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Abstract
In this paper we obtain the homogenization results for a system of partial dif-
ferential equations describing the transport of a N-component electrolyte in
a dilute Newtonian solvent through a rigid random disperse porous medium.
We present a study of the nonlinear Poisson—-Boltzmann equation in a random
medium, establish convergence of the stochastic homogenization procedure
and prove well-posedness of the two-scale homogenized equations. In addi-
tion, after separating scales, we prove that the effective tensor satisfies the
so-called Onsager properties, that is the tensor is symmetric and positive defin-
ite. This result shows that the Onsager theory applies to random porous media.
The strong convergence of the fluxes is also established. In the periodic case
homogenization results for the mentioned system have been obtained in Allaire
et al (2010 J. Math. Phys. 51 123103).
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1. Introduction

The quasi-static electroosmotic phenomena in porous media are present in many problems of
applied interest. As examples we mention electromigration of solutes (see for instance Ottosen
et al [43]), dewatering (see Mahmoud et al [34]) and permeability reduction in concretes (see
Cardenas & Struble [16]).

We consider a porous material saturated by an N-component dilute electrolyte. The solid
surfaces of the porous skeleton are electrically charged, attract ions of the opposite charge and
repel the ones of the same charge. Simultaneously an external electrical field E and a body
force f are applied, generating a hydrodynamical flow, a migration of ions and creation of an
electrical double layer.

The modelling of phenomena at the pore level is well understood (Lyklema [33],
Karniadakis et al [30]). The porous media are heterogeneous and have a pore structure con-
sisting of a very large number of pores. In studying flows generated by the electro-osmotic
phenomena, the pore size is of the same order as the size of the Debye layer (=100 nm).
Solving the partial differential equations of the model is a difficult task even for simple geo-
metries and out of reach for realistic porous media with nanoscopic pores. The remedy for
the complexity of the problem is to homogenize or upscale the equations posed at the pore
scale and derive a new upscaled system valid at every point. The microscopic geometry would
influence the effective coefficients.

The homogenization approach allows finding out how close the solutions to upscaled model
are to those of the original physical equations, given at the pore scale. In the existing literature
on the charged porous media, the homogenization technique was mainly applied under the
hypothesis of the periodic porous media and for the so-called ideal model, i.e. with ions at
infinite dilution. There are works which concern the study and homogenization of the Nernst—
Planck—Poisson system (see for instance Ray et al [44, 45] and Schmuck ef al [46-49]).
In the physical chemistry literature, its semi-linearized form, due to O’Brien & White [42],
replaces the full model from Lyklema [33] and Karniadakis et al [30]. Looker & Carnie stud-
ied O’Brien’s model using the two-scale expansion in [32]. They derived constitutive laws
linking the effective fluxes with the pressure gradient and the gradient of the chemical poten-
tial. In addition, the Onsager tensor, containing the effective coefficients, was obtained. The
rigorous convergence result for the homogenization process is due to Allaire et al [7], where
the positive definiteness of the Onsager tensor and its symmetry were proved too. A numer-
ical and qualitative analysis of the effective coefficients is in Allaire et al [9]. The results of
Looker and Carnie [32] and Allaire ef al [7, 9] support findings in the earlier work of Adler
et al [2, 18, 24, 35], on the particular flows and the computation of the effective coefficients
forming Onsager’s tensor.

The electro-osmotic phenomena are important also in deformable porous media, like clays.
For the homogenization studies of the electro-osmosis with swelling, using two-scale expan-
sions, we refer to the series of articles by Moyne and Murad [36—40]. A further reference is
the work of Dormieux et al [19]. A rigorous homogenization of the electro-osmotic flows in
deformable porous media, with a derivation of the Onsager relation and determination of the
swelling pressure, was obtained in Allaire ef al [11].

We note that models that are more realistic involve electrolytes at finite dilution. Several
complicated mathematical models were developed to take into account the finite size of the
ions. One of them is the Mean Spherical Approximation (MSA) model (Dufréche et al [20]).
Its well-posedness and homogenization was studied by Allaire et al [10].
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Finally, the effects of nonlinearities were studied for equilibrium solution (Ern et al [21],
Allaire et al [8]).

The realistic materials have random geometric structures, and questions related to the
upscaling of the electro-osmotic flows in such materials were studied only through numerical
simulations. We mention the publications of Adler and al in [2, 18, 35], where the electrokin-
etic flows through random packings of spheres and ellipsoids were considered.

The goal of the present paper is to study upscaling of the ideal model describing the trans-
port of a dilute N-component electrolyte in a rigid random porous medium. We first briefly
recall the dimensionless equations, which were the starting point for the periodic homogeniz-
ation in [7, 9, 10]. Since the modelling and derivation of the dimensionless form were under-
taken in detail in these references (and especially in [10]) we do not dwell on the subject and
simply start with the dimensionless ideal model equations from the above references.

The (dimensionless) equations are given on a typical realization of the porous medium G,
the meaning of the quantities used in these equations can be found below in table 1. If w takes
values in the probability space, we denote by G7 (w) arealization of the pore space, which is
an open set filled with a fluid. Here ¢ is a small positive parameter defined as the ratio between
the pore size and the size the material area. The equations then read as follows:

N
e2Au® — Vp© =" — sznf (x) V¥ in G (w), (1)
j=1
u® =0on IG;(w), divu®=0 in Gf(w), )
N
—S AV =B “znf(x) in Gf(w); A3)
j=1
eVU®.v=—N,0on IG;(w)\dG, ¥ =—-T* on G, 4)
div (nfVin(nfe" ) — Penfu®) =0in G (w), (5)
Vin(nfe” %) v =0o0n 0G}(w). (6)

System (1)—(6) is the dimensionless model that we will homogenize in the sequel. More
precisely, we will undertake study of its O’Brien’s semi-linearized form. We assume that all
constants appearing in (1)—(6) are independent of ¢, namely N, and Pe; are of order 1 with
respect to €.

For the comfort of the reader, we recall the meaning of the unknowns (which are dimen-
sionless in our equations) on table 1.

In section 2, we recall in section 2.1 the basic results on the stochastic two-scale conver-
gence technique, which will be used to prove convergence of the homogenization process in
random geometry. In section 2.2 their partial linearization in the spirit of the seminal work of
O’Brien & White [42] is given. The section is completed with section 2.3, where the well-
posedness of the nonlinear Poisson—-Boltzmann equation in a random geometry is studied
(see theorem 11). In section 3, we undertake stochastic homogenization of the linearized elec-
trokinetic equations around equilibrium (theorem 16). The scale separation and derivation of
Onsager’s relations, linking the ionic current, filtration velocity and ionic fluxes with gradients
of the electrical potential, pressure and ionic concentrations, are the subject of section 4. In
proposition 24 we prove that the full homogenized Onsager tensor is symmetric positive def-
inite for disperse random structures. The article is concluded with section 5, where in theorem
28 we prove strong convergence of the velocities and the ionic fluxes.
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Table 1. Description of the parameters and the unknowns.

SYMBOL QUANTITY

Pe; is the Péclet number for jth electrolyte component
n; ith concentration

ni € (0,1) ith infinite dilution concentration

u Fluid velocity

p Fluid pressure

l Pore size

Ab Debye’s length

B=(¢/ ) Ratio of the pore scale to the Debye’s length
No Ratio of the pore scale to the Gouy length

L EL Jjth electrolyte valence

o Given surface charge density

f* Given applied force

\ Electrochemical potential

pext Exterior potential

2. Description of the problem and of the results

In this section we give a precise formulation of our microscopic problem (the e-problem) and
of the results.
We start with defining the geometrical structure.

2.1. The stochastic two-scale convergence in mean and a random porous medium

Let (2, Z, P) denote a probability space, with probability measure P and sigma-algebra =, the
symbol [ stands for the corresponding expectation. In what follows L?(€2) is supposed to be
separable. We assume that an ergodic dynamical system 7 with n-dimensional time is given
on {, i.e. a family of invertible measurable maps 7 (x) : Q — €, for each x € R", such that

1. 7(0) is the identity map on 2 and 7 (x; +x2) =T (x1)7 (x2) for all x;,x, € R”;
2. VxeR"and VE € =,

P(T (x)"'(E)) =P(E), i.e.P isan invariant measure for 7 (endomorphism property).

