is bounded in
L2((0, T) x Q)K. Recalling the Bloch wave decomposition (57) of us, we have

31,{5 X 2imn-x 2im 0%
)—Zf N?(I n)¢k<;,90+en)el 27 .

and

8vg
at

ndt<

’

dii, ||
ot

‘ L2((0,T)xRN) /-/EITN

which proves that v, is bounded in H 1((0, T) x RN) and thus locally relatively
compact in L2((0, T) x RV).

If @ = RV, we can obtain the same compactness of v, without using assumption
(21). Indeed, it suffices to multiply (19) by a test function

ot L2((0,T)x2)K

X 2imn-x 2inm
¢a(t,x)=f B, My (—,90+877>€ e T e dn,
e—1TN I
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where B(t, n) is the Fourier transform of a function ¢ (¢, x) € L2((0, T); H'(RM)).
Then, using the Bloch decomposition, we can prove that % isboundedin L2 (0, T);
H~'(RV)) which, by a standard embedding theorem, yields the result. This trick
does not work for @ # RY because ¢, does not satisfy the Dirichlet boundary
condition. O

Remark 11. If we remove from assumption (9) the positive definite character of the
Hessian matrix Vg VgA1(6p), we can still obtain an homogenization result, weaker
than Theorem 2. Indeed, the same proof shows that w, two-scale converges, up
to a subsequence, to V1 (y, p)v(t, x) where v is a solution of the homogenized
equation (24) with a possibly degenerate matrix A* (which is nevertheless always
non-negative because 6y is a minimum point). However, Lemma 3 holds true only
if Vg VgA1(6p) is positive definite. Thus, we cannot recover the Dirichlet boundary
condition, neither can we obtain the uniqueness of the homogenized solution and
the convergence of the entire sequence w.

Remark 12. If we remove from assumption (9) the condition that the minimum
point 6y of A1 (0) is unique, then we can also prove a weaker version of Theorem 2.
For each minimum and associated Hessian matrix VyVyA{, we can extract a sub-
sequence such that w, two-scale converges V1 (y, 8o)v(z, x) where v is a solution
of the homogenized equation (24). However, since Lemma 3 does not hold true
in this case, we cannot recover the Dirichlet boundary condition. Nevertheless, if
Q = R" and V Vg1 is positive definite, we do not need any boundary condition to
obtain the unique resolvability of the homogenized equation. Thus, in such a case,
+1 0t . 6p-x

. . . _oinfox
the entire sequence w, is converging. Recall that w, = e > e 2T 1, so that

for different minima we have different values of 6y, thus different sequences wg,
and eventually different homogenized problems. If the initial condition is a super-
position of well-prepared initial data for each minimum point 6y, then, by linearity,
we can decompose the solution in a superposition of elementary solutions, each of
them converging to its own homogenized limit depending on 6.

Remark 13. If we replace, in assumption (9), the simplicity of A11(6p) by the con-
dition that its multiplicity is k = 1, and if we make suitable assumptions on the
smoothness of the k first branches of eigenvalues A,(0) (and corresponding ei-
genvectors) in the vicinity of 6, then we can generalize Theorem 2. The main
difference is that, in such a case, the homogenized problem is now a system of
k diffusion equations which are coupled only by zero-order terms. The diffusion
tensor of each equation is the Hessian of the corresponding branch of eigenvalues
at fp. This is clearly seen in the first step of the proof of Theorem 2 where the
conclusion is now that the two-scale limit w(¢, x, y) is a combination of k indepen-
dent eigenvectors associated with A1(6p). In the second step of the proof, we now
choose a test function which is a similar combination of & test functions associated
with each smooth branch of eigenvectors (the functions ¢; are the corresponding
derivatives with respect to 6; of these eigenvectors and may thus change from one
branch to another). Passing to the limit is as before and there is no coupling of the
second-order terms because of the orthogonality property of the chosen family of
eigenvectors.
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5. Proofs for the spectral problem

This section is devoted to the proof of Theorem 3.

Lemma 4. There exists a finite constant C, which does not depend on ¢, such that

A1(60) )»1( 0)
8

+C<aE< + w1+ o(1), (60)

where o(1) vanishes as ¢ — 0.

Proof. Let (11, v1) be the first eigencouple of the homogenized problem (27). For
each small § > 0, we introduce a smooth and compactly supported in 2 function
w?, such that |[w®||;2.q), = 1 and

/ (A*Vw‘s Vi +d*(x)|w5|2) dx < ju1 +6.
Q

In other words, w? is an approximation of v;. In the variational formulation

4= min 1/ (A°Vu-Va+ (e +d*)u-w)dx (61
u LZ(Q)KZ Q

we substitute a test function of the form

x N awd
U =yt (wl (Z.00) w'co) e —a (g)) NG

where ¢ is the solution of (14) and y, is a normalization constant chosen in such
a way that ||U?|| 2@k = 1. Since | and g are periodic functions, and since
w? is normalized, we have limy_.( ¥, = 1. In view of (10) and (14), after simple

rearrangements we obtain

- dwb dwt
+o(l) +y7 aﬁklwlawlﬁax 8xld

0 dwd dw’
£ £ *
+Vs L{wl,aAaﬂ,ml (8ym +2”760m) é‘kﬂ aX] axk
o d 2id ( g“ )8w dw’ J
— = 2im X
B\ By 0k aPkm>LB) o x 0x;

