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We consider the linear parabolic equation describing the transport of a contaminant in a porous media
crossed by a net of infinitely thin fractures. The permeability is very high in the fractures but very low in
the porous blocks. We derive the homogenized model corresponding to a net of infinitely thin fractures, by
means of the singular measures technique. We assume that these singular measures are supported by
hyperplanes of codimension one. We prove in a second step that this homogenized model could be obtained
indistinctly either by letting the fracture thickness, in the standard double porosity model, tend to zero, or by
homogenizing a model with infinitely thin fractures.
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1. INTRODUCTION

The so called double porosity model has received a lot of attention both from mathe-
maticians and from engineers, like, for instance, in [4,12]. The model was introduced
first for describing the global behavior of fractured porous media by Barenblatt et al.
[3] and it is since used in a wide range of engineering specialities related to geohydrol-
ogy, petroleum reservoir engineering, civil engineering or soil science.
In such a model, the ‘‘fractured porous medium’’ is made of two kinds of porous

media with different permeability. There is first a set of isolated porous blocks of
low permeability (sometimes called matrix), surrounded by a network of high perme-
ability connected porous medium (usually called fractures network).
The double porosity model, like in [2], is assuming that the width of the fractures

containing highly permeable porous media (fracture width, in short) is of the same
order as the blocks sizes.
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In the present article we consider the case of thin fractures with large transport flux
inside so that the flow does not vanish as the thickness is getting infinitely small. The
Neumann problem for reticulated structures have been widely discussed in the existing
literature, like, for instance, in [10]. The case of thin fractures corresponds to the math-
ematical model given by the Eq. (22) in Section 3 where the (fracture width)/(block size)
ratio is a small parameter � and where the high permeability of order 1=� appears as a
large coefficient in the equation in the fissure part. Albeit, the case of infinitely
thin fissures corresponds to the Eq. (1) below, where the high permeable porous part
reduces to (hyper)surfaces on which the permeability appears as a coefficient of order
one in front of the Laplacian acting in tangential variables on the (hyper)surface.
The simplest model is related to the behavior of a weakly compressible single phase

flow through a porous domain �. We assume that � is made of a set of porous blocks
called matrices M

" with permeability of order "2, connected together by a system of
infinitely thin fractures F " with tangential permeability of order 1. This model is
described by the following set of equations in � � R

N

@u

@t
� "2k1�u ¼ f in � \ M

"
� R

N , the set of porous block;

@v

@t
� k2 ~��v ¼ "2k1

@u

@n

� �
in � \ F ", the fractures network;

þ conservation of the surface flux through the intersections
of the (N � 1)-facets being faces of codimension 2;

8>>>>><
>>>>>:

ð1Þ

where " is the normalized microscopic length scale of a typical porous block, " � 1, ~�� is
the Laplacian in the tangential variables of the fractures hypersurface, and ½@u=@n�
denotes the jump of the normal derivative through the fractures hypersurface.
Most of the mathematical works on that subject were related to the mathematical

homogenization theory including the use of the so called two-scale convergence concept
(see, for instance, [2,6–8]) both for periodic and for nonperiodic fracture patterns. But
behind all those works there was always an assumption on the thickness of the fractures
which were supposed to be of the same order " as the length size of a typical porous
block.
The main purpose of the present work is to consider the case of thin and infinitely

thin fractures with large transport flux inside, by means of the techniques developed
recently in [5,9,12–15] for Sobolev spaces on singular constructions (see Fig. 1 for an
example of 2D construction).
In Section 1, we define the geometry and we introduce the singular measure setting.
Section 2 is aimed at obtaining the double porosity homogenized model by using

the singular measure framework introduced in Section 1. The main result is given in
Theorem 1.
In Section 3 we study the homogenization problem for a double porosity model with

fractures of finite width � and then let � tend to zero. We prove in Proposition 2 that
in this way we get back the previous homogenized model obtained in Theorem 1 of
Section 2.
In Theorem 2 we prove that the final homogenized model does not depend on

the order of passage to the limit in the equations when " and � tends to zero.
For simplicity we assume here that the fractured part only consists of thin and

infinitely thin fissures. However, the theory developed in [9] for junctions also allows
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the handling of more complex cases of fractured porous media like, for instance, that
shown on Fig. 2, where the matrices still have permeability of order "2, but the fractured
part consists of highly permeable sets connected by infinitely thin fractures of infinitely
high permeability, surrounded by volume distributed porous medium with permeability
of order one.
Other homogenization techniques for thin and infinitely thin constructions have been

developed in [10,16,18].