3. VE € Z the set {(x,w) € R" x Q : T(x)w € E} is an element of the sigma-algebra £ x =
on R" x ), where L is the usual Lebesgue o-algebra on R".

4. T is ergodic, i.e. any set E € = such that P((7 (x) EUE) \ (T (x)ENE)) =0, Vx € R" sat-
isfies either P(E) =0 or P(E) = 1.

With the measurable dynamics introduced above we associate a n-parameters group of unit-
ary operators on L?(2) = L*(£2, =, P), as follows

(U@ (W) =AT (xw),  feL ().

The map x — U(x) is continuous in the strong operator topology, see for instance Jikov et al
[29].
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Next, let € = be such that P(F) > 0 and P(Q2 \ F) > 0. Starting from the set 7, we define
a random pore structure F(w) C R", w € Q. It is obtained from F by setting

Flw)={xeR": T(x)we F}. (7

In what follows we suppose that F(w) is open and connected a.s. (for almost all w € 2). In a
complementary way, the random rigid skeleton structure M(w) is introduced by setting

M=Q\F,  Mw)=R"\Fw). @)

We assume that a.s. M(w) is a disperse medium, i.e. a union of mutually disjoint components,
called grains, satisfying the following conditions:

R1. A.s. M(w) is a union of non-intersecting C2-smooth bounded domains.

R2. The curvature of the boundary of these domains admits a deterministic upper bound.

R3. The distance between any two domains is greater than a positive deterministic constant.

R4. The diameter of any domain is not greater than a positive deterministic constant.

RS. There exists ry > 0 such that a.s. any ball of radius ry in R” has a nontrivial intersection
with M(w).

Under condition R1. the connected components of M(w) can be enumerated, so that
M(w) = M(w).
j=1

In connection with the random set M(w) we introduce a homothetic structure M, (w), w € €,
by
M.(w)={xeR": e~ xe M(w)}. ©)

For more details on the homogenization of linear partial differential equations (PDEs) in per-
forated random domains we refer to the monograph Jikov et al [29].

Remark 1. The system considered in (1)—(6) is a rather complicated system of nonlinear
equations that requires essential technical work when obtaining a priori estimates and passing
to the limit. Due to this reason, in order to make the presentation clear, we preferred to consider
random disperse media that admit deterministic estimates of their geometric characteristics,
such as the distance between inclusions and their diameters. We strongly believe that, using
the approaches developed in recent articles [25-27] (see also the earlier pioneer work [23]),
one can consider a wider class of random geometries and generalize the results of this work
to the case of more general random perforated domains.

Here we provide several examples of random disperse media.

E1. Random perturbation of periodic structure. Let ¢/, j € 7", be a collection of independent

and identically distributed (i.i.d.) random vectors in R” taking on values in [—%, }J”. Denote

by ¥, j € 7", a collection of i.i.d. random variables such that % <P < %, and by 1 a random

vector that is uniformly distributed on the cube [— %, %]” and independent with respect to ¢/ and
#. Taking for M(w) the union of balls centred at j + ¢/ + 7 of radius ¥ we obtain an example

of random statistically homogeneous disperse medium. In this case M = {w : 0 € M(w)}.

E2. Bernoulli spherical structure. Consider a collection of i.i.d. random variables &, j € Z4,
with values 0 and 1, and an independent vector 7 uniformly distributed on [—%, %]" We say
that a vertex j € Z" is open if & = 1, and closed if & = 0. We then define M(w) by
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w o 1 W 1
M(w) = U xeR :x—J—U|§2}U . U {xeR .|x—j—77|<4}.
jis open jis closed

Then we set M = {w : 0 € M(w)}.

E3. Poisson spherical structure. Let P be a Poisson process in R” with intensity one, the
averaged density of points is equal to one. By definition P is a random locally finite subset of
RR” such that for any bounded Borel set G C R" the number of points in 77 N G has a Poisson
distribution with intensity |G|, and for any finite collection of bounded disjoint Borel sets
Gy, ...,Gy the random variables defined as the number of points of P in each of these sets are
independent.

Denote the points of P by zx, k =1,2..., the cells of the Voronoi tessellation generated by
{zx} are denoted Zy. Given r > 0 we choose those z; for which the ball of radius 2r centred at
2 belongs to =y, and for chosen z; denote the union of balls {x € R : [x — z| < r} by M(w).
Again, M = {w : 0 € M(w)}. Notice that in this case all the inclusions are balls of radius r.

By construction the random domains M(w) defined in the first two examples are station-
ary and satisfy conditions [R1.]-[RS5.] that is in both examples M(-) is a random disperse
medium. To analyse the ergodic properties of these media we consider for the sake of definite-
ness the second example and introduce a probability space by setting = {0, 1}%" and taking
the cylindrical o-algebra = and the product measure P. It suffices to check the ergodicity for
the integer shifts only. We then define 7 by T.w(:) = w(- +2), z € Z". It is straightforward
to show that this dynamical system is ergodic. Indeed, if there exists a measurable invari-
ant set A such that T;(A) = A, then for any § > 0 there exists a set A5 supported by a finite
number of z € Z" such that P(AaAs) < J; here A stands for the symmetric difference. Since
T preserves measure P, P(AAT;(As)) < d for any z € Z". For sufficiently large zo we have
P(ANT,(A)) =P(A) and P(As N T, (As)) = (P(As))?. Therefore, P(A) is equal to either 0
or 1.

The ergodicity of the medium in the first example can be checked in the same way.

The random medium introduced in the third example is stationary, ergodic and satisfies
conditions [R1.]-[R4.]; however, condition [RS.] fails to hold. Filling large empty areas with
a regular grid of balls one can rearrange this random medium to make condition [RS.] also
hold.

Notice that in all the above examples the balls can be replaced with smooth bounded
domains whose geometry might be random and should satisfy a number of natural conditions.
For more examples see Bourgeat et al [15].

Let G be a smooth bounded domain in R”. After having chosen the random structure in R”,
we set

Gi ={xe G : dist(x,0G) > ¢}. (10)
The random fluid filled pore system in G given by
Gi(w) =G\ ( J eMj(w)), (1)
jeJ(e)

where
J(E)={jeZ" : eMj(w) C G5}.

Then, the random rigid solid skeleton part of G is defined as the complement of G7 (w) in G:

G5 (w) = G\ G (). (12)
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Before giving the convergence results, we recall the definition and some properties of the
stochastic two-scale convergence in the mean (see Bourgeat et al [13] for more details).

Let D; denote the infinitesimal generator in L?(€2) of the one-parameter group of translations
in x;, with the other coordinates held equal to zero. D; is its respective domain of definition in
L*(), ie. for f€ D

0
(D) (w) = - (U (@)l—o (13)
j
Then {\/—1Dj, j =1,...,n} are closed, densely-defined and self-adjoint operators which

commute pairwise on D(Q2) = (| D;. D(Q) is a Hilbert space with respect to the scalar product
j=1

(h.8)p@) = (fig Lz(mz Dyf,Dig) 120 (14)

After (13), the stochastic gradient {Vf}, divergence {div,f} and curl {curl,f}, read as
follows

Vof = (Dif,...,Dyf)

divog =) Dig; (15)
j
curl,g = (D;gj — Djgi), i #J, i,j=1,.

In addition, we use the following spaces:

Vo () = {f € L3 (), E{f} = 0} (16)
sol(Q) {feLsol( )7E{f} :0} (17)
where Lgot( ) (respectively L2,,(€2)) is the set of all f € (L*(©2))" such that almost all realiz-

ations f{7T (x ) ) are potential (resp. solenoidal) in R"; for more details see Jikov et al [29].
Notice that L2,,(Q2)) = L2,,(Q)*.

pot

Remark 2. In the case of disperse media the functions from D(f2) vanishing on M are
dense in Lz(}' ), see [15, remark 2.4]. In the terminology of [52], F is called 7 -open in €.
Furthermore, due to connectivity of F(w), V% = 0in F implies that ¢) does not depend on w
in F. Hypothesis R1.-R3. are sufficient to make the assumptions on F in proposition 4 below
satisfied.

Next, following [13], we say that an element 1) € L*(G x ) is admissible if the function
7 (xaw> — w(%T(x)W% ()C,UJ) €GxQ,

defines an element of L?(G x ). Examples of admissible two-scale functions are elements
from C(G; L>(12)), and finite linear combination of functions of the form

(x,w) — flx)g(w), (xw)eGxQ,fe LZ(G), g€ L*(Q),

(see Bourgeat et al [13]).

