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Pointwise estimates for heat kernels of convolution-type operators

Alexander Grigor’yan, Yuri Kondratiev, Andrey Piatnitski and FElena Zhizhina

ABSTRACT

We study the large-time behaviour of the fundamental solution of parabolic equations with
an elliptic part being non-local convolution-type operator. We assume that this operator is a
generator of a Markov jump process, and that its convolution kernel decays at least exponentially
at infinity. The fundamental solution shows rather different asymptotic behaviour depending on
whether |z| < V/t, or vVt < |z| < t, or |z| ~ t, or || > t. In each of these regions we obtain sharp
pointwise estimates for the fundamental solution.

1. Introduction

In this paper we are concerned with estimates of the heat kernel (=fundamental solution) of
certain evolution equations with non-local elliptic part. The heat kernel of the classical heat
equation

Ou — Au =0,
where A is the Laplace operator in R?, is given by the Gauss-Weierstrass function
1 o — y|”
pe (2, y) = W exp <_4t> . (1.1)
For a more general parabolic equation
Oyu — Lu =0,

where L is a uniformly elliptic second-order operator in divergence form, Aronson [2] proved
the following Gaussian estimates for its heat kernel:

2
P (z,y) = ¢ exp _\x—y|
t Y "td/2 o )

where the sign < means both < and > but with different values of positive constants C, c.
A simplest heat equation with non-local elliptic part is

Au+ (—A)**u =0, (1.2)

where 0 < o < 2. Applying the subordination techniques of [20] to the Gauss—Weierstrass
function, one obtains that the heat kernel of (1.2) satisfies the following estimates:

C ERT A
bt (:c,y) = td/a <1+ tl/o‘ (13)
(see also [3]). Note that (—A)®/? is an integro-differential operator of the form
« f r)— f Y
(—A) /2 f (.T) = Cd.a D-V. Ldfa)dy (1_4)
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The heavy tail of the heat kernel in the estimate (1.3) is a consequence of the heavy integral
kernel in (1.4). Similar estimates hold also for non-local heat kernels on fractals [12].

A natural class of non-local operators arises on graphs. Let I be a countable, locally finite,
connected graph. Let d(z,y) be the graph distance on T'. The discrete Laplace operator A on
I" acts on functions f : ' — R as follows:

A =—— Y G- @) =S ()~ f @) @),

deg () {yely~a} yel

where

1
J =—:1 —11-
(I, y) deg (.’E) {d(z,y)=1}
Davies has obtained in [8] the upper bounds of the heat kernel p;(z,y) of the heat equation
Oru — Au =0 on I' that in the case of uniformly bounded degree deg(z) of vertices amounts

to
Pt (2, y) < exp (—ct@ (CZ(Z‘U))) , (1.5)
where
@ (€) = sup {61 ~ cosh A} = I (¢+VE+1) - Vive
Since
¢(§)~§ as & — 0 and @ (&) ~&Ing as € — oo, (1.6)

the estimate (1.5) implies for small M the Gaussian estimate

d? (z,
Pt (x,y)éexp < (Cxt y))7
and for large (d(x,y))/t
pi (x,y) < exp (—cd () 0 22 (wg y)> :
c

Estimate (1.5) gives a rather sharp upper bound of the tail of the heat kernel on an arbitrary
graph because on I'= Z the heat kernel admits the following two-sided estimate (see [19])

P () = (t+d(j,y))1/2 exp (—2t<1> <d(;y)>> .

In this paper we consider the non-local operator A on functions f : R? — R given by

Af =asxf-f, (1.7)
where the convolution kernel a is such that
a(z) 20; a(x)=a(-x); a(z) € Lm(Rd) N Ll(Rd), (1.8)
/ a(z)dx =1, |z2a(x)dz < oco. (1.9)
Rd R

In particular, under condition (1.9) there exists a positive definite matrix o = {o;;} with
0ij = Jga wixja(x)dz. The third condition in (1.8) implies that a(z) € L?(R?), and for the
Fourier transform a(p) we have

a(p) € Cp(RY) N L*(RY), r%%xfl(p) =a(0)=1, a(p) =0 as |p| = . (1.10)
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The operator A takes a form of an integro-differential operator as follows:

Ar@ = [ @)= 1@)ata=ydn

An essential difference from the operator (1.4) is that the integral kernel a(x —y) of A is
bounded and integrable. Surprisingly, these assumptions do not make the task of estimating
of the heat kernel easier.

Since A is a bounded operator in L?(R%), its heat semigroup e“ can be easily computed by
using the exponential series that leads to

e =etelr = ¢! E th—— =e 'Id+e! E th——.
k! k!
k=0 k=1

By removing the singular part e~‘Id of the heat semigroup, we obtain the regularized heat
kernel

—t = ka*k (2)
vi(,t)=e"' t o (1.11)
k=1

with the source at the origin. In other words, for any f € L?(R?), a solution to the non-local
Cauchy problem

Oru — Au =0, u’t:() =f, (1.12)

has the form wu(z,t) =e 'f(x) + (v* f)(z,t) with v given by (1.11). In particular, the
fundamental solution of the problem (1.12) is

u(x,t) =e 0 (x) +v(wt).

The function v is the main subject of this paper.

A probabilistic interpretation of the function v(x,t) is of great interest. Under conditions
(1.8), (1.9) the operator A defined in (1.7) is a generator of a continuous-time Markov jump
process. If this process starts at zero, its transition probability has a regular part and a
singularity at zero, and v(z,t) is the density of the regular part. The results of this work
allow us to describe the large-time behaviour of this Markov process in different regions of the
space. In particular we obtain the local moderate and large deviations results for this Markov
process.

In the recent years there is an essential progress in studying the large-time behaviour of
solutions to evolution problems in R¢ for convolution-type operators with integrable kernels,
see, for instance, [1, 6, 7], and the references therein. One of the key questions of interest here
is obtaining pointwise estimates for the corresponding non-local heat kernels and solutions.
To our best knowledge there are just few papers devoted to this topic. In [5] the asymptotic
behaviour of fundamental solution for evolution equations with a convolution kernel has been
considered. For Gaussian and compactly supported kernels that are radially symmetric, two-
sided estimates have been obtained. Since [5] mostly deals with problems with unbounded
initial conditions, the authors focus on the behaviour of heat kernel in the region of extra
large |x| > t, and their estimates are rather loose in other regions. The kernels showing sub-
exponential decay at infinity have been studied in [10], this work deals with the asymptotic
behaviour of the fundamental solution in the region |z| > t.

Papers [18] deals with the large deviations asymptotics for a symmetric random walk on
a multidimensional lattice under the assumptions that the transition intensities have super-
light tails. The large-time asymptotics for the transition probabilities has been obtained in
the regions of moderate and large deviations. Interesting results on extended large deviation
principle for generalized Poisson processes can be found in the recent work [17]
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Stationary problems for convolution-type operators are also of essential interest. A number
of results on pointwise estimates for a resolvent kernel of non-local convolution-type operators
have been obtained in the recent works [13, 15]. In [13] both polynomially and exponentially
decaying kernels were considered, while [15] focused on the case of very light tales. Resolvent
bounds for discrete operators have been used in [11] to show the intermittency phenomenon
for branching walk with heavy tails.

The spectral analysis of the corresponding non-local Schrodinger operator has been done in
[14, 15]. In particular, in these papers the question of existence of the ground state has been
addressed. It should be noted that the pointwise estimates obtained in [13, 15] allow to derive
pointwise bounds for the principal eigenfunction of non-local Schrédinger operator.

In the present paper we deal with convolution kernels a(x) that decay at infinity at
least exponentially and admit an estimate from above by a radially symmetric function:
a(z) < ce 71" with b > 0 and p > 1.

The large-time behaviour of the studied heat kernel depends crucially on the relation between
|z| and ¢t. We consider separately four different regions in (z,t) space, namely,

(i) |z| = O(t'/?), (i) t7 < |z| < t, (iii) || ~ ¢, (iv) |z| > t.

In particular, it will be shown that in the region (iv) the function —Inwv(z,t) behaves like
p—1

|| (In Iit‘) " for a(z) ~ e t1*I" with p > 1, and like |z|In (|z|/t) for a(x) with a finite support.

Remark that for the corresponding Markov jump process with the generator defined in (1.7)
the region (i) corresponds to the standard deviations where the local central limit theorem
applies, (ii) is the region of the moderate deviations, (iii) is the region of large deviation, and
(iv) should probably be called the ‘extra-large’ deviation region.

Before considering the case of generic convolution kernels with a light tail we first study the
Gaussian kernels for which the kth convolution admits an explicit formula. This allows us to
find the asymptotics of the corresponding heat kernel in all the regions mentioned above, see
Theorem 2.1.

The Gaussian asymptotics of a generic non-local heat kernel in the region (i) is a consequence
of the (local) central limit theorem. It is interesting to observe that in the region (ii) the
logarithmic asymptotics of the non-local heat kernel still remains the same as for the classical
heat kernel with the covariance matrix o, see Theorem 3.1. The transition between Gaussian
and non-Gaussian behaviour occurs in the region x = rt. For small r the behaviour is still close
to Gaussian, while as r — oo the asymptotics of the non-local heat kernel does not look like
Gaussian at all, as shown in Theorems 3.4 and 3.8. The difference is getting even more drastic
in the region |z| > t, see Theorem 3.2.

