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Abstract. The paper deals with periodic homogenization problem for a para-
bolic equation whose elliptic part is a convolution type operator with rapidly
oscillating coefficients. It is assumed that the coefficients are rapidly oscillating
periodic functions both in spatial and temporal variables and that the scal-
ing is diffusive, that is, the scaling factor of the temporal variable is equal to
the square of the scaling factor of the spatial variable. Under the assumption
that the convolution kernel has a finite second moment and that the operator
is symmetric in spatial variables we show that the equation under study ad-
mits homogenization, and we prove that the limit operator is a second order
differential parabolic operator with constant coefficients.
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1. Introduction

The goal of this work is to study the limit behaviour of solutions of a Cauchy
problem for nonlocal equations of the form

Ot (z,t) = A (t)u (z,1) in R% x [0,7],

(1.1)
uf(2,0) = uo(z), wup € L2(R?),
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ematics in Norway grant.
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where € > 0 is a small positive parameter that characterize the microscopic
length scale of the medium, and A%(t) are convolution type nonlocal operators
defined by

(As(t)v) (z,t) = f-_‘d%/ a(x — y),u(E ¥ i) (v(y) — v(x))dy, (1.2)

7’2
Rd € e'e ¢

where the kernel a(+) is a non-negative, integrable function that has finite second
moments, and the function u is strictly positive and bounded. We suppose
furthermore the following symmetry conditions: a(—z) = a(z) for all z € R%,
and u(&,n,s) = u(n, &, s) for all £, 7 € R? and s € RT. Also, it is assumed
that the function p is periodic in all variables. It means that the medium
has a periodic microstructure, and its evolution in time is also periodic. The
detailed conditions on the operator A° are formulated in the beginning of the
next section.

Convolution type operators with an integrable kernel are used in population
dynamics, for instance to describe the evolution of a population density, in some
models of porous media, in financial mathematics, and in some other fields. The
presence of function p is due to inhomogeneity of the medium, this function
represents the local characteristics of the medium.

In the paper we consider a model periodic problem and assume that the
environment has a periodic microstructure and that the evolution of its charac-
teristics in time is also periodic.

Differential operators with rapidly oscillating coefficients and the correspond-
ing homogenization problems have been actively studied since 70s of the last
century. There is a vast literature devoted to this topic. We refer here just to
two monographs, [1] and [3].

Recently, various homogenization problems for nonlocal operators have at-
tracted the attention of many mathematicians. The operators in which a nonlo-
cal operator is a perturbation of a local elliptic operator were considered in [4]
and [5]. The works [6], [8] and [7] deal with homogenization of Lévy type oper-
ators with non-integrable kernel, the limit operator being a Lévy type operator.

In the case of equations with time independent coefficients, homogenization
results for problem (1.1) were obtained in our previous works [9], [10]. It was
shown that the effective equation is a second order differential parabolic equation
with constant coefficients. In the non-symmetric case homogenization takes
place in moving coordinates, see [10].

To our best knowledge, homogenization problems for nonlocal convolution
type operators with time-dependent coefficients have not been studied in the
existing literature.

The goal of this work is to show that problem (1.1), (1.2) admits homoge-
nization, to describe the homogenized model and to justify the convergence. We
will show that the homogenized equation is a second order parabolic equation
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with constant coefficients, the effective diffusion matrix is defined in terms of
solutions to auxiliary periodic problems on (d + 1)-dimensional torus.

Our approach is based on constructing the three main terms of the asymp-
totic expansion of a solution to problem (1.1), the initial condition being suffi-
ciently smooth. All the terms except for the first one contain correctors which
are introduced as solutions of auxiliary cell problems. These problems are non-
standard because periodic boundary conditions are imposed not only in spatial
variables but also in time. The mentioned non-standard cell problems form the
main novelty of this work.

2. Main assumptions and the result

We assume that the following conditions are fulfilled:

C1 Non-negativity and integrability of the convolution kernel:

a(z) =0 for all z € RY, / a(z)dz = 1.
Rd

C5 Finiteness of the second moments:
/ |z|%a(z)dz < .
]Rd

C3 Uniform ellipticity: there exist = > 0 and p™ > 0 such that

+

po < p€m,s) <pt forall € m, s,

C4 Periodicity: the function p = (€, ), s) is periodic in all variables £, n and
s. Without loss of generality we assume that the period equals one for
each coordinate direction.

