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Abstract 

We consider a model homogenization problem for the Poisson equation in 
a locally periodic perforated domain with the smooth exterior boundary, the 
Fourier boundary condition being posed on the boundary of the holes. In the 
paper we construct the leading terms of formal asymptotic expansion. Then, 
we justify the asymptotics obtained and estimate the residual. 
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G.A. CHECHKIN AND A.L. PIATNITSKI 

In memory of Professor 
Landis Evgeni Mikhailovich 

Introduction. 

Recent years many mathematical works were devoted to the asymptotic analysis of 
problems in perforated domains. Various homogenization results have been achieved 
for periodic, almost periodic and random structures. We mention here the general 
frameworks 1151, 1161, 1211, [24], [27], [28], where the detail bibliography can be found. 

In the paper we consider perforated media with locally periodic microstructure in 
the presence of a small dissipation at the boundary of the cavities. Corresponding 
mathematical description involves the Fourier boundary condition with a small pa- 
rameter cQ, characterizing the dissipation. The effective characteristics of the media 
depend essentially on the value of a. Earlier, similar problems for purely periodic 
structures were investigated in the works 161, [lo], [ l l ] ,  [12], where the general con- 
vergence results were obtained for various values of a; namely, the case -1 < a < 1 
was considered in [lo], the case a 5 -1 in [ll] and the case a > 1 in [12]. The Stokes 
and Navier-Stokes systems in perforated domains were studied in [13]. Also there is 
an interesting work 1141, devoted to the problem in domains with "small" cavities. It 
should be noted that the case of Neumann homogeneous boundary conditions were 
primely studied in 191, [22], [30]. 

When studying a locally periodic perforation, we encounter an additional difficulty: 
the fact that the geometry of the cavities is not fixed. One can apply the compensated 
compactness method [23] or the two-scale convergence method [l] to obtain the limit 
problem, but these methods do not allow to estimate the residual. Previously, locally 
periodic perforated structures have been studied in [20], [8], where, by means of the 
two-scale convergence method, the homogenized problem has been constructed and 
the weak convergence of solutions has been proved. In [26] another approach was used 
for study the problems in perforated domains with an arbitrary density of cavities. 
In the present paper we use the asymptotic expansion technique [2], [3] that requires 
the regularity of data but gives the estimates of the rate of convergence. 

In the section 1 we introduce necessary notation, construct the family of domains, 
depending on a small positive parameter E and pose the problem to be studied. 

The sections 2 and 5 deal with a formal interior asymptotic expansion of the 
solution for a = 1 and a > 1, respectively. 

The technical results obtained in the section 3, allow to justify the asymptotic 
expansion and to estimate the discrepancy. 

Theorem 1 proved in the section 4, states that for a = 1 two terms of the interior 
asymptotic expansion provide the precision of order f i  in H1-norm. 

Theorem 2 proved in section 6, states that for a > 1 two terms of the interior 
asymptotic expansion provide the precision of order max (6, &"-I) in H1 -norm. 

Theorem 3 from the last section states that in the case a < 1 the uniform estimate 
of solution is of order max (&, &I-") in H1-norm. 
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PERIODIC PERFORATED DOMAIN 

1 Statement of the problem. 
First we define a perforated domain. Let R c IRd, d 2 2, be a smooth bounded 
domain. Denote 

1 1 
J " = { ~ E z ~ :  d i s t ( ~ j , d R ) > ~ & } ,  O = { ( : - - < ( j < - , j = l  ,..., d}. 

2 2 

Given an 1-periodic in ( smooth function F(x ,  () such that F(X, ()I > const > 0, 
[€an - 

F(x,O) = -1, V C F #  0 as ( E o\{O}, weset 

and introduce the perforated domain as follows: 

We also use the following notation fl; = R\ (J ( ~ ( 0  + j)). Afterwards, we will 
. i€JC 

often interprete 1-periodic in 6 functions as functions defined on d-dimensional torus 
Td - {( : E E IRd/Zd}. 

According to the above construction the boundary dRC consists of dR and the 
boundary of the cavities S, c R, SE = (dRE) n R. 

We investigate the asymptotic behavior of solution u,(x) as E + 0 of the following 
boundary-value problem in the domain Rc : 

where n, is the internal normal to the boundary of "holes", q(x,() is a sufficiently 
smooth 1-periodic in ( function. 

Definition 1 Function uc E H1(Rc, dR) is a solution of problem ( I ) ,  if the following 
integral identity 

holds true for any function v E H1(RE, do ) .  