2. Gaussian convolution kernel

We consider in this section the case of a Gaussian convolution kernel:

a(x) = W €_§7 a(p) = e_pZ' (2.1)

In this case the convolutions a**(x) admit explicit formulae for all k > 1 which essentially
simplify our analysis. The large-time asymptotics (or log asymptotics) of the fundamental
solution depends essentially on the relation between z and t. We consider separately four
different regions in (z,t)-space, namely, |z| = O(t2) and |z| ~ 5" with0<d<1,0ré=1,
or d > 1.

Denote @ (1) = 1+ 2. In&, — &, where &, is a solution to the equation ¢2In¢ = %
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F
=

FIGURE 2.1 (colour online). The large-time behaviour of Inv(x,t) depends crucially on whether
|z| < t (under the lower curve), or |x| ~ t (the middle curve), or |x| >t (over the upper curve).
Here ' <1 and §" > 1.

THEOREM 2.1 (Gaussian kernel). Let the convolution kernel a(x) be defined by (2.1).
Then for the function v(x,t) defined by (1.11) the following asymptotics holds as t — oo (see
Figure 2.1).

(1) For any r > 0, if |z| < rt, then

1 _ =22 1
’U(x,t) = W@ 4t (1 =+ O(t 4)). (22)
(2) For any r >0, if |z| = rt*s" with 0 < § < 1, then
1 t
% oL (2.3)

4t

In particular, if rlt# <zl < Tgt%d with some 0 < 11 <19 and 0 < § < 1, then
7‘2 7‘2 .
6772155(1«}»0(1)) < v(:c t) < eleté(Ho(l))

(3) For any r > 0, if |x| = rt, then
Inwv(z,t)
t
Furthermore, the function ®(r) possesses the following properties:

0< ®g(r) <r?/4 for all r #0,

— —B(r). (24)

O(r) = 2 (1+o(1)) as r — 04
Di(r) =rvinr(l +o(1)) as r — oo
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+4

(4) If || > t = with § > 1, then

COROLLARY 2.2. For any r > 0, if |z| = rt*s* with 6 > 1, then it follows from (2.5) that

Inw(x,t) _ . _ 0—1
——= — —¢&(d,r), with ¢é&(d,r)=r
T )

2

REMARK 2.3. Inthe case d > 1 the function ﬁ—: = ét‘s exhibits the faster polynomial growth

at infinity than the function o5 VInt. Consequently, in this region the non-local heat kernel
~ EESY

v(x,t) has a more ‘“fat’ tail v(x,t) ~ e >t 2 VIt than the classical heat kernel w(z,t) =

22

z= _r2ys
at ~ e 4 .

1 _
(dmya/zga7z €
In the next sections we prove all statements of Theorem 2.1.

2.1. Asymptotics in the case |z| < rt2

The asymptotics (2.2) follows from the local limit theorem for a general probability distribution
that satisfies (1.8) and (1.9). To justify the estimate for the remainder in (2.2) we give a short
analytic proof based on the following representation for v(x,t)

v(z,t) = /Rd et (e_t(l_&(p)) — e_t) dp.

This integral can be rewritten as the following sum:

v(z,t) = / e t=aP) gy — ot / €i%P dp

[p|<vIn2t |p|<+v/In 2t

(2.6)
n / oip (67“17@@))764)@_
|p|>v1In 2t

The second and the third integral in (2.6) can be estimated from above by O(e~*(Int)#) and
o(e~*t) correspondingly. Denoting 1 — a(p) = p? — p* f(p) and taking into account the relation
p*f(p) = O(—t3) valid for |p| < ¢t~ 3, for the first integral in (2.6) we get

/ eiepe=t(1=a(p) gy — / eimpe—t(p2—p4f(p))dp
|p|<vIn2t |p|<t’§

=

+ / emreti-allgy — — —_ e~ (1 + o(t*%)> +o(e”).  (2.7)
5

(4m)2 t
t*%<\p|<\/1nzt

ol

This yields (2.2).
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2.2. The case |x| = Tt%&, 0<d<1

In this region we exploit the first representation for v(z,t) in (1.11). Since

22

4k

* a2 . c .
a k(m) =c, e with ¢, = I ¢ >0, (2.8)
then using Stirling’s approximation we get
tk xk 2
ak'(m):exp{klnt—klnk:—i—k—jk—c(d)lnk—i—rk} (2.9)

__ d+1
- 2

with a constant ¢(d) and |r;| < C. Let us estimate the maximal term in the sum

i ta(z) (2.10)

k!
k=1

To this end we introduce a function

2
S(z,t) = (zlnt—zlnz—l—z—iz—c(d)lnz) z >0, (2.11)

22—l 48]
and locate max S(z,t) in z for each ¢t > 0. Since for each positive ¢ the function S(z,t) tends
z

to —oo both as z — 0 and as z — oo, it attains its maximum on (0, +00). Denote

2= 2(t) = argmax.~oS(z,1t).
PROPOSITION 2.4. Let § > 0, then 2(t) = t£(t), where £ = £(t) is the solution of equation

4 4e(d B
ﬁg2lng+—:gt)§:t5 L (2.12)

Moreover, &(r,t) = &-(t)(1+ o(1)), t — oo, where £,.(t) is the solution of equation

4 _
77252 In¢ =1, (2.13)

Proof. The maximum point of S(z,t) is defined by the equation

0 22 c(d)

Making the change of variables z = t£, we rewrite (2.14) as (2.12). Denote a solution of this
equation by f (r,t). In what follows if it does not lead to ambiguity we drop the arguments of
the function é (r,t). Observe that f > 1 for sufficiently large t. Indeed, for £ € (0,1] we have
€2In¢ <0, and % =o(t°~') as t — oco. This yields the required inequality.

Note that the function on the left-hand side of (2.12) is increasing as £ € (1,+00) and
therefore, equation (2.12) has a unique solution for large t. It is easy to see that

4c(d)
r2t

£=o0(&m¢) if ¢ s ooand t>1,

and
4e(d)

o E=0(t""1) as t—ooand € is bounded.

Consequently, the solution é(r, t) of (2.12) can be approximated for large ¢ by the solution &, (t)
of equation (2.13). O
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We consider separately the following cases: 0 < § < 1 and § = 1.

In the case 0 < 6 <1 we have ="' — 0 as t — oo and, therefore, the solution of (2.13)
converges to 1. The Taylor expansion of %52 In¢ about 1 reads
4 , 4 6 9 3
SE€ME= S (E- 1)+ S (E- 1P +0(E- 1)), €-1-0.

Combining this expansion with (2.12) we obtain

e+ e = 20

r2 r2

The straightforward computations yield

2 2 d
E(r,t) =1+ %t‘” - <3gt2(51) + C(t)> +0 (max{t“‘;*l),t*l})

and

R 2 2
f=té=t+—t° - <?’gt251 - c(d)) + o0 (max{t*~' 1}).

Substituting this expression for £ in (2.11) and considering the relation 2 = r?t'* we get

r2

4
S(Et) =t -t + %61525*1 — ¢(d)Int + o (max{t*~!,Int}) . (2.15)
Now from (1.11) and (2.9), taking into account the fact that a**(z) > 0 for all k and z, we
obtain the following estimate of v(x,t) from below:

Xk, xk
T S
i (2.16)

_§t5+%t2671—c(d) In t+o(max{t?* ! In t})7

=e as t — oo.

To get an upper bound on v(z,t) we divide the sum in (1.11) into two parts, in the first sum
the summation index varies from 1 to ng where ng is chosen in such a way that

2
tmtlemwmm pl t 22
= entiin < L forall n > no. 2.17
(n+1)! me-%= n+1 2 Z (2.17)

Using the relation 22 = r2t!9 and the fact that f(u) = ue™” is an increasing function for any
¢ > 0, we have

- e 2 =
ertntl < zed <3 forall n>ng=[3t] and ¢t > | — .

n+1 9In(3/2)

This implies that

Z t" a*n(:E) < eS(é,t) _ et—%ts-‘r%zt%*l—c(d) In t+o(max{t?*~* Int}) (2 18)
' ~X b *
n>3t s
as t — 0o. Due to (2.9) and (2.11) the upper bound for the sum Zfi]l % reads
[3t] tn *M 2 4
a*"(x) <OteSED = b= 510+ 5517 —(e(d)=1) Into(max{t* *, In1}) (2.19)

n!
n=1
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From (2.18) and (2.19) we derive the estimate of v(z,t) from above as t — oo:

ety tate)

=1 k>3t (2'20)
t5+%t25 1 —(c(d)— 1)1nt+o(max{t25_l7lnt}).

tk *k

Finally from (2.16) and (2.20) we get (2.3).

REMARK 2.5. Since z%/4t =72t°/4, 0 < § < 1, the logarithmic asymptotics of v(x,t)
coincides with that for the classic heat kernel:
| t
nv(z,t) .

