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EFFECTIVE DIFFUSION FOR A PARABOLIC OPERATOR
WITH PERIODIC POTENTIAL*

SERGUEI M. KOZLOVt AND ANDREI L. PIATNITSKI#

Abstract. The asymptotic behaviour of effective diffusion for a parabolic equation in R" with periodic
potential and small initial diffusion is discussed. The potential is assumed to be localized in periodic
islands—sets around points of the integer lattice in R", where the density of diffusing particles increases.
Off these islands the particles are annihilated. Logarithmic asymptotics of the effective diffusion are found
when the initial diffusion tends to zero in terms of the geometrical characteristics of the given potential.
These results rely on the large deviation technique for the diffusion of respective particles. For symmetric
islands, the logarithmic asymptotics of the effective diffusion depend only on the distance between the islands.

Key words. homogenization, effective diffusion, large deviations
AMS(MOS) subject classification. 35B27

Introduction. We consider here a diffusion model that allows the creation and
annihilation of particles. We assume that the particles are in a hostile medium with
periodic inclusions of favourable islands. We discuss the behaviour of a population
of particles in such media for a long time. This question, as it was discovered in more
general framework in [1], is related to a so-called automodel homogenization theory
for parabolic equations (see [2]). According to that approach, the long-time behaviour
of such systems could be described in terms of effective diffusion, which, in our model,
depends on the geometry of the potential and the initial diffusivity. This dependence
is quite inexplicit, and the aim of this paper is to find the asymptotics of effective
diffusion assuming that the initial diffusivity vanishes. We show that these asymptotics
are defined by the following typical behaviour of the particle: It spends an exponentially
long time inside the island and then makes a quick jump to one of the nearest islands.

The respective parabolic equation for the density of the particles is

0

—u=(p’A+v(x))y,
(0.1) ot
ul,:o = uo(x),

where we suppose that the potential is given by

1, if3keZ":xe(Q+k);
0, otherwise,

(0.2) v(x)= {

where Q is a simply connected bounded domain that is diffeomorphic to the ball and
such that dist (Q, (Q+k)) >0 for any ke Z"\{0} and Z" is integer lattice. In (0.1), u*
is the initial molecular diffusivity, u is the density of the particles, and u, is the initial
density. For fixed u, the long-time behaviour of the solution u is described in terms
of the first eigenvalue and eigenfunction of the periodic eigenvalue problem for the
Schrodinger operator

(0.3) (u’A+0(x))p=Ap.
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We normalize this eigenfunction p >0 by the condition

(0.4) (p)=1,

where (-) means the average of a periodic function over the period cube. The diffusion
properties of the solution of (0.1) are described in terms of so-called effective or
homogenized diffusion. Let us define for i=1,2,..., n the periodic functions ¢; from
the equations

"9
(0.5) Yy —

2 8
— (¢ +x,)=0.
j:lax,-pax,.("’ x;)

Then the effective diffusion matrix o(u) is defined as

(0-6) o(w) =((I+V) P’ (1 +V¢)/(p?),

where Vi = ((3/9x;)y;), I is the unit matrix, and the symbol T means transposition
of the matrix. Now, for the solution (0.1), we have the following asymptotics (see [1])
as t -0 in the region {(x, t): x* < c;t+ c,}:

(0.7) u(x, 1)~ exp (—At)p(x)id(x, 1)(1+0(1)),
where #(x, t) satisfies the parabolic equation

a A A A
(0.8) S A=V(oVi), il =(p7us(x),

where o=o(un)=(o(u);) is the effective diffusion matrix, given by (0.6). The main
aim of this paper is the investigation of o(u) when w—0.

As is clear from formula (0.6), to this end it is necessary to find the behaviour of
p for small u and also to study (0.5). However, we will use another reduction of
effective diffusion. Namely, we will transform our equation to an equation with potential
drift and then use our previous results [3]. It is shown that for effective diffusion,

lim uln o(p) = -0,
wn=>0

where 0 is a positive matrix, whose coefficients are given below (see Theorems 1 and
2), in the terms of geometric characteristics of the domain Q and the logarithm is well
defined for positive matrix. In the case of cubically symmetric sets Q, our theorem
states that ® = dI where d is the shortest distance between the islands.

It should be noted that an alternative approach for the investigation of the effective
characteristics for the equations with vanishing viscosity was proposed in [4] and [5],
where full asymptotic expansion for the equation with potential drift was constructed.
However, the last method exploits smoothness of the potential, at least near the saddle
points, and that is not the case of this paper, where singularity at the saddle point
occurs, since it is the caustic point for the respective flow.

1. Eigenvalue problem for periodic operator. Here we find the behaviour of the
first eigenvalue and eigenfunction of (0.3). It is more convenient to introduce a potential
V =v-1 and divide (0.3) by u’. This leads to

1
(1.1) (A+;5 V)p=)\p,

where we keep the same notation for the obviously changed eigenvalue A. Let
K, K1, K2, ... and z(y), z;(¥), z,(»), . . . be, respectively, the eigenvalues and eigenfunc-
tions of the following Dirichlet problem in the domain Q:

(1.2) Az =«kz, z],,=0.
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set {x € Q: dist (x,dQ) = a}. Rescaling the variables y = x/u, we come to the equation
(A+ V(uy) — #*A)p(umy) =0 with bounded coefficients. In these coordinates, an integral
of p® over the rescaled period torus is less than cu~". Then, using De Giorgi’s estimate
[7, Thm. 8.24], we find that p(x) = cu "/? for all x from T". Let us consider (1.1) in
the domain {x € T"\ Q: dist (x, dQ) <2a}. According to the last estimate and Proposi-
tion 2, we obtain

o
(1.14) plszaécexp<——),
2p

with coordinates (s, ¢), which were defined in Proposition 1. Now let us consider a
function p(x) in Q, and represent it as a sum p=p'+p’, where A“p' =0, p'| ___=
Plie_ws P'li2.=0, p*|,__,=0, p*|,_.=p|,_.. From Proposition 1, considering the
uniform boundedness of p in u on the set {x: s =—a}, we have

(1.15) p'lo=cm.

