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Abstract This paper deals with the homogenization of a second order parabolic
operator with a large nonlinear potential and periodically oscillating coefficients of
both spatial and temporal variables. Under a centering condition for the nonlinear
zero-order term, we obtain the effective problem and prove a convergence result. The
main feature of the homogenized equation is the appearance of a non-linear convection
term.
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1 Introduction

We consider the homogenization of a reaction-diffusion equation with a large non-
linearreaction term in periodic porous media. We assume that the coefficients of the
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equations are periodically oscillating in both space and time with a parabolic (or dif-
fusive) scaling; namely, the spatial period is & and temporal period is &2, ¢ being a
small positive parameter. The corresponding Cauchy problem reads

t 1 t
0 ()—C) o;u’ = div (a ()—C —2) Vug) +-g (i =, uf(x, t)) inR"x (0, T),
& ) e \e' ¢

uf(x,0) = up(x) € L*(R"),
(1)

where ug is the initial data, and the coefficients a(y, s), p(y) and g(y, s, u) are
1-periodic in y and s. The unknown u? is the concentration of some chemical species
diffusing in a porous medium of porosity p(y), with diffusivity a(y, s) and react-
ing with the background medium (for example by absorption/desorption) through the
nonlinear term g(y, s, u). The fact that the coefficients vary periodically in time can
be interpreted as a crude modelling of some exterior forcing (like another chemical
reaction). In addition to usual assumptions on the coefficients (see the next section for
details), we make the crucial assumption on centering of the nonlinear term, namely
we assume that, for each u € R,

/ g(y,s,u)dsdy = 0.
[0’1]n+1

This condition can be interpreted as a local equilibrium of the reaction for any con-
centration level, which allows us to expect a non-trivial limit, as & goes to zero. Our
main result is the convergence of the sequence u® of solutions of problem (1) to the
unique solution of the following homogenized problem (see Theorem 3 for the exact
statement):

[ du =div (aVu) + Fu) - Vu+ V() inR"x(0,7T), )
(2)

u(x,0) = ug(x) € L*(R"),

where the constant effective diffusion matrix @, and non-linear velocity F(u) and
effective potential V (u) are explicitly defined in terms of correctors being solutions of
the so-called cell problems, see formulae (16—17) and (18-21). There are two interest-
ing features of the above effective operator. The first one is the appearance of the first
order term in the limit operator, even if the original equation is formally self-adjoint.
This effect is due to the time oscillation of the coefficients in (1). Indeed, if the coeffi-
cients do not depend on the temporal variable s, then simple computations show that
the velocity F'(u) vanishes, see Remark 4.

The second feature is that, in contrast with the original equation which has non-
linearity only in the zero order term, the limit operator also includes a nonlinear first
order term, in other words the nonlinearity jumps to the first order term. This is a
particular case of the asymptotic phenomenon which is well-known in physics and
mechanics: when homogenizing singularly perturbed operators (or operators with a
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large parameter in front of the lower order terms), the nonlinearity can jump to the next
higher order term. For several models it has also been justified in the mathematical
literature, see for instance [10].

The fact that convection can arise from the homogenization of a purely diffusion-
reaction problem is already known and has several interesting applications. This effect
was first discovered in nuclear reactor physics in [9] and later rigorously justified by
homogenization arguments in [6,7]. It is also an important phenomena in reactive
transport through porous media where convection can be enhanced by chemical reac-
tions [3,4,11,12]. Finally, it is an explanation for the origin of bio-motors [14]. On the
other hand, the transmission of the nonlinearity from the reactive term in the original
equation (1) to the convective term in the effective equation (2) is another evidence of
the strong coupling between convection and chemical reactions in reactive transport
through porous media.

Large zero-order terms have already been homogenized in the linear case when
they scale like 1/ [5]. In such a case the factorization technique allows us to sep-
arate a periodically oscillating part ¥ (x/e) of solutions so that the remaining part
u® /¥ (x/¢) has a regular behaviour, see [2,4,8]. However, this technique fails to work
if the problem under consideration is nonlinear.

On the contrary, for linear equations with centered zero order term of order 1/e¢,
solutions exhibit a regular asymptotic behaviour (see, for instance, [5], Chap. 1,
Sect. 12). The goal of the present paper is to prove an homogenization result for
equations with a nonlinear potential.