2
4t

-1 as t—oo. (2.21)

Moreover, for § < 3 estimates (2.16) and (2.20) take the form
_ 2 _ 25
Cit = e T <o)< Cot =z e T (2.22)

with C;, Cs > 0. For § € (3, 1) estimates (2.16) and (2.20) imply that

Wz, t) = e~ TEHEET oY) (2.23)

We proceed with the case 6 = 1. In this case equation (2.13) reads

n¢ = %. (2.24)

It is easy to check that equation (2.24) has a unique solution &, € (1,00). Then for solu-
tion £(r,t) of (2.12) by the implicit function theorem it follows that &(r,t) =&, + O(t™1).
Therefore,

S(z,t) =t& Int —t&.(Int + In&,.) + t& — t& In &, + O(In¥)

=t(& — 26, In&,) + O(Int), 2 =1tE,
and using the same arguments as above we have
v(x,t) = e P2 & —=E)+0nY) -y o (2.25)
where &, > 1 is the solution of (2.24). Thus the logarithmic asymptotics of v(z,t) is given by
Inw(x,t)
t
where ‘bg(r) = @G(&.) =142 1In&,. —&,.

— —®a(r), as t— oo, (2.26)

LEMMA 2.6. For any r >0

r2

0< @a(r) < - (2.27)

Moreover,

<
™)
—~

— Lea 1o 0
- o(l)), as r ,
1 (2.28)

Oq(r) =rvinr(l+o(1)) asr — oo.
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Proof. Let v(§) =1+ 2¢1n& — €. To prove the lower bound in (2.27) we note that y(1) =0
and 8%7(5) =1+2In¢ > 1 (for £ > 1). To prove that

2
1426 In€, — &, < % =g,

we denote by s(€) = £2In&. Then v(1) = (1) = 0, and ' (£) < 5/(€), £ > 1. This yields the
desired upper bound in (2.27).

The asymptotics (2.28) is a particular case of Theorem 3.8 describing the asymp-
totic behaviour of ®(r) under the general assumptions on the kernel a(z). In our case
P (r) = (&), and if we take p=2,b= 1, then I(s) = +s?, and we immediately obtain

g
(2.28) from (3.22). O

2.3. The case |x| > t5 5> 1

In this subsection we consider a region in (,t)-space of super-large |z|, where |z| > t(179)/2
with § > 1. In this case we again begin with the description of max S(z,t,x), where
z

2

S(z,t,z) = (zlnt—zlnz—i—z—z —c(d)lnz)7 z>0.
z

Since ¢ — 0o, we can omit the last term in (2.11), and write as above the following equation
on % = 2(t,x) = argmax S(z,t,x):

ES(Q t m)—lnt—lné—i—x—Q—O (2.29)
0z 432 7 '

or equivalently,

22 = 45%(In s — Int) = 42%In % (2.30)
Taking the logarithm on both sides of equation (2.30) we obtain
InZ=1Inlz| (1+0(1)),
consequently equality (2.30) can be rewritten as
x? =427 ln| |(1+ o(1)), t— <.
||
Substituting 2\/@ for 2 in (2.11), we get
S(é,t,x)— _ 1nt—x|<1n|x| 1n2—71n1 |x>
In \$| In @
|z| 2%4/In @
— +O(n|z|) = —|=| (1+o t — 0.
2¢/In 2L 2|]

Since |z| > t1+9/2 with § > 1, we can take ng = |z| in (2.17)for large enough ¢. Then as above
we get the following two-sided estimate on v(x,t):

et e*|:1:\ In %(lJra(l)) <v(m,t) < |$|€7t67‘z| In @(1+o(1)).
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Since t = o(|x|), this yields

Inv(z, ¢
v@d) ) st Juf > 02 551, (2.31)
|z]4/In 21

Conclusions

(1) If |z| < rt'/2, then the main term of the asymptotics of v(x, ) coincides with the classical
heat kernel p;(x,0) defined by (1.1).

(2) If |z| <rt27%, 0 < § < 1, then the main term of the logarithmic asymptotics of v(z,t)
coincides with that of the classical heat kernel.

(3) If |x| = rt, then the leading term of the logarithmic asymptotics of v(x,t) is a linear
function ®¢(r)t. , The leading term of the logarithmic asymptotics of the classical heat kernel
is also a linear function (r?/4)t. However, the corresponding coefficient ®¢(r) is strictly less
than r2/4 for all 7 > 0. This reflects the fact that in this range of z the non-local heat kernel
has more heavy tail than the classical one. It should also be noted that the coefficient ®¢(r)
is close to r2/4 for small 7 while ®¢(r) < r? for large r.

(4) If |x| = rt'*%  § > 1, then the main term of the logarithmic asymptotics of v(x,t) given
by (2.31) differs essentially from the logarithmic asymptotics of the classical heat kernel, in
particular v(z,t) has more heavy tail, than the classical heat kernel.

3. Kernels with generic light tails

3.1. Main results

In this section we consider generic non-local operators with convolution kernels that have light
tails at infinity. More precisely, we assume that, in addition to (1.8)—(1.9), the convolution
kernel a(z) satisfies for some p > 1 the following condition

0 < a(z) < Cre " (3.1)
or even a more strong condition
a(z) € Co(RY), supp a(z) C K, = {z € R": |z| < u} for some p > 0. (3.2)

From now on we assume that p is chosen in the optimal way, that is, g = min{f > 0 : suppa C
K;}.

Since, in contrast with the Gaussian case, here a** do not admit an explicit formula for
k > 1, we have to obtain sharp enough estimates for these higher order convolutions. To this
end we first use the results on the asymptotic behaviour of distributions of the sums of i.i.d.
random variables, such as the local central limit theorem and the large deviations principle,
and then combine these results with analytic techniques in order to obtain the asymptotics for
v(z,t).

As in the previous section, for large ¢ four different regions of x are considered:

(1) |z| < rt*?(1 + o(1)) (standard deviations region);

(2) |z| = rt#(l +0(1)), 0 <§ <1 (moderate deviations region);
(3) |z| =7rt(1+0(1)) (6 =1) (large deviations region);

(4) |z| = rt#(l +o0(1)), 0 > 1 (‘extra-large’ deviations region).

The next two theorems describe the asymptotic behaviour of v(x,t) in the regions 1, 2,
and 4.
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THEOREM 3.1 (The regions of standard and moderate deviations). Assume that a(x) satisfies
(1.8)~(1.9) and (3.1). Then for the function v(x,t) the following asymptotic relations hold as
t — oo:

(1) if|z| < rt? for some r > 0, then

(a_lm,;n)

e = (14 0(1)), (3.3)

S

c

v(x,t) = ,

ol

where c(c) = (2r)"2|det(c)| "2, o is the covariance matrix of the distribution a(x);
(2) ifx =rt5 (1+ 0(1)) with 0 < § < 1 and r € R\{0}, then

— LT (o(1) _ =4 (07 rr) £ (14+0(1) (3.4)

v(z,t) =e

THEOREM 3.2 (The regions of extra-large deviations). Assume that a(z) satisfies (1.8)—(1.9)
and (3.1). Then for |x| = rt#(l + o(1)) with § > 1 and r > 0 the following asymptotic upper
bound holds:

S+1 p—1
vz, t) e et * (Int) 7 (o)) ast — oo, (3.5)

where the constant ¢, = c,(b,r) depends on b, r and p.
If in addition a(x) satisfies (3.2), then for |x| = rt = (1 + o(1)) with § > 1
)

I ==t
v(a, t) < e CtZ Intlro()) ast — oo, (3.6)

(6—1)r
2p

where ¢(p) =

In the region = ~ ¢, usually called large deviations region, our approach relies essentially
on the properties of the rate function I(r) of the sum of i.i.d. random variables. From
now on Sy stands for the sum of i.i.d. random variables (vectors) Xi,..., X} with common
distribution a(z). From (3.1) it follows that the random variables X; have exponential moment
A(v) = Ee’*1 for all v from a neighbourhood of 0 (the so-called Cramer condition). Under this
condition the large deviation principle holds for S with a rate function

I(r) =sup(y-r = L), v e RY, (3.7)

where I(r) is the Legendre transform of the cumulant generating function L(y) = In A(y), and
~ - r stands for the scalar product in R?.

In order to formulate the main result of this section we denote by &, a positive solution of
the equation

Ing=1(&r)—¢&r-VIEr), £€R, (3.8)
and introduce the function

B(r) =1 fi (1+1In& — I(&7)). (3.9)

Equation (3.8) has a unique solution &, > 0 for any r € R\ {0}, moreover 0 < &, < 1, see
Lemma 3.11.

We introduce now additional technical conditions on the kernel.

(A1) in the case p = 1 for any b; > b and any 6 € S9!

et X0 = oo, (3.10)

where b is the same constant as in (3.1).
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(A$) in the case p = 1 for any § € S9!
E|X |0 = .
(Ap) in the case p > 1
L(y) = mEe"™ = C(b,p) /"D (1 +0(1)),  as 7] = oo, (3.11)

where C(b,p) = pp%l(bp)_l/(p_l) is a constant appearing in the logarithmic asymptotics of the
Laplace transform of e~?1#I",

REMARK 3.3. Condition A,, p > 1, can be treated as a sort of soft lower bound for a(z).
In particular, it holds if a(x) satisfies the following two-sided estimate

Coe " < a(z) < C’l.e_b‘g”lp7 p>1.

Observe also that under condition A,,p > 1, the function a(z) cannot satisfy (3.2).