Cs Symmetry:

a(—z) = a(z) forall z € RY, w(z,&,8) = (&, z,s) forall z, & s.

Consider a Cauchy problem of the form

Ot (z,t) = A°(t)v° (z,t) + f(x,t) in R? x [0, T,

2.1
ve(z,0) = vo(z), 2.1)

where f € L2(R? x (0,T)), and vg € L?(R?). We recall that the operator A% (t)
has been defined in (1.2).
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According to the Schur lemma for integral operators, see [2, Appendix A],

for any ¢ € R the operator A°(¢) is bounded in L?(R?), moreover,

1A ()l 22 Ry, L2 (Rey) < 2672t
for any t € R. By the standard arguments of the theory of parabolic equations
this implies that for each £ > 0 problem (2.1) has a unique solution in the space
L>(0,T; L?(RY)).

For arbitrary functions v and w from L?(R?) denote by (v,w) their inner
product in L#(R9). Also for the sake of brevity we use the notation u(z,y,t) =
(2, 2, %) and a*(z) = a(2).

The main result of this work reads

Theorem 1. There exists a positive definite constant matrix a®® such that for
any ug € L?(R?) a solution of problem (1.1)~(1.2) converges, as ¢ — 0, to a
solution of the Cauchy problem

du = div(a*TVu), u(z, 0) = up(z).

eff

For the definition of matrix a®" see Section 3.

3. Auxiliary periodic cell problems

In what follows we identify periodic functions in R? with functions defined
on the standard d-dimensional torus; the functions periodic both in spatial
variables and in time are identified with those defined on T4+,

Consider the following equation:

855(57 S) - A(S)ﬂ(f, 5) = 0(57 S) (31)

with @ € L?(T4*1) and
ABIE.5) = [ al€ = mue.n 5B~ BE . (32

We consider the operators (95 —.A(s)) and its adjoint (—9s —A(s)) in L2(T+1).
Both operators are equipped with a domain H*(T?*; L?(T%)). The compatibility
condition for equation (3.1) is given by the following statement:

Proposition 1. Let conditions C1—Cg hold. Then the kernels of the operators
(0s — A(s)) and (—0s — A(s)) consist of constants only. Equation (3.1) has a
solution 3 € L*(T4*+Y) if and only if

1
/ 0(¢,s)déds = 0. (3.3)
0 T
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The solution is unique up to an additive constant. If the average of 3 over T¢+!
vanishes, then the following estimate holds:

181l Lo 0,1;02 (1)) < CllON| L2 (Tat1) (3.4)
with a constant C > 0.

Proof. First we show that the kernel of the operator (0s — A(s)) defined on
L2(T*1) consists of constants only. Consider a periodic solution p = p(&, s) of
the equation dsp — A(s)p = 0. Multiplying this equation by p and integrating
the resulting relation over T?! we arrive at the relation

1
3 s [ [ nEnstats =) (o9 - e, 5))*dedn =0,

Since a(-) = 0 and p(-) > p— > 0, this relation holds if and only if

1/t 2
5/0 dS/Td /Rd a(& —n)(p(n,s) = p(&, s)) dédn = 0.

Therefore, for almost all s € (0,1) we have

% /Td /Rd a(€ =) (p(n, s) — p(€, 5))*dedn = 0.

The expression on the left-hand side here is the quadratic form of the operator

pl&5) = [ ale = mp(a.s)dn = Boe.)

where s is a parameter. Since this operator is self-adjoint and the operator
p > Jgaalé—n)p(n)dn is compact in L?(T?), zero is an eigenvalue of B, and
the dimension of the kernel of the quadratic form

(Bp, p)r2(1ay = /w/w a(§€ —n)(p(n, s) — p(&S))zdﬁdn

coincides with the multiplicity of this eigenvalue. As was shown in [10], zero is a
simple eigenvalue of B. Therefore, the kernel of (95 —.A(s)) consists of constants
only. By the same reason the kernel of the adjoint operator (—9s—.A(s)) contains
only constants.