The paper is organized as follows. In Sect. 2 we introduce the problem and spec-
ify the conditions on the coefficients of equation (1). Section 3 is aimed at obtaining
uniform a priori estimates. In Sects. 4 and 5 we characterize the two-scale limit of solu-
tions, define the limit problem and prove the convergence result. Finally, in Sect. 6 the
properties of the limit problem are studied. It is shown, in particular, that this problem
has a unique solution.

2 Statement of the problem

Instead of (1) we consider a slightly more general initial boundary value problem

t 1 t
p()—c)atu"?:div alZ, L)vue )+ e (2 L. ue) inox@© 1),
e e &2 e \e g2

u®(x,t) =0 ondQx(0,T), (3)

uf (x,0) = up(x) € L*(Q),

in a Lipschitz domain Q C R”, for some given final time 7 > 0. Notice that the
domain Q can be unbounded, in this case we impose an additional condition

lim u® =0.
[x]—00

If O = R” then problem (3) turns into problem (1).
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We assume that the coefficients of (3) satisfy the following properties:

Al. Uniform ellipticity. The matrix a;; is real, not necessary symmetric, positive
definite: there exists A > 0 such that

laijll oo n+1y < AT 1 =i j<n,

aij(y, $)&&; = AIE|> forall (s, y) e R"*!, & e R".
A2. Positivity. There exists A > 0 such that
A <p(y) <A~! forally e R".

A3. Periodicity. The density p(y) is [0, 1]"-periodic, and the entries of the matrix
a(s, y) are [0, 17"+ !-periodic. Without loss of generality we assume that

/ p(y)dy = 1.
[0,1]
Here and in the sequel Y stands for the periodicity cell [0, 1]”. We also denote

y — [0, 1]n+1.
A4. Centering condition. We assume that, for any u € R,

def
<mé‘/g@mmww=a
[0’1]n+l

AS. Lipschitz continuity. We assume that there exists a finite constant 0 < C < +00
such that, for any y, s € [0, 17" and u € R,

[0,8(y,s,u)] <C,
19,8 (v, 5, u1) — 3ug(y, s, u2)| < Clug — ua| (1 + ug| + |uz))~".

The last bound implies that, for all y,s € [0, l]"“, the function a9,g(y, s, -)
belongs to W12 (R), and, moreover,

2
8
— W, s u) =
au2(y )‘

1+ |ul’

In particular, AS is fulfilled if g(y, s, u) is two times differentiable in u, and
2
PE(rsw| = €A+ fub,
A6. Equilibrium condition. We assume that 0 is a possible equilibrium solution of (1)
or (3),1.e.,

g(y,5,00=0 forall y,s [0, 17"
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In a standard way one can show that under the above assumptions for each ¢ > 0
problems (1) and (3) have a unique solution u#°, moreover u® € L%, T; H, l(Q)) N

cO,T; LZ(Q), where HOI(Q) is the closure of CgO(Q) in the norm ||u||H1(Q) =

|u ||22(Q) + |Vu ||i2(Q). However, due to the presence of the factor 1/¢ in front of the

zero order term in the studied equation, the standard energy estimates are not uniform
in ¢. In the next section we improve these estimates and show that uniform in ¢ a priori
estimates hold.

3 A priori estimates and compactness

We begin this section by obtaining uniform a priori energy estimate for the solution u?.
In the sequel, Q stands either for R”, as in the case of problem (1), or for a Lipschitz
open subset of R”, in the case of the boundary-value problem (3).

Lemma 1 Under assumptions A1.—A6. the following estimates hold true

lull 20,7110y <€ Ml 70200 = €

with a constant C which does not depend on €.

Proof The desired estimate relies on the following representation of the large nonlin-
ear potential term

1 t t —ft
i) =) )
& e & g €& I &
t —ft
~3,G (f, =, ue) VU —gp (f) 3,G (—2, ug) wu’  (4)
e € & &

with
S

G(s,u) =/§(f,u)dt, g(s, u) Z/g(y,syu)dy, (&)

0 Y

and G(y, s, u)=VyR(y, s, u) with R defined as the solution of

: o (6)
R(y,s,u)is Y — periodic in y.