It should be emphasized that in the case p =1 conditions A;, A§ are required for proving
the main result on the asymptotics of the heat kernel, while in the case p > 1 condition A, is
only used for determining the asymptotic behaviour of the function ®(r) for large r.

THEOREM 3.4 (Asymptotic upper bounds). Let conditions (1.8)—(1.9) and (3.1) be fulfilled,
and assume additionally that in the case p = 1 condition Ay holds. Then for any r € R*\{0}
and for © = rt(1 + o(1)) the following asymptotic estimate holds as t — oco:

v(z, t) < e”PMHFo) (3.12)

where the function ®(r) is defined by (3.9).
Moreover, ®(0) =0, ®(r) >0, if r#0, ® is a convex function, and the following limit
relations hold:

1
D(r) = 3 o lr-r(140(1)), as r—0; (3.13)
O(r) > o0, as r— oo. (3.14)
If p=1, then

O(r) =blr| (1 +o0(1)), as |r|— cc. (3.15)

If p > 1 and condition A, holds, then

D p=1

o(r) = pfl(b(P —1))Plr|(nfr)) 5 (1 +0(1),  as |r| — oo, (3.16)

If condition (3.2) holds, then

1
O(r) = —|r|ln|r] as |r| = oo. (3.17)
i

REMARK 3.5. Note that under the assumptions of Theorem 3.4 the function ®(r) need
not be isotropic. This is illustrated by formula (3.13). However, the additional condition A,
ensures that for large |r| the principal term of the asymptotics of ®(r) is radially symmetric,
see (3.15)—(3.16).

COROLLARY 3.6 (Spherically symmetric kernels). Let a(x) = a(|z|), 2z € R?, be a spherically
symmetric kernel satisfying all the conditions of Theorem 3.4. Then for any s > 0 and for
|z| = st(1 + o(1)) the following asymptotic estimate holds as t — oo:

v(x,t) < e” P+ (3.18)
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where the function ®(s) is defined in (3.9), and formulae (3.13)—(3.17) from Theorem 3.4 take
an easier form, namely
2

B(s) = ;7(1 +o(1)), as s—0; (3.19)
O(s) > 00, as s— o0 (3.20)
If p=1, then
O(s) =bs(140(1)), s— occ. (3.21)
Ifp > 1 and in addition conditions A, hold, then
D(s) = Ll(b(p - 1))1/ps(ln s)pp;1 (1+0(1)), s— oo (3.22)
p—
If (3.2) holds, then
1
D(s) > ;Slns as s — oo. (3.23)

REMARK 3.7. Observe that relation (3.18) and the asymptotics in (3.19) and (3.23) of &
coincide with the estimates of the heat kernel on graphs [8] (see (1.5)—(1.6)).

Using another approach that relies on some exponential transformation of the random
variable with density a(z) under slightly more strong condition (for p = 1) we can show that
the upper bound obtained in Theorem 3.4 gives in fact the large-time asymptotics of the
fundamental solution. The following statement holds.

THEOREM 3.8 (Large-time asymptotics). Let conditions (1.8)—(1.9) and (3.1) be fulfilled,
and assume additionally that in the case p = 1 condition A holds. Then for any r € R*\{0}
and z = rt(1 + o(1))

v(x,t) = e~ PMHAFTAD) a5 ¢ 5 o0, (3.24)

where the function ®(r) is defined by (3.9) and possesses all the properties enumerated in
Theorem 3.4.

3.2. Properties of I(r) and ®(r)

We preface the proof of the theorems by a number of technical statements. We discuss in this
section the asymptotic properties of the function I(r) defined by (3.7) that will be used further
in the analysis of the function v(z,t) in the regions of moderate and large deviations. Due to
the symmetry of a(z) stated in (1.8) the functions I(r) and L(-y) are symmetric with respect to
zero, that is I(—r) = I(r) and L(—v) = L(). We denote by A the convex hull of the support
of a(-). From our conditions (1.8)—(1.9) it follows that A contains a neighbourhood of zero.
Note that the set A is symmetric with respect to the origin.

First we consider the one-dimensional case. In this case, A = [infsuppa, supsuppal =

[7”’7 H’}

PROPOSITION 3.9 (One-dimensional case).

(1) For any distribution a(x) satisfying (1.8)—(1.9) and (3.1) we have
2

I(s) = 28—0(1 +0o(1)) as s—0. (3.25)
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(2) If the distribution a(x) in addition satisfies condition A,, p > 1, then I(s) has the
following asymptotics as s — 0o:

I(s) =bs(1+0(1)), if p=1, I(s) =bsP(14+0(1)), if p>1, (3.26)
where b is the same constant as in (3.1). If p > 1 then
lim ) = +o00. (3.27)
s—oo |3

(3) If the distribution a(z) in addition satisfies (3.2), then I(s) is a smooth function on
(_,uvlf")a

I(s) 200 as s—>pu—0 or s—= —pu+0,

and I(s) = oo if |s] = p.

Proof. (1) By the definition of I(s) considering the smoothness of L(7) in the vicinity of
zero we have I(s) = sy* — L(v*), where v* = v*(s) is the solution of equation s = L'(7y). Using
the Taylor decomposition for L’(y) about zero by the implicit function theorem we obtain

*

v = L%m)(l +0(1)) = 2(1 + o(1)) for small enough s. Consequently,

N N s2(1+o(1 1, s?
1) = s~ L) = A L) = 14 o(1),
o 2 20
(2) In the case p =1 conditions (3.1) and (3.10) on the distribution a(x) imply that A(by) =
oo for any by > b, and A(V') is finite for all 0 < b < b. Therefore, for s > 0

I(s) <bs, I'(s)<b, and lim I'(s) <b. (3.28)

The last limit exists since I’(s) is monotone and bounded. If we assume that limg o I'(s) =
a < b, then taking g = ‘ITH’ we get

I(s) = SIi]gz(vs —L(v)) > pBs—L(B) =Ps(1+0(1l)) as s— oo. (3.29)
)) as s — 0o, which

1
6) follows.
s has the asymptotics

On the other hand, if limso I'(s) =a < /3, then I(s) < as(1+ of
contradicts (3.29). Thus limg_,~ I'(s) = b, and the first formula in (3.2
In the case p > 1 due to (3.11) the solution v* of equation L'(y) =
v* =bpsP~1(1+o0(1)) as s — oo, and thus

I(s) = sup(sy — L()) = 7" — L(y") = bs?(1 + o(1).
8!
Limit relation (3.27) follows from the fact that for p > 1 the function L(v) is finite for all
v € R. Then for any N >0
I(w) = sup(sy — L(7)) > sN — L(N),
gl

and thus liminf,_, . I(Ss) > N, which yields (3.27).
(3) Since supp a C [—p,p], then, for v >0, A(y) = [e ™ a(z)dx < 7. Consequently,
L(vy) € yu, and for s > p we have

I(s) = sgp(vs —L(v)) = sgp(s — W)y = 0.

On the other hand, since u = supsupp a, for v > 0 and for any § > 0

Aly) = /e”a(x)dx > cse? (0
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for some ¢5 > 0. Thus,
L(y)2lncs+~v(p—0) and I(s) <sup(s—(u—19))y—Ilnes < oo,
8!
if s <p—4. Since we take an arbitrary § > 0, then I(s) is finite for all s € (—u, p). The

smoothness of I(s) follows from the standard convexity arguments.
It remains to prove that I(s) — oo as s — g — 0. Since a(z) < Cy, we have

“w

A(y) < Oy / eV dr = g(ew —e M) < gew_
g gl
—p

Then
L(y) < —Iny+yu+InCh,
and

I(s) Zzsup ((s — )y +Iny) —InCy > (s — pu)y*(s) + Iny*(s) — InCy,
v

where v*(s) = ﬁ is the argmax of the function (s — p)y + In~y. Since y*(s) — oo, as s —

u— 0, then
I(s) > In~*(s) — C — 400, ass— pu—D0.
The statement for negative s follows from the symmetry of a. O
Next we describe the properties of the rate function I(r) in the multidimensional case.

PROPOSITION 3.10 (Multidimensional case).
(1) For any distribution a(zx) satisfying (1.8)—(1.9) and (3.1) we have
1
I(r)= 50_1%7"(1—1—0(1)) as r — 0. (3.30)

(2) Ifp =1, and in addition to the above conditions A is fulfilled, then I(r) has the following
asymptotics:

I(r) = br|(1+0(1)),  VI(r)=b—(1+0(1), as|r|— oo, (3.31)

7]

where b is the same constant as in (3.1). Moreover, |VI(r)| < b for all r € R<.
Ifp > 1, and in addition to (1.8)—(1.9) and (3.1) the function a(x) satisfies condition Ay, then

I(r) =b|r|P(1 4+ o(1)), as |r| — oo. (3.32)

(3) If (3.2) holds, then I(r) is a smooth function in the interior of the convex hull A.
Moreover, I(r) — oo as dist(r,0.A) — 0, and I(r) = oo for all r € R4\ A.