+y§f9¢f,awiﬂdgﬁ|w5| dx + €2y /ng(;“ vuw®) - (2 Vw®)dx

A< M( 60)

+2ey2R (/ (Vi ATV W +df (W) - (¢FVw?)) dx) )
Q

From the definitions of A* and d*, we deduce

M(eo)

A< + 48+ o(1), (63)
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where o(1) vanishes as ¢ — 0. Since § is an arbitrary positive number, this yields
the required upper bound in (60). On the other hand, by using Lemma 1 we have

min / (ASVu -Vu + (efzcg + dg) u ﬁ) dx
lull 2k =1 JQ

S M)

Z— inf d(x,y)n-n (64)
3 xeQ,yeTV |n|=1

which yields the desired lower bound. O

Lemma 5. There exists a scalar sequence v,, which is uniformly bounded in H(} (),
such that ||vell 2 gyy = 1+ o(1) and

X ._6y-x
uf (x) = Y (g, 90) AT v (x) + re(x)  with Elg}}) IrellL2@yx = 0. (65)

Proof of Lemma 5. From the upper bound of Lemma 4 and from the Bloch decom-
position applied to u§, we deduce

A1(6o)
2

216
+/Qd€ui ‘ujdx S S % + u1 +o(1),
which, together with the normalization ||u{|| 2k = 1, implies that

-0 < inf dx,y)n-n= / dfuf -ujdx < C. (66)
xeQ,yeTV |n|=1 Q

Then, the existence of v, bounded in H 1 (]RN ), and such that
X . 0px
ui () = v (5.60) 7 () 4+ o),

is a consequence of Lemma 3 since

€ — A1(6 A1 (6
/(Aswﬁ-vuﬁJrﬂuf.ﬁi)dx:ﬁ— W0 [ atug warsc
Q & & Q

As explained in Remark 10, we can replace v, € H LRM) by v, € HO1 (2) defined
as the solution of

—Av, = —Ab, inQ, v, € H(Q).

Since uf vanishes outside € and r, converges locally strongly to 0, it is easy to
show that (65) is satisfied with such a sequence v,. 0O

Proof of Theorem 3. We focus on the first eigenfunction, k = 1. For k > 1 a
similar proof holds true.
By Lemma 5 the family v, is relatively compact in L2(£2), and any limit point

0 of a converging subsequence satisfies the relation [|v°| 12 = 1. By Lemma

4 we can also extract a subsequence such that A{ — % converges to a limit .

According to (60),

C=uspr. (67)
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The proof is now very similar to that of Theorem 2 (see Section 4). Up to an-
other subsequence, e~ Zmixto/e uf(x) two-scale converges to a limit u(l)(x, y) and

SV(e_z”[x'QO/gu‘i:) two-scale converges to Vyu(l)(x, y). As in the first step of the
proof of Theorem 2, it can easily be shown that

W (x, y) = 0001 (v, 60),

where v is a limit point of v,. To find the equation satisfied by v°, we proceed as
in the second step of the proof of Theorem 2. We multiply (25) by the test function

N
w00 = 27 (vn (2w)ec 03 2w (g)) ,

where ¢ is smooth with compact support. This yields

/AS(x)wi(x)vES(x)derf Mui(x)ﬁs(x)dx
Q

Q
— A8 — A1(6p) _
+ / d® (0)uf (x) - W (x) = L2128 f 5 () - W ().
Q € Q
As before, using (8) and (14), we can pass to the two-scale limit to obtain

/ (A*v0 -VVe + d*(x)v0$> dx = u/ v dx
Q

Q

which is a weak variational formulation of
AV + @ = ® in Q. (68)

The Dirichlet boundary condition for the limit v° is recovered as in the parabolic
case. Since v° # 0 and < up, we necessarily have

w=p,

and v* is an eigenfunction of (27) associated with sq. If 1 is simple, up to a
convenient renormalization, the entire sequence u§ is converging (and not merely
a subsequence). O

6. Proofs in the hyperbolic case

We begin with a proof of Theorem 4 when A1(6p) = 0. Actually, as soon as
uniform a priori estimates are obtained for the solution of equation (28), the proof
of convergence is very similar to that of Theorem 2 in the parabolic case. There-
fore, for the sake of brevity, we content ourselves with establishing those a priori
estimates.
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Lemma 6. Under the assumptions of Theorem 4, the solution u. of (28) satisfies

||u5||Loo((0 T); LZ(Q)K) +¢ ”VuS”LZ((O T)xQ)N*K + ” ||L°°((O T); LZ(Q)K) =
(69)

where C > 0 is a constant which does not depend on €. Furthermore, there exists
a scalar sequence v, uniformly bounded in L? ((0, T): H! (Q)), such that

X i fx
ue(t,x) =91 (<. 00) @7 vt x) + 7o, %), (70)
where rg is a remainder term such that

lim [|rell 20,7y xw)k = 0. for any compact set w C RV, (71)
e—0 ’

Proof. We multiply (28) by = 8”‘ to obtain the usual energy conservation

oy

ot

2

E.(t) = E¢(0) with E.(r) = % / <
Q

2 &
+ AV, - Vi, + Su, -ug) dx.
&
(72)