2. SETTING OF THE PROBLEM AND DEFINITION OF THE GEOMETRY

We begin by describing the geometry. The matrix part is generated by a finite number
of nonintersecting open convex polytopes G1, . . . ,Gl in R

N , such that Gi \ ðGj þ kÞ ¼ 6 0
for each k 2 ZN n 0, and [k2ZN [lj¼1 ð �GGj þ kÞ ¼ R

N . Clearly, such a construction is
1-periodic in all the coordinate directions and we may then define the cell of periodicity
Y ¼ ½0, 1�N , N � 2, and two periodic sets: the matrix part M ¼ [k2ZN [lj¼1 ðGj þ kÞ

FIGURE 2 Highly permeable thin fractures with junctions, surrounded by blocks of low permeability.

FIGURE 1 Thin fractures network and porous blocks.
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generated by the N-polytopes Gj , and the fissure part F ¼ [k2ZN [lj¼1 ð@Gj þ kÞ,
generated by the polytopes faces. The set of porous blocks (matrix part of the domain)
is then M

"
¼ � \ ½" [k2ZN [lj¼1ðGj þ kÞ� and its complement in � is the fracture part:

F " ¼ � n M
"
¼ � \

�
"
[
k2ZN

[l
j¼1

ð@Gj þ kÞ

�
:

In the case of N ¼ 2, we are then in the situation described in [9] and the fissure part
F is then made of connected segments and junctions as, for instance, in Fig. 3.
In R

3, the simplest example of such a structure is the standard cubic lattice in
which the fissures are cube’s faces. In what follows we identify the periodic cell Y
with the torus TN ¼ R

N=ZN and the space of Y-periodic functions with the space of
functions on TN . In the same way, we identify Y-periodic measures with measures
on TN .
We proceed by introducing a singular periodic Borel measure � which coincides with

the standard ðN � 1Þ-dimensional Lebesgue measure on the fissure part F , that is on
any ðN � 1Þ-dimensional facet � of a polytope Gi, � is the measure product of the
Dirac mass in the direction orthogonal to � with the usual surface Lebesgue measure
on �. By the definition of � we have �ðY n FÞ ¼ 0.
The space H1ðY , d�Þ is defined as the closure of C1ðYÞ-functions by the norm

k’k2H1ðY , d�Þ ¼

Z
Y

’2ðyÞd�ðyÞ þ

Z
Y

jr’ðyÞj2d�ðyÞ:

Further details and the properties of singular Sobolev spaces can be found in [5,13].

Remark 1 As was pointed out in [9] (Proposition 1, Section 1.1), only the tangential
component of the gradient of a function ’ 2 H1ðY , d�Þ on F is uniquely defined;
the normal component can be chosen arbitrarily.

In the sequel, for the sake of simplicity we will restrict ourselves to the Y-periodic
fissure structures defined above; an example of such a fissures set is shown in Fig. 3.
It is, however, clear that more general structures could also be considered, as soon as
they are �-strongly connected on R

N (see [5] Sec. 4 and [13] Section 1 for the definition).