Proof. The proof of this proposition is mostly based on the same arguments as the proof of
Proposition 3.9.
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(1) Using the Taylor decomposition for L(y) about zero we obtain as above
v* = (VVL(0))"*r(1 4 o(1)) for small enough r. Consequently,

I(r) = (VVL(0)) 'r-r— %VVL(O)W* -y 4 o(r?)
= % (VVL0) tr-r+ 0(r2) = % o ror+ 0(7'2),

since 0 = VVL(0), and the asymptotics (3.30) follows.
(2) In the case p = 1 conditions (3.1) and (3.10) on the distribution a(x) imply that for any
e St

A(b10) = Ee?X =00, ifby > b and  A(b0) <oo if by <b.
Therefore,

I(r) = sup (r-v = L(y)) = sup (r-y = L(y)) <|rb. (3.33)

YER? lvI<b

The function I(sf) is a convex function of s € R for any § € S?~!. Consequently, (3.33) implies
inequality

IVI(r)|<b  VreR. (3.34)
In the same way as in Proposition 3.9 using the convexity of I(sf) we obtain
blr|(1 4+ o(1)) < I(r) < blr, and (VI(?“) . |:|> —=b as |r| = oco.

Combining the last relation with (3.34) we obtain the second equality in (3.31).
In the case p > 1 considering the convexity of L(y) with the help of the implicit function
theorem we get that the solution v* € R? of equation VL(y) = r has the asymptotics

v =bp|r|P (1 +0(1)) as r— oco.

This implies (3.32).
(3) Denote by G(r) the following auxiliary function:

_Jo, reA,
G(r) _{+oo, rd A

Then the Legendre transform of G is equal to G*(vy) = u(ﬁ) |v|, where

w@) =supr-0= sup r-60, 6cSh
reA resupp a

In the same way as in the proof of Proposition 3.9 one can show that

L(y) =mEeX = (;) (L +o(1)), |yl = oo, (3.35)
and moreover,
L(y) < 1 (Q) A~ Infy| + C (3.36)

for some constant C.

Since G**(r) = G(r), comparing (3.35) with G*(v) we conclude that I(r) = +o0 in R\ A
and I(r) < oo for r in the interior of A. The fact that I(r) — oo as dist (r,0.A) — 0 can be
justified in the same way as in the proof of Proposition 3.9 using inequality (3.36). O

LEMMA 3.11. Let a(x) satisfy (1.8)—(1.9) and (3.1). Then for any r € R\ {0} equation (3.8)
has a unique solution &, and 0 < £, < 1.
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Proof. If the convex hull A of supp a coincides with R?, then differentiating the right-hand
side of (3.8) in £ we obtain

r-VIEr)—r -VI(Er)—E&r-VVIEr)r=—=&r-VVI(Er)r <0

because of convexity of I; here VV denotes the Hessian. Moreover, for sufficiently small ¢ we
have —r - VVI(&r)r < 0. Thus the function on the right-hand side of (3.8) is decreasing in &,
and, since I(0) = 0, we immediately conclude that (3.8) has a unique solution and 0 < &, < 1.

If A # R? but the ray {sr}s>0 lies inside A, then we use the same arguments as above. If the
ray {sr}s>o intersects O.A at a point s}, then it follows from Proposition 3.10 that I(sr) — oo
as s = s& — 0. In addition, the convexity of I(r) and the Newton—Leibniz formula imply

L I(sr)
s—s%—0 I(ST)

= 0.
Consequently,

I(sr) —sr-VI(sr)=1(sr)— SC%I(ST) — —oco0 as s—s.—0,
and again we obtain the unique solution 0 < &, < 1 of equation (3.8). (]

PROPOSITION 3.12. The function ®(r) is a convex function, ®(0) = 0, and ®(r) > 0 for any
r € R\ {0}. Moreover, if a(z) satisfies (3.1) with p > 1 and, in the case p = 1, also condition
A3, then @ is strictly convex: VV®(r)r - r > 0.

Proof. If r =0, then (3.8) implies that & = 1, and ®(0) = 0. Let us show that V®(r) - >0
for any r € R%\{0}. Indeed, ®(r) = ®(£(r)) with £(r) = &,, then using (3.8) and considering
the properties of I(r) we have

_ vew)
£2(r)
Consequently, V®(r) - = VI((r)r) -7 > 0 and ®(r) > 0 for any » € R?\ {0}.
To prove the convexity of ® we differentiate equation (3.8) in r and obtain
VE(r) = ~€()VVIE)) 7 [6(0) + - VE)).
The assumption VE(r) - > 0 leads to a contradiction. Therefore, VE(r) - r < 0 and &(r) +r -
V&(r) = 0 for all 7 € RY. This yields the inequality VV®(r)r - r > 0. Additionally, VVI(r)r -

r >0 and &(r) +7-VE&(r) > 0 in the case p > 1 or p =1 under condition Aj. This yields a
strict convexity of ®. O

Ve(r) (In&(r) = 1(&(r)r) +&(r)r - VI(E(r)r)] + VI(E(r)r) = VI(E(r)r).

PROPOSITION 3.13 (Skewed distribution).
(1) Let distribution a(zx) satisty (1.8)—(1.9) and (3.1). Assume also that in the case p =1
condition Aj is fulfilled and in the case p > 1 the following condition holds:

a(x)dz >0 forany N >0 and any 6 € S 1. (3.37)

z-0>N
Then for any x* € R? equation
VL(y)=z" (3.38)
has a unique solution v* € R% and, furthermore, the following relations hold:

I(z*)=2a" - " — L(v") (3.39)
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1 / .
——— [ za(x)e) Fdx = z*. 3.40
DN (340
Moreover, denoting a-(x) = G(X)(iw)m we get
a*F(kx*) = afylf(kx*)e_l(m*)k. (3.41)

(2) If distribution a(z) satisfies (3.1) (or (3.2)), then for any small enough z* € R? equation
(3.38) has a unique solution v*, and relations (3.39)—(3.41) hold.

Proof. (1) Assume first that p > 1. From the properties of the function L it follows that
VL : R? — R% is a semicontinuous strictly monotone operator, that is, (VL(y1) — VL(v2)) -
(y1 — 72) > 0. Condition (3.37) implies that A(y) > e™V1l¢(N) with ¢(N) > 0 for any N, and
consequently

L(y) > iN|y| for all large enough ||v||. (3.42)
Since L is a convex function, then vﬁ(vv”) 7 is monotonically increasing. This together with
(3.42) and L(0) = 0 imply that
VL(v) -
VL) v _
li=ee Il

Then the unique solution of (3.38) exists by the solvability theorem for monotone operators,
see, for example, [16]. If with p = 1, then under condition A$ using the Lebesgue theorem we
obtain that lim | —y—0o % = +00. Then we can repeat the similar arguments to prove the
existence of the unique solution of (3.38).
Equality (3.39) follows from the definition (3.7) of the function I(r). Equality (3.40) follows
from (3.38). Equality (3.41) is a direct consequence of relation (3.39).

(2) If * € R? is small enough, then for any distribution a(x) satisfying (3.1) and (3.2),

equation (3.38) can be solved using the implicit function theorem. O

3.3. The regions of standard and moderate deviations: Proof of Theorem 3.1

Under our standing assumptions the local central limit theorem applies to the sum of indepen-
dent random variables with a common distribution a(x), see for instance [4, Theorem 19.1].
This implies the desired asymptotics (3.3) of v(z,t) in the region |z| < rt'/? with an arbitrary
r>0.

In this subsection we show that, in the region z = rt = (1 +o0(1)) with 0 <é <1 and
r € R4\ {0}, the asymptotics (3.4) for v(z, ) holds, as t — oco. First we obtain the asymptotics
for the kth convolution power a**(z) for large enough k. Our approach essentially relies on
probabilistic arguments.

LEMMA 3.14. Let conditions (1.8) and (1.9) be satisfied, and assume that (3.1) holds.
Then
elre |z]? |z

o) - as ko oo, = — 0o, and T — 0, (3.43)

a*F(z) = e 2

||

where o is the covariance matrix of the distribution a(x), and o(1) — 0 as 5- — oo.

Proof. Let z* = 7. Then z* — 0 as |x| = o0, k — oo, and using Proposition 3.13 we
conclude that the equation VL(v) = z* has a unique solution v* = v*(x, k), where v* — 0
as * — 0. Relation (3.41) implies

a**(z) = a™F(ka*) = a2k (ka*)e TP = a2k (ka*)e TR, (3.44)
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It follows from (3.40) and the local limit theorem for the sum of i.i.d. random variables with
the common distribution a.- that

@k (k) = OIEt7‘7;"1(1+o(1)) _deta ) (3.45)
7 ©(2mk)d/2 o (2mk)d/2 ’ '

as z* — 0 (and v* — 0), where o is the covariance matrix for a(z).
Finally using the asymptotic relation (3.30) for I(%) we obtain (3.43) from (3.44) and
(3.45). O

COROLLARY 3.15. If z=rt'= (1+0(1)) with 0<5<1 and k~t, then a*;w.w N
(c='r-r)t? and

1 tl

a*f(z) = ema(o rr) g (H"’(l)) as k — oo. (3.46)

k _xk
Let us study now the asymptotic behaviour of the function % ak!(m) as t — oo and

r=rts (1 +0(1)),0 < § < 1. By Lemma 3.14 and estimate (3.46) for any constants «; and
g such that 0 < a1 < 1 < ag < oo, and for all k from the interval a1t < k < ast the following
asymptotics holds:

tka*k (ﬁC)
k!