[ AyR(y,s,u)=g(y,s,u)—p(y)g(s,u) in Y,
The right hand side of (6) has zero average in Y so R exists and is unique up to an
additive function of variables s and u (which does not matter in the definition of G).
This representation can be checked by straightforward computations. By construction
and due to A5 and A6, we have

— — — — Cluy — us|
G(s,u) < Clul, 10,G(s,u)] <C, [0,G(s,uy)—0,G(s,u2)] < ————.
1+ |uq| + |uz|
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and

|G(y,s,u)| < Clul, 13,G(y,s,u)| <C,
Cluy — us|

0,G(y,s,uy) —0,G(y,s,u2)| < ——.
|u (y 1) u (y 2)' 1+|u1|+|u2|

In particular, 2§ (s, u) belongs to L*((0, 1) x R), and ‘%E(s, w)| < C(1+ul)~.

Multiplying Eq. (3) by u?, integrating the resulting relation over the cylinder Q x
(0, r) and making use of representation (4), we get after straightforward rearrange-
ments (if Q is unbounded then we should also take into account the fact that u® €
L?(0, T; H} (Q)) and the properties of function G)

/ ( )(u (x,1)) dx+// Vu (x,7) - Vub(x, t)dxdt

%/p( (uo)zdx+// Vb (x, 7) dxdt
0
_s/p(g)a(;—z,us(x,t)) ue(x,;)dx+s/p(§)6(o, o (x)) o (x) dx
0

Q

t

+¢ /p (E) G (i, u®(x, r)) u(x, 7)dxdt

t

+//8G 2,)Vu ¢ dxdt
00

X — (T
+8//p (;) 2.G (8—2 u (x, D)) (0 (v, ) (3, ) dxd
0
=h+h+L+1L+1s+ 1+ 17. (7)

The terms on the right-hand side can be estimated as follows

t

B2 A uolgy 111 =C [ [l 19udxas
0 Q0

51+ 114l = Ce (1, D2 gy + 0] 22())
1
X 'L'
|Is| = ¢ //P(—)G 2,14 (x, r)) O;uf(x, 7)dxdr
&
0 0
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=¢ // ,uf(x, r)) div (a (z, ;—2) Vub(x, r))

1 X T
+ -g (—, —.u (x, r)) dxdt
" \g ¢

g2 g2
C (SHVM ||L2(Q><(0,T)) + ”u ||L2(Q><(0,T)))
(with no boundary terms because E(S, 0) =0),

[l < Cllull 2o x 0,7 IV Il 20 x (0,7)

/t/ 9,G %, uf(x, r)) uf(x, v)div (a (z, ;—2) Vub (x, ‘L’)) dxdt
//BG 2,u()c r)) ( u(x t))u(x T)dxdt

< Ce||Vu®|7,

7] = ¢

(0x(0,7)) +Cllu? ||L2(Q><(0,T))'

Substituting these bounds in (7), we obtain

/ ( )(u (x. t))2dx+// w (x.7) - Vu® (x, T) dxdt

2 e 2
=< C”M()”LZ(Q) + CS\/() ”VM ('v T)”LZ(Q)dr
t t )
& & &
—|—/O ||VM (', T)”LZ(Q) ”Lt (" t)”Lz(Q)dT + [) ||I/£ ('v t)”LZ(Q)dT'

This yields the desired bound by a standard application of Gronwall’s lemma. O

In the case of an unbounded domain Q we also need to show that the solution u*
remains localized in space as ¢ — 0.

Lemma 2 In the case of Cauchy problem (1) or unbounded domain Q in (3), for any
8 > 0 there exists R = R(8) such that, uniformly in ¢,

lu®l22¢xeQ: x=R)) < O
Proof Let ¢ be a continuous, piecewise linear function ¢z : R* > R such that

@r(r) = 0forr < R, ¢r(r) = 1 forr > 2R, and ¢'(r) = 1/R for r € (R,2R).
We denote pg(x) = @(|x]), multiply equation (1) by @g(x)u®(x) and integrate the
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resulting relation over the set R” x (0, t). After simple rearrangements this yields
1 T
3 / QR ()W (x, 7)) p° (x)dx + / / pr(xX)a’ (x, H)Vu®(x, 1) - Vu(x, 1) dxdt
0