Here we use the standard notation H1(Rc, dR) for the closure of the set of Cm(r ) -  
functions vanishing in a neighborhood of dR, by the H1(R" norm. 

In what follows we show that a = 1 is a critical value for problem (1); the dissi- 
pation dominates if a < 1 and is neglectable if a > 1. 
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G.A. CHECHKIN AND A.L. PIATNITSKI 218 

Part I 

The case ac = 1. 

2 The formal homogenization procedure. 

In this section we construct the leading "locally periodic" terms of the formal asymp- 
totic expansion and, then, find the limit problem. To this end we represent the 
solution uc(x) to problem (1) in the form of asymptotic series 

Substituting expression (3) in equation (1) and taking into account an evident 
relation 

we obtain after simple transformations the formal equality 

to be satisfied on S,. 
Note that the normal vector n, depends on x and 5 in Stc. Considering, as usually, 

x and [ = as independent variables, we represent n, in Stc in the following form: 

x 
nc(., -1 E = %Oj,== + N x ,  C)It=,, (7) 

where 6 is a normal to S ( X )  = (6 I F(x,  () = 01, 

n: = n' + O(E). 
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PERIODIC PERFORATED DOMAIN 

Figure 1: Cell of periodicity 

Acul (x , t )  = 0 in w, 
au1(x7 0 

= - (Vx(u0(x)), fi) on S(x), (8) 

to be solved in the space of 1-periodic in E functions; here x is a parameter, w := (5 E 
Td I F (x ,  E )  > 0). This is the standard "cell" problem appearing in case of Neumann 
conditions on the boundary of holes. The solvability condition 

for problem (8) is clearly satisfied, and its solution forms the first "internal7' corrector 
in (3). 

At the next step we collect all the terms of order EO in (5) and of order E' in (6). 
This yields 
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220 G.A. CHECHKIN AND A.L. PIATNITSKI 

The 1-periodic in 5 solution of the latter problem is the second term of the internal 
asymptotic expansion of u,(x). 

It is natural to represent the solution u l ( x ,  E )  of problem ( 8 )  in the form: 

where 1-periodic vector-function M ( x ,  E )  = ( M I  ( x ,  E ) ,  . . . , Md(x, I ) )  solves the prob- 
lem 

Now, (9) can be rewritten as follows 

Buo(x) a 2 ~ i ( x - , E )  in @, -2 C - 
i,j=1 dxi atj axj  

d2u0(x)  a u 2 ( x 7 f l  = - c ~ U O ( X )  aMi(x ,  El ,j- 

dii ij=1 dzi  ax j  Mi(x,F)fij - C a.i axj  
i,j=l 

(12) 

~ U O ( X )  aMi(x ,E)  
- ~ ( x ~ E ) u o ( x )  - C - n'. - ,  x i  a E j  

-f: aU.0 n: on ~ ( x ) .  
\ i=l axi 
Writing down the compatibility condition in the last ~roblem, we get the following 

equation: 

~ U O ( X )  a2Mi(x ,  E )  d2u0(x) 
+2 C - ) d t  = J ( z -Mi(., C)sj+ 

j i atj ax j  i , j= l  dxi dx j  
(13) 

S 

j,From (13) by the Stokes formula we derive the equation 

d duo(x) + ID n wl f ( x )  = Q ( X ) U O ( X )  + z Ui(x)-, 
i=l 
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PERIODIC PERFORATED DOMAIN 22 1 

to be the limit equation in f l .  Here < . > means the integral over the set 0 n w, 
Q ( x )  = J q(x ,  t )  do, and Ui(x)  = J ( v n :  + n:) do. 

S S 
Let us study in detail the functions U;(x) .  Fortunatily, it is not necessary to  

calculate U;(x) .  Instead, taking into account the selfadjointness of the operators of 
the initial problems and the convergence of the corresponding belinear forms, we 
obtain that the G-limit operator is necessary selfadjoint. Hence, the limit equation 
(14) takes the form: 

and, consequently, 

Clearly ( d j i  + y) is a smooth matrix, moreover, arguing like in [24] one can 
verify that this matrix is positively defined. 

So, we find the homogenized problem: 

The integral identity for problem (17) takes the form: 

t )  ) ~ U O ( X )  a v ( x )  
' j = 1  ax;  a x j  

+ Q ( X ) U O ( X ) V ( X ) )  dx = (18) 

for any function v c H 1  (0). 

Remark 1 It should be noted that M;(x ,  2) are not defined in the whole a. Applying 
the technique of the symmetric extension [19] allows to extend M ( x ,  E )  into the interior 
of the "holes" retaining the regularity of these functions. We keep the same notation 
for the extended functions. 