The solvability condition of equation (3.1) is a non-trivial issue. We show
that this problem can be reduced to solvability problem for some Fredholm
operator. In order to prove the second statement of Proposition 1 and justify
compatibility condition (3.3) we consider an auxiliary Cauchy problem

Ay (€, 5) = A(s)7(&,8) +0(E,5),  (6,0) =v(€), (&) €T x(0,1). (3.5)
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Clearly, equation (3.1) is solvable if and only if for some v € L?(T%) we have
~v(-,1) = v. In order to solve the equation y(:,1) = v we introduce two more
Cauchy problems. The first one reads

O — A(s)p =0, ¥(£,0)=v(§), veL*T. (3.6)

We denote by S the operator in L?(T%) that maps the initial condition v(-) to
¥(+,1). The second Cauchy problem reads

s — A(s)p =0, ¢(£,0) =0, 6 e L*(T¢ x (0,1)), (3.7)

its solution evaluated at s = 1 is denoted by ¢, g{)({) = ¢(&,1). Then the relation
~(-,1) = v is equivalent to the equation Sv + ¢ = v that can be rewritten as

(S—DNv+¢=0.

Evidently, under our standing assumptions each of the problems in (3.5)—
(3.7) has a unique solution. Moreover, the operator S is bounded in L?(T4),
and the kernel of the operator & — I consists of constants only. To define the
adjoint operator §* we consider the Cauchy problem

0,9 — A(s)9 =0, 9(,1) =v, (€,5) € T? x (0,1).

Then S*v(§) = 9(&,0). Exploiting the same arguments as above we conclude
that the kernel of S* — I also consists of constants only.

We are going to show that the operator & — I can be represented as the sum
of a compact and an invertible operators in L?(T?). To this end we introduce
the notation

Ao(s)u(€) = / (€ — (€., s)u(n) dn,

a
Rd
G(&,5) = /Rd a(§ —n)u(&,n, s) dn.
Obserbve that G is a periodic in £ and s function that satisfies the estimates
0<u” <GEs)<p' (3.8)
In problem (3.6) we make the following change of unknown function:
S
vi6s) =exp ([ Glemdr)u(e.s). (39)
0
Then the function ¥(¢, s) is a solution to the Cauchy problem

0¥ — Ag(s)¥ =0,  ¥(£,0) =v(f), (3.10)
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with

Ac()¥(6.9) = [ ale=mutensyexn ([ (66 -60.7)ar)¥.s) dy.

(3.11)
The operator that maps the initial condition v(§) to the solution ¥(¢,s), 0 <
s < 1, is denoted by M. Since the family of operators {Ag(s)} is uniformly in
s bounded in L?(T?), problem (3.10) has a unique solution for each v € L?(T9),
and the following inequality holds:

1] Loo 0,1;22(7ay) < CullvlL2(re-

Therefore, M is a bounded linear operator from L?(T%) to L*°(0,1; L?(T%)).
From (3.10) and (3.11) we obtain

1 s
we.1) =@+ [ [ate-muten e ([ (66n-6n)dr)vi.s) dnds
0 RY 0
(3.12)
The integral operator on the right-hand side here defines a compact linear oper-
ator from L?(T< x [0,1]) to L*(T%). Indeed, the kernel of the integral operator
in (3.12) admits an estimate

a(€§ —n)u(€,m, s) exp (/0 (G, m)—Gn,7)) dT) <pteale — ).

According to [9, Proposition 6], for each s € (0,1) the norm of the operator
w6 = [ ate—mutc.nsew ([ (66~ 6.m)dr)otm) dr

in L?(T%) does not exceed ||aHL1(]Rd)/ﬁe”+ = e’ Consequently, the norm
of the operator

T /01 /Rd a(§ —n)u(§;n, s) exp (/OS (G, ) — G(n,7)) dr)\I/(n, s) dnds

acting from L?(T9+1) to L?(T¢) admits the same upper bound. Approximating

a(z) in L'(R?) by functions from L?(R¢) and making use of the same arguments

as in the proof of [9, Proposition 6] we obtain the desired compactness.
Letting

k€)= [ [ ate-mmten e ([ (G€n)-Gnn)ar) Myt o) ands
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one can rewrite equation (3.12) as
U(,1)=v+ Ky,

where K is a compact operator in L?(T%) since it is a composition of a bounded
operator from L?(T%) to L?(T*!') and a compact operator from L?(T*!) to
L?(T%). In view of (3.9) this yields

Sv=1(,1) = exp ( - /01 G(&, s) ds)u—i—lClV,

with a compact operator K. The equation Sv — v = —g% can now be rewritten
as

[exp(—/o1 G(&,s) ds) —1}1/—&—]611/:—(13. (3.13)

Due to (3.8) the multiplication operator v — [exp ( - fol G(&,s) ds) - 1} v is

invertible. Since the kernel of the adjoint operator (S§* — I') consists of constants
only, by the Fredholm theorem (see e.g. [11, Ch.4, Sect.73]) equation (3.13) is
solvable if and only if

$(€)de = 0.
Td
Integrating the equation in (3.7) over T x (0, 1) and using the relation
(A(s)o, 1)L2('J1‘d) =0 for any s,

we obtain

[, otesideas= [ arerae

Therefore, condition (3.3) is necessary and sufficient for solvability of equation
(3.1).