- %/‘/’R(x)(uo(x))zpe(x)dx - //Ms(x,t)ag(x, HVut(x, 1) - Vor(x) dxdt
0

+//{M8(X,l‘)G8(x»f)‘VfﬂR(x)-i-(pR(x)Gg(x,t)~Vu‘9(x,t)}dxdt
+//¢R(x)u5(x,t)3uG8(x,t)~Vu€(x,t)dxdt

+5//,08(x) {Eg(x,t)B,uE(x,t)—I—ug(x,t)auas(x,t)arus(x,t)}goR(x)dxdt
00

—e / P ()G (x, T)u (x, T)pr(x) dx + € / P ()G (x, 0)ug(x)@R (x) dx;
0 0
(8)

here a®(x, t) and p®(x) stand for a(x /¢, t /&%) and p(x/¢), respectively, and

G'(x.1)=G (% ;—2 W (x, r)) . GC.n=0C (;—2 Wl (x, t)) ,

. —f 1
3,G (x,1) = 8,G (—2, ut (x, t)) .
&

Considering the assumptions on g and the definition of pg, we get

C C

/ / (e, D OV (3, 1) - Vr() dxdi| = 1 Wagy iy = 5
& & C
u (X,t)G (x»t)'V(PR(x)dth S ”u ”LZ(OTHI(Q) E
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T T
//(pR(x)Gs(x,t)~Vu€(x,t)dxdt §,u//g0R|Vu8|2dxdt
0
C T
+—//¢R|u8|2dxdt,
i
0 Q0

//(pR(x)u (x,1)0,G%(x, 1) - Vub(x,t)dxdt <M//¢R|Vu | dxdt

—//(pR|u |2dxdt

a/pa(x)ag(x, Du’(x, er(x)dx| < Cs/(ug(x, )2 0r(x) dx
9]

with an arbitrary u > 0; here we have also used the bounds |9, G (y, s, u)| < C and
|G(y, s, u)| < Clul. It remains to estimate the integral on the right-hand side of (8)
which contains the time derivative of u®. To this end we use the original equation (1).
This gives

e //pg(x)é*’"(x, Do (x, g (x) dxdt

<e //Es(x, l‘)(pR(x)dw (as(x’ t)vug(x’ t)) dxdt

0 0

+ //Eg(x, Der(x)g" (x, 1) dxdt

SC//{S(PR(X)|VM€()CJ)|2 + %me(x, DIV (x, )] + or (01 (x, t)|2} dxdt
00

= C% +C//{S‘PR(XNV“E(X,l)|2+<ﬂR(x)|u's(x,t)|2] dxdt.
00
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Similarly,
T
& //(pR(x)ug(x,t)8M68(x,t)8,u8(x,t)dxdt
00

<= +C [ [{epre)vut @, 0P “(r, 02} dxd
<o PROOIVE® (6, D + gr(0lu (v, 0| dxdr,
00

Combining the above estimates and choosing an appropriate value of w, say u = 1/4,
we conclude that for all sufficiently small & > O the inequality holds

/wwwwxww+//wmwﬁmm%wr
[} 0 Q

T

C

< C/¢R(X)(M0(X))2dx et C//pr(x)Ius(x, 0 dxdt

0 0 0

From this estimate the desired statement follows by Gronwall’s lemma. O
The previous two statements are not sufficient for obtaining the compactness of

{uf} in L2(Q x (0, T)). We need in addition a uniform estimate for the modulus of

continuity of {uf}.