The notion of stochastic two-scale convergence in the mean was introduced in Bourgeat et al
[13]. It generalizes the two-scale convergence in the periodic setting introduced by Nguetseng
in [41] and Allaire in [5]. We recall it for comfort of the reader.
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Definition 3. A bounded sequence {u®} of functions from L*(G x () is said to converge
stochastically two-scale in the mean (s.2—s.m.) towards u € LZ(G x 1) if for any admissible
1 € L*(G x Q) we have

e—0
GXxQ GxQ

im [ u(x,w)e <x, T (g) w) dxdP = / u(x,0) (x,w)dxd P. (18)

Our functions are defined on Gf (w) and not on G. It is the well-known complication appear-
ing in homogenization of Neumann problem in perforated domains. Let X be the closure of
the space Vgot(Q) in L2(Q\ M)". Motivated by Jikov et al [29] and Bourgeat et al [14], [15,
proposition 2.2] we have the following 2-scale compactness result.

Proposition 4. Let {®°} C H'(G) and {¥¢} C H'(G) be such sequences that
1951226y + ||V‘I’EHL2(G,E.(W)) <C, 19
V<] 22(6) + eIV l2(65 (w)) < C,

and assume that assumptions R1.—R4. are fulfilled.
Then there exist functions ®y € H'(G), ¥, € L*(G;D(2)), ¥; =0 on M, and ¥, €
L?*(G; X), ®; = 0 on M, such that, up to a subsequence,

X6 (@ S PTE  (w) Do ), (20)
Xc_;(w)‘l’s s.Z;s;m. U (x,w), 20
X6 () V8 25 2 [V, 0 (x) + 1 (x,0)] (22)
snge(w)vlllg s.2—_s$m. XF(W)V, T (x,w); (23)

here x r stands for the characteristic function of F.

Proof. As it was shown in [29, 52, 53], under assumptions R1.-R4. the set of all functions
1 € D(Q) such that 1) =0 on M, is dense in L*(Q2\ M), and whenever V7 = 0 in F, then
1) does not depend on w in F.

Under that same assumptions R1.-R4. the tensor .AON associated to the homogenized
Neumann problem and defined by

e abe=int [ errfar cer 24
Q\M
is positive definite. Using the above a priori estimates and the stochastic two-scale in the
mean compactness theorem from Bourgeat et al [13], we conclude that, after taking a proper
subsequence, the sequences {®°}, {X(;fs(w)VCI)E}, {T*e} and {EXG? () V¥*©} have stochastic
two-scale limits. We have then:

o P° s.2;s$m. Do (x,w)

.2—s.m.
° XGfa_(w)Vq)ES —S>m fo(x,w)
o J° S'z;sim'\lfl(x,w)

® £XGe(w) VYE s.2—_s$m. 20(x,w).
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We should find relations between ®, &y, v and z;.
Concerning the relation between & and ®, it was considered in [15, proposition 2.1], and
it was proved that

=0 on GxM and &(x,w)— V. Po(x) € L*(G;X)".

It remains to identify z.

Taking into account the ergodicity of the dynamical system and connectivity of the solid
skeleton, by the same arguments as in Bourgeat ef al [13], Bourgeat et al [15] and Wright [52],
we conclude

2o(xw)=0 on GxM and z(x,w)=xr¥(x,w)e D).
O

Remark 5. It should be noted that .A% is always positive definite in the periodic case if the
solid part is connected.

2.2. Linearization

In this subsection we follow the lead of O’Brien & White [42] and proceed with semi-
linearization of system (1)—(6). The static electric potential ¥**'(x) and the applied fluid force
f*(x) are assumed to be sufficiently small. No smallness condition is imposed on N,o and the
Poisson—Boltzmann equation (3) remains nonlinear.

After O’Brien and White [42], we write the electrokinetic unknowns as

ns (x) = n?’e (x) +6n5(x), W°(x) = U0 (x) + 60 (x),

u®(x) =u”(x) +0u(x), p°(x) =p*°(x) + 6p° (),
where n)¢, W0 u®%¢, pO€ are the equilibrium quantities, corresponding to f* = 0 and U = 0.
The § prefix indicates the size of perturbation.

At zero order, corresponding to f* = 0 and ¥**' = 0, we search for an equilibrium solution
of the form

N
u'e =0, p"* =) nfexp{—5"},
=1
n " (x) = n exp{ 50 (1)}, @

where U%¢ solves the Poisson—Boltzmann equation

N
—2AP0E = Bszn;e_zf‘I’U’E in Gf(w),

fn (26)
eV .y = —N,o on 9G; (w)\ 9G, ¥%¢ =0on 0G.
Furthermore, we assume that all valences z; are different and
n<n<...<zy, z21<0<zy. 27

It should be noted that the second relation here is crucial while the strict inequalities in the
first one can be assumed without loss of generality. Indeed, if for two species the valencies
were the same we could relabel them as the same species. We denote by j* and j~ the sets of
positive and negative valencies.

Our goal is to show that problem (26) is well posed, and that its solution admits uniform a
priori estimates and two-scale converges in G to a statistically homogeneous function being a

3843



Nonlinearity 36 (2023) 3835 A Mikeli¢ and A Piatnitski

solution to problem (37) below. To prove this we consider an auxiliary problem (38) and obtain
L>° estimates for its solution. With the help of these estimates, using auxiliary variational
problems in (45) and (46), we derive L* estimates for the solution of (26). After that, we
exploit the standard two-scale compactness arguments.

We note that problem (26) is equivalent to the following minimization problem:

inf J, 28
LPIEHWE 5(@)) (28)

with W, = {z € H'(Gf(w)) | z=0on 9G} and

N
Jo(p) = —/ |V |? dx—i—ﬁZ/ nie” 9% dx+eN, op dSs.
2 Jos () =G w) 9GF (w)

The functional J. is strictly convex, which gives the uniqueness of the minimizer. Nevertheless,
for arbitrary non-negative 3,n; and N, J. may be not coercive on W. if all z;’s have the same
sign. Indeed, in the case o =0 it suffices to take as ¢ constants of the same sign as z; and zy’s
and tending to infinity. Following the literature, this degeneracy is handled by imposing the
bulk electroneutrality condition

N
> gn =0, (29)
j=1

which guarantees that for o = 0, the unique solution is U%¢ = 0.
The second difficulty is that J. is not defined on W, but rather on W. N L*>(Gf (w)).

Remark 6. The bulk electroneutrality condition (29) is not a restriction. Actually, all our res-
ults hold under the much weaker assumption that all valences z; do not have the same sign. We
refer to [9] for the argument how to reduce the general case to (29).

Remark 7. Assume that the electroneutrality condition (29) holds true and o be a smooth
bounded function. Then, in the deterministic setting, it was proved in Allaire et al [8] that
problem (28) has a unique solution ¥*¢ € W, N L>® (Gf (w))-

Motivated by the computation of n?”s, having the form of the Boltzmann equilibrium dis-
tribution, we follow again lead of [42] and introduce the so-called ionic potential ¢ which is
defined in terms of nf by

nt = nfexp{—z (¥ + &5 + ) }. (30)
After linearization (30) leads to
onf (x) = =z (x) (59 (x) + B (x) + T (x)). 31
Introducing (31) into (1)—(5) and linearizing yields the following system
N
AU — VP* =1 = zn)*(x)(V®; +E*) in G (w), (32)
j=1
divu® =0in Gj(w), u®=0on JG}(w), (33)
Pe:
div <n;)’8(x) <V<I>jE +E*+ e-’uf)> =0in Gj(w),j=1,...,N, (34)
g

(VO; +E*)-v=00n 9G;(w)\0G, @F=00ndG,j=1,...,N, (395)
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where
E*(x) = VI (x),

the perturbed velocity is actually equal to the overall velocity and, for convenience, we intro-
duced a global pressure P*

N
fu=u, P =0p°+ sznf*f (00° + &5 + Tor) (36)
j=1

For the choice of the boundary conditions on JG, we have followed O’Brien & White [42].
It is important to remark that, after the global pressure P¢ has been introduced, §¥¢ does not
enter equations (32)—(35) and thus is decoupled from the main unknowns u®, P and ®;.