Next, let us rewrite the equation for p” in the form (—A+ A)p® = (1/ «*) Vp* and compare
p’ with a solution of a problem (—A+A)p*=0, p’|,_, =p’|,_... As we mentioned
above, this problem is well posed, so that, by (1.14), we have p>=cexp (—a/2u).
Then, according to the maximum principle and the positivity of —(1/u*) V(x)p*(x),
the estimate p*(x) = p*(x) = c exp (—a/2u) holds. To complete the proof of Proposition
3, it is sufficient to compose that estimate with (1.15).

ProPoOSITION 4. The eigenfunction p satisfies the estimate |Vp|laQ§ ¢, where c is
independent of .

Proof. This proposition is a simple consequence of standard elliptic estimates
[7, Thm. 8.32]. Indeed, after rescaling the coordinates y = x/u in a neighbourhood of
a point on 9Q and considering (1.13), we obtain |Vp(uy)| = cu. Therefore, in x-
coordinates we have the required estimate.

PrROPOSITION 5. Function p(x) satisfies

Ss=—a

(1.16) J [Vp|* dx = cp.
™Q

Proof. p(x) minimizes the variational problem

1
(1.17) —A=_inf (J' Vgl dx+J' Vgl dx+—2j q’ dx).
llallL2(rmy=1 Q T\ Q s T\ Q

As in Proposition 1, using (1.13), we can prove the estimate

(1.18) P(X)=cu exp(—ﬁ dist (x, Q)),

for all xe T"\ Q. So, for g =p, the third term on the right-hand side of (1.17) is less
than cu for some positive constant ¢. Let us suppose that (1.16) does not hold. In this
case, we can define a function

p/(x)={P(x), X e Q,
p(0, @) exp (—=s/p)¢(s), xeT"\Q,

where ¢ is C -function, 0=¢ =1, ¢(s)=1 for s<a/2 and ¢(s)=0 for s= a. From
Proposition 3, we have

1
(1.19) J [Vp'|? dx+—2j p’?dx = cpu.
T"\Q Mo JT™ o
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Hence the function p’(x) satisfies
1P'll 2rm =1+ O(w), J |Vp'|* dx = J' |Vp|* dx.
Q Q

Then our assumption that (1.16) is false contradicts the fact that p(x) minimizes (1.17).
To complete the proof of Lemma 1, let us introduce the function

” (S,QD) - (0, ) —S)ex N , Xe(,
(1.20) p (x)={P p(0, )¢ (—s) exp (s/ ) Q
0, xgQ.
By Proposition 3 and (1.18),
(1.21) 1972 = 17200 =1+ O().

From the definition of p” and Propositions 4 and 5, it follows that

(1.22) J |Vp"| dx —J [Vp|? dx| = cu.
T" T"

Now, we have

1
KEZ = J [Vp"|? dy=—(1+0(p.))J |Vp"|* dy
lp ||L2(Q) Q "
1
é—j [Vplzdy—cué—J |VP[2dy*—2J pPdy—cuz=r—cp.
T" T" M T"\Q

Here we use (1.21) and (1.22). Thus the lemma is proved.

Now, let us continue the eigenfunctions z(x) and z,(x), i=1,2, ... of the problem
(1.2), which are defined only on Q into T"\Q by 0, and denote these functions by
z(x) and z,(x), respectively.

LEMMA 2. The eigenfunctions p(x) and z(x) satisfy

Li_l}g lp— ZlC(T") =0.
Proof. In T"\Q, z =0, therefore, considering (1.18), we obtain
(1.23) 1P —zlcrmo) = cm
Now, let us show that it suffices to prove the following estimate:
(1.24) lim || p—z|| 2y, =0.
n-0
Indeed, in Q we have (A—A)(p—z)=—(A—A)z=—(A—k)z—(k—A)z=—(k —A)z.
The function z(x) is bounded and does not depend on u. At the same time, by Lemma
1, [k = Al is less than cu, so that |(x —A)z|= cu. Then, by estimation of the solution

of elliptic equations (cf. [7, Thm. 8.24]), we have in the domain Q,=
{xe Q:dist (x,0Q)>a}, a>0,

(1.25) |p~le(éa)§c(a)“p_Z“LZ(Q)+cI‘L’
where we also use the uniform boundness of A with respect to w. Then, for sufficiently
small a>0, the Dirichlet problem for operator (A—2) is well posed in a domain
Q\Q,. Therefore, the estimate

|p = 2lci\6,) = cl@)(eu+ ¢l p = zlcwoues,))
holds. Together with (1.23) and (1.25), this estimate leads to the required result.
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To prove (1.24), let us recall the following definition of p”:

p//(x):{(l))(s’ (P)_P(O, (p)¢(_s) eXp (S/[.L), izg,

It is clear that || p"||,20, = P"ll 2(7ny =1+ O(n), || p"—pll3z" >0 when w-0. The
function p"(x) can be expanded in a Fourier series

p'(xX)=apzt+a;z;+ - =apztZ,
where a,=(p"z), a;=(p"z;), and
(1.26) ag+||Z]i=1p"I72=1+O(u),
(1.27) —(Vz-V2)=(AzZ)=k(zZ)=0.