Since A1(6p) = 0, by using the well-prepared character of the initial data (29) and
equation (8), a classical computation shows that

1
a@=§L(

which is uniformly bounded by assumption. Then, the Bloch wave analysis of

Lemma 2 yields
c&‘
/ (ASVug Ve + —ue ~ﬁg> dx 2 0.
Q &

Therefore, we deduce (69) from (72). To obtain (70) and (71) we use Lemma 3
since (72) implies that assumption (55) is satisfied. O

2
1
Ug

+AW¢§®VJ5%W:®V#OdL

We now turn to the proof of Theorem 5 when 11 (6p) < 0. Once again the proof
of convergence is very similar to that of Theorem 2 as soon as uniform a priori
estimates are established (see [4] in the scalar case if necessary). Therefore, we
restrict ourselves to obtaining a priori estimates for the rescaled hyperbolic system
(35).

Lemma 7. Under the assumptions of Theorem 5 the solution u. of (35) satisfies

Oll ¢ <c.
ot

L2((0,T)xQ)K

el Lo (0.7). 22Ky + ENVitell 20, 1y x vk + €

(73)
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where C > 0 is a constant which does not depend on €. Furthermore, there exists
a scalar sequence v, uniformly bounded in L2 ((0, T); HI(Q)), such that

~ X 21'71@
e (1, ) = Y1 (Z.00) 7 vl 0) + (0 0), 74)
where rg is a remainder term such that

lim [[re |l 20,7y xw)k = 0. for any compact set » C RV, (75)
e—0 ’

Proof. Inafirststep we multiply (35) by 5= d”‘ to obtain the usual energy conservation

T ~
Eo(T) + 2y/=11 (60) /0 /Q ute

E.(t) = %/Q (82

As in the proof of Lemma 6, using (8) yields

— E— (0 — _
/ <A8w2 vl 4 M) o ug) dx:/ AW VD) (7, @VT?) dx,
Q Q

2
dx dt = E.(0) (76)

with

i, |
ot

¢ — (O _
+ AV, - Vi, + 68—21(()):28.&8) dx.

g2

which is however not sufficient to show that E(0) is uniformly bounded. Indeed

we have
3ue V=21(60)
(O) = u R m—
e
which merely implies
E.(0) < Ce™2.

Nevertheless, from the Bloch wave analysis of Lemma 2 we deduce
[ A R (") _
/ (Afvag Vit + %ﬁe .ﬁ€> dx 20,
Q &
which, combined with (76), yields

+ &/ —A1(60)

L®((0,T); L2(Q)K)

Ol
Jat

&

Ollg
at

<c. 77
L2((0,T)xQ)K

In a second step we multiply (35) by il to obtain a better energy estimate:

V=1 (60) / liig (T))| dx—i—/ /(A Vi, v+ S0 _M(Q")ﬁg ﬁg>dxdt
= V=100 / liie (0)] dx—l—s/ / 3 |°

+s2/ ug(O)—(O)d X —¢ [ue(T)a—(T)dx. (78)
Q Q at

dx dt
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Using (77) we deduce, from (78),
VMO0 e (T) 1226y < € (1+ e (T) 2k ) |

which implies that i, is bounded in L*° ((0, T); L>(Q)K ) Using this information
in (78) shows that assumption (55) is satisfied: thus, Lemma 3 can be applied to
obtain (74) and (75). O

Finally we arrive at the proof of Theorem 6 when A1(6p) > 0 and again we
simply address the question of uniform a priori estimates for (41) (the proof of
convergence is an adaptation of Theorem 2 and of the arguments of [4] in the scalar

case).
Lemma 8. Under the assumptions of Theorem 6 the solution u, of (41) satisfies
e <c.

ot -

~ ~ 2
litell oo (0.1):2)%) + ENViEell 20,7y x vk +e
LO((0,T);L2(Q)F)

(79)
where C > 0 is a constant which does not depend on ¢.

Remark 14. The result of Lemma 8 is weaker than those of Lemmas 6 and 7 since
it does not give any strong compactness of .. In particular, it implies that we
can not straightforwardly recover the homogenized Dirichlet boundary condition.
As in the scalar case [4], in order to obtain the homogenized boundary condition
the trick is to study the homogenization of a time integral of (41) which has less
oscillating initial data. Indeed, defining w, (¢, x) = fot ug(s, x)ds + xs(x) with a
suitable choice of x. (so that w, satisfies the same partial differential equation as
(41) without a source term), we can obtain better a priori estimates for w, than for
iie. We thus obtain an homogenized equation with a Dirichlet boundary condition
for a limit of w,, and upon differentiating in time we deduce the desired Dirichlet
boundary condition for the limit of i, (see [4] for details).

dite

Proof. In a first step we multiply (41) by 5

the usual energy conservation

and we take the real part to obtain

E¢(1) = Ec(0) (80)

with

Ec(t) = %fg (82

As in the proof of Lemma 7, the assumptions merely imply

Ol
ot

2 &
_ — (8 _
+ A°Vii, - Viig + C—;(O)ﬁg : ﬁg) dx.
&

E.(0) < Ce2.

Nevertheless, from the Bloch wave analysis of Lemma 2 we deduce

=6 _
AV, Vi - S MO Y s
Q g2
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which, combined with (80), yields

5, Ollg

€ || (o mi2@r) = s C. (81)

In a second step we multiply (41) by it and we take the imaginary part
Vi) [ 171 dx = i o) / |ug(0>| dx

+627 (/ ug(T)—(T)dx—/

Using (81) we deduce, from (82),

(82
) 0.