2.3. Poisson—-Boltzmann equation in the random geometry

Rescaling of the Poisson—Boltzmann equation in (26) yields its form valid in F(w) :

N

—A =5 gnie Y = —fng (V) in Fw),
o, 'y (37)

VU v =—N,o(T (y)w) on OF(w),

U0 s statistically homogeneous.

Here and in what follows we assume that o(y) = o(y,w) = o (T (y)w) with o € D(Q)N
L (w). Problem (37) does not have boundary conditions at infinity. They are hidden in the
statistical homogeneity of a solution. This means that there exists a function ¥° € L?(F) such
that ¥°(y,w) = ®°(T (y)w). We recall that in the periodic case, one can search for globally
bounded smooth solution in the space and it turns out that they are necessarily the periodic
ones.

We will show below that problem (37) is well-posed and has a unique solution and that
the solution W€ of problem (26) stochastically two-scale converges as € — 0 to the function
x6(x)®°(w) with U° being a solution of (37).

Clearly, the function ¥°(%) = WO (T (x/e)w) satisfies a.s. the Poisson—Boltzmann equation
and Neumann’s boundary condition in (26). Since we are interested in the effective bulk beha-
viour of the potential, U° (g) is in fact the desired approximation to be used in the concentration
coefficients n;.)’s of the equations (32) and (34).

In order to derive L*°-bounds for problem (26), we first handle the non-homogeneous
Neumann condition and study the following e-problem

1
—AWVE+VE=0in Gyw)= - G} (w),

1

V,Ve-v=—N,o(y) on — 9G;,(w) = U OM;(w), (38)
c jeT (&)

Ve=0on ! 0G.

Proposition 8. Let o be a bounded function such that ||o|| = aF(.)) < Co a.s. and assume
that conditions R1.—R3. are fulfilled. Then a.s. there exist constants V,, and Vy, independent
of €, such that

Vi < VE(y,w)) < Vy ae on F(w). (39)
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Proof. First, we recall that problem (38) has a unique solution V¢ € H' (GHw), V= =0 on
0G/e. We search a L*°-bound independent of €.

Under conditions R1.-R3., results from Gilbarg & Trudinger [22, appendix 14.6] yield that
the distance d is an element of C2(T), with Ty = { x € F(w) | d(x) = dist(x, 0F (w)) < 2k} and
1/k bounds the positive curvature of OF(w). We assume that 2k < min { 1,r3 }, where r3 is a
deterministic lower bound in condition R3.

Let i € C%[0,+00) be a nonnegative function such that 4(f) =0 for t > k and h’(0) =
Ny |||t (9F(w)) = Co- Then there is a constant C , independent of &, such that the function

) { h(d(x)), if dist(x,e"10GE (w)) < 2k,

£ 0, otherwise
satisfies
0<a.<C in Flw), |Aa|<C in Fw), Vya.-v=h(0)=Coon |]J oM;w).
J€I(e)
Furthermore
~A(ae +C) + (a. +C) >0,
0

a. > Nyo and a. = 0 on e~ '9G. By the maximum principle

v
Ve <a.+C<2C.
In the same way one can show that -2C <VeEL 2C and the solution V¢ of problem (38)

satisfies (39).
O

Remark 9. Let us suppose, in addition, that o is bounded in C'(9F(w)). The function V¢,
solving problem (38), is in fact the solution for the variational problem

Find V° € H' (G(w)), V =0on é OG suchthat

/ (VyVE-Vyp + Vi) dy=—No > / o dSy = —No
Gy(w) oM;(w)

> / oVd-vyp dS,
oM;(w)

j€T(e) J€T (e)
=N (ghw) Vyd- Vo + Zh(d) Ad o + Zh'(d) [9,dP + 27 -V, h(d)so) dy.
G(w) \Co Co Co Co
(40)
In addition to estimate (39), we have
[ v r+ v R ar < Gl (as)in v @
Gr(w)

here and later on the notation |B| is used for the volume of a set B C R”". Estimates (39) and (41)
allow passing to the limit € — 0 of the sequence {V*}.

Having L*°-bounds for the solution of auxiliary problem (38) allows proving existence of
a bounded solution to problem (37).
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We start with the e-problem:

N
AT =B gnfe I = —Bny(TF) in Gylw),
j=1

1 (42)
V,¥¢.v=—N,o(y) on z 0G;, (w),

¥¢=0on 19G.

Theorem 10. Under the electroneutrality condition (29) and hypotheses R1.—R4., a.s. there
exists a unique solution V¢ € H'(Gy(w)) NL>®(G(w)) of problem (42), such that

/ (IV, 0= + |07 ) dy < CGy(w)], (43)
Gy(w)
2| (Gy(w)) < C, (44)
where C is a deterministic constant, independent of .
Proof.
Step 1.

Let L > 0 be a sufficiently large constant to be specified later on. We introduce the cut-off
nonlinearity n,, by

np(z) for |z] <L;
n, (2) =19 nu(L)+z—L for z>L; (45)
ng(—=N)+z+L for z<—-L.

The cut-off functional is defined by

1 (> (>
JL(so)—z/G( )lvywzdyw/c( )mp)dy/c( Vit WV Vi) dr,
rlw rlw rlw

> = Y m(0) for |g <L
Jjertui- Jjeimuit

> om(L)+n (L)(Z_L)+1(Z_L)2_ > m(0) for z>L;
L) =q £ 7 & 2 L ’
je€itui— j€imuit

Z nj(—L)+nH(fL)(z+L)+%(Z+L)2— Z nj(0) for z< -—L.

JEItyjT JEimUit

Then the problem

min /() o

where W= { ¢ € H' (G{(w)) | ¢ =0 0n dG/e }, has a unique solution ;. Furthermore
V3Ll 726y F 102226y y) < CIGHW)I, (47)

where C does not depend on L and ¢. The latter inequality follows from the evident fact that
mir&/ Jr(¢) <0 and the lower bound I'; (z) > ¢|z|*> with a constant ¢ > 0 that does not depend
pe

on L.
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Step 2.
Our next goal is to establish L>° estimates for oy, independent of L and €. We begin with
the variational problem

[ o-v) Vo arss [ myenoa= [ vea. ey

Gr(w) Gr(w) Gy(w)
forall ¢ € H'(G{w)), »="0o0n 0G/e. We take ¢ = (p — V¢ + C,,)—, where

1
C, = Vi + —1lo (V,,,+ ) n +1>
M . g< le ZNN

J€i~

we recall that z; and zy are valences that satisfy relations (27). Inserting this particular test
function into equation (48) and using that |V — C,,| < L, yield

/( )|vy(<pL—v5+cm)_|2 dy+5/( )(nHL(gaL)—nH(VE—Cm)) (o —VE+Cyp)_ dy
Gil(w Grlw —_—

=0if ¢, >L
:/ (VE = na(VE — Co)) (o1 — VE + Co)_ dy. 49)
Gy(w)
Next
Ve —ng(Ve-C,) =V* +Zzne i(VE=Cn) > v, 4 zyn§e (Vi +z]2n
Jj€i~
1

>0 for Cp=Vu+—1lo (v +z ) ns) + 1
M . g( 12 NN )

S

and we conclude that, under a proper choice of L,

1
w@?W—W+M( @%mZ:) mw+0 > L.
ZN
Jj€i~
The upper bound is analogous.
Step 3.
With a priori bounds (47) and the uniform L°°-bounds, there exists a subsequence of ¢,
again denoted by the same subscript, and . € WNL>*(G¢(w)), such that

Vr — Ve weaklyin L*(GAw))";
oL —¢. weaklyin L*(Gpw));
oL — . weak-*in L% (Gyw));
oL — @ stronglyin  L*(Gw)),

(50)

as L — +o00. Next

. . 5 . S

lim inf Ji(pr)=lim inf J(p1)>J(ec)
and

J(8) = Ji1(0)(8) = i) (r(e)) = (), Vge W, T(g) € L' (GAw)).

Hence ¢, solves variational problem (42) and provides the minimum in the corresponding
minimization problem. The strict convexity implies uniqueness and . = W*. O
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It remains passing to the limit in problem (42) as € — 0.
We are interested in homogenization of a problem posed in G7 (w). We set

TOS (x) = U° (g) xeG. (51)
Estimates (43) and (44) then read
/ (|eVEOe 2 4 [00€?) dx < C, (52)
G (w)
199 |zoe (67 1) < G, (53)

where C is a deterministic constant, independent of ¢.