According to (1.26), (1.27), Proposition 5, and the variational properties of ,, we obtain

1
‘A=J |Vp|? dx+—2J’ p’ dXEJ‘ [Vp"| dx — cu
T MoJTMQ Q

=a} J |Vz|? dx+J [VE] dx —cu= ad(—k)+(1—aj)(—k,) — cu.
Q Q

By Lemma 1, we have —« = —\. After simple transformation, we can write 1 —a§=
cp/|k — ky|. Therefore, ay—>1 when w - 0. This implies (1.24).

The behaviour of the next eigenvalue A, of the problem (0.3) is described by the
following lemma.

LEMMA 3. We have the following limiting relation:

lim A, (@) =k, .
n—>0

Proof. We can find «, as the solution of the variational problem

Ki=  sup (—I vz dx).
Izl .2=1,(22)=0 Q
The eigenfunction z,(x) gives the minimum of this problem. By Lemma 2,
lim (pz,) = 0.
n=0
Let us fix an arbitrary point x, inside Q and define a function

0(x) z{(r)g—|x—xo|2, |x —xo| =10,

R otherwise,

where r,=dist (x,, Q). Considering the positivity of z(x) and Lemma 2, we find that
a = ({z, p)/{0p)) >0 when u— 0. Therefore, for a function Z, = z, — a6, we obtain the
following limit relations:

Liz% 2= 2ll 27y = 0 LIE}) I Zll 2y = 1.

lim (—J 5,2 dx) .
sy -

Therefore,



406 SERGUEI M. KOZLOV AND ANDREI L. PIATNITSKI

Furthermore, according to the choice of &, we have (pZ,)=0. Finally, from previous
relations, we conclude that

Kk, =lim J —|VZ,fdx=liminf  sup (—J |Vp|? dx) =liminf A,.
T K20 fll2=1,¢p)=0 " n=0

This inequality yields the uniform boundedness of A, in u.
Now the statements of Propositions 3-5 can be proved for A, and p,;(x) exactly
as above. Then, the end of the proof of Lemma 3 is similar to the proof of Lemma 1.
CoOROLLARY 1. It follows from Lemmas 1 and 3 that, uniformly in u,

A1 () = A(p)|Z e>0.

Now let us denote by Q_the domain {x € R": dist (x, Q) <dist (x, Uycz" (o (Q+k))}. It
is obvious that U,z (A+k)=R".
LEMMA 4. Uniformly in x € Q\ Q,

(1.28) lin}) wln p(x) =—dist (x, Q).
>

Proof. Let us first prove the estimate

(1.29) P(x)],0=cu

For this purpose, we construct a barrier function #(s) as a solution of the following
auxiliary problem:

d’ d
+2 +— 0,
dszu a s i T V(s)ia=

i(—a)=1, i(a)=0,

where a =2 max|b,|. Using an explicit formula for the solution, as in Proposition 1,
we can show that #(s) is a monotonic function that satisfies inequality

(1.30) 7(0) = cu.

By Lemma 2 and the positivity of z(x), we have p|,___=c>0 uniformly in u>0.
Then, for some ¢, >0, the difference (p—c,#) is positive on the set {x: s =+a} and
satisfies the relation

<A+—V /\)(p—clu)——c,<A+ \ A)
© u?

=—c1<52+b (s, (p) +— V(s)— A)u(s)

d’? d 1
=—o S+2a—+— V(s))a
cl(dsz 2a ds u® (s))u

d
+c¢,(2a—b,(s, ¢)) o a+cAu=0.

Now (1.29) follows from (1.30) and the probabilistic representation for the solution
of the last equation.
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To estimate p(x) from below in T"\ Q, we rewrite (1.1) in the form (uA+(1/u) V —
uA)p =0 and consider the corresponding diffusion process ¢ =+v2uw] starting from
point x. According to [6, Chap. 4, Thm. 1.2], for any & >0, there exists ¢(8) >0, such

that for all xe T"\Q

P{r<T}=c(8) exp (_diS‘z(x, 9Q)/4T+ 5) ,

7’

where 7 is the exit time from T"\ Q for £;. Substituting T = dist (x, dQ)/2, we find that

P{r <dist (x, 90)/2} = c(5) exp (_w>_

2p

Therefore, using the probabilistic representation of p(x) and (1.29), we obtain

p(x)=M(p(§i‘) exp L (—i—m) dt)

=, uP{7<dist (x,3Q)/2} exp (—M (i+y)&>)

di A di A )
1st(); aQ)+5+ ist (;c aQ)"',U« /\])

= c,uc(8) exp (—i [

= ¢,(8) exp (_M)

This estimate implies that

(1.31) lim i(?fu In p(x) = —dist (x,0Q).
>

To prove the opposite estimate

lim sup u In p(x)=—dist (x, 0Q),
[_L—)

let us again write the solution p(x) in probabilistic form

p(x)= M(p(afi) exp (— LT (iﬂm) dt))