146
zexp{klnt— klnk—i—k—étk(l—ko(l))} =expS(k,t), t— oo,

where ¢ =10 'r-rand S(z,t) =zlnt —zlnz+z—¢ t—(l + 0(1)). If a; is sufficiently small

and «o is sufficiently large then the max ,S (z,t) is attained in an interior point of the
(5] z< ool

interval (aqt, ast), and the corresponding necessary condition reads

t1+5
=0.

t
In-+¢ 5
z z

Setting z = £t we arrive at the following equation for &:
e =t
Since 0 < § < 1, the right-hand side in this equation vanishes as t — oco. Therefore, the solution

£ of this equation admits the representation & = 1 + éto~1(1 + o(1)). Consequently,
s=Et=t+atd +o(t0), max  S(z,t) = S(3,t) =t — &’ + o(t?),

art<z<ast

and for any a; and ag such that 0 < a1 < 1 < ag < 0o we have

k . xk
max ta” (@) <eSED = et_%(gflr'r)té'*o(té), as t — oo. (3.47)
ar1t<k<ast k"
To estimate v(x,t) in the region = = rt%é(l + 0(1)) we split the sum in (1.11) into three
parts:

t[t/Q kg *k( ) . 21k, * (g , tk k(
IS ot 3 Pt (3.45)
k=[t/2]+1 k>2t

Considering the inequalities k! > kke=* and a*k’(x) < (1, one can estimate the first sun in
(3.48) as follows:

[¢/2] tha*k (z)

t
ety Ol e 20 P < G oo (3.49)
k=1 ’
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with an arbitrary 8 € (0, 1%1112) For the third sum using the relation i < % we get

tk *k
e ! Z aT(gj) < Cret~2tn2, (3.50)
k>2t ’

To estimate the second sum in (3.48) we use (3.47). This yields

12t] tka*k(l‘) S(3 1 1 s 5
S e it
k=[t/2]+1

Finally, from (3.48) and (3.51) we get the asymptotical upper bound in the region « = rttst (1+

o(1)).
Taking in the sum (3.48) just one term that corresponds to max S(z,t) we obtain the lower
bound

v(z,t) = e teSGEt) > e 3 (07t r )t (140(1))

This completes the proof of (3.4).

3.4. The region of extra-large deviations: Proof of Theorem 3.2

This section deals with the large-time behaviour of v(x,t) in the region z >t which is
associated with the ‘extra-large’ deviations of the corresponding process. In this region we
use the Markov inequality for estimating Pr(|S;| > |z|).

LEMMA 3.16. Let X; bei.i.d. one-dimensional random variables with a common distribution
a(x), satisfying (1.8)—(1.9) and (3.1). Then there exist constants c, = a,(b,p) and s, =
#,(b,p), such that for all 1 < k < apz the following estimate holds:

PLS, > 2} < e ()% (3.52)

Proof. The cases p=1 and p > 1 are considered in a slightly different way. If p =1, the
inequality

2
Eele g ehm

being valid for all m € (0, g) with some constant A > 0. Then the Markov inequality yields

mXi\k
P{Sr >z} < min (Eem )" = exp{ min (hm?k — mx)}

o<m<t emT 0<m<} (3.53)
o’k b b’k bxy_ bo _bo
— e 4 2 = 6( 4 )= Le 1
for k& < ;5. Thus in the case p = 1 inequality (3.52) holds with s, = g and oy = ﬁ.
If p > 1 then applying the Markov inequality we get
. k
) (Eem,Xl)k ) ]Ee’”Xl

Let us estimate Ee™*1. Setting ¢(z) = mz — baP, = > 0, we obtain

max p(z) = ((m>> b mT, ety =) T (35

bp
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and ¢(x) <0 as x> x; = (%)Til Since mx — ba? < ¢'(z1)(z — z1) = m(1l —p)(x — x1) for

x > x1, from (3.55) it follows that

EemX1 < / e dy 4 / e"a(x)dx
|z|<zy o[>z

P
< cs(b,p)mT e D™ 4 Oy (p— 1)m) 7
Then there exists a constant ¢4 = ¢4(p, b) such that for all m > 1
EemX1  eoalbr) mP=t (3.56)

Inserting (3.56) into (3.54) yields

o (bop) 3 ﬁ = k k min f, ,(m)
P{Sk > $} < mg{ e<,4( ) m —mE —e m>1 , (357)
where
_p_ x
fp7k(m):04(b,p)m7)*l 7m%a m> 1.

If we take k < apr with o, < gp%i, then fp, (1) < 0 and f;/;,k(l) < 0. Determining the minimum
of fpr we obtain

min f, x(m) = —s, (£>p

m=>1 k

with some constant s, > 0. Inequality (3.52) then follows from (3.57). O
COROLLARY 3.17. In the multidimensional case estimate (3.52) takes the form

P{ISi] > |z} < e () RO+ a5 12] = o0 (3.58)

Proof. Given a sequence of ii.d. random vectors X;, j=1,2,..., with a common
distribution density a(-), for any € S9! we consider one-dimensional random variables 6 - X -
Denote the distribution density of 8 - X; by as(s). Then

ag(s) < C(1 4 )it lsl",

Therefore, by (3.52)

||

P{S; - 0> |a|} < e (F) KO+, (3.59)

For a d-dimensional random vector X and arbitrary € > 0 one can find a finite collection of
unit vectors 61,...,0n, N = N(e,d) such that

N
{1X[ > lal} < (J{6: - X > (1 = ¢)lal}.

i=1
Then
P{|X|> |z} < N(e,d) P{0- X > (1 —¢)|z|},

and together with (3.59) it gives the desired asymptotic estimate (3.58) for P(|Sk| > |z|) in
the multi-dimensional case. ]



NONLOCAL HEAT KERNEL 871

We proceed with obtaining pointwise estimates for a**(z). Denote by F(s) the distribution
function of |Sk|, then in the case p =1 we have

oo

a*(kH)(aﬁ) <Gy /e_b(l‘”‘_s) dFy(s)
0
:01/ e~blzl=9) dFk(s)+Cl/ e v1e1=9) F () < Cre 20l 4 O P {|Sk] > L]}
0 al

Together with estimates (3.58) and (3.53), where s, = £, this yields for all k < ay|z|:
aF(z) < 20, e 5l (3.60)

The case p > 1 can be treated similarly, and for any k < ay|x| we obtain

oo

(1) (1) < O / —b(lel-9” g
a z) < e s
@) < G / (e) (3.61)
< 01672%001] + 016_%"2?’13:% < 026_;("%.
In order to obtain upper bounds for the terms of the sum in (1.11) we use estimates (3.60)—
(3.61). We denote
S(z,t) =zInt —zlnz+ z +Ina™*(x),
(3.62)
So(z,t) =zInt —zlnz+z=zlnt +z
Note that

max So(z,t) = So(t, t) =t,

and Sp(z,t) is decreasing in z as z > t. Consequently, for any ¢ > 0 and for sufficiently large ¢
we have

max So(z,t) =Sy (ct%l, t) < —&"r Int. (3.63)
zzct 2

In the case p = 1, considering the upper bound a**(x) < Cy, we get

max S(z,t) < max So(z,t) +InC; < —&t'E Int (3.64)

z>ct 2 z>ct 2

If k<ailz] = a1rt6#(1 +0(1)), then estimate (3.60) implies the following uniform in k
upper bound

“k —bla| “ bt F (140(1))
a*(z) < Cye 81" =Cy e s . (3.65)
Consequently,
. b
max  S(k,t) < So(t,t) + max In a*f(z) <t — 2t (3.66)
k<a1'rt62¢ ]c<ozl'rt%l 8

Finally, using (3.64) and (3.66), we conclude that in the case p = 1 the asymptotic estimate
(3.5) holds with ¢; = gr. Indeed,

o+1

2

X Lk xk aqrt k xk ko k

t t "

’U(.’E,t) = e_t Z GT(:L‘) = e_t Z M —+ e_t Z w
k=1 ' k=1 si1
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S+1 S+1 5+1
S+1 b e _ byt
<art ze 5 40 (e b lnt) e &2 (I+o(D) a5 t — 0.

In the case p > 1, using estimates (3.63) and (3.61), for all k < a,|z| = aprté'#(l +0(1)) we
have

max S(k,t) = max {So(k,t) +Ina**(z)}

k<ap|z| k<opl|z|

k<o 2|

o+1
t=2 P -
< max {So(k,t) — 1! } < —c](gl)té#(lnt)Tl.

In order to justify the last inequality we note that

0 = v { (k) — o o L6 o
:= argmax ¢ So(k,t) — s,r =¢ =0
B (nt)7

with a constant ¢ = é(p, §,). Then k(t) < a,|z| and, therefore,

k  xk p—1
fa”(z) ak'(x) <m0 T ),

Estimating S(k,t) for k > k(t) relies on the inequalities for the function So(k,t) similar to
those in (3.63) and the upper bound a**(x) < C;. We have for k > k(t)

k . xk . . . . 1 p—1
t ak'(w) < 0SB — kO nt-lnk®+1) ¢ et () = (1+0(1))

Finally, taking into account the fact that £ < % for all k > k(t) = ét%l(ln t)_%, we conclude
that in the case p > 1

k  *xk k  xk N 5 p—1
K<h(t) k>h(t)

(2), 81 p—1 51 p—1
+ e—t—(:p t 2 (Int) P (14o0(1)) < e—cpt 2 (Int) P (1+o(1).