Theorem 11. Let W€ be defined by (51). Then there exists ¥° € L*(G,D(Q)) NL>(Q x G)
such that

POe S2T GOy ), (54)
eVIOe 22 g 0 (x, w). (55)

The limit function WO is the unique solution to the variational equation
/ V0. Vg dP+ 5/ nu(¥0)g dP
F F

=—N, /F (Coh(d(w))vwd(w) ‘Vug+ a)h(d(w))Awd(w)g + ah'(d(w))|vwd|2g

+

Voo
C

-deh(d)g> dP, VgeD(Q)NL™(9). (56)
0

Proof. Using a priori estimates (52) and (53) and the stochastic two-scale convergence in the
mean compactness theorem 3.7 from [13] and proposition 4, we conclude that, after taking a
proper subsequence, the sequences {¥%¢} and {¢V¥} have stochastic two-scale limits in
the mean ¥° and V,, ¥°. Furthermore, XGg (w) converges in stochastic two-scale in the mean
toward x r. '

Because of the lower-semicontinuity with respect to the stochastic two-scale convergence
in the mean of the L%-norms, 1 < ¢ < 400, and estimate (53), the LY(G x F)-norms of ¥° are
bounded uniformly with respect to . Hence, ¥° € L>(Q x G), with the same constant as in
the bound (53).

Let now ¢ € C3°(G) and g € D(Q) NL>®() . Let g°(x,w) = g(T (£)w)¢(x), 0°(x,w) =
o(T(%)w) and d@* (x,w) = d(T(%)w). Using Minty’s lemma we write the scaled back prob-
lem (42) in the equivalent form

/ /snga(u,)Vga eV (" —0") dde—i—B/ /XG;(wnH(ga)(gs —0%¢) dxdP
ol oo

+NJ/ / (ih(ds)EVds'Ev(gs — 0%+ L (h(d)EAd + (&) |V P) (g — 1)

QJG CO CO

+€VO'E
Co

- eVdh(d) (g5 — \I/O’E)> dxdP >0, VgeD(Q)NL®(Q), ¢ € CP(G). (57)
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Passing to the limit € — 0 is now straightforward (see for instance [14] and [15]). It yields

/ / Vog@)C() - Vo (g(w)C(x) — °) drdP+ 8 / /f nir(8(w)¢ () (8(@)C (x) — T°) drdP

N [ (T Tede) Velewic - ¥
o)

+ 7 (1)) o) 4 () V) P50~ 0°)
+ V) Gl () 0) ~ w")) dedP >0, Vg € D(Q) NL™(2), ¢ € C(G).

(58)

Using again Minty’s lemma we obtain that U satisfies problem (56). Due to the strict con-
vexity, W0 is unique and the whole sequence converges. Moreover, U° does not depend on x,
and, by construction, the function ¥° (T (y)w) satisfies a.s. the Poisson—Boltzmann equation
and the Neumann condition in (37).

O

Remark 12. For passing to the stochastic 2-scale limits for more complicated problems with
convex structure, we refer to Hudson et al [28].

3. Homogenization

In section 2.3 we solved the nonlinear Poisson-Boltzmann equation, for the equilib-
rium potential W< (x). It allowed computation of the equilibrium concentrations nJOE(x) =
ng exp{—z;¥"¢(x)}. Furthermore, we established that, as ¢ — 0, ¥* (x) converges stochastic-
ally two-scales to ¥°(w), the unique solution of the variational problem (56). Since the goal of
this section is to homogenize the system of linearized equations (32)—(35) and of section 4 to
establish Onsager’s relationship between the fluxes and the gradients of potentials in the bulk,
we make a further simplification of the original system and replace in the linearized system
the function n ° with n (x) = nf exp{— z]\IIO( (x/e)w)}.

The formal two-scale asymptotlc expansion method follows the periodic case (see Looker &
Carnie [32]). The fast variable is now y = T (x/e)w and the expansion of the solutions of (32)-
(35) now reads

w(x) =u’(x,y) +eu' (xy) + ...,
Pe(x) =p°(x) +ep' (x,3) + -,
of (x) = <I>0(x) —|—5<I>jl(x,y) +

We do not dwell on formal expansions and start by introducing the functional spaces related
to the velocity field and the ionic potentials:

={z€ H{(G;(w))", divz=0in Gj(w)}, W ={z€H'(G;(w)), z=00n G}

Then, summing the variational formulation of (34) and (35) with that of (32) and (33)
(weighted by zf /Pe;) yields a.s in w the variational formulation for the coupled problem that
reads

W*)Vsuch that

Find u® € H® and {®]}=1. v € (
(£, (&4a1) (59

a((u, {5}, (& {})) =
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for any test functions & € H® and {¢;};j=1,..n € (W*)"; here

N
(' 0] (o) = [ wueveans g [ ve - Ve
i=1 v

' w

N 2
Zy
L n.Vos . Cdx
+Zpej/f(w) AL

and

(£,(8{9}) Zz,/ w)e ~<§—Pzéjv¢j)dx—/cg(w)f*-§dx.
f

We recall that the concentrations nj(.)’s are replaced with the statistically homogeneous concen-
trations 7.

Before studying problem (59), we briefly discuss Poincaré inequality in G7 (w). For a gen-
eral class of random domains, it was studied in Beliaev and Kozlov [12].

With assumptions R1.—RS., the proof of this inequality is analogous to that in the periodic
case (see Allaire [4, section 3.1.3, lemma 1.6]):

Lemma 13. Under assumptions R1.-RS. a.s. in w,
H£||L2(Gf(w))" < C€Hv€||L2(Gf5(w))n27 Vf € H(l)(G;(W))na (60)
where C is a deterministic constant.

Proof. First, we rescale &(x) to £ being defined on £ ' G Next, we extend & (x) by zero to the
complement of G(w). Let F;(w) be a subset of F(w) contained the points having M;(w) as the
closest fluid block. This way we obtain a tessellation of the whole space. Now we have Poincaré
inequality for every domain F;(w) UM;(w), with a deterministic constant independent of j.
Hence, we have Poincaré’s inequality for all j € 7(e). Next we add the complement of the
closure of the union of all domains F;(w) UM;(w), withj € J (¢),in e~ 'G. It yields Poincaré’s
inequality in e~ 'G for €, with deterministic constant independent of €. Rescaling back with
respect to €, gives inequality (60). O

Proposition 14. Let us assume R1.—R5. and let E = VY™ and £* be given elements of L*(G)".
Then variational problem (59) admits a unique solution (u®,{®5}1<jcn) € H® x (W)Y,
Furthermore, there exists a deterministic constant C, which does not depend on €, nor on
f* and E*, such that the solution satisfies the following a priori estimates

HUEHLZ(G/E(W))"+€||vu8||L2(G/€(w)) <|E*||L2 I |26 ) (61)
5 1185 ) < (I oy + I e ). ©

Proof. The Cauchy—Schwartz inequality yields continuity of the bilinear form a and the
linear form £ on H° x (H'(Gf(w))/R)". Furthermore for { =u® and ¢; = %, we find
out that the second integral (the cross-term) in the definition of a cancels. Next, because
of the L>-bounds on ®°¢, n. > C >0, for a deterministic constant C, and the bilinear
form a((u®, {®F }1<icn), (0%, {5 }1gjen)) is HE x (H'(GF (w))/R)-elliptic. Now, the Lax—
Milgram lemma implies existence and uniqueness of solution of problem (59).

The a priori estimates (61) and (62) follow by testing the problem (59) by the solution,
using the L>-estimate for ¥° and using Poincaré’s inequality (60). O
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As in section 2.3, to simplify the presentation we use an extension operator from the per-
forated domain Gy (w) into Q (although it is not necessary). Using hypothesis R1.-R4., in
analogy with the periodic case (studied for instance in Acerbi et al [1], Cionarescu and Saint-
Jean-Paulin [17] and Jikov et al [29]), there exists an extension operator 7¢ from H' (Gfs (w))
in H'(G) satisfying T5¢|G§ (w) = ¢ and the inequalities

IT° b2 ) < C||¢||L2(Gf.(w))a V(T ¢)

with a deterministic constant C independent of ¢, for any ¢ € H' (Gf(w)). We keep for the
extended function 7% ®7 the same notation ®7.
We extend u® by zero in G\Gf6 (w). Itis well known that extension by zero preserves L? and

2(6) S CIVl(as ()

W(l)’q norms for 1 < g < co. Therefore, we can replace G7 (w) by G in estimate (61).