= C/.L(P{’T <M} +P{7r>dist (x,9Q)} exp (

dist(x,6Q) d
+J —P{r<s} exp(—i) ds)
78

dist(x,8Q)/4 ds

(_ dist (Z, aQ))

_ dist (x, aQ))
“

= C,LL(P{'T <dist (x,8Q)/4} +exp

dist(x,8Q)

+P{r<s}exp (—£>

M/ 1 s=dist(x,0Q)/4

1 dist(x,6Q) s
+—I P{7 <s} exp(——) ds).
M Jdist(x,0Q)/4 12
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According to [6, Chap. 4, Thm. 1.2] for any &§>0, uniformly in se[dist
(x,0Q)/4, dist (x,8Q)]1,

P{r<s)=c(8) exp (_dist (x,0Q)/4s - 5>'

M

This means that

dist ) i
p(x)=c (exp(— ist (x,9Q) ) +exp (_dlst (x, aQ))
I I
dist (x,0Q) s 42 45—
+J’ exp (_dlst (x,0Q)/4s+s 8) ds)
dist(x, 3Q)/4 I
. _ 5 dist(x,0Q) d’ t 9 — 5
=c (exp (————————dISt (x,9Q) ) +J exp (——IS (x,0Q) ) ds)
2 dist(x,0Q)/4 I

( dist (x, 0Q) — 6)

=cexp| ——™..
M

Thus the lemma is proved.

To study the limiting behaviour of Vp(x) as u tends to zero, we represent p(x)
in Q\Q in the form p(x)=exp (—s(x)/un)q(x), where s(x)=dist (x,0Q) and gq(x) is
a new unknown function. Substituting it into (1.1), we find that

2 1
(1.32) Agq——Vs-Vg——Asq—Arqg=0.
© I

This change of the unknown function is correct if and only if there are no caustic
points in Q\ Q, i.e., if and only if the rays that are extended out from 3Q in the direction
of the external normals to dQ do not intersect each other in (). We henceforth suppose
that this condition holds, and hence the function s(x) is smooth. For instance, it is
always true if the domain Q is convex.

From the definition of q(x) and estimates of p(x), we know that

(1.33) w=ql,o=c'n, c¢>0.
PrROPOSITION 6. Uniformly in each compact subset of Q\Q,
(1.34) cu=q(x)=c'u, ¢>0.
Proof. By Lemma 4, for any § > 0, there exists ¢(8) such that
max g(x) = ¢(8) exp (8/p).
Denote by £ the diffusion process corresponding to the operator (wuA—Vs-V), and

let 7 be its exit time from O\ Q. According to [6, Chap. 4, Thm. 1.2], there exist t,>0
and y > 0 such that, uniformly in x € Q\Q,

P{r>to}=cexp (—y/u).
Considering the strong Markov property of 5:‘ , we find that

P{r> kto}=c* exp (—ky/u)
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for any x€Q\Q. This implies, for all sufficiently small pu, the convergence of the
integral M(q(£7) exp jg (As(&7)+ pA) dt), which, in that case, represents the solution
g(x) of (1.32). Now let us write g(x) in the form

q(x)= M(X(»,oﬂ(f’ﬁ) exp j (As(EY)+pd) dt)

0

+M(x{f<zo>x{g:eao>q(§:) exp f (As(€7)+pA) dt)
0

+ M(X{r«o}X{é:eaQ}q(gf) exp J (As(£Y)+puA) dt) .

0

Here we denote by yx;., the characteristic function. It follows from [6, Chap. 4, Lemma
2.1] that the second integral in the right-hand side is less than ¢ exp(—vy,/u) exp (8/u)
for some positive y,. Let us estimate the first integral as follows:

M(x{mo}q(f’:) exp J (As(€)+ph) dt)

= ¢(8) exp (8/ 1) § ¢* exp (—kyy/ ) exp (ex(k+1)) = ¢; exp (23; 7‘).

Choosing 8 = v,/4, we obtain

T

g(x)= M(X(r<ro>X{é§eao}Q(5f) exp J (As(ED)+ pA) dt) + O(exp (—vi/4u)).

0

To complete the proof of the proposition, it suffices to use (1.33). By (1.34) and standard
Schauder estimates [7, Thm. 8.32], we have |V q(x)| = ¢/ u. In fact, we have the following
lemma.

LEMMA 5. Uniformly on each compact subset of Q\Q,

(135) Vg(x)| = po (l)
o

Proof. First, let us consider the following Dirichlet problem in the half-space
{xe R": x,>0}:

9
(1'36) (A_—>u=01 u|x|=0=¢(x,)’ x’:(xz,x3’ T .)9
0x,

where @(x') is an arbitrary bounded C'(R"')-function. This problem has a unique
bounded solution u(x).
PROPOSITION 7. Uniformly in ¢ € {p € C'(R"™"): sup g |@(x")| =1}

lim |V, u|=0.

X)—>00

Proof. Let y(z, t) be the bounded solution of the problem

a & 9
(at 822 az)‘/' ’
l1/’|t=0:09 ¢|2=0= 19 "/j|z=00=0'
It is easy to see that

o 1 (n—1)/2 X/ — 72 9
K(x,y)=J( ) eXp<—|—“2Ll>(;t/f(x1,t)df

0 27t t
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is a Green’s function for (1.36). The solution of the problem

(-Z)emo
29 Va=
at 9z* ’

d|t=0:0a u|z=0=1’ u

can be found explicitly as follows:

. o] 1 2
u(z, 1) =J mexp (—;—t> dy.