Lemma 3 For any ¢ € C3°(Q) and any T > 0 there exist c; > 0 and ¢y > 0 such
that for all y > 0 the inequality holds

0<SUP _r |0 u® (. 12), @) 1200y — (P°U° (. 1), @) 120y | < €1V + 26

-1 =y
Proof We have
n
(Put (. 12). )29y — (PTU (. 11). )12 =//p8¢8zusdxdt
1nQ

%)
= —//{aSVug-Vw - G* Vo — ¢3,G°-Vu®}dxdt
nQ

n
—8/,08(,0 (Eg(x,tz)—ag(x,n)) dx+£// 0°8,G" 0’ dxdt.
o o
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The last term on the right-hand side can be rearranged as follows

123 5]
e// 0°0,G" pou® dxdt = —e // 3,G a°Vu® - Vo dxdt

nQ o
153 )
9 ~E exg. € & eq ¢
—g//(pmG a*Vu® -Vu dxdf—//(ﬂg 0,G dxdt.
hQ Qo

Recalling the estimate of Lemma 1 and the properties of G, one derives from the above
relations that
[(0°u® (-, 12), ©) 120y — (P U (. 11), @) 12

< Clpvn —tllu®ll 20,701 0) + 8C(<P)||M5||iz(0‘T;H1(Q))

= CleWh —n+e),
and the required bound follows. O

We proceed with the compactness result.

Lemma 4 The family (u®).~¢ is relatively compact in the space L2(Q x (0, T)).

Proof The fact that the estimates of Lemmata 1-3 imply the compactness of u® has
been proved in [10]. For the sake of completeness we simply explain the main idea of
the proof. Introducing a smooth orthonormal basis (e1(x));>; of LZ(Q), we use the
representation

W) = D aj(ej(x),  a;t) =W (.1, e)20)
j=1
and denote
N o)
Wy, ) = > ajej(x),  Uikx.0)= D ajlt)e;x).
j=1 j=N+1

From the estimates of Lemma 1 it follows that U || 129 0,7)) g0es to zero as
N — oo uniformly in ¢. Then one can derive from Lemma 3 and, in the case of
unbounded domain Q, Lemma 2, that uy is compact in L2(Q x (0, T)) for any N.
This implies the desired compactness. The reader can find a detailed proof in [10]. O

4 Two-scale convergence and correctors

In this section we study the two-scale limits of #® and its gradient, and introduce the
correctors required for passing to the limit in the original problem.
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As a first step we apply the two-scale compactness arguments (see [1,13]). We
stress that in the model under consideration the so-called diffusive scaling of spatial
and temporal variables is used, that is the scaling factor of the temporal variables is
equal to the square of the scaling factor of the spatial variables. Accordingly, we use
a version of two-scale convergence adapted to this diffusive scaling. Namely, we say
that a sequence z° € LZ(Q x (0, T)) two-scale converges, as ¢ — 0, to a func-
tion z = z(x,,y,5),z € L2(Q x (0, T); L3(0, 1; LZ(Y))) (the symbol # indicates
periodicity of the corresponding functions), if

2%l 20 % 0,7y < C
for some C > 0, and for any ¢ € C°(Q x (0, T)) and ¢ € C°(Y x (0, 1)) it holds

T

//f(x, D (x. Y (%‘ 8’—2) dxdt

0 0

T 1
—6////Z(x’t’y’s)qb(x’f)l”(y,s)dxdtdyds,
000

Y

It follows from Lemmata 1, 4 that there exist a subsequence and limits u(x, t) €
L((0,T); H'Y(Q)), w € L*(Q x (0, T); L2(0, 1; H; (Y))) such that, along this sub-
sequence,

ut — u(x,n) in L*(Q x (0, T)) strongly, )
£e—

Vu® —\0 Vieu(x, t) + Vyw(x, t,y,s) inthe sense of two-scale convergence. (10)
&—

Notice that w is defined up to an arbitrary additive function of x, ¢ and s. In order to
fix its choice, we assume that

def
(pw)y = /p(y)w(x,t,y,s)dy =0 (1D
Y
for all x, ¢ and s. This condition can easily be achieved if we replace the function

w(x,t,y,s) appearing in (10), with the function

w(x,t,y,s) — / w(x,t, &, s)dE.

Y
Denote g(y,s,u) = g(y,s,u) — p(y)(g(-, s, u)),, which satisfies (g(-, s, u))y, =0

since (o), = 1. The rest of this section is devoted to the proof of the following
characterization of w.
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Lemma 5 The function w is a solution of the boundary value problem
H p(y)dsw = div, (a(y, $)(Vyw + Vyu(x, t))) +g(y,s,ulx,t)) in)y 12)

(v, s) = w is Y-periodic.