3. HOMOGENIZATION PROCEDURE

Let us consider the boundary value problem for Eq. (1) with the homogeneous Dirichlet
boundary condition on the boundary @� and the initial condition uðx, 0Þ ¼ u0ðxÞ,

FIGURE 3 Typical fissure configurations in a cell Y � R
2, the last picture corresponds to a case with both

segments and junctions.
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x 2 �. If we introduce a measure �"ðdxÞ ¼ "N�ðdx="Þ so that �"ðBÞ ¼ "N�ðð1="ÞBÞ for
any Borel set B then the weak formulation of Problem (1) reads

Z
�

u"ðx, tÞvðxÞ dxþ

Z
�

u"ðx, tÞvðxÞ d�" �

Z
�

u0ðxÞvðxÞ dx�

Z
�

u0ðxÞvðxÞ d�
"

þ

Z t

0

k2

Z
�

ru" � rv d�" þ "2k1

Z
�

ru � rv dx

� �
ds

¼

Z t

0

Z
�

fv dx ds, 8v 2 H10 ð�, d�
" þ dxÞ: ð2Þ

For each " > 0 this problem is well-posed, and its solution is an element of the
functional space

V ¼ fv: v 2 L2ð0,T ; H
1
0 ð�, d�

" þ dxÞÞ,
@v

@t
2 L2ð0,T ; H

�1ð�, d�" þ dxÞÞ

where H�1ð�, d�" þ dxÞ is the dual space to H10 ð�, d�
" þ dxÞ with respect to the

L2ð�, d�
" þ dxÞ norm.

In order to deduce the a priori estimates we multiply Eq. (1) by u" and integrate it
over � � ð0,TÞ. After integration by parts this gives

1

2

Z
�

ðu"ðx, tÞÞ2 dxþ
1

2

Z
�

ðu"ðx, tÞÞ2 d�"

þ "2k1

Z t

0

Z
�

jru"ðx, sÞj2 dx dsþ k2

Z t

0

Z
�

jru"ðx, sÞj2 d�" ds

¼
1

2

Z
�

ðu0ðxÞÞ
2 dxþ

1

2

Z
�

ðu0ðxÞÞ
2 d�" þ

Z t

0

Z
�

f ðx, sÞu"ðx, sÞ dx ds ð3Þ

One can easily derive from the latter relation the following estimates

ku"kL2ð0,T ;L2ð�, dxÞÞ � C ð4Þ

ku"kL2ð0,T ;L2ð�, d�"ÞÞ � C ð5Þ

"kru"kL2ð0,T ;L2ð�, dxÞÞ � C ð6Þ

kru"kL2ð0,T ;L2ð�, d�"ÞÞ � C ð7Þ

In order to pass to the limit in matrices set we apply the usual two-scale convergence
arguments (see [1,17]) with ad-hoc test functions: the estimates (4) and (6) imply:

u" *
2

~uuðx, t, yÞ two-scale in L2ð� � ½0,T �;L2ðY , dyÞÞ ð8Þ

"ru" *
2

ry ~uuðx, t, yÞ two-scale in L2ð� � ½0,T �;L2ðY , dyÞÞ ð9Þ

with ~uu 2 L2ð� � ½0,T �;H1perðY , dyÞÞ.
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We now apply two-scale convergence technique adapted to singular measures;
for the definition and basic results on two-scale convergence in the case of singular
measures we refer to [5]. Here we recall the definition.

Definition 1 We say that a family of functions v"ðxÞ 2 L2ð�, d�
"Þ, kv"kL2ð�, d�"Þ � C,

two-scale converges, as " ! 0, to a function v0ðx, yÞ 2 L2ð� � Y , dx� d�ðyÞÞ if for
any  ðx, yÞ 2 Cð�,Lper2 ðd�ÞÞ we have

lim
"!0

Z
�

v"ðxÞ ðx, x="Þ d�" ¼

Z
��Y

v0ðx, yÞ ðx, yÞ dx d�ðyÞ:

In what follows for brevity we keep the notation

v" *
2
v0ðx, yÞ in L2ð�; L2ðY , d�ÞÞ

for the two-scale convergence with respect to a singular measure �.
The estimates (5) and (7) imply the existence of a subsequence (still denoted by u")

such that

u" *
2
u0ðx, tÞ two-scale in L2ð� � ½0,T �;L2ðY , d�ÞÞ ð10Þ

ru" *
2

rxu
0ðx, tÞ þ ryu

1ðx, t, yÞ two-scale in L2ð� � ½0,T �;L2ðY , d�ÞÞ ð11Þ

with the periodic measure � defined above; moreover, u0ðx, tÞ is an element of
L2ð0,T ; H