The function (z+1, t) obviously satisfies the equation (9/9t—9°/3z°)(z+1t, t)=0.
According to the maximum principle, y(z+1¢,1)|,_,=y(t,t)<1, so that ¥(z )=
u(z—t,t) on the set {(z, t): z>t, t>0}. Let us now estimate (9/9x,)u(x)) as follows:

~ ~ , =S} _1_ (n—1)/2 _19_ lxlz) , ’

et [ () Gl (50) v o
[ co (n—1)/2 112

=| dt J Z‘—(i) exp( i ') Y(x1, De(x') dx’
J R

0 n-1 f 2t

(* 0o oox2 1 x2 l
= N dt
¢ Jo Jo t V2mt exp( 2t) ¥(x,,t) dx,

=c dtJ‘ y exp (— yz)\/—a t/f(xl,t)dydtl

Jo 0

®1 9 *(1\*?
=c ofa :p(x,,t)dt‘—cj (;) U(x,,t)dt

o

V2 11\ 3/2 ®  11\3/2
J (—) u(x,—t t)dt+c J (—) dt
0 t x/2 \1

[0 eap () aretzec)
C - €X _—— =
o \7 P\ 751 Vo Vx

which proves the proposition.
ProprosiTION 8. Under the same conditions as in Proposition 7, the following limit
relation holds:

IA
o

IIA

=0

3
—u

1.38 li
(1.38) m

X,>00

B

where the convergence is uniform for ¢ € {¢ € C'(R"™"): supgr-1 @(x') =1}

Proof. Let 6(t) be a C™-function such that 0=60=1, 6(t)=0 when t>2 and
6(t)=1 when t <1. The function #(x) = (u(x) — u(M,, 0))8(M|x’'|), where M and M,
are positive constants, satisfies the equation

(139) (A —a—i:)ﬁ =V,u(x) V,.0(M|x'|) + (u(x)— u(M,,0))A0(M|x')),

i), pr, = (u(My, X") ~ u(M,, 0))0(M|x')).

We denote the right-hand side and boundary condition of this problem by f(x, M, M,)
and ¢(x, M, M,), respectively. Considering the choice of 6(t), we can easily check
that these two functions satisfy the following inequalities:

[f(xs M Ml)l = CM’ lé(x,’ M’ M1)| =c sup |Vx'uIM~1 = M2-

x;=M,;
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It is clear that function (M,+ cM(x,— M,)) is a barrier for #(x) in the domain
{xe R": x,> M,}, so that

(1.40) li(x)|= My+ cM(x, — M)).

According to Proposition 7, we can choose M (M,) in such a way that M and M, tend
to zero when M, - co. Finally, (1.38) follows from (1.40) and the standard Schauder
estimate [7, Thm. 8.32].

To prove (1.35), let us fix an arbitrary point x,€ Q\Q and introduce, in the
neighbourhood of this point, a new orthonormal basis such that the first vector in it
coincides with the normal ray to dQ passing through x,. We denote coordinates in
thisbasisby X,, X,, . . ., X,,. After rescaling the coordinates z = X/ u, (1.32) takes the form

(1.41) Aq—b(uz)-Vq—pc(pz)g—pu’rg=0,
where b;(x) and c¢(X) are smooth bounded functions and b;(0) =8,;. By Proposition
6, for all sufficiently small u, g(z)/u is bounded in a ball of radius 2/vu with center

in xo/ u. Let 6(t) be the same function as in Proposition 8. Applying (A—9/9z;) to the
function §(z) =(1/u)q(z)0(Vu |2’|)6(Vu z,), we obtain

J \. -
(a-2)i-owm. im0,
9z,
Now we can represent §(z) as a sum §(z) = §'(z)+3°(z), where

(1.42) (A—aiz>¢71=0(\/ﬁ), G'.,20=0

and
a-2L)g = . _,=001
9 q =Y, q z;=0" )

According to Propositions 7 and 8, |V§?| tends to zero when z, > co. The linear function
kz, with a suitable coefficient k = O(v/) is obviously the barrier function for §'(z) in
(1.42). Therefore, on the set {z: z, = u~'/?}, §'(2) tends to zero when u - 0. Using the
standard Schauder estimate, we conclude that |V 3| = 0(1) uniformly on the set {z: z, =
w~'3}. Finally, in x-coordinates, we have [V§(x)|=o0(1/ux) on the set {x: %, = u*’}.
To complete the proof, it is sufficient to note that g(x) = ug(x) in the v u-neighbourhood
of x,.

In the remainder of this paper, the function Vp/p plays a significant role. Let us
consider its properties.

PrROPOSITION 9. The estimate

Vp
(1.43) [.L‘_ =c
p

holds uniformly for xe T".
Proof. In the coordinates y = x/u, (1.1) has a form

(A= V(uy) = p’A)p=0.