The pressure field P€ is reconstructed using de Rham’s theorem, see Temam [51]. It is thus
unique up to an additive constant. The a priori estimates for the pressure are not easy to obtain
and in the case of periodic porous media require Tartar’s construction from [50] (see also
Allaire [3] or Allaire [4, section 3.1.3]). Here we deal with a random porous medium and the
pressure extension was constructed only for checkerboard type random domains in Beliaev and
Kozlov [12]. Nevertheless, assumptions R1.—R4. allow to construct a ‘security domain’ ¥;(w)
of the fixed deterministic size surrounding every M;(w), j € J (¢). It is such that its distance
to neighbouring solid inclusions M, is bigger than a strictly positive deterministic constant.
For instance, one can choose ¥;(w) to be the k-neighbourhood of M;(w): ¥;(w) = {x € F(w) :
dist(x,M;(w)) < k}, where k is a constant defined in the proof of proposition 8.

Then we repeat Tartar’s construction of the restriction operator, developed originally for
periodic porous media (see Allaire [4]), for every j € J (&). Next, by gluing all the pieces, the
restriction operator is defined as a continuous operator R : H)(1G)" — H}(Gy(w))". Note that
if div ¢ =01in G/, then div (R.) = 0 in Gf(w). Rescaling in exactly the same way as in the
periodic case yields the restriction operator R : Hy(G)" — H},(GJE (w))”, such that div o =0
in G implies div (R.¢) = 0 in Gf(w). VP* is then extended using duality, as in the periodic
case, and an extended pressure is P¢ is obtained and the following estimate holds

\(VPE7¢>H—1(G),H3(G)| < lelle@y +ellVellpgr) Ve e Hy(G). (63)

Furthermore, a slight modification of the argument from Lipton and Avellaneda [31] gives that
the pressure extension P° is given by

in Gf (w),

15

! / P° ineM;(w)
. (W),
[eYi(w)| Jeyi(w) l

for each i € J(¢). The results are summarized in

P = (64)

Lemma 15. Let P be defined by (64). Then (a.s.) in w it satisfies the estimates

DE 1 DE * ok
WLWGGPwm@<c@EM@~meW)

1970 < (I lzon + 1l )

Using the a priori estimates and the notion of two-scale convergence, we are able to prove
our main convergence result.

.....

Theorem 16. Let us assume RI.-RS5. Let n) = nf exp{—z9°} and {u®,{®5};=1 . v} be the
variational solution of (59). We extend the velocity w® by zero in G \ Gy (w) and the pressure
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Pe by P, given by (64) and normalized by fG\Gi(w) P2 = 0. Then there exist limits (u’, P°) €
5

VX L§(G) and {®),®}}=1 v € (H)(G) x L2(G;X))N such that the following convergences
hold

v —u’(x,w) in the stochastic two-scale sense (65)
eVt — Vou(x,w) in the stochastic two-scale sense (66)
P° — P°(x) strongly in L3(G), (a.s.) inw, (67)
o — <I>](-) (x) in the stochastic two-scale sense (68)
X6t (w) VO — X}-(w){VXCI);J (x) + <I>} (x,w)} in the stochastic two-scale sense. (69)

In addition, forj =1,...,N,
XM(w)‘I)jl (x,w) =0, xmWu(xw)=0 and P’(x,w)=P’(x) ae on GxQ. (70)

Furthermore, (u°, P°, {(I)jo, (I)jl Yi=1.... n) is the unique solution of the two-scale homogenized
problem

— A’ (x,w) + Vop! (x,w) = =V, P (x) — £* (x)

N
+) " gl (W) (V@) (x) + 0} (x,w) + E* (x)) in G x F, (71)
j=1
div,u’(x,w) =0in Gx F, u’(x,w) =00n G x M, (72)
divy (E(u’)) =0in G, E*(u°)-v=0 and ®) =0 on G, (73)

—div,, (njo(w) (CD} (x,w) + Vxéjg(x) +E*(x)+ P;juo)> =0in G x F, (74)

curl, ®/ =0in G x F, (75)
0 1 0, T*) _ .
n)(w) (8] + V) +E*) =0 in Gx M, (76)
. 0l 0 * Pei .
—div,E(n/ | &; + V@ +E*(x) + —u =0in G, 77
Zj

forj=1,...,N.

Remark 17. Following the terminology of Allaire [4], the limit problem introduced in the-
orem 16 is called the two-scale, two-pressure homogenized problem. It is well posed because
the two incompressibility constraints (72) and (73) are exactly dual to the two pressures PO (x)
and p' (x,w) which are their corresponding Lagrange multipliers.

The separation of scales from the above two-scale limit problem and extracting the purely
macroscopic homogenized problem will be done later in proposition 24, section 4.

The proof of theorem 16 will follow from several auxiliary lemmas.
We start by rewriting the variational formulation (59) with a velocity test function which is
not divergence-free, so we can still take into account the pressure
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52/ Vu® : VEdx — / P5d1v§dx+Z/ — &V +u° - V)l
Gf(w)

Zj .
— n.Vof . Fdx
+ Z Pej /a_(w) ev J vd)j

N
= / n.E" - v¢,dx+2/ Gy B - dx— f'-fdv,  (78)
1Pef e 176G (w)

G ()

for any test functions £ € H(l)(G]‘? (w)) and ¢; € W=, 1 < j < N. Of course, one keeps the diver-
gence constraint divu® = 0 in G7 (w). Next we define the two-scale test functions:

E@W=¢ (0T (w)), € € CFGDQ)"), € =00n Gx M, divut (x.w) =0on Gx F, (79)

¢ = o) +ey (6T () w), ¢ € GP(6), 5 € GR(GD(), j = 1...N. (80)

Lemma 18. Let us suppose the assumptions of theorem 16 and convergences (65)—(69). Then
any cluster point {u°, P°} satisfies (70).

Proof. If we take & which is with support in M, then passing to the two-scale limit immedi-
ately gives x r((w)u’(x,w) = 0. Next we take as test function &% = e£(x, T (2w)), where & is
given by (79) and ¢; = 0, for each j, then passing to the two-scale limit gives

= / / POdiv,, & (x,w) dPdx.
GJa
Remark 2 and the ergodicity assumption on F yields P°(x,w) = P°(x) a.e.on G x (. Fora
detailed computation see Wright [52, lemma 2.4]. O

Lemma 19. Let us suppose the assumptiOns of theorem 16 and convergences (65)—(69). Then

any cluster point {u®, P° {fbjo, <I>J }i=1...n} satisfies incompressibility constraints (72) and (73)

and the variational equation

Vo' (x,w) : V& dedP — P°(x)div,& dxdP
GxXF GxXF
N
+30 [ ) (=€) (Ve + 8] (1) +0"(0) - (Ve + 5.))) dep

j=1

+ Z Pe; /fo VX(I)O( )+ (I’/l (x,w)) - (Vi + &) dxdP
— Pe} /fo %)+ (Vagi(x) + g (x,0) dXdP+Z/ Z,n, W)E" (x) - € dxdP
- £ (x) - £(x,w) dxdP, @81
GXF

for any test functions § given by (79) and ¢; given by (80). Notice that V ,7; was replaced
with the element from the corresponding closed subspace: g;j € L*(G;X).

Proof. If we multiply div u® =0 by &7, integrate over Gf (w) X F and pass to the two-scale
limit, incompressibility constraint (72) follows immediately.
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The incompressibility constraint (73) follows analogously, but with a choice of test function
E(£°) and ¢f = 0 for each ;.