1
0 ð�, dxÞÞ and u1ðx, t, yÞ is a function periodic in y, belonging to L2ð��

½0,T �;H1ðY , d�ÞÞ.
The next statement describes the structure of elements of H10 ð�, dxþ d�"Þ. In what

follows all the Sobolev spaces on F " are related to the standard ðN � 1Þ-dimensional
Lebesgue measure on F ".

LEMMA 1 The space H10 ð�, dxþ d�"Þ consists, for each " > 0, of H10 ð�, dxÞ-functions
such that their trace on F " is a H1ðF "Þ-function.

Proof The space H10 ð�, dxþ d�"Þ is continuously embedded in H10 ð�, dxÞ. Thus, for
any u 2 H10 ð�, dxþ d�"Þ, the trace ujF " is well-defined as an element of H1=2ðF "Þ.
Since u also belongs to H10 ð�, d�

"Þ, the gradient of ujF " w.r.t. the tangential variables
is uniquely defined and, moreover, belongs to L2ðF

"Þ (see [9]). This completes the proof.

It is convenient to introduce the function

ûuðx, t, yÞ ¼ ~uuðx, t, yÞ � u0ðx, tÞ, ð12Þ

with ~uuðx, t, yÞ and u0ðx, tÞ defined in (8) and (10). We show that ûuðx, t, yÞ satisfies homo-
geneous Dirichlet boundary conditions on F .

LEMMA 2 The function ûu is an element of L2ð� � ½0,T �;H1ðY , dyÞÞ whose trace on F is
equal to 0.
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Proof The fact that ûu 2 L2ð� � ½0,T �;H1ðY , dyÞÞ is a standard result of the usual
two-scale method. Let  ðyÞ be a smooth periodic function on Y, and denote by
 �ðyÞ the product of  ðyÞ and the characteristic function of a �-neighborhood of F ,
and by  0ðyÞ the trace of  ðyÞ on F . From Eq. (10) we have

lim
"!0

Z T

0

Z
�

ðu" � u0Þ’ðx, tÞ 0ðx="Þ d�
" dt ¼ 0

for any ’ 2 C1
0 ð� � ½0,T �Þ. Considering (6), by the usual continuity of trace

arguments, we get

Z T

0

Z
�

ðu" � u0Þ’ðx, tÞ 0ðx="Þ d�
"dt�

1

2�

Z T

0

Z
�

ðu" � u0Þ’ðx, tÞ �ðx="Þ dx dt

				
				 � C

ffiffiffi
�

p

uniformly in " > 0. Passage to the limit, as " ! 0, gives

lim
"!0

			 1
2�

Z T

0

Z
�

ðu" � u0Þ’ðx, tÞ �ðx="Þ dx dt
			 � C

ffiffiffi
�

p
:

On the other hand, from (8) and (12) it follows

lim
"!0

1

2�

Z T

0

Z
�

ðu" � u0Þ’ðx, tÞ �ðx="Þ dx dt ¼
1

2�

Z T

0

Z
�

Z
Y

ûuðx, t, yÞ �ðyÞ’ðx, tÞ dx dt dy:

The last two relations imply

				 12�
Z T

0

Z
�

Z
Y

ûuðx, t, yÞ �ðyÞ’ðx, tÞ dx dt dy

				 � C
ffiffiffi
�

p
:

Passing to the limit as � ! 0 and using the continuity of trace arguments give

Z T

0

Z
�

Z
Y

ûuðx, t, yÞ 0ðyÞ’ðx, tÞ dx dt d�ðyÞ ¼ 0:

Since ’ðx, tÞ is an arbitrary function, this implies

lim
�!0

Z
Y

ûuðx, t, yÞ 0ðyÞ dy ¼ 0

for almost all x and t, and, finally, ûujF ¼ 0, which completes the proof.