VA0 e (T2 g = € (14 17(D) 2k )

which implies that i, is bounded in L* ((0, 7); L*(£)X ). Remark that (82), unlike
(78), does not include any gradient term, so we cannot apply Lemma 3 to obtain a
better estimate. O

7. Generalization to higher-level bands

We generalize the homogenization of a parabolic system established in Section
3 for initial data concentrating at the bottom of the first Bloch band to another type
of initial data concentrating at the bottom of an higher level band. Such a general-
ization holds true only in the case of the whole space Q = R" because otherwise
we lack an adequate generalization of the compactness Lemma 3. From now on in
this section we replace assumption (9) by the following one: for an energy level
n 2> 1, there exists a Bloch parameter 6y € TV such that

() 6p is the unique minimizer of A, (6) in TV,
(i1) X1, (6p) is a simple eigenvalue, (83)
(iii) the Hessian matrix Vg VyA, (6p) is positive definite.

Under assumption (83) the nt eigencouple of (8) is smooth at 6. It is easily seen

that the first derivative 2 3 9 “ and the second derivative 20090, w" satlsfy equations sim-
ilar to (11) and (12) respectlvely, up to changing the 1ndex 1ton.In particular, for
60 = 6y we still use the notation

2
Wn _ 5 -~ Y

= —47% 1, 84
00, 96,96, T Xk (84)

where ¢ and xj; are solutions of (14) and (15) respectively, up to changing the
label 1 to n.
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We study a parabolic system with purely periodic coefficients:

oug . x c(¥) R
P div (A (E) Vug) + 8—28148 =0 inRY x (0, T), (85)
us(t =0,x) = u(x) inRV,

We also need an assumption on the initial data which must be “well prepared”,
namely concentrating at the bottom on the n'™ Bloch band. Recall from Lemma 1
that any function ug € L>(RY) can be decomposed as

X o tox
TOEDS / o (v (. 60 + o) 7 THT
>1 e~ 1TN &

withn = @. We denote by I} the projection operator on the Bloch bands above
the n' level

X . . 6p-x
M ud (x) = Z/ g (MY (—, fo + an) 2T 2T - (86)
k=n e”!TV €
Our assumption on the initial data is that
ud = 1ul. (87)

Typically, we are interested in initial data of the type

) = 12 (@ (. 00) 7)., (88)

with v € L?(R"). However, since the projection operator I17 is not very explicit,
we also consider another type of initial data which satisfies assumption (87), namely

X . . 0px
W02 (x) = / o 1DV <E’ 00 + 877) Q2imnx 2 g (89)
.

with o, € L2(RY) being the Fourier transform of v0(x). Actually, it is easy to
check that

: 0,1 0,2 —
lim [[uy" —ug "l p2@rayx = 0.
e—0

For such well-prepared initial data, we perform a time renormalization similar to
(18),

An (Ot
ig(t,x) =e ¢ ug(t,x), (90)

such that i, satisfies

it . X\ o (%) = 2a(60) . .
8; — div (A (Z) Vus) + = =0 inRY x (0, T), 1)

82
de(t=0,x) =udx) inRV.
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Lemma 9. Under assumption (87), the solution of (91) satisfies
|Iﬁg ”LOO((O,T);LZ(RN)K) + ¢ || Vﬁg ”LZ((O,T)X]RN)NXK é C”MS ”LZ(RN)K , (92)

and there exists a bounded scalar sequence vg in L? ((O, T); HY(RN )) such that
~ X 2im 0%
e (1, ) = Y (2. 00) X7 F e (t.0) 4 12, ), 93)

where limg—0 [|7e |l L2(0.7)xw)k = 0for any compact set » C RV,

Theorem 7. Assume that the initial data u® € L*(RN)X is of the form (88) or (89).
The solution of (85) can be written as

_)Ln(f)o)f X i bg-x
wet )= 0 (v (S.00) T v +reen). O

where rg is a remainder term such that

lim [[rell 20,7y xw)k = 0for any compact set » C RY, 95)
e—0 ’

and v, converges weakly in L? ((0, T): H! (RN)) to the solution v of the scalar
homogenized problem

3
= —div(A4;Vo) = 0in RV x (0. 7). (96)
v(t =0,x) =1°x) in RV,
with A;: = &TLZVGVG)W(QO)-

Remark 15. In the context of the Schrodinger equation Theorem 7 is called an
effective mass theorem [21, 23, 24]. Even in the case of a scalar equation, Theo-
rem 7 is new since the factorization principle does not work for an energy level
n > 1, namely one cannot divide the unknown u, by v, (’8—“, 90), which necessarily

vanishes at some points in TV .

Remark 16. Initial data of the type (88) or (89) would yield a zero limit if homog-
enized in the setting of Theorem 2. The solution u,, given by (94), decays much
faster than that given by (22) because A, (6g) > A1(6p). Therefore, we can inter-
pret Theorem 7 as describing initial layers in time, compared to Theorem 2 which
captures the average behavior. This is consistent with the classical homogenization
of parabolic equations, when ¢ = 0, where initial layers in time are known to exist
[12] but cannot be characterized by the classical homogenization theory.