Using convergences (65)—(69) and by recalling that n. = nj(»)(T(x/ €)w) we pass to the two-
scale limit in equation (78) without difficulty. O

The next step is to prove the well-posedness of variational equation (81), which by unique-
ness of the limit automatically implies that the entire sequence (u®, P*, {®7 }1<;j<n) converges.
Let the functional space for the velocity u® be given by

V={2"(x,w) € L* (G;D(Q)") satisfying (72) — (73)}.
Lemma 20. Let 1) € L3(G). Then there exists © € V such that

diviE{®} =nin G, E{©}.-v=00n 9G. (82)
Proof. Let WV be the Hilbert space given by

W={zeD(Q)"|div,z=0in F and z=0on M}. (83)

We define the random variables ' € W,i =1,...,nby
/quf AVARY dP+/ q v dIP’:/ Y dP, Vi € W. (84)
F F F
Then we have
E{qu}=/fqu" Voo dIP’+/fqi - dP = E{g}}

and for all A € R”

ZAiAJ]E{qf}Z/]EIVw (Z%q’) § d]P’—I—/fZ/\iti dP.
i=l i=1

ij=1
Hence the matrix K, = {E{ql’ }] is symmetric positive definite.
ij=l,..n
~ ;. 0q 1
Now we set © = Z q (w) e (x), where ¢ € H'(G)R solves the problem
Xi
i=1
div{K,V.q} =nin G, K,V.q-v=0on 0G. (85)

As E{©} = K,V ,q, the Lemma is proved.
We notice the analogy with Allaire [4, section 3.1.2]. O

Proposition 21. Problem (81) with incompressibility constraints (72) and (73) has a unique
solution
W, P {®) ®1},-1 ) € VX LJ(G) x (H)(G) x L*(G;X))".

J2 7

Proof. We study variational problem (81) with £ € V, ¢; € H'(G)/R and with V.,
j=1,...,N, replaced by arbitrary element of L?>(G;X). We notice that for & €V,

P° (x)div,¢ dxdP = 0. Hence we apply the Lax—Milgram lemma to prove the existence
GXF

and uniqueness of (u®,{®?,®;}) in V x (Hy(G) x L*(G;X))". The only point which requires

to be checked is the coercivity of the bilinear form. We take £ = u’, ; = @ and g; = @] as
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the test functions in (81). Using the incompressibility constraints (73) and the anti-symmetry
of the third integral in (81), we obtain the quadratic form

N 2
/ Vo (r,w)2 dvdP+ $ o / 7 ()| V@0 (x) + ®! (x,w) 2 dxdP. (86)
GxXF ) Pej JoxF

Recalling from lemma 7 that n(w) > C > 0in F, it is easy to check that each term in the sum
on the second line of (86) is bounded from below by

o [lwatwpas [ 8}y ar).
G GXF

which proves the coerciveness of the bilinear form in the required space.

It remains to prove uniqueness of the pressure P°. It is sufficient to prove that for the homo-
geneous data, P° = 0 in L3(G).

By the above result and using equation (81), we have

— 0 : _ 0 .
0_/G><]-‘P (%) div,€ ddeE”—/GP (x)E{div, £ } dx.

Hence, by lemma 20, P? is orthogonal to all elements of L3(G) and, as such, equal to zero. [

Remark 22. In analogy with Allaire [6] (see also Allaire [4, section 3.1.2]), the space V is
orthogonal in L2 (G;D(Q2)") to the space of gradients of the form V,g(x) + Vg (x,w) with
q(x) € H'(G)/R and gq; (x,w) € L* (G x F).

Proof of theorem 16: By virtue of the a priori estimates in lemmas 14 and 15, and using the
compactness of proposition 4 and lemma 18, there exist a subsequence, still denoted by &,
and limits (u%, P%,{®), ®! }1<j<n) € V X L(G) x (Hy(G) x L*(G;X))N such that the conver-
gences in theorem 16 are satisfied. Using lemma 19 we pass to the two-scale limit in (78) we
get that the limit (u°, P°, {®?, &}, ;<) satisfy the two-scale variational formulation (81).

According to proposition 21, the limit system has a unique solution and the whole sequence
converges.

It remains to recover the two-scale homogenized system (71)—(77) from the variational
formulation (81). In order to get the Stokes equations (71) we choose ¢; = 0 and ; = 0in (81).
Using corollary 2.7 from [52] we deduce the existence of a pressure field p' (x,w) in L?(G x §2)

such that

N
A+ Vop' ==V P~ 1+ " znd (V. ) + &) +E*)in G x F.
j=1

The incompressibility constraints (72) and (73) are simple consequences of passing to the
two-scale limit in the equation divu® =0 in G7 (w). To obtain the cell convection—diffusion
equation (74) we now choose { =0 and ¢; = 0 in (81) while the macroscopic convection—
diffusion equation (77) is obtained by taking £ =0 and ~; = 0. This finishes the proof of the-
orem 16. O

4. Scale separation and Onsager’s relations

The limit problem obtained in theorem 16 contains the two-scales and a large set if unknowns.
Furthermore, it is a system of PDEs in a random geometry. For the practical purposes (which
are overall the computational ones), it is important to extract from (71)—(77) the macroscopic
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homogenized problem, if possible. It requires to separate the slow (x—) and fast (w-) scale.
This was undertaken in Looker and Carnie [32] for periodic porous media. In Allaire et al [7]
their analysis was simplified and Onsager properties for the effective fluxes were established.
In addition, the scale separation results allowed establishing further qualitative properties of
the effective coefficients and eliminating the fast scale. In this article, our goal is to generalize
results from Allaire et al [7] to stochastic porous media.

The main idea is identifying in two-scale homogenized problem (71)—(77) the two dif-
ferent sets of macroscopic fluxes, namely (V. P(x) +f*(x)) and {V,®?(x) + E*(x)}1<j<n-
Therefore, we introduce two families of random geometry problems, indexed by k € {1,...,n}
for each component of these fluxes. We denote by {ek}1 <k<n the canonical basis of R”.

Recalling the definition of the space W in (83) and the space X that is given just after
definition 3, the first family of random geometry problem, corresponding to the macroscopic
pressure gradient, is

Find {v%*, @Q’k} eWxX,j=1,...,N, suchthat

/f (W) : Vit (w) dP — Z/z, w)0 (w) - € (w) dP

:/ e (W) d]P’,/ n?(w)@?’k(w)'i{j(w) d]P’+/ n (W) (w) - Gw) dP =0
F F ' Pe; F
forall§ €W and (;€X,j=1,...,N. 87

The second family of random geometry problem, corresponding to the macroscopic diffusive
flux, is for each species i € {1,...,N}.

Find {v'*,©/*} e Wx X, j=1,...,N, such that

ViV (W) : Vil (w) dP — Z z, w)O (W)€ (W) dP =2z | n)(w)e* ¢ (w) dP,
F F

-/ nﬁ’(w)(@}”‘w1;;,@<w>+vf’k<w>-<j<w>) ap= b, [ W) Zg(w) dp
F J F
forall{ €W and € X,j=1,...,N; (88)

here 0 is the Kronecker symbol. These two problems can be rewritten as follows:
Find {v%*, @Q’k} eWxX,j=1,...,N, suchthat
[ ) Vg ) ap- Z/zj )00 )- (€)= gL ) ap
+sz /f POV (w) - () dP
=1

:/ek-g(w)dp, VEEW,EeX,j=1,...,N, (89)
].'
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and

Find {v"*,0/*} e Wx X, j=1,...,N, such that

. N . . .
/Fvwvhk(w) : Vi (w) dP—jZl/}_zjan(w) (9;*(@. (g (w) — P%Q(w)) — vk (W) .gj(w)) dp

. 0 k. _ & . f_
—a [ e (g(w) pe,.@(W) 4P, VEEW,GEXj=1,..,N. (90)

Lemma 23. Problems (89) and (90) admit a unique solution.

Then, denoting the components of E* by E; we can decompose the solution of (71)—(77)
as

Wixw) =Y (—v‘”(m (5 )+ évf’kw (5+52) <x>> o1

0 N 0
2w = (—@;’”‘(w) (5 +5 ) @+ 2o (5 + 52 ) <x>> S ®

k=1

We average (91) and (92) in order to get a purely macroscopic homogenized problem. We
introduce the total electrochemical potential /5 of the linearized system as

= (@5 + 1)
and the ionic flux of the jth species

e % < P

= P—ejnf <V®f+E +Z—ju ) .
The corresponding homogenized quantities are defined as
1y (%) = =z (@) (x) + ¥ (x)),
. Zj N Pe;
ji(x) = PéE{an(w) (VXCDJQ(x) +E"+ ‘I>} (x,w) + Zjuo(x,w)> }, u(x) = E{u’}.

J J

From (91) and (92) we deduce the homogenized or upscaled equations for the above effective
fields.