We proceed by characterizing the function ûuðx, t, yÞ. Let us substitute in (2) a
test function v of the form v ¼  ðx="Þ’ðxÞ where ’ 2 C1

0 ð�Þ and  is a smooth
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Y-periodic function with  jF ¼ 0. Since �" only charges F ", this gives after simple
rearrangements

Z
�

 ðx="Þ’ðxÞu"ðx, tÞ dx�

Z
�

 ðx="Þ’ðxÞu0ðxÞ dx

þ k1

Z t

0

Z
�

ð"ru"ðx, sÞÞð"r ðx="ÞÞ’ðxÞ dx ds

þ k1"

Z t

0

Z
�

ð"ru"ðx, sÞÞr’ðxÞ ðx="Þ dx ds ¼

Z t

0

Z
�

f ðx, sÞ’ðxÞ ðx="Þ dx ds: ð13Þ

Passing to the two-scale limit yields

Z
�

Z
Y

’ðxÞ ðyÞûuðx, t, yÞ dx dyþ

Z
�

Z
Y

’ðxÞ ðyÞu0ðx, tÞ dx dy

�

Z
�

Z
Y

’ðxÞ ðyÞu0ðxÞ dx dyþ

Z t

0

Z
�

Z
Y

ryûuðx, s, yÞry ðyÞ’ðxÞ dx dy ds

¼

Z t

0

Z
�

Z
Y

f ðx, sÞ’ðxÞ ðyÞ dx dy ds:

This implies, in turn, for almost every x 2 � the relation

Z
Y

 ðyÞûuðx, t, yÞ dyþ

Z
Y

 ðyÞu0ðx, tÞ dy�

Z
Y

 ðyÞu0ðxÞ dy

þ

Z t

0

Z
Y

ryûuðx, s, yÞry ðyÞ dy ds ¼

Z t

0

Z
Y

f ðx, sÞ ðyÞ dy ds: ð14Þ

In order to write the problem in a differential form we should show that the initial
condition for ûu makes sense.
Taking in (2) the same test function as in (13) and integrating over time interval

½t1, t2�, 0 � t1 < t2 � T , using (6) we get

Z
�

 ðx="Þ’ðxÞu"ðx, t2Þ dx�

Z
�

 ðx="Þ’ðxÞu"ðx, t1Þ dx

				
				

� k1

Z t2

t1

Z
�

ð"ru"ðx, sÞÞfð"r ðx="ÞÞ’ðxÞ þ ð" ðx="ÞÞr’ðxÞg dx ds

				
				

þ

Z t2

t1

Z
�

f ðx, sÞ’ðxÞ ðx="Þ dx ds

				
				

� Ck1k kH1perðYÞkr’kL1ð�Þ

Z t2

t1

fk"ru"ðsÞkL2ð�Þ þ kf ðsÞkL2ð�Þg ds

� Ck1k kH1perðYÞkr’kL1ð�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � t1

p
:

ð15Þ
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By passing to the limit in (13), the two-scale limit ~uu inherits this Hölder continuity
property. Namely, we have

Z
�

Z
Y

 ðyÞ’ðxÞ ~uuðx, t2, yÞ dx dy�

Z
�

Z
Y

 ðyÞ’ðxÞ ~uuðx, t1, yÞ dx dy

				
				

� Ck1k kH1perðYÞkr’kL1ð�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � t1

p
,

and, consequently, the initial condition for ûu makes sense.
Now, the identity (14) can be rewritten in the following differential form, with the

Y-periodic function ûuðx, t, yÞ:

@

@t
ûu� �yûu ¼ f ðx, tÞ �

@

@t
u0ðx, tÞ in ð0,TÞ � Y

ûujF ¼ 0, ûujt¼0 ¼ 0

8<
: ð16Þ

where x appears as a parameter. Equivalently, in view of (12) one can write

@

@t
~uu� �y ~uu ¼ f ðx, tÞ in ð0,TÞ � Y

~uujF ¼ u0ðx, tÞ, ~uujt¼0 ¼ u0ðxÞ:

8<
: ð17Þ

Our next goal is to describe the structure of the function u1ðx, t, yÞ. Using in (2) a test
function of the form "’ðxÞ ðx="Þ with ’ 2 C1

0 ð�Þ and with  ðyÞ 2 C1
perðYÞ, one has

after integration by parts

"

Z
�

 ðx="Þ’ðxÞu"ðx, tÞ dxþ "

Z
�

 ðx="Þ’ðxÞu"ðx, tÞ d�"

� "

Z
�

 ðx="Þ’ðxÞu0ðxÞ dx� "

Z
�

 ðx="Þ’ðxÞu0ðxÞ d�
"

þ "3k1

Z t

0

Z
�

ru"ðx, sÞr½ ðx="Þ’ðxÞ� dx ds

þ "k2

Z t

0

Z
�

ru"ðx, sÞ ðx="Þr’ðxÞ d�" ds

þ k2

Z t

0

Z
�

ðru"ðx, sÞÞð"r ðx="ÞÞ’ðxÞ d�" ds

¼ "

Z t

0

Z
�

f ðx, sÞ’ðxÞ ðx="Þ dx ds:

Clearly, all the terms here except the last one on the left-hand side, are vanishing as
" ! 0. Hence, taking the two-scale limit and considering (11), we get

Z
Y

ry ðyÞrxu
0ðx, tÞ d� ¼ �

Z
Y

ry ðyÞryu
1ðx, t, yÞ d�: ð18Þ
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Now, by the usual separation of variables method, we can represent u1ðx, t, yÞ as follows

u1ðx, t, yÞ ¼ lðyÞ
@

@xl
u0ðx, tÞ:

where lðyÞ are the minimizers in the variational problems:

inf
 2H1perðY , d�Þ

Z
Y

ðel þ ry
lðyÞÞ2 d�,

and where el stands for the lth vector of the canonical basis in R
N . These problems

are well-posed, see [14], and the functions l are uniquely defined up to an additive
constant.
At the last step we determine u0ðx, tÞ. To this end we substitute in (2) a test

function ’ðxÞ 2 C1
0 ð�Þ. This givesZ

�

’ðxÞu"ðx, tÞ dxþ

Z
�

’ðxÞu"ðx, tÞ d�" �

Z
�

’ðxÞu0ðxÞ dx�

Z
�

’ðxÞu0ðxÞ d�
"

þ "k1

Z t

0

Z
�

"ru"ðx, sÞr’ðxÞ dx dsþ k2

Z t

0

Z
�

ru"ðx, sÞr’ðxÞd�" ds

¼

Z t

0

Z
�

f ðx, sÞ’ðxÞ dx ds:

Taking the two-scale limit here and considering (10)–(12) and (17), we get

ð1þ jFjÞ

Z
�

’ðxÞu0ðx, tÞ dxþ

Z
�

Z
Y

ûuðx, t, yÞ dy’ðxÞ dx

� ð1þ jFjÞ

Z
�

Z
Y

’ðxÞu0ðxÞ dx dy

þ

Z t

0

Z
�

Z
Y

�ij þ
@

@yi
jðyÞ

� �
d�

@

@xi
u0ðx, tÞ

@

@xj
’ðxÞ dx ds

¼

Z t

0

Z
�

Z
Y

f ðx, sÞ’ðxÞ dx dy ds, ð19Þ

where jF j stands for the ðN � 1Þ-dimensional volume of F .
Finally, the Eqs. (12), (17) and (19) lead to the following result:

THEOREM 1 Let u" be a solution of Problem (1) or (2). Then when " ! 0, the solution u"

two-scale converges in L2ð� � ½0,T �;L2ðY , d�ÞÞ, like in (10) and (11), to u0, where u0 is
the unique solution of:

jF j
@

@t
u0 � �ij

@

@xi

@

@xj
u0 ¼ f ðx, tÞ �

@

@t

Z
Y

~uuðx, t, yÞ dy in � � ½0,T �

@

@t
~uuðx, t, yÞ � �y ~uuðx, t, yÞ ¼ f ðx, tÞ in ð0,T Þ � Y

~uuðx, t, �ÞjF ¼ u0ðx, tÞ, ~uujt¼0 ¼ u0ðxÞ

u0j@� ¼ 0, u0jt¼0 ¼ u0ðxÞ ð20Þ
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with

�ij ¼

Z
Y

�ij þ
@

@yi
jðyÞ

� �
d�: ð21Þ

In the same way as in Problem (17) one can verify that the initial conditions in the
latter problem make sense. The well-posedness of this system and, in particular, the
uniqueness of a solution have been shown in earlier works on double porosity, for
instance in [2].

4. THIN STRUCTURES AND SINGULAR CONSTRUCTIONS:
COMMUTATIVENESS OF THE DIAGRAM

We consider in this section the standard double porosity model stated in a medium with
fissures of positive thickness � > 0, and show that the ‘‘singular’’ problem considered
above can be obtained by passing to the limit in this standard model, as the fissures
thickness � tends to zero. Then we compare the effective problems obtained by letting
" and � tend to zero in different order, and prove that the corresponding diagram is
commutative.
In order to describe the geometry of the fracture part and of the matrices set, we use

the same collection of N-polytopes G1,G2, . . . ,Gl as in the previous section, and denote
by V�ð@GiÞ a �-neighborhood of @Gi, i ¼ 1, 2, . . . , l. We define

F � ¼
[
j2ZN

[l
i¼1

ðV�ð@GiÞ þ jÞ

and

M� ¼ R
N

n F �

and denote by �� the periodic measure whose density is equal to 1=ð2�Þ in F � and 0 in
M�. This measure �

� converges weakly, as � # 0, to the measure � on Y and, respect-
ively, �", � converges weakly in �, as � # 0, to the measure �" for each " > 0. Then we
set F "

� ¼ � \ "F �,M
"
� ¼ � \ "M� and �

�, "ðBÞ ¼ "N��ð1="BÞ for any Borel set B in R
N .

Now one can state in � the following problem, corresponding to the flow in a
domain � made of two parts, the fissured part F "

� and the matrix set M
"
�,

�", �ðxÞ
@

@t
u"� ¼ divða", �ðxÞru"�Þ þ f ðx, tÞ in � � ð0,TÞ,

u"�jt¼0 ¼ u0ðxÞ in �; u"�j@� ¼ 0, t 2 ð0,TÞ, ð22Þ

where

�", � ¼

1 on M
"
�,

1

2�
on F "

�,
a", � ¼

k1"
2Id on M

"
�,

k2
2�
Id on F "

�:

8<
:

8<
:

First we are going to pass to the limit, as � # 0, in Problem (22) for arbitrary fixed " > 0.
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PROPOSITION 1 For any fixed " > 0 the family fu"�g of solutions of Problem (22) converges
in L2ð0,T ; H

1
0 ð�, d�

", � þ dxÞÞ, as � # 0, to a solution u" of Problems (1) and (2).

Proof First, we write down the weak formulation of (22); this gives

1

2�

Z
F "
�

u"�ðx, tÞ’ðxÞ dxþ

Z
�

u"�ðx, tÞ’ðxÞ dx�
1

2�

Z
F "
�

u0ðxÞ’ðxÞ dx�

Z
�

u0ðxÞ’ðxÞ dx

þ
k2
2�

Z t

0

Z
F "
�

ru"�ðx, sÞr’ðxÞ dx dsþ k1"
2

Z t

0

Z
�

ru"�ðx, sÞr’ðxÞ dx ds

¼

Z t

0

Z
�

f ðx, sÞ’ðxÞ dx ds ð23Þ

for any ’ 2 C1
0 ð�Þ. The a priori estimates are straightforward; multiplying (22) by u"�

and integrating over � � ð0, tÞ, one gets

ku"�kL2ð��½0,T �, ðd�"�þdxÞ � dtÞ
� C, ð24Þ

"kru"�kL2ð��ð0,TÞ, dx� dtÞ � C,

kru"�kL2ð��ð0,TÞ, d�"� � dtÞ
� C: ð25Þ

Using the compactness arguments developed in [15], we obtain from the bounds
(24), (25) that, up to a subsequence, u"� converges weakly, as � # 0, in
L2ð0,T ; H