Consequently, p(uy) satisfies the Harnack inequality [7, Thm. 8.20] in each unit ball.
Together with the Schauder estimate [7, Thm. 8.32], this implies that

Vyp(,“)’) =
pluy) |

In x-coordinates, this gives (1.43).
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ProposiTiON 10. Uniformly on each compact subset of Q,

(1.44) llm,u,v——-O
n=0 )4
Proof. The proof follows from Lemma 2, positivity of z(x) in Q, and the Schauder
estimate.
Now let us study the logarithmic derivative of p(x) in Q\Q. Here we have the
following proposition.
PrOPOSITION 11. For any x € Q\Q,

v
lim w2 = —v(dist (x, 6Q)),
n=>0 D

where the convergence is uniform on each compact subset of Q\Q.
Proof. This proposition is a simple consequence of the definition of g(x), Proposi-
tion 6, and Lemma 5. Indeed, it holds that

v v 1
p-L= vt pd= ,w(—) —V(dist (x,Q))
p q 2%

=-V(dist (x,9Q))+ o(1).

2. Asymptotics of effective diffusion. In this section, we find the logarithmic
asymptotics of the effective diffusion matrix of the problem (0.1). Using the properties
of p(x), which were obtained in the previous paragraph, we reduce this problem to
another problem that was studied in [3].

Let us transform the operator (A—A)=(A+(1/u”) V(x)—A) as follows:

. v
(A——A)=(p"Ap—A)=p_'(A—)\)p=A+27p'V.

We denote the last operator multiplied by u as B. Since the vector field 2(Vp/p) =2V In p
is the gradient of a periodic function, the homogenized operator has the form
0 ()(8/8x;)(3/9x;) for some strictly positive matrix o(u). It is clear that B possesses
the following properties:

P1. Its spectrum on the torus is {0, w(A, —A), uw(A,—A),...};

P2. The first eigenfunction of the adjoint operator is cp*(x), where c=(p?) is a
normalizing coefficient.

Further considerations are similar to those in [3]. The main difference is the
asymptotic nonsmoothness of the vector field u(Vp/p). To demonstrate the main ideas,
let us first suppose that Q is a cubically symmetric domain. In that case, o;;(un) = o(u)I
and the limit operator has the form o(u)A. Let & be a diffusion process on T"
corresponding to the operator B with initial density cp’(x). We denote by s, the
minimum of s(x) over Q. It is clear that s, = (dist (Q, Uczm 0 (Q+k))/2.

ProposiTION 12. For any § >0 and T >0, there exists c(8) such that

(2.1) P{&r € Q) =c(8) exp (—(250—8)/ ).

_Proof. Accordingto [6, Chap. 5, Thm. 3.2] and Proposition 11, the action functional
of B on any compact subset of Q\Q is equal to the action functional of the operator
(r/2)A—Vs(x)-V. For any sufficiently small §, >0, we can define the following sets:

={xeQ\Q:s(x)=8,}, S,={xeQ\Q: s(x)=28,}, and S;={xeQ:dist (x,9Q)=
8,}. Let », be the exit time from R® = {x € O\ Q: dist (x, 3(Q\ Q)) > 6,} for the process
&7 starting from x. According to [4, Chap. 6, Lemma 2.1], there exists #(8;) such that,
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for all xe S,,
(2.2) P{v, <t(8,)}=c(8,) exp (—i)

Let us introduce the following sequence of Markov times:
VI:inf{t>O: §TESIUS3}, 1r1=inf{t> Vl:g;tESz},

V2=inf{t> 7TIZ§TESIUS3}, szinf{t> Vz:ngSZ},

ve=inf{t>m_;: E&§€ S, US;}, mc=inf{t> v, &€ S,}
By [6], for any 8 > 0, there exists ¢(8) such that
So—8(x)—28,—6
© )
for any x € R®. Considering the strong Markov property of £ and (2.2), we obtain
P(£2 Q) =P(£ € Sy)

P{¢) € S5p=c(6) exp (—2

[T/t(8,)]+1

+ X [PUEeSIN{E, € SH+P{wi<1(8)}]

i=1

_ T B So—8(x)—2686,—6 1
(1) (e (2 =20 e ()

so—s(x)—28,— b‘)
" .

Here we denote by [ -] the integer part. Similarly, for x € {x € Q: dist (x, Q) = §,}, we
have

=c(8,,8) exp (—2
—45,-6
P{£T2 Q)= (8, 8,) exp (—2 Ll——).

Using the last two estimates, we can conclude that, for any 6 >0 and T >0, there
exists ¢(8) such that

(2.3) P{£5e QY= c(8) exp (_2 So—s"(:C)—B)

for xe Q\Q, and

(2.4) P{&%e Q)= ¢(5) exp (—2 s°; 5)

for x € Q. Finally, by Lemma 4 and Property P2 of B, the density cp’(x) of invariant
measure of ¢ satisfies the following relation uniformly in x:

. ’ _Jo, x€Q,
(2.5) Egg)uln(cp (x))—{_zs(x)’ xe TN Q.

Together with (2.3) and (2.4), this implies (2.1).
COROLLARY 2. For any 8> 0, there exists c(8) such that

So—26
P{gexp(b‘/p.)gﬂ}éc(a) €Xp (—2 O,u )
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Proof. By (2.1), we find that

[exp(8/u)/ T1+1

P{éexp(s/m) E QY= x P({&re QIN{&;yr2QY)

j=0

=(exp (8/u)/ T+1)c(5) exp (_2 %5) = ¢(5) exp (_2 s0—26)'
73

Now let us estimate the probability of a jump of & into another period from below.
It is clear that, for some integer vector j' € Z™\{0}, there exists X € 3Q N 3(Q+;") such
that dist (X, Q) =dist (X, Q+j') = s,.