Proof of Lemma 9. We apply the rescaled Bloch decomposition (16) to equation
91):

” X imnx 2im 0%
ug(t,x) = Z/ O{li(t’ MYk (_’ o + 5'7) eZmn x82m Edn,
>1 e~ ITN &
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with
Gon—tg)@oten) |

ap(t,n) =ap0,me

From assumption (87) we deduce that e (t, n) = 0 for any k < n. Therefore, for
any time ¢, we have IT%u. (¢, x) = g (¢, x). Thus,

_ ) — 1,0 _
f (A(f>vg£.vg8+c(8)—”(o),;8.gs>dx20,
RN

€ g2

which easily yields the a priori estimate (92). We now mimic the arguments of the
proof of Lemma 3 (replacing the label 1 by n) to obtain the compactness result
93). O

Proof of Theorem 7. The proof is very similar to that of Theorem 2 so we simply
sketch the main points. We introduce, as before, a sequence w, defined by

~ gl
we(t, x) = ile(t, x)e " 7e .

By the a priori estimates of Lemma 9, there exist a subsequence and a limit
w(t, x,y) € L? ((0, T) x RV, HI(TN)K) such that w, and eVw, two-scale con-
verges to w and V,w respectively (see [3, 22]). Similarly, by its very definition,
w; (0, x) two-scale converges to 1, (v, 6p) v°(x). In a first step we multiply (91)
by the complex conjugate of 82¢ (t, x, f)eZi”%Tx , where ¢ (¢, x, ¥) is a smooth test
function defined in [0, T) x RN x TV with values in CX. Passing to the two-scale
limit yields the existence of a scalar function v(¢, x) € L? ((O, T) x RN ) such that
w(t,x,y) = v(t, x)¥,(y, 0p). In a second step we multiply (91) by the complex
conjugate of

¥, = 2 (wn (2. 00) ¢t )+ S (f)) ,
£ (=1 0k ¢

where ¢ (¢, x) is a smooth, compactly supported, test function defined from [0, T') x
RY into C, and ¢k (y) is the solution of (14) where the label 1 is replaced by n.
Passing to the two-scale limit yields a very weak form of the homogenized equation
(96). It is routine to show that its solution v (¢, x) is indeed a classical weak solution.
Then, by uniqueness of the solution, we deduce that the entire sequence w, two-
scale converges to ¥y, (v, 6p) v(¢, x). O

Remark 17. All the results of this section are specific to the case of the whole
space, i.e., 2 = R¥, and cannot be extended to the case of an additional zero-order
term d(x, 7) because we crucially use the Bloch diagonalization to get a priori
estimates.
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8. Fourth-order homogenized problem

By changing the main assumption on the Bloch spectrum it is possible to obtain
a fourth-order homogenized equation from a second-order parabolic problem. Spe-
cifically we consider

2 gy (4 (2) v
t &
+(e7%c(2)+e%d (x.2))us =0  inQx(0,7), 97)
u, =0 ondQ2 x (0, 7T),
u.(t =0,x) = u(g)(x) in .

Remark that the time scaling in (97) is not the same as that in (17): this means that
we are looking for an asymptotic for longer time of order £~ in (97), compared to
(17). Instead of (9), we now make the following assumption

(i) 6o is the unique minimizer of A{(6) in TV,

(i) X1(6p) is a simple eigenvalue,

(iii) VoVor1(6p) =0,

(iv) the fourth-order tensor Vo Vg Vg VgA1 (o) is positive definite.

(98)

Remark 18. We do not know if assumption (98) is satisfied in any practical exam-
ple.

Since A1(6p) is a minimum, we also have Vyi1(6p) = 0 and VyVyVyir1(6p) = 0.
Under assumption (98) the first eigencouple of (8) is smooth at 8y. Recall that, for
6 = 6, the two first derivatives of y| are given by

9y ) 3%y 2

— =2inl, = —47" Y1, 99

26, Sk 36,06, Xk 99)
where ¢ is the solution of (14) and yy; is the solution of (15) (remark that this last
equation simplifies since Vo VgA1(6p) = 0). Similarly, the third derivative is

331#1 3
— = —8inlE iy, 100
90,00000, O i (100)

where

AO0)Ejin = ej A(Y)(Vy + 2im00) xii + (divy + 2im6) (A(y)ej x)
+exr A(y)(Vy + 2im ) xj1 + (divy + 2im ) (A(y)ekxﬂ)
+e1 A(Y)(Vy + 2im00) xkj + (divy + 2im60) (A(Y)er xij)
+exA(y)eilj +ejA()erlr + ek A(y)ejéi. (101)

There exists a unique solution of (101), up to the addition of a multiple of .
Indeed, the right-hand side of (101) satisfies the required compatibility condition
(i.e., it is orthogonal to 1) because all derivatives of A1(8), up to third order, are
zero at 6 = 6.

We perform a time renormalization by introducing a new unknown,

AL Ot

ug(t,x) =e & ug(t,x), (102)
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which satisfies

"
e _ ¢4y (A (f) Vﬁa)

ar - €

+C(E);41(0)ﬁ€ +d(x, X, =0 in Q x (0, 7), (103)

us =0 ondQ x (0, 7),
et =0,x) =udx) inQ.