Proof We first check that (12) is well-posed. According to [8], problem (12) has
a Y-periodic solution which is unique up to an additive constant. Thus, under the
normalization condition fy p(Mw(y,s,u)dyds = 0, the solution of (12) is unique.
Moreover, due to the definition of g, integrating (12) with respect to the spatial variable
v, we find that condition (11) is also fulfilled by this solution of (12).

Let us now establish (12) by passing to the limit in the equation for u® with a test

function of the form
X t
¢8 = 8(p(x7 t)l/f (_9 _2)
g ¢

withg € C§°(Q x (0, T)) and ¢ € Cz°([0, 17+1) such that{py), = O for any s. By
virtue of the last condition, there is a smooth periodic vector-function ¥ = W (y, s)
such that divy, W = pv. Differentiating in s gives div,d; ¥ = pdsy. After straight-
forward rearrangements we obtain

T T
—8// pgusl//ga,(pdxdt—// u® div(d, ¥*)dxdt
0Q 00
_8// B,u (x, t)) o(x, t)l//( Ez)dxdt
T T T
= —8//1//8118Vu8 -Vodxdt — //(,oang€ - Vyy® dxdt +// ov®g® dxdt;
00 0Q 00

(13)

here and later on we use the notation y* = (f, 8’—2) ,0sWE =0,V (y, 5) |y:x/8, s=t/e2s

Vot = Vygr(y, s) |y:x/8,s:,/8z and g° = g (f, 6’—2,u5(x,t)). Notice that by
the Lebesgue theorem, hypothesis A5 and compactness, the difference (g —
g(x/e, t/ez, u(x,t))) converges to zero in L2(Q x (0, T)). Integrating by parts,
passing to the limit as ¢ — O in (13), and considering the properties of g,
we get
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l1m //(qu -0, WE dxdt + hm//u Vo - 9,V dxdt

////a(y s) Vu+V w(x,t,y, s)) (x, V¥ (y, s)dydsdxdt

000Y

T 1
+//// o, HY(y,s)g(y, s, u(x,t)) dydsdxdt.

000Y

Making further transformations yields

T o1
////(p(x,t) (Vu+ Vyw(x,t,y,5)) - 0¥ (y,s)dydsdxdt

0Q0Y

T 1
+////u(x,t)V(p(x,t)-lell(y,s)dydsdxdt

0Q0Y

B ////“(y’ $) (Vi + Vyw(x, 1, y,9)) 9(x, OV ¥ (v, s) dydsdxdi

0Q0Y

T 1
+////<P(x,l)¢()’,s)g(y,s,u(x,t))dydsdxdt.

0Q0Y

Since
/(¢(x, HVu(x,t) +ux,)Ve(x, 1)) - o, (y, s)ds =0,
0
and, since ¢ is an arbitrary test function, we end up with the following relation
1
// Vyw - ;W dyds = —/ (Vu + Vyw) -aVyy dyds
0Y 0Y

+/ Y(y,s)g(y, s, u(x,t))dyds,
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which holds for almost all (x, ) € Q x (0, T). The integral on the left-hand side can
be rewritten as follows

1 1 1
// Vyw - 0¥ dyds =//divy\1183wdyds =//p1ﬂ8swdyds.
oY oY oY

Finally, we get

1

/ v (y,s) {p(y)asw(x, t,y,s)—div, (a(y, ) (Vyw(x,t,y,s)+Vu(x, t)))} dyds
oY

1
—//w(y,S)g(y,s,u(x,t))dyds =0
0 Y

for almost all (x, 1) € Q x (0, T) and for any ¥ = ¥ (y, s) such that (o), = 0 for
all s. Considering the definition of g, we conclude that

1

//w(y’ S) {p(y)an(-x7 ta y’ S)_divy (a(ya S)(Vyw(x» ts yv S) +VM()C, t)))} dyds

0Y
1
- / / V(3. )3 5, ulx, )dyds = 0 (14)
0Y

It is straightforward to check that the last identity also holds true for any periodic
Y = ¥ (s). Indeed, since fY p(Mw(x,t,y,s)dy =0, then