The limit behavior of the solution of problem ( 1 )  is described by the following 
statement. 
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222 G.A. CHECHKIN AND A.L. PIATNITSKI 

Theorem 1 Suppose that f (x)  E c1(Itd) and that q(x, c) is smooth enough nonneg- 
ative function. Then, for any suficiently small E problem (1) has the unique solution 
and the following estimate 

takes place, where uo and ul are solutions of problems (1 7) and (8) respectively, and 
Kl does not depend on E .  

Remark 2 In fact, in the formulation of Theorem 1 the condition q(x,E) 2 0 can be 
replaced by the weaker condition Q(x) 2 0. 

3 Preliminary lemmas. 
This section is devoted to various technical assertions, which will be used in the further 
analysis. Some of these assertions have been proved in [5 ] ,  [7] (see also [4]). We omit 
their proofs. 

Lemma 1 Under the conditions of Theorem 1 the Friederichs type inequality 

holds for any v E H1(S2', an), where C1 does not depend on E .  

The next assertion is, in fact, a modified version of Lemma 5 from [7]. 

Lemma 2 If 

then the following inequality 

holds for any v(x) E H1(S2',aS2); the constant C3 does not depend on E .  

Proof. By (20) the problem 

has 1-periodic in E solution. Moreover, the solution is unique up to an additive 
constant. Let us multiply the equation (22) by the function v(x) E H1(S2',aR) and 
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PERIODIC PERFORATED DOMAIN 223 

integrate it over the domain Re. Integrating by parts the left-hand side of the obtained 
formula gives 

Here n/ is the unit normal to a(R\Z) .  The lemma is proved. 
The following lemma allows to neglect the right-hand side of the equation ( 1 )  in 

the thin layer Rr without deterioration of the estimate. Proof of this lemma is similar 
to the proof of Lemma 8 from [5]. 

Lemma 3 Suppose that ye is the solution of the problem 

where he(x )  = f ( x )  for x E Rf  and 0 otherwise. Then 

I l ~ e I I ~ l ( i 7 )  5 C4E. 
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224 G.A. CHECHKIN AND A.L. PIATNITSKI 

The following assertion can be proved in the same way as Lemma 5 from [7]. 

Lemma 4 Suppose wC(x) E L,(R), and let IIe belong to {x E R I dist (x, 80) 5 Coe). 
Then the following inequality 

holds for any v(x) E H1(RC,aR); the constant C5 does not depend on E .  

4 The basic estimate. 

Proof of Theorem 1. We are going to estimate the H1-norm of the residual: 

To this end we extend the functions M;(x, 5) in the layer Rf (see Remark 1 above) 
and substitute the expression 

in the equation (1). Here we denote by x€(:) a smooth cut-off function 0 5 xC(:) 5 1, 
such that xC(:) = 0 if x E Rf and xE(T) = 1 if dist(x,af) 2 dist(Sc, Rf), moreover 
IVExe(.f)1 and lAtxe(()I are uniformly bounded. This yields 
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PERIODIC PERFORATED DOMAIN 

and 

= -lOnwlf(x) in R, 

we can transform (27) in the domain Rc\Rf as follows: 
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226 G.A. CHECHKIN AND A.L. PIATNITSKI 

On the other hand, with the help of the Green formula one can transform the left-hand 
side of (31) as follows 

+c J ( o z u l ( x , ~ l c = , ,  n c )  v ( x )  ds + E J ( v e w ( x ,  51, n ~ x ,  01 Ie=,v(x) ds+ 
s. L s, 

'I, 5 ) )  c v ( x )  ds- (33) 

aMi(x ,  5 )  d2uo(x) 
--E / X c ( ~ ) ~ . U l ( x ,  [)Ic=. ~ ( 1 )  dx - -2 -1 v ( x )  dx- 

' ns :13= 
atj a x i a x j t = j  

nc 

V ( X )  dx - J A , ~ ~ ( ~ )  v ( x )  dx- 
nc :,3= 

a x j  atj d z ;  E=i n * 
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In view of the evident relation 

a 
divt (- 8% (M,(x, t ) s ) )  dx; I t= I !=rdivx (A 8x.1 (M,(x, OF) 1=:) - 

the Stokes formula gives 

here we also used the fact that all the integrals containing the derivatives of x', are of 
order E. Now using (33) and the boundary condition in (17), we estimate the following 
expression 
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G.A. CHECHKIN AND A.L. PIATNITSKI 