As usual we obtain the following a priori estimate:
”1’78 ||L°°((O,T);L2(Q)K) + 8||Vﬁs ||L2((0,T)><Q)NXK § C”Mg ||L2(Q)K N
where the constant C > 0 does not depend on ¢.

Theorem 8. Assume that the initial data ug e L2()X is of the form

X _dpx
u) = v (.60) 7 ), (104)
with v° € L%(Q). The solution of (97) can be written as
A6t o
w0y = 2 (v (S.00) T w0 +retn). (105)

where rg is a remainder term such that

lim ||re ||L2((0 Tyxao)k = 0 for any compact set w C RN,
e—0 ’

and v, converges weakly in L? ((0, T); HZ(SZ)) to the solution v of the scalar
fourth-order homogenized problem

v .
o + div div (A*VVv) =0 inQQx (0,T),

3
a_” —v=0 on 3 x (0, T), (106)

n
v(t =0,x) = v0(x) inQ,
with A* = 355V Ve Vo Vo1 (6o).

To prove Theorem 8 we need the following generalization of Lemma 3.

Lemma 10. Let u, be a bounded sequence in L2(RMN)YK . Assume that there exists
a finite constant C such that

/ (A (f) Vi, - Vi, + Mu ﬁ) dx < Ce2. (107)
RN

P g2
Then, under assumption (98),
X _Ggx
e () = 91 (.60) €7 0 () 4 12 (2, (108)

where vg is a bounded scalar sequence in H*(RN) and limg_, o |7 2y = 0for
any compact set  C RN,
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Proof. Introducing the rescaled Bloch decomposition (16) of u, (x) withn = 9;;00,

X . . . M
u() =Yy / o (v (. 6 + o) 275 AT a,
> e—1TN &

the same arguments as those in the proof of Lemma 3 and the estimate
21(6) = 11(60) = C10 — bo|* V6 € TV,
show that

[ it mran < c.
i

Defining v, (x) as the inverse Fourier transform of «f(n), we deduce that v, is
uniformly bounded in H2(RY). O

Proof of Theorem 8. The proof is similar to that of Theorem 2. The first step is

. 0px
identical: the function w, (¢, x) = u, (¢, x)e 27 " two-scale converges to a limit
v(t, x)¥1(y, 6p). In the second step, we multiply (103) by the complex conjugate

of

2im 0 x N 9e X
W, = (wl (;,eo)¢<r,x)+eza—m(r,x>;k(;)

2 3 al 3¢ x
Z o 8 (, X)Xkl( ) Z m(l,x)éjkl (E> ,
k=1 jkg=1 "7

(109)

where ¢ (¢, x) is a smooth, compactly supported, test function defined from [0, T) x
Qinto R, & (y) is the solution of (14), xx;(y) is the solution of (15), and & (y) is
the solution of (101). After some tedious algebra we find that

/ [§170°h(0) dx — / / we - 1//1 dtdx
Afw dtd
/ / WeV 3x]3xk3xl ekX]l *
P¢ . _
Afw,V—m7m V —2in6p)n,, dt d
f / e ox axcox] (V= 2imB0)mjyq dt dx
~|—/ fA£ﬁ§ (eV + 2imhp)w -V—a3$ dt dx
0 JQ JM 0% 0xj0x;0x;

T
+f /dgwg LY@ drdx = O(e). (110)
0 Q

Passing to the two-scale limit in each term of (110) gives

. _
/f |w1|2v°$<0)dxdy—/ // 11202t dx dy
QJTN 0o JoJTN ot
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T 835
- AY 0V ———— e X jydtdxd
/ /AN Yo 3x18xk8x1 kX jt Ty
¥ =
A Vy —2im0)n iy dt dx d

/ f/?IN 1oy 8x]8xk8x1 - (Vy = 2im60)jug di dx dy
_ , BRI

+ AN (Vy + 2imb0)Yiv - V————dtdxdy

0o JoJTN 0xj0x;0x;

T
+/ // dyriv -y ¢pdtdxdy = 0. (111)
0 Q JTN

Recalling the normalization f’Jl‘N |¥1|>dy = 1, and introducing

sim = /TN (= Avien - @ — AYien - (V, = 2im60)T 1

+AT 1 (Vy + 2i60) 91 -em)dy (112)

(which has to be symmetrized), and d*(x) = fTN dx, y)¥1(y) ~E1 (y)dy, we find
that (111) is equivalent to

. _
/ v (0) dx — / / (va—¢ — A*v-VVVVg — d*(x)vq_b) dtdx =0
Q o Jo\ or

which is a very weak form of the homogenized equation (106). To recover the
Dirichlet boundary condition, we use Lemma 10 which implies that v € H*(R")
and v = 0 in any compact set o C (R" \ ). Thus v belongs to Hj ().

The compatibility condition of the equation giving the fourth derivative of
shows that the tensor A*, defined by (112), is indeed equal to
(271)4 a7 VoV Ve Vgr1(6p), and thus is real, symmetric, positive definite by assump-
tion (98). Therefore, the homogenized problem (106) is well posed. By uniqueness
of the solution, the entire sequence v, converges to v. O

9. Homogenization of fourth-order equations

Our method also applies to fourth-order problems. Although systems of equa-
tions can be treated, for simplicity we focus on the case of a single equation,
without loss of generality since there is no maximum principle for fourth-order
elliptic equations. Let us introduce the following symmetric fourth-order operator

A = divdiv (0 (2) vv) - 8—2d1v (a(2)v)+ £l4c (Z)+a(x2).