ProposiTION 13. For any 8 >0, we can find c¢(8) and T(8) such that

P{dist (&r(s), Q+J") <so/2} = c(8) exp (—2 SO: 6)'

Proof. Since ¢, is a strong Markov process, it is sufficient to prove the following
two estimates:
(i) For any 8 >0, there exists ¢(8) and T(8) such that

< Sot+ 0
P{|&rs)— X| <8} = c(8) exp (—2 07)’

(ii) For any 8>0, there exist ¢(8) and T(8) such that, uniformly in xe
{x: |x—%| <8},

oy
P{dist (£75), Q+j") <s0/2} = ¢(8) exp (‘;) s

where §,~0 when 8 - 0. The first is a simple consequence of [6], where we also use
the structure of the action functional for B in Q\Q.

Let us prove (ii). The probability P{dist (¢}, Q+j') < so/2} is the solution of the
problem

(2.6) (f;—é)w=o, ¥l,—o=d(x),

where ¢(x) is a characteristic function of the set {x: dist (x, Q +j") < so/2}. Considering
the choice of X, we can find a point % such that |X — x| =8 and dist (X, Q+j') = s,— 4.
According to [6] and Proposition 11, for some T(8)>0,

(2.7) Y(T(8), x) =P{dist (£75), Q+j') <s0/2} =3.

In the coordinates y = x/u, 7= t/u’ (2.6) takes the form

3 v

Zy-ay-2u-L.vy=o.

aT P
By Proposition 9, u(Vp/p) is uniformly bounded in u and x, so that the Harnack
inequality [8]

(2.8) c=Y(ny)/(ny)=c!

holds when |y —y’|=1 and 7= 1. Let us cover the segment that connects an arbitrary
point x € {x: |x — x| <28} and X by the sequence of balls of radius u with centers on
the segment. This can be done with the number of balls not exceeding [46/u +1].
Iterating (2.8), we obtain

Wt x)/ (L, %)= /W =z exp (= 8,/ ),
where §; =—58 In ¢. Together with (2.7), this inequality implies (ii).
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LemMA 1. Eigenvalues A and « satisfy the inequality
(1.3) K=EA=k+cu,

where the constant c is independent of .
Proof. Let us use a variational representation for the first eigenvalue

1
(1.4) A= sup {—J |Vul? dx———gJ’ u? dx},
lull L2¢rmy=1 " MHoJT™Q

where T"=R"/Z". If we reduce the variational set in (1.4) to functions that are
identically zero on T"\ Q, we obtain the definition of x, and hence x = A. Let us prove
the second inequality in (1.3). Denote by Q, the set {xe T": dist (x,0Q) < a}. It is
quite easy to see that, for sufficiently small «, the domain Q, has a smooth boundary,
and the equation

(1.5) <A+% V(x)>u=Au+ﬂ ul,o, = @

has a unique solution for any f € C'(Q,) and ¢ € C'(6Q,). For such a, (1.5) is uniformly
invertible with respect to wu, and its solution satisfies the maximum principle. To see
this, we must use the inequality k =\ <0. Under the same assumption, the solution
of (1.5) has a probabilistic representation (see [6, Chap. 1]), shown below:

u(x)= —M(J:f(w’,‘) exp (L’ (;1—5 V(w?)—A) ds) dt)
+M(¢<w:) exp (J (;} V<w’:)—A) dt)),

where w7 is the standard Wiener process starting from x, and 7 is exit time from Q,.
From (1.6) it follows, in particular, that, for f=0 and positive ¢, the solution u is
positive. To prove the lemma, we need the following proposition.

ProposITION 1. The solution u of the problem

(1.6)

1
Atu= (A+— V(x) —)\)u =0,
(1.7) u’
u|(er:dist(x,aQ)=a} =1, u|{xEQ:dist(x,aQ)=a} =0,

satisfies on dQ the following inequality:
(1.8) ul,o = cu,
where c is independent of p.

Proof. Let us introduce on Q, the new coordinates (s, ¢;, ¢, ..., ¢,—1), Where
@1, @2, - - -, @u_y are local coordinates on 4Q, and s is the distance from 9 Q taken with
positive sign outside Q and with negative sign inside Q. In these coordinates, (1.7)
becomes

2

u 3 9 ) F)
—ta(s, o) — —u+bi(s, ) —ut+b(s, o) —
3+ a;( ‘P)a 1 ‘P)as ( qo)a%

a
(19) 9s ©; 99;
u(_aa ‘P)=1’ u(a’ (P)=O,
where a;;(s, ¢) and b;(s, ¢) are smooth functions, and the (n —1) x (n —1) matrix {a;}
is uniformly elliptic. To estimate the solution of (1.9), let us consider an auxiliary
equation for the function i
d2

d 1
Eﬁ—2a“-j’;ﬁ+-——§ Vii+ ki =0,
“

1
u+— Vu—au=0,
M
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with the same boundary conditions and a = max (2|«|, max|b,|). It can be shown that
the function b,(s, ¢) does not depend on the choice of local coordinates, but only on
the point x, so that the max|b,| is defined correctly. The last equation can be solved
explicitly as follows:

(1.10) a={a, exp (vis)+a,exp (v,5), s=0,
Biexp (u15)+ B2 exp (uos), s=0,
where
2 2 1
Vip=aF¥va +tk, p,,,2=a=F\/a +k+—3,
“
—_ + —_ p—
B1=N1 v+ (v, — o) exp (@ (u, — u2)) exp (- @)
VI_V2
o — v+ (v — o) exp (a(u, — u,))
- exp (—»a),
VI_VZ
(1.11) B2=—exp (a(u;—u2)),
o =P«1_P«26xP (a(my—py)) — vat v, exp (a(/-h_#z))ﬁ
1 v, — v, 15
_ M1 M2 €Xp (a(pr—pa)) —vi+ vy exp (a(p)—p2))
a; = B

V=1

Using these explicit formulae, we can obtain that #(0) = cu and that #(s) is a monotoni-
cally decreasing function on (—a, a) for @ <(In v,—1n v,)/2(v, — v,). The difference
(a(s)—u(x)) satisfies the equation

_ _ £l 3, 1 _
A*(a(s)—u(x))=A"a(s) =\ —S+bi(s, o) —t+— V=21 )i(s)
as as u

J _ _ _
=Q2a=b)at+(k=Na=0,  (a(s)=u(x)),o,=0.

Here we use the first inequality in (1.3) and monotonicity of #(s). Now by (1.6) we
have @(s)> u(x) so u(x)]aQé cu. The proposition is proved.

Now we will estimate p(x) in T"\ Q. Let us consider in a spherical layer {x: r, <
|x|<r}, 0<r,<r, in R", the solutions u;(x) and u,(x) of the equation (A—1/u’+
A)u; =0 with boundary conditions u|_, =0, ui|_,, =1, and up|,_, =1, ua|_,. =0,
respectively. For these solutions, in the same manner as in Proposition 1, we have the
following estimates.

PROPOSITION 2. For each 8>0, on the sphere {x: |x|=(r;+r,)/2}, the following
inequality holds:

n—n
(1.12) Ui 2l = (12 = €(8) €XP (— o

(1—-5)).

ProrosiTION 3. The first eigenfunction p(x) of the problem (0.3) satisfies on 3Q
the following estimate:

(1.13) P(X)]0 = c.

Proof. From the standard Schauder inequality [7, Thm. 6.2] and the uniform
boundedness of A in u, it follows that p(x) and Vp(x) are uniformly bounded on the
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Now we can obtain the main result in the symmetrical case.
THEOREM 1. The effective diffusion o () satisfies the limit relation

lim pIn o(p) =—2s,.
pn->0

Proof. Since this proof is parallel to the proof of [3, Thm. 1], we outline only the
main steps of the proof. From Corollary 1, we deduce that & has uniform mixing
properties with respect to u. This means, in particular, that for random sequence

nk=[£(K+1)T_£KT]’ T=C(6) ES/P; K=0, 1, 2,""

where ¢, is the diffusion in R" with the generator I§, and [ - ]-denotes the integer part,
the mixing coefficient could be chosen in the form ¢(K)=2"X. Having that, we can
apply general central limit theorem for the random sequences with strong mixing
property (see, e.g., [9]). For o(n), we have the representation

o(p)=Ene® 17o+KZ_1 E(no® 0k + nk ®no),

where x®y ={xx;}. Corollary 2 and Proposition 13 enable us to show the matrix
estimates

CEne®no=0(u)=CiEne®n,, 0<C<Ci<,
and above that, to establish the following inequality:
Ca(8) e7206*9/1 < Eno® 7= C,(5) €720/ w

for any 8 > 0. The last equation yields the statement of the Theorem 1. In the general
nonsymmetric case, the matrix o;;(u) is not isotropic, so we study the limiting behaviour
of its eigenvalues and eigenfunctions.
Let U(x) be a periodic continuous function that is equal to zero in Q and coincides

with s(x) in 2. We introduce the following numbers and vectors:

2.9 §;= min inf sup U(x(t)),

(2.9) SN @Dy = SUP (x(1))

where x( ) is a continuous curve that connects 0 and i. Let i' be the vector minimizing
(2.9) and z'=i'/|i'|. Denote by {e', €°, ..., e"}, the linear space that is generated by
vectors e', e?, ..., e" Then

2.10 s,= min inf sup U(x(1)),

(2.10) p= min o dnf o sup UG()

i* minimizes (2.10), and z* is a unit vector z°e{i', i*}, which is orthogonal to {i'}.
Continuing this process, on the kth step we find that
(2.11) SK = min

inf
iez™\{z! 2%, 2% 71} x(+),x(0)=0,x(1)=i

sup U (x(1)),

where i* minimizes (2.11) and z*e{i', i ...,i*} is a unit vector orthogonal to
{i',%,...,i*"}. Let ® be a matrix, which in the basis z', z%, ..., z", is diagonal with
eigenvalues sy, s,, ..., §,, respectively. Then, as a consequence of [3, Thm. 2] we have
the following theorem.

THEOREM 2. The matrix of effective diffusion satisfies the relation

limp In {0y (n)} = ~20 = -0.
e
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Proof. We use the same approach as in the proof of Theorem 1. Then with the
same means, we obtain instead of Corollary 2 and Proposition 13, the following bilateral
inequality:

+6 )
Czexp(—2 L )éP(no=ik)_-<-_C, exp(—2 L )
® ®

Therefore, fixing £€ R" and discussing the stationary scalar sequence (7, £) as above,
we obtain

c{ew (e e e rzeon (45t

and the theorem follows.
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