/Yp(y)w(x, t,y,8)0¥(s)dy =0,

and thus fy p(y)odsw(x,t,y,s)¥(s)dy = 0. Finally, since any Y-periodic function
¥ (v, s) can be represented as

vy, s) =v1(y,s) + ¥als)

with

120 = [ POV 105 = Y(.5) = Yas)
Y
then the relation (14) holds for any vy € Cz°())), which implies that w is a solution
of (12). O
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Remark 1 By linearity of (12) it is straightforward to check that its solution satisfies
w(y, s, x, 1) = x(y,s) - Vulx, 1) + wi(y, s, u(x, 1)) (15)
with x and w; being Y-periodic solutions of the following problems
pdsx —divy(aVyx) = divya, (ox(-,5))y =0 foralls, (16)
and

paswl(y’ s, I/t) - diVy(aVywl(y» s, I/t)) = g(yv s, M)v (17)
(owi(-,s,u))y =0 foralls,u e R.

5 Passage to the limit

The goal of this section is to derive the effective macroscopic model and to prove the
convergence result, namely Theorem 3.

For this aim we multiply equation (1) (or (3)) by a smooth function ¢ = ¢(x, 1)
which is compactly supported in R” x [0, T) (respectively, in Q x [0, T')), integrate
the resulting relation over R” x [0, T') and pass to the two-scale limit as ¢ — 0. After
straightforward rearrangements this yields

//u(x 1)orp(x,t)dxdt — /uo(x)gp(x,O) dx
()Rn

= ////a(yss) )X()’,S)—i-l) Vu(x t) V(p(x t)dxdtdyds

OR"0 Y

—//// (a(y, )Vywi(y, s, u(x, 1) =Gy, s, u(x, 1)) - Vo(x, 1) dxdidyds

OR"0 Y

T 1
+//// WGy, s,u(x, 1) - (Vyx(v,s) +1) Vu(x, 1)

OR?0 Y
+Vywi(y, s, u(x, 1)e(x, t)dxdtdyds

T
+lims//p(f) 0 G L. uf e, 0)) o (., 1)
e—0 e/ | e ' o

ORr

40 [6 (;—2 W (x, r))” o(x, 1) dxdt:
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here I stands f_or the unit #n x n matrix, and, as above (see Sect. 3), ;G (s, u) =
(8C,s,u))y, (GG u))s = 0, and divG(y,s,u) = g(y,s,u) — p(y)(g(,s,u))y,
(GC(-, s,u))y = 0. We transform further the last term on the right-hand side as follows

. ’ X — (1t — (1t
lim 8//,0 (—) [auG (—2, . ;)) 9 (x, 1)+, [G (—2, . t))” o(x, 1) dxdt:
e—0 & & &

OR~

T
—f t
= lirrz)s// pf(x)8,G (—2, uf(x, t)) o;u®(x, t)p(x,t) dxdt
£— &

OR~
_—hms//aG(Z,u(x t)) ( )Vu (x,1)-Vo(x,t)dxdt
0Rr
_hmg//w(x 1) — ( ,u’(x, t)) (z t2) Vub(x,t)-Vu®(x,t)dxdt
O R~
—hm//(p(x t)oy G(z,u(x t)) ( —, u(x, t)) dxdt
ORe
T 1
=//// (p(x,t)aua(s,u(x,t))g(y,s,u(x,t)) dxdtdyds.
OR"O Y

Combining the above relations we arrive at the following limit equation

T
//ui),q)dxdt /uo¢(~,0)dx = —//&Vu-Vgodxdt

(O

0 R~
—////a(y,s)Vywl(y,s,u(x,z))-Vga(x,t)dxdtdyds
OR*0 Y
+////3u§(yvs,u(x,l)) (X, s)-Vulx, ) +wi(y, s, u(x, 1)) ¢(x, ) dxdtdyds
OR"0 Y
////(p(x 13, G (s, u(x,1)g(y, s, u(x, ) dxdtdyds
OR"0 Y

where a is the homogenized tensor, defined by

a=(aVyx +D)y, (18)
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and g(y, s, u) = g(y, s, u) — p(y)(g(:, s, u))y. If we denote

1 1
Fi(u)= /a(y, HVywi(y, s, u)dyds, Fr(u)= /3u§(y, s, u)x (y, s)dyds,
oY oY

19)