5 C6 E I l u ~ I I ~ l ( n * ) l l v I I ~ l ( ~ c ) -  

The terms Il and I4 clearly satisfy the estimate 

The identity I5 0 follows from the boundary condition of problem (8). Let us 
estimate the integral 16. Considering (16) it is easy to verify that 

Applying the technique of the proof of Lemma 2, one can show that the latter relation 
implies the inequality 

here we used the C1-smoothness of f ( x ) .  By Lemma 3 one can assume that the 
function f  ( x )  is equal to 0 in the layer Of. Then I 7  = 0. The term 13 can obviously 
be estimated as follows: 

13 5 C~&IIVIIH~(W). 
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PERIODIC PERFORATED DOMAIN 229 

Finally, due to the properties of x C ( f )  one can apply Lemma 4 in order to estimate Is 
and 19. This gives 

IIsI + 1191 5 clifiII~II~~(n~~ 
Substituting v = uo + &xEu1 - U, in (36) and taking into account all the estimates 
above, Lemma 1 and the evident relation Ileul(l - x ~ ) ( I ~ I ( ~ ~ )  5 C12&, we obtain 
(19). The theorem is proved. 

Part I1 

The case a > 1. 

5 The formal homogenization procedure. 

This section deals with problem (1) in the case a > 1. Substituting the expression 

( = 0 + a - l u l , - l  ( x  ) + u 0 1  ( x  ) + E u 1 ,  (x, ) + (37) 

in equation (1) and taking into account an evident relation (4), we obtain after simple 
transformations the following formal equality 
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230 G.A. CHECHKIN AND A.L. PIATNITSKI 

Keeping in mind (7) and collecting all the terms with like powers of a in (38)  and 
(39) ,  we arrive at the following auxiliary problems: 

and problem ( 8 )  for uo,l ( x ,  E ) ,  to  be solved in the space of 1-periodic in J functions. 
It follows from (40) that ul , - l  does not depend on c. In fact, for our purposes it 

suffices to put ul,-l r 0. Then u l , ~  z 0 solves (41) .  
At the next step we collect all the terms of order c0 in (38) and of order a' in (39) .  

This yields 

If we represent uot1(x ,  J )  = (V,uo(x) ,  M ( x ,  J ) )  , where 1-periodic vector-function 
M ( x ,  J )  = ( M l ( x ,  E ) ,  . . . , M d ( x ,  E ) )  solves problem ( l l ) ,  then (42)  takes the form 
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PERIODIC PERFORATED DOMAIN 23 1 

Writing down the compatibility condition in the last problem, we get the following 
equation: 

In the same way as in Section 2 we find the homogenized problem: 

t '- uo(x) = o on 80. 

The integral identity for problem (45) reads 

0 

for any function v eH1  (o). . , 
  he limit behavior of the solution of problem (1) is described by the following 

statement. 

Theorem 2 Suppose that f (z )  E C1(IRd), and let q(x, 5) be a smooth nonnegative 
function. Then, for any suficiently small E problem (1) has the unique solution and 
the following estimate 

takes place, where uo and uo,l are solutions of problems (45) and (8) respectively, and 
KZ does not depend on E .  

The proof is similar to  that of Theorem 1 and relies on the following two simple 
assertions: 

Lemma 5 Under the conditions of Theorem 2 the inequality 

holds for any v E H1(Re,dn). 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
0
3
 
4
 
J
a
n
u
a
r
y
 
2
0
1
0
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Lemma 6 For any v E H1(Rc) 

We omit their proof. 

Part I11 

The case a < 1. 

6 The homogenization theorem. 

In the case a < 1 the limit behavior of the solution of problem (1) is described by the 
following statement. 

Theorem 3 Suppose that f (x) E c1(IRd) and that q(x, 5') is smooth enough strictly 
positive function. Then, for any suficiently small s problem (1) has the unique solu- 
tion and the following estimate 

takes place, K3 being independent of e.  

Proof of Theorem 3. First let us note that Lemma 5 still holds under the conditions 
of Theorem 3. Writing down the integral identity for problem (I),  by the Cauchy- 
Schwartz-Bunyakovskii inequality, we obtain the uniform boundedness of u,(x) in 
H1(Rc). Indeed, 

Hence, 
I luc(J~l(n*) I (713. (50) 

Let us recall the notation Q(x) = $ q(x, f )  do. Under the assumptions of the theorem 
S 

the function Q(x) is uniformly positive and the estimate holds 
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the last inequality here can be proved in the same way as Lemma 2. On the other 
hand, from the integral identity we have 

Combining the preceeding estimates and keeping in mind (50), we immediatly get 
(48). The theorem is proved. 
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