(113)

with periodic coefficients ©(y) = {O;ji(y)}, A(y) = {A;;(y)} and c(y) which
are real periodic functions in L (TV). Furthermore, ® and A are symmetric ten-
sors, and ® is uniformly elliptic (A need not be positive). The locally periodic term
d(x, y) belongs to L™ (Q; C(’]I‘N)).
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Under these assumptions the Bloch decomposition for (113) is basically the
same as that for second order operators. On the torus TV we introduce the Bloch
operators

A (y) = e 20 AP0y (y)
(Vy + 2in9)(Vy + 2im0) - (®(y)(Vy + 2im9)(Vy +2im0) v (y)
—(Vy +2i70) - (AY)(Vy + 2im0) ¥ (y) + c(NV (),

with 4 = divdiv(®(y)VV) — div(A(y)V) + ¢(y). Then, the Bloch spectral cell
problem

A Yn = 2@, in  L*(TV)

has a discrete spectrum 11 (0) < A(0) < -+ < Ay(6) — +00. Moreover, all the
statements of Lemma 1 (and its rescaled version) remain valid.

It is quite natural to make assumption (98) which implies Vo VgA1(6g) = 0. For
example, (98) is easily seen to be satisfied with 6y = 0 if there are no zero- and
second-order terms in (113),i.e., A=0,c = 0.

We begin with the parabolic Cauchy problem

+ A u, =0 inQx (0,7),

e =0, == =0 on 9 x (0, T), (o

n
u.(t =0,x) = ug(x) in Q.

Theorem 9. Assume (98). Let u.(t, x) be a solution of (114) with A® given by
(113), and ug € L?(R2) be an initial data of the form

._6p-x
) =y (Z.00) 2 ),

with v° € L2(2). Then u, can be written as

A1 61

_ X 2inm
ug(t,x)=e ¢ (wl (—, 60> e e ve(t, x) +re(t, x)),
£

where the remainder term r, satisfies the relation

Eli_r)r(l) lrell L20. 7)) = Ofor any compact set » C RV,

and vs converges weakly in L* ((0, T); HZ(Q)) to the solution v of

5
W LiAv=0 inQx 7).

ot
av
v=0, 8_:0 on a2 x (0, 7T),
n
v(t =0,x) =00(x) inQ,
with the homogenized operator

A* = divdiv (0*VV) + d*(x) (115)

and ©* = 555V Ve Ve Vori (60), d*(x) = [ d(x, MIY1(y. b0)dy.
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The proof of Theorem 9 is very similar to that of Theorem 8. Upon defining
A1 (Ot
ut(t,x) =e ¢ u®(t,x), the a priori estimates are

171 120 + €NV [l 2@n + 82||vva£||L2(Q)Nz <cC,

which, up to a subsequence, implies the following two-scale convergences for
wt = e—2inx-60/8ﬁ8(t’x):

wE

v(t, )Yy, 6o),
v(t, X)Vy i (y, 00),

2 e 28
e“VVw® = v(t, x)V,Vy ¥ (y, 60),

2s
—_
e 28
evVw® —

where v(t, x) is a limit point of a sequence v®, bounded in L* ((0, T); H*(RY)),
introduced in a variant of Lemmas 3 and 10. Eventually, we use the same test
function defined in (109). We safely leave the details to the reader.
We then study the Dirichlet spectral problem
Aful = 28ut,  uf e HH(RQ)
stated in a bounded domain  C RY, which, under the standing ellipticity assump-

tions, admits a discrete spectrum, A — 400 as n — 400, with corresponding
normalized eigenfunctions denoted by u;,.

Theorem 10. Assume (98). Then, for any n = 1,

A1(60)
& __
A, = o

+ u, +o(1) ase — 0

and the corresponding eigenfunction u;,(x) admits the representation

i) = 91 (200) 7 v ) + ), (16)

where

3111}) ||”,f||L2(gz) =0, ”UZ”HZ(Q) =C, gi% ||U2||L2(Q) =1, (117)

and the family vi, is relatively compact in L%(Q). Moreover, any limit point vg, as
& — 0, of the sequence Vi, is a normalized eigenfunction associated with the nth
eigenvalue |, of the scalar homogenized spectral problem

Av=pv inQ, veHQ),

with A* defined by (115). If w,, is a simple eigenvalue of the latter problem, the
entire sequence v}, converges to the homogenized eigenfunction v,.



216 GREGOIRE ALLAIRE ef al.

The proof is a combination of those of Theorems 3 and 8. The crucial point is
to obtain a uniform estimate for the energy (A®us,, u;,). To this end we use a test
function of the type (109).

Finally, for the hyperbolic system

82u8 e :
W.'-Augzo IHQX(OyT)v
oug

U = 0’ a—n =0 on 902 x (O, T)7 (118)

0 (0%) = ud(x) in €,

%e 0.x) = ul(x) in @

—O,x)=u_(x) 1 s

at ¢

we obtain different homogenized limits according to the sign of A1(6p).