1
0 ð�, d�

"
� þ dxÞÞ to a function v" 2 L2ð0,T; H

1
0 ð�, d�

" þ dxÞÞ. Passing to
the limit in (23) gives

Z
F "
v"ðx, tÞ’ðxÞ d�" þ

Z
�

v"ðx, tÞ’ðxÞ dx�

Z
F "
u0ðxÞ’ðxÞ d�

" �

Z
�

u0ðxÞ’ðxÞ dx

þ k2

Z t

0

Z
F "

rv"ðx, sÞr’ðxÞ d�"dsþ k1"
2

Z t

0

Z
�

rv"ðx, sÞr’ðxÞ dx ds

¼

Z t

0

Z
�

f ðx, sÞ’ðxÞ dx ds: ð26Þ

This problem coincides with Problem (22) and, thus, in view of the uniqueness of its
solution, we have v" ¼ u".
It remains to show that solutions of homogenized �-problems converge, as � ! 0, to

the solution of Problem (20). For each fixed � > 0 the two-scale limit problem is well-
known (see, for instance [2]), it reads

jF �j
@

@t
u0� � ��ij

@

@xi

@

@xj
u0� ¼ f ðx, tÞ �

@

@t

Z
M�

~uu�ðx, t, yÞ dy in � � ð0,T Þ,

@

@t
~uu�ðx, t, yÞ � �y ~uu�ðx, t, yÞ ¼ f ðx, tÞ in ð0,T Þ � M�

~uu�ðx, t, �ÞjF �
¼ u0�ðx, tÞ, ~uu�jt¼0 ¼ u0ðxÞ

u0� j@� ¼ 0, u0� jt¼0 ¼ u0ðxÞ, ð27Þ

where jF �j is the Lebesgue measure of F � on the torus.
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PROPOSITION 2 The solution ðu0� , ~uu�Þ of Problem (27) converges, as � # 0, in
L2ð0,T ;H

1
0 ð�ÞÞ � L2ð� � ½0,T �; H10 ðY , dyÞÞ to the solution ðu0, ~uuÞ of Problem (20).

Proof As was shown in [10], the effective tensor �� converges, as � ! 0, to the ‘‘sin-
gular’’ effective tensor � defined by formula (21) in the previous section.
In a standard way one can derive, uniformly in �, a priori estimates for solutions of

(27), and select a weakly convergent subsequence

u� *
�#0
v0 in L2ð0,T ;H

1
0 ð�ÞÞ,

~uu� *
�#0

~vv in L2ð� � ð0,TÞÞ;H1ðY , dyÞÞ:

Writing down the weak formulation of (27) and passing in it to the limit as � ! 0, we
conclude that the pair of the limit functions v0, ~vv is necessary a solution of Problem (20).
Finally, the convergence of the whole sequence follows from the uniqueness of a
solution of Problem (20), and we have v0 ¼ u0 and ~vv ¼ ~uu, which ends the proof of
commutativity.
We summarize the above statements in the following theorem.

THEOREM 2 The diagram

ð28Þ

is commutative.

The convergence related to the bottom arrow of the diagram was proved in Section 2
and other convergences were justified in the present section (Fig. 4).

FIGURE 4 Examples of a system of thin channels and porous medium.
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Remark 2 Similar technique applies to the case of thin fissures when the fissure thick-
ness � depends on " so that �ð"Þ tends to 0 as " ! 0. Combining the techniques of
this work with the commutativeness result from [10] one can prove, in this case, a state-
ment similar to that of Theorem 1 above.
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