Now let us consider the case of a(z) with a compact support. If (3.2) holds then

v(z,t) =e " Z M < Cretex max  So(k,t) (3.67)
) - Kl x V1 p e 0\ v, ) .
k>£t8;l k>;t 2

where Sy has been defined in (3.62). The function Sy(k,t) is decreasing in variable k as k > ¢,
hence

1 —1 s41
max_ So(k,t) = So (; = t) - —% 0= 4 o1)). (3.68)

- 2% 2
k>3

Finally, (3.67) and (3.68) imply estimate (3.6). This completes the proof of Theorem 3.2.

3.5. The region of large deviations: Proof of Theorem 3.4

The main step of the proof is obtaining pointwise estimates for a**.
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LEMMA 3.18. Let a(z) satisfy (1.8)—(1.9) and (3.1), and assume that, in the case p =1,
condition Ay holds. Then for x =rt(1+ o(1)), r € R\{0}, and for any positive constants
a1 < ag we have

a*¥(z) < e TR i 0t <k < ast. (3.69)
Furthermore, there exists a positive constant a; > 0 such that
a**(z) < e TMHAFe M) if 1 <k < ant. (3.70)
If condition (3.2) is fulfilled, then for any as

a*®(x) =0, if k < |z|, and a*F () < e~ TEIRAFM) ¢ |z| <k < ast. (3.71)

Proof. We start with the case p =1, ayt < k < ast. The kernel a*<k+1)(x) can be written
as follows:

a* " (z) = / a**(2)a(x — 2)dz + / a**(2)a(x — 2)dz. (3.72)
{z: I(2)<I(2)} {z: I(F)>1()}
Denote by A1 = {z: I(}) < I($)}, A2 = {2z :I(3) > I(%)}. Using the large deviations princi-
ple for the sum of i.i.d. random vectors, see [9], we obtain the upper estimate for the second
integral in (3.72), when a1t < k < aot:

/a*k(z)a(aj —2)dz < C1P(Sk € As) < Cyexp {—k[i)relf;‘f(p) k + o(k)} = e 1(B)hFolk) (3.73)

Az

To estimate the first integral in (3.72) we define Fy(s) = [ a**(2)dz with s € (0,1(%)k),
{z:d(£)k>s}
then we have

Fr(0) =1, Fp(oo)=0, Fp(s)=e*3TM) (k- o0). (3.74)

If we denote Ly = {z: I(%)k = s}, then dist(z, L,) is a decreasing continuous function on
[0, I(%)E], it is smooth on (0, I(%)k]. For each s € [0, I(§)k] there exists a unique z, € L, such
that dist(x, L) = |x — z4|. All these assertions are elementary consequences of convexity of the
function I. Clearly, zy = 0, 212k = T

It follows from Proposition 3.10 and estimate (3.1) that for any z,z € R?, such that
I(7) < I(%), the following inequality holds true:

(I(f)—l(f)> k < max )|VI(T)||I—Z| <blx—z| € —Ina(x — 2),

rel(§. %
where by I(z,y) we denote the segment connecting points z and y. Consequently,
e TR gz — 2) < e 1BR, (3.75)
Then using (3.74) and inequality (3.75) we rewrite the first integral in (3.72) as follows:
1($)k
/a*k(z)a(x —z2)dz < C4 /a*k(z)e_blw_zldz <O / e bdist@ L) gy (s))
0

Ay Ay

) 0 : d
_ CleideSt(%Ls)Fk(s)‘I(%)k — b / Fk(s)efbdlst(m,lls) %diSt(ZE, LS)dS
0
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= Cre el — gpe 1R+ _ o / e~ s(to(1) g—blz—z| idist(x,Lg)ds
ds ’
0

< e TRA+eM) _ oy / e~ 1(5F)k(1+0(1)) *b|a:7zs‘didist(x7Ls)ds
S
0

)k

< e H@kA+o) _ ¢ pe=1(F)R(+o(1) didist(x,Ls)ds
s

o\;‘:

< e TEHF0()) 0y peTEIRIH0()) |y o T(FIE(+o(D),

This inequality together with (3.73) imply (3.69) in the case p = 1.
To prove the upper bound (3.69) for p > 1 and a;t < k < ast we rewrite a*(*+1) () as a sum

a*F ) (z) = / a**(2)a(x — 2)dz + / a**(2)a(z — 2)dz. (3.76)
|z—z|<hkl/P |z—z|>hk1/P
The second integral in (3.76) has an upper bound

—_ P
max a(u) < Cie bhPk
lul>hk T

If the constant h > 0 is taken in such a way that bh” > I(-), then bhP > I(;-) > I(3) for
any k € [a1t, ast]. Thus, the second term in (3.76) is bounded by (3.69).
For k ~ t and for arbitrary s > 0 the first term in (3.76) can be estimated from above as
a*f(2)a(x — 2)dz < Oy / a**(2)dz < C, Pr{|S), — x| < »k}

|z—z|<hkl/P |z—z|<hkl/P

< Crexp {— Jinf I(p)k + o(k)} < e H@hFolk)

where A, ={z: |z — | < s}. Here we used the large deviations principle for estimating
Pr{|Sk — x| < »k} and continuity of I(r).
In the case p =1 and k < a1t we apply the upper bound

a(z) < A a(|x]), with some constant A > 1, (3.77)
where a(|z|) = aje~1*l is a spherically symmetric kernel satisfying (3.1) with the same b. Next
we need the following statement for one-dimensional random variables.

PROPOSITION 3.19. Let a(x),x € R, satisfy (3.1) with p =1 and condition Ay holds. Then

there exists positive constant Cy such that

a**(z) < Cre 1R+ for all k> 1. (3.78)

Proof. We represent a**+1)(z), 2 € R as follows:

0 T 00

a* ) () = / a*F(2)a(z — 2)dz +/ a*f(2)a(x — 2)dz —|—/ a*®(2)a(z — 2)dz. (3.79)

— 00 0 T
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Since I(f)k < bz, the first integral in (3.79) admits the estimate

0
/ a(2)a(z — z)dz < Cre ™ < e 1R,

— 00

For the last integral in (3.79) we apply the Markov inequality:

ok (Bt KL(v)—kyE _ —I(E)k
a™"(z)dz = P(Sk > x) < inf ~—p—"— = inf "7 % = 7", (3.80)
z yooe"k ¥

Then we get for any k£ and any = > 0

/ a**(2)a(z — 2)dz < C1P(S), > z) < Cre 1Bk,

Denote Fj,(z) = [ a**(2)dz = P(S), > ). Then the second integral in (3.79) admits the
estimate

x , x ~ ~ 0 x } ~
/a*k(z)a(m—z)dz <Gy /e_b('”_z)d(—Fk(z)) = Cre T (2) —I—Clb/e_b("‘_z)Fk(z)dz
0 0

< Cre +Clb/e_l(f)k_b('”_z)dz <Ce P 4+ Crbze TBF < Coze TH)E,

we have used here the inequalities

151G

Considering x = rt(1 4 o(1)) we obtain estimate (3.78) for all k > 1. O

forall z € (0,z), and I (%) k < bzx.

Then using (3.78) we have

a*k(x) < Akd*k(|x|) < Akefla,(%)k(lJro(l)).

Since k < ayt with a small o, then % > L—Tll > 1, and using asymptotic representation (3.26)
for I;(s) as s — oo and inequality (3.33), we conclude that for any § > 0 there exists a3 > 0
such that

a*k’(x) < Akd*k(|x‘) < Ake—b|m|(1—5) :Ake—bmt(l—&) < e—b\r\t(l—é)-&-altlnA < e—I(r)t- (381)

In order to obtain the last inequality we chose ¢ = %Iilm) . Thus (3.70) is proved for p = 1.

If p > 1 and k < aqt, then for sufficiently small oy recalling that x = rt(1 + o(1)), from the
Markov inequality (3.80) we have

x kd|
P{[Sk| > 5 |a:|} e Tk < e

I 207 Jait < 672I(T)t7 (382)

where T (s) is the rate function for the one-dimensional random variable |X|. Here we used
the fact that the function J(a) = al(2) is decreasing in « € (0, 1], that is a consequence of

convexity of I(s). Moreover, by (3.27) we have J(a) — oo as o — 0+. Then using (3.82) we
conclude that for a small enough constant a; > 0 we get
a* () = / a*f(2) a(x — 2) dz + / a*f(2) a(x — 2) dz
|zI<5 2| |2]> 5 ||

x| \P (Ll ya _p( 1zt — a ~ o —
< e () e TEN < 03 4 0o TN < Ghe!
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This completes the proof of estimates (3.69) and (3.70).
The first relation in (3.71) is evident. The proof of the second one is based on the same
arguments as those used in the case p > 1. (]

Combining Stirling’s formula with the estimates of Lemma 3.18 we obtain the following
statement.

COROLLARY 3.20. Let the assumptions of Lemma 3.18 be fulfilled. If x = rt(1 + o(1)), then
for all k such that ant < k < aot with arbitrary positive numbers as and «aq, estimate (3.69)
implies that

tk *k(:v)
k!
ast — oo, where S(k,t) = klnt — kInk +k — I(5)k.