Theorem 11. Let (98) be fulfilled, and assume that A1 (6g) = 0 and the initial data
are

a0 =1 (5.00) 70w € HE @),
ut) =1 (. 60) AT () e L),

with v0 € H}(Q) and v' € L*(Q). The solution of (118), with A® given by (113),
can be written as

X 2im f0x
et ) = 1 (Z.00) X7 w430 4 120, 0),
where the remainder term r. satisfies the relation

glii% I7ellL2¢0, 7)) = Ofor any compact set w C RV,

and vs converges weakly in L* ((0, T); HZ(Q)) to the solution v of

— + A =0 in Q2 x 0,7),

0
v=0, a—v=0 ondQ x (0, 7T),

n
vt =0,x) = vo(x) in Q,
B=0,x) =0vx) inQ,

with A* defined by (115).

The proof is the same as that of Theorem 4. If 11 (6p) # 0, then we need to look
at a different time scaling. Instead of (118), we now consider

482148 e .
€ o2 + A%u, =0 inQ x (0, 7),
olg
ug, =0, =0 ond2 x (0,7),

n (119)
ue(0, x) = ul(x) in 2,

oue 1 .
g(o, x) =uy(x) inQ,
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Theorem 12. Let (98) be fulfilled, and assume that the initial data are
._6px
u20) = v (Z.60) 70 ) € H (@),

with v° € HZ(Q), and that e*ul (x) is bounded in L*(2) while e*yry (, 6p) ul(x)
converges weakly to 0 in L*(S2).
If A1(60) < O, the solution of (119) can be written as

16t X i 0-x
ug(t,x) =e & (wl (—, 90) e v (t, x) + re(t, X)),
£

where lirr%) Irell2¢0.7yxw) = O for any compact set » C RY, and v, converges
£—> ’

weakly in L? ((O, T); Hz(Q)) to the solution v of

v " .
2 —)»1(90)§+sz0 inQ2x(0,T),
av
v =0, 8—:0 ond2 x (0,T),

n
vt =0,x) = 200x) in Q.
If A1 (B0) > O the solution of (119) satisfies
- A/A10p)t 0o-x

ug(t,x) =€ & eHT e (1, x),

where v, two-scale converges to Y1 (y, 0p)v(t, x) and v € L? ((O, T); HOZ(Q)) is
the solution of

3
2i\/)»1(90)8—1; + A =0 inQx (0,7T).

i)

v =0, 8—”:0 on 9Q x (0, T),
n

v(t =0,x) = 10%) inQ,

with A* defined by (115).

Again the proof is similar to those of Theorems 5 and 6.

Assumption (98) is not the only possible one. In particular, it may happen that
Vo VgA1(6p) does not vanish at the minimum point 8y. Therefore, we now make
assumption (9), i.e., Vo VgA1(6p) is positive definite instead of (98).

Remark 19. We give an explicit example where (9) is satisfied rather than (98).
Consider an arbitrary periodic, symmetric, uniformly elliptic operator B of the
form B = —div,(B(y)Vy) + c(y) and its Bloch spectrum p1(6) < puz(0) < ---.
Adding, if necessary, a sufficiently large positive constant to ¢, we can assume that
u1(0) = C > 0. Considering the relation

<672i7ry~98282iny~0) v = <€72i71y~98€2i71y‘0) (672iny~0862i71y-9) "
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we conclude that the Bloch spectrum of the operator A = B?is (An ) = M% (9))n>l .
According to Remark 1, the unique minimum point of 11 is attained at 6y = 0 and
the matrix Vy Vg u1(0) is positive definite. Since w1 (9) is strictly positive, the func-
tion A1(0) = u%(@) also has a unique minimum point at 6y = 0 and its Hessian at
0 is positive definite.

Under assumption (9) we need to change the scaling of (113) and consider
instead the new operator

4t = 2aivaiv (0 () v9) —aiv (4 (1) v) 4 e (D) +a (v ).
(120)

Then, the homogenization of the parabolic equation is given by a result similar to
Theorem 2.

Theorem 13. Assume (9). Let u.(t, x) be a solution of the parabolic equation (114)
with A® given by (120), and ug € L*(Q) be initial data of the form
. 0p-x
u2) =y (Z.00) ),
with v0 € L*(Q). Then u, can be written as
_)»1(90)[

ue(t,x)=e (1/f1 (E,Go)ez"”%%vg(t,x)+rg(t,x)>,

where the remainder term r. satisfies

;slgl}) I7ell 20,7y %) =0

on any compact set  C RN, and ve converges weakly in L* ((O, T); H! (Q)) to
the solution v of the scalar homogenized problem

3
B_It) —div(A*V) +d* () v =0 inQx (0, T),
v=20 on o2 x (0,7),
v(0, x) =0(x) inQ,

with A* = 5VpVpri(60) and d*(x) = [pv d(x, Y)[¥1(, 60)dy.

The proof of Theorem 13 relies on the same test function as that in the proof of
Theorem 2. It should be noted that although u® (¢, x) belongs to L? ((0, T); Hj (),
the sequence v®, defined in Theorem 13, is only bounded in L? ((O, T); H! (RN)),
uniformly with respect to ¢. This is due to assumption (9) which allows us to prove
Lemma 3 but not Lemma 10.

Of course, similar results can be obtained for the spectral problem and for the
hyperbolic equation: in both cases the homogenized operator is of second order in
space as in Theorem 13.
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