1 1
Fs(u)=//8u§(y, s, w)wi(y, s, w)dyds, Fq(u)= /8u6(sv u)g(y, s, u)dyds,
0Y 0Y
(20)
then the limit equation takes the form

oyu = div (&Vu) + divFi(u) — Fo(u) - Vu — F3(u) — Fa(u),
u(x,t) =0onadQ x (0,7), 20
u(x,0) = upg(x) in Q.
The Dirichlet boundary condition on 9 Q come from the fact that the sequence u®
is weakly converging in the space L2((0, T); HOI(Q)). Of course, there is no such

boundary condition if the domain Q is the entire space R". As in the original problem,
in the case of unbounded domain the function u satisfies the condition

lim wu(x,t) =0.

|x]—00

We summarize the above statements in the following proposition.

Proposition 2 Under hypotheses A1-A6 the sequence u® of solutions of problem (1)
or (3) is relatively compact in the space L*(Q x (0, T)). Any subsequential limit of
u® is a solution of the limit problem (21).

6 Properties of the effective equation

This section is aimed at proving the uniqueness of the solution of the homogenized
problem (21). For this we shall prove that all nonlinearities in (21) are Lipschitz
continuous. The desired uniqueness will then easily follow.

Itis clear from their very definitions that the functions F7 (u) is Lipschitz continuous
while F;(u) is uniformly bounded and Lipschitz continuous:

[Fi1(ur) — Fi(u2)| < Cluy —uz|, [F2(u2)| < C,
|Fi(uy) — Fi(up)| < Cluy —up| forall uy, up € R.

The case of F3 and Fjy is slightly more involved.
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Lemma 6 Under the assumptions A1-A6 the functions F3 and F4 are Lipschitz con-
tinuous.

Proof As an immediate consequence of definition (5) of G we have

IG(s,u)| < Clul, 13,G(s,u)| <C,
[y — uz|
1 4 min(fug], Jua])”

10,G (s, u1) — 3,G(s,uz)| < C

If 9, G is differentiable in u, then the latter inequality implies that
10,0,G (s, w)] < C(1+ Jup~".
In this case,
|0 (g(y. 5, )0, G (s, u))| < C,
and thus
gy, s, uD)8,G (s, u1) — g(v, 5, u2)3,G (s, u2)| < Cluy — ua). (22)

In the general case (22) can be obtained by means of smoothing 3.G. Clearly, (22)
implies the desired Lipschitz continuity of F4. The Lipschitz continuity of F3 can be
justified in exactly the same way. O

We proceed with our main result.

Theorem 3 Under assumptions A1-A6 the sequence (u®)¢~q of solutions of problem
(1) converges, as ¢ — 0, in the space L2(Q x (0, T)) towards the unique solution of
problem (21).

Proof The convergence has been proved in the preceding section. The uniqueness
of the solution of (21) follows from Lemma 6 by means of Gronwall’s theorem. By
uniqueness of the limit the entire sequence converges without any extraction of a
subsequence. O

Remark 4 1f the coefficients of Eq. (1) or (3) do not depend on the temporal variable
but only on the spacial variables, then 9, F(u) — F>(u) = 0 so that the effective
equation does not contain first order terms. Indeed, fora = a(y) and g = g(y, u) the
functions x and wj, defined in Remark 1, are solutions of the elliptic equations

—divy(a(y)Vyx (v)) = divya(y)

and
—divy(a()Vywi(y, u)) = g(y, u) (23)
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respectively. Thus, we have

Oy F1(u) — Fo(u) =/a(y)Vy3uw1(y,u)dy—/8ug(y,u)x(y)dy-
Y Y

Differentiating (23) in u we get
—divy (a(y)Vy 0, w1 (y, u)) = 3,8(y, u).

Therefore,

/ Bug (v, )X (W dy = — / divy (@(¥)Vy duwr (v, 1)) x (v)dy

Y Y
__ / Buwi (v w)divy (@) Vy x (9))dy
Y
- / Buwi (v w)divy (@())dy
Y
- / a ()%, 3,w1 (3, w)dy,
Y

and the desired relation 0, F; (1) — F>(u) = O follows.

Remark 5 The two-scale limit of the gradient Vu® is given by (10) with w specified
in (15-17).
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