<exp{k Int—klnk+k— I(k)k +o(t)} = exp{S(k,t)+ o(t)}, (3.83)

Recalling the definition of &, in (3.8) and the function ® in (3.9) we have

. 1
e tHSED — exp {t (—1 + g—(l +Ing&, — I(fﬂ))) } = exp{—D(r)t}, (3.84)
where £ = argmaxS(z,t). If © = rt(1 + o(1)) as ¢ — oo, then the following upper bound
tha*k () :
—t —&(r)t(1+0(1))
e o <e (3.85)

is valid for all k£ from the interval k € (aqt, ast).
To estimate v(z,t) from above we decompose the sum in (1.11) into three parts:
tk “k( oot tk <k ( tk “k(

et Y =t Y ety — (3.86)

k<ait k=aqt k>ast

For the first sum in (3.86) we apply upper bound (3.70). This together with (3.84) yield
a* () < e~ 1Ol — o= 1+S(LDFolt) ¢ =t+S(30+olt) — o= R(MU(1+o(1) (3.87)

because —I(r)t = S(t,t) — t, and max S(z,t) = S(2,t) with 2 > t. Consequently,

z
ait tka*k(aj)
k!

et e 2(Mtl+o(1) as t — oo. (3.88)
k=1

For the third sum, if & > ast with as > 2 then we have

ﬁ < tazt (az—az Inasz)t
K (o) '
Choosing s > 2 such that 1 — as + as Inas > ®(r), we obtain
- tka*k‘ T B e -
et Z k‘( ) < 016( 14+as—as Inas)t <e @(r)t. (389)
k>2t

It remains to estimate the second sum on the right-hand side of (3.86). To this end we use
(3.85), then

= tha* (x) B (r)t(140(1 ®(r)t(14o(1
e’ Z i < agte”PMt+e) — o=@ (Mt(to(1) t — oo. (3.90)

k=ajt
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Finally, in the region = = rt(1 + o(1)), r # 0, from (3.88)—(3.90) we deduce:

v(z,t) < e PN o0, (3.91)

For a(x) with a finite support we take a; = r/p in (3.86). Then the first sum on the right-
hand side of (3.86) does not contribute. Estimating the two other sums relies on (3.85), (3.89)
and (3.90) like in the case p > 1. This completes the proof of (3.12).

It remains to show that the function ®(r) satisfies the asymptotic relations in (3.13)—(3.17).
Considering the properties of the function I(r), in particular (3.30), it is easy to see that
& =1- % + o(r?), as r — 0. Recalling now the definition of ®(r) in (3.9), we finally obtain
asymptotic formula (3.13).

The asymptotics of ®(r) for large r depends crucially on the rate of decay of a(x) at infinity.
We start with the case, when a(z) satisfies (3.2). Then from Proposition 3.10 it follows that
I(¢r) = oo for all €|r| > p. Then the solution &, of equation (3.8) satisfies the inequality &, < ﬁ
By the definition of ®(r) we have

@(r)zl—é—&-élné—i—é[(r{r)};(ln;—l),

Therefore, for large enough 7,

®(r) > min z(lnz-1)= Irl <ln|T| - 1) ,
ze(lrl o) 1% %

w0

and we obtain (3.17).

Since the principal term on the right-hand side of (3.32) only depends on |r| as r — oo,
then in the case p > 1 for the solution &, of equation (3.8) we have &. = £, (14 0(1)), as
r — 0o. Therefore, we can reduce the general case to the spherically symmetric case (or the
one-dimensional case). Note that for any p > 1 condition Ay, implies (3.37). The next statement
describes the asymptotic behaviour of &, for large r under the assumption that (3.1) and (3.37)
hold true.

PROPOSITION 3.21. Let (3.1) and (3.37) hold. Then
u(s) :=8& — 00, as s — 0. (3.92)
If p > 1 and condition Ay, is fulfilled, then

(Ins)'/»

& =h, (I4+0(1)), as s— oo, (3.93)

where h,, is a constant depending on p and b.

Proof. We first prove (3.92). If we assume that u(s) is bounded: v = u(s) < a, then for all
s > 0 the function In &, is bounded from below:

Iné = I(u) —ul'(u) > I(a) — al’(a) > —oo. (3.94)

We have used here the facts that J(u) = I(u) — ul’(u) is a decreasing function on [0, +00), and
due to condition (3.37) the functions I(u),I’(u) are finite for all w > 0. On the other hand,
u(s)

Inés =In—= <lna—Ins.
S

For large s this inequality contradicts (3.94). This proves (3.92).
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The function J(u) = I(u) — ul’(u) < 0 is negative for all u > 0, because J(0) =0, J'(u) <0
for u > 0, and J'(u) < 0 for 0 < u < ko with some kg > 0. In the case p > 1 combining this
inequality with (3.8), (3.26) and (3.92) we conclude that

1
lng— = b(p—1)(r&)" (1 +0(1)), s— oo.
Consequently, we get (3.93) in the case p>1: & = hpw(l +o(1)) with
hy = (b(p — 1))~ O

Inserting (3.93) into (3.9), we finally obtain asymptotic formulas (3.16) and (3.22).
In the case p = 1 using (3.8) and (3.31) for large r we get

1 1
O(r)=1- € (I+In& —I(&r)=1——+b|r|(1 +0o(1)).

According to (3.92) we have u(r) = |r|{, — oo as |r| — oo, consequently,

E% = o(|r|). Thus,

1

e 0, and

O(r)=0blr|(1+0(1)) as |r] = oo,

and asymptotic formula (3.15) is proved. Theorem 3.4 is completely proved.

3.6. The region of large deviations: Proof of Theorem 3.8

In order to justify the asymptotics in (3.24) it suffices to prove that for x = r¢(1 4+ o(1)) we
have

e~ ML) ¢ v(z,t) < e—é(r)t(1+l/2(t)>, (3.95)

where v;(t) — 0 ast — oo, j = 1,2. Since the upper bound has already been proved, see (3.12),
we proceed with the lower bound. Denote # = z/t. Then 7 = r(1 + 0(1)) as t — oc.
From the definition of £, in (3.8) by the implicit function theorem we obtain that &, is a
smooth function of r. So is r¢,. Letting r§ = &r and r* = &+, we then have r* = r§(1 + o(1)).
We define v*(r*) € R? as a solution to the equation VL(v) = r*. By Proposition 3.13 this
equation has a unique solution. Moreover, v*(r*) is a smooth function of 7*. In particular,
Y =7 rg) =7 (r*)(1 + o(1)), as t — co. We recall, see Proposition 3.13 again, that for a

random variable X~ with the density a,«(z) = a(i)(i)m its expectation is equal to r*.

Consider a family of densities a-(x) = a~ (z 4+ r*) and the corresponding random variables
X’Y* = X"/* —r*.

LEMMA 3.22. There exists a neighbourhood O of ~; in R? such that for all v* € O the
density a~ possesses the following properties:
(a) @,-(z) < Ce Ml for some pp > 0 and C > 0;
(b) the matrix
oi; (") = / i jay () d
Rd
is positive definite, o(v*)¢ - ¢ > p1|¢|? for some p; > 0 and for all ¢ € R%.

The constants u, pp and C do not depend on the choice of v* € O.

Proof. If p =1 then under condition Aj we have || < b. We can choose sufficiently small
neighbourhood O of ~; in such a way that the inequality b — |v*| = 1(b— |7¢)| holds for all
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7v* € O. Tt is clear that A(y*) > C >0 for all v* € R%. This implies, in view of (3.1) and
the definition of @,-, the first statement of lemma with p; = 1(b— [7g]). If p > 1, then this
statement is obvious.

The second statement of Lemma is a straightforward consequence of the first one. Indeed, it
follows from (a) that there exists Ry > 0 such that

/ Gy (x)dx >
QR

for all v* € O, here Qr, stands for the ball of radius Ry centred at the origin. Then for any
0 € S9! we have

(SIS

R4 Qro \Is
where Ils = {x € QR, : |z - 0] < d}. Due to (a) there exists §y > 0 such that fHéo Q- (x)de < &
for all v* and for all § € S¢~!. Therefore,
/ (z-0)%a,-(z)dz > 163
Qry\Is,
This yields (b). O

It follows from Lemma 3.22 that the local limit theorem applies to a family of i.i.d. random
variables with the density a.«, see [4, Theorems 19.1 and 19.2]. Therefore,

@k (0) = (2rk) " Eo(v") 7 (1 + (1)),

as k — oo, and
atf(kr) = (27k) " F|o(v*)| 7 (1 + o(1)). (3.96)

Moreover, by [4, Theorem 19.2], the convergence is uniform in v* € O.
According to (3.41),

a** (kr*) = a2t (kr*)e 1k,

Take k = [é;]’ where [-] stands for the integer part. Then kr* = rt(1 4 o(1)) = 2(1 + o(1)), as
t — oo. Considering (3.9), (3.84) and (3.96) and the fact that the convergence in (3.96) is
uniform in v* € O, we conclude that, under this choice of k,

k
%a*k(kr*) _ a’?lj(kr*)e—fb(f)t(l-&-o(l)) — o~ ®(M)t(1+0(1)

This yields the desired lower bound in (3.95).
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