Proposition 24. Introducing the flux J(x) = (u,{jj}1<j<n) and the gradient F(x)=
(VoP° {V.p;}1<j<n), the macroscopic equations are

div,7 =0 in G, (93)
J =—-BF - B(f",{0}) %94)
with a symmetric positive definite BB, defined by
k oo W
<1 IN
D D
L, —4 .. ¥
B= 2 w , 95)
Dw D
Ly -4 .. =W
21 IN
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and complemented with the boundary conditions for P° and {<I>_?}1<]<N. The matrices J;, K,
Dj; and L; are defined by their entries

{Jitu =E{v'"* -}, {K}x=E{v""-¢},

_ ik ! _ 0 0k, % 0k !
{Dji}lk—]E{ <V —&—P—J(éye +@ )) e}, {Lj}lk—E{l’lj (V —&—P—ej@] )e}

Remark 25. The tensor K is called permeability tensor, D;; are the electrodiffusion tensors.
The symmetry of the tensor 5 is equivalent to the famous Onsager’s reciprocal relations. In
the periodic case the symmetry of 5 was proved in [32] and its positive definiteness in [7].
It is essential in order to state that (93) and (94) is an elliptic system which admits a unique
solution.

Proof of proposition 24. The relation in (93) is an immediate consequence of (73) and (77).
Taking the expectation on the left- and right-hand sides of equalities (91) and (92) and con-
sidering the definitions of the homogenized functions {y;} and {j;} and of the entries of the
matrix B, after elementary computations we arrive at (94).

In order to justify positive definiteness of B we fix an arbitrary vector = (7)O, n', . ) ,
7/ € R4, and denote by v" and 9;7 the following functions:

d N
v= 3L+ |
i=1

d N
o7 =3 { e+ Lfeti .
i=1
From (89) we derive that
{v",@jn} eWxX,j=1,...,N,

and

JRZUOR X% dp—i [ameere) (ew-piow) o
+Zz,/ W)V (w) - G(w dIP—i—Z/Z, ( Ew)—n'- Pe,C(“’)>

:/no-f(w)dIP’, VEEW,EeX, j=1,...,N. (96)
].'

Substituting v7 for £ and @}’ for (; in this integral relation yields

N 2
Z.
Vv @) dP+ Y / T 0(w) |07 (w) PP
/J-' = JrPe / !

2

0 . 0 i i an
= [ MCLEDY [ e (571 - gL ejw)) ar:
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here the quadratic form on the left-hand side have been obtained in the same way as the quad-
ratic form in (86). This implies the following relation:

N 2
2 5 0 12
[ verpar+ Y [ ape)efe) +v/pap
=1
2
Z; i
= [0 Ve dP+Z/ (V') + e (O @) +) ) P

N N N
=Kn® 1’ + Z“Ufnj 0+ Z Jﬂ?j Oz Dimj + szﬂj L
j=1 i,j=1 j=1
AT AT
=B’ zm’) - (", zm') "
which in turn yields the desired positive definiteness.
In order to show that B is symmetric we consider v and @” with another set of vectors

7° {77’} "_, in R?. Then we substitute v and 0 for £ and ¢, respectlvely, in (96). In a similar

mtegral relation corresponding to 77, {1/ }jvzl we substitute 0 for £ and @f‘ for ¢;. Summing
up the resulting relations we get

/ VvV v’i+z ) 07 (w) | dP
f

3o
/77 -V V"dP+Z/ Zjn; (77 v — Pejn~®;7(w)> dP.

Exchanging 77 and 7 and considering the symmetry of the integral on the left-hand side we
obtain

Zj 7]
/77 -V V"d]P’+Z/ Zjh; (77 v”.,_Pejn.@]’](w)) dp

/n va”dIP’JrZ/ zn; (n’ v77+PZ’ 7-0] (W )> dP.

This implies the following equality

N N N
CKi Y T+ Yz | L’ + ) Dy
j=1 i=1

j=1

N N N
=i Ko+ Y i Bl + Y i | Ln® + ) Dyt
j=1 i=1

j=1
Therefore,
B,z o™ (2 aei™) = Bzt i) (0 znt o)
This yields the desired symmetry of the matrix . O
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Corollary 26. The homogenized equations in proposition 24 form a symmetric elliptic system

N
div, {K(VXPO +£) + ZJL (V, ) +E*)} =0in G,
i=1
N
div, {]Lj(VXPO + f*) + Z]D)j,(vxq)? + E*)} =0in G,
i=1
with boundary conditions (73). In particular, E* and t* € H'(G)", with o € C'(0F(w))
bounded, imply that the pressure field P° € H*(G).

5. Strong convergence and correctors

Besides the stochastic two-scale convergence of the microscopic fluxes and pressures to the
effective ones, we also prove convergences of the energies.

First, we recall that the L>-norm squared is lower semi continuous with respect to the
stochastic two-scale convergence. In our situation, where after corollary 26 the limit functions
are smooth, it can be seen through a simple direct argument. First, we notice that the formulas
of scale separations (91) and (92) imply that the functions u’(x, 7 (%)w) and @] (x, T (% )w) are
admissible. Hence from

52/Q/G|Vu€|2dxd]P’>62/Q/G\Vu0 (x,T(g)w) 2 dxdP
+2/Q/GEVUO (x,T(g)w) eV (uE—uO (xT(;f) w)) dxdP

and passing to the limit € — 0 gives

limsz//|Vu5|2ddeP>/ |V, 0’ (x,w)|* dPdx.
QJG QxXF

e—0

Similarly,

. j 2 0 0 1 2
hm//s(w)nqu)ﬂ dde>/Qxfnj(wnvx@j(x)+<1>j(x,w)| dxdP.

e—0 Q

A stronger result is

Proposition 27. We have the forj =1,.

lirrbs //|Vu5|2ddeP’ / V. u’ (x,w)|* dPdx, 97)
e—

lin})// .|V &5| dxdP = / w)| V@) (x) + @] (x,w)|* dxdP. (98)
e— 3

Proof. We follow the proof from the periodic case (Allaire [5, theorem 2.6] and Allaire et al [7,
section 5]). We start from the energy equality corresponding to the variational equation (59):

N2
Z5 .
52/G|Vuf2dx+zp{cj/cs( )n’€|V<I>f|2dx
Jj=1 (A
N2
Zj/ VA nk3 5 / a * / ok 5
=-3 "L nE*-Vede+ ) z °E - £ u®dr. (99)
ZP@J‘ (@) Z ez 7 ()

j=1 ' 7 (w)
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For the homogenized variational problem (81) the energy equality reads

/ V.u’? ddeP’JrZ / D (w)| V@] (x) + @] (x,w)[* dxdP
QxXF §1X«F
N Z'2
=S [ R (Va0 8 w))dde+Zz;/ (@)E" -u’(x,w) drdP
P Pej Joxr 2><J-'
- £ u’(x,w) dxdw. (100)
QX F

In (99) we observe the convergence of the right-hand side to the right-hand side of (100). Next
we use the lower semicontinuity, with respect to the stochastic two-scale convergence, of the
left-hand side and the equality (100) to conclude (97) and (98). O

Theorem 28. Under the assumptions of section 3, the following strong two-scale convergences
hold

T( ) ))‘zdxd]P’:O (101)

e—0

and

;igg)/ﬂ/f(w)‘v(qf(x)—@j‘?(x))—<1>} (x,T(g)w)‘zdde:O. (102)

Proof. We have

/Q/Gszw [uo (X’TG) w)} _ v ()2 dedP
[ [ (2)) e [ [ wttopaar

—2/{1/(;5[vyu0] (x,T(g)w) -V (x) dxdP + O(e). (103)

Using proposition 27 for the second term in the right-hand side of (103) and passing to the
two-scale limit in the third term in the right-hand side of (103), we deduce

sy [ [ 2[5 (w0 (7 (2)) [ om0

Now application of Poincaré inequality (60) in G7 (w) yields (101).
On the other hand, by virtue of theorem 10, nf is uniformly positive, i.e. there exists a
constant C > 0, which does not depend on ¢, such that

/Q/E_(w)/‘v(‘bfe(x)q’?(x)) (7 (%) )‘ dxdP < C
N

£(x) — B0 (x)) — B} (x,T(g)w)‘zdde. (104)
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Developing the right-hand side of (104) as we just did for the velocity and using the fact that

nL(x) = nd(T(£)w) is a two-scale test function, we easily deduce (102). O
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