In order to justify (3.4) we denote
5o = [ Bes)de, 8 = [ oiede,

o

B(&,s) = B, s) — Bls), 6(&,s)=0(¢, s)—b(s)

and observe that both é and 6 have zero average over T4+ if the average of @

vanishes. Therefore, 3(s) and 5 (£, s) are solutions of the equations

08— Als)f=0(s) and 9,5 —A(s)B=0(¢,s),  (3.14)
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respectively. Since 6 does not depend on £ due to the definition of A(s), see
(3.2), the first equation is reduced to 0;8(s) = 6(s) and we trivially have
1Bl Loe (ra+1y < [|0]| 2(pat1y if the mean value of 3 vanishes. Multiplying the

second equation in (3.14) by 3 and integrating the resulting relation over T4+1
yields

% /[[‘d+1 /Rd a‘(é- - 77)/1(& 7, 5)(&(77, S) — é(f, S)>2 dndfds
= 5(57 $) 0(¢, s)deds. (3.15)

Td+1

As shown above, zero is a simple eigenvalue of the operator

Aﬂﬂ:m/ (€ — ) (u(€) — v(m))dn

a
Rd

in L2(T?), and the spectrum of this operator is discrete. Therefore, by the

minimax principle, we have (A_v,v)p2(e) > CQHUHQLQ(W), Cs > 0, for any v

whose average over T is equal to zero. Here Cs is the distance from zero to the

rest of the spectrum of A_. Thus we have

/Tdﬂ /Rd a(€ —mu(&,m,5)(B(n, s) — B(E, )7 dndgds
> /Wl /Rd p=alé —n)(B(n,s) — B, s))” dndéds

>0 B ||2L2(11'd+1), Cy > 0.

Combining (3.15) with the last estimate and using the Cauchy-Schwarz inequal-
ity we deduce the estimate

|8 ||L2(’]Td+1) <0, %6 ||L2(’]1'd+1)‘

Since HBHQLQ(WH) =8 ||i2(1rd+1) + ||BH%2(W+1), we conclude that the estimate
1BllL2(rat1y < C3|0]|L2(pat1y holds. Finally upper bound (3.4) follows from

the standard parabolic estimates. Indeed, multiplying equation (3.1) by S and
integrating the resulting equation over the set T x (81,82), 0 < 81 < 82 < 1,
we obtain

1 1
SIBC, 50 agre) — 318G, 22 Bae
</’/ﬁ@M@@@m@mmmmwmmm
S1 Td

< C3|011 72 (pasay-

This yields (3.4). a
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We now introduce a vector-function, periodic in £ and s,

X = (X1(€7 5)7 X2(£ﬂ 8), R Xd(§7 S))7 X € LOO(Ov 1; (LQ(Td))d)ﬂ

whose components are defined as periodic solutions of the following equations:
06,9 = [ al€ = m(€.m. )y (1.5) =y € 5))

= [ el = mnte.n.s)a; — &) (316)

j=1,...,d. For brevity we denote the vector-function on the right-hand side of
this equation by ¢(&, s) = (q1(&, 8), - . -,q4(&, s)). One can easily check that under
our standing assumptions this function is well-defined, periodic in ¢ and s, and
belongs to the space L>(T9+1). Moreover, taking into account the symmetry
conditions, we conclude that

/ g(€,5)dE =0
’H‘d

for all s. Therefore, due to Proposition 1, equation (3.16) has a periodic solution.
In order to fix the choice of an additive constant we impose a normalization
condition

[, xes)deds =o,
Td+1

This vector-function x is called a corrector.

We also define an effective matrix a®f = {agf}4

ij Yij=1 by the formula

eff
i

(a,»j +6ji) (3.17)

N | =

a
with

1
Em—:/ / / a(&—n)u(&n&)(%(m—fi)(m—fj)—(m—&)xj(n,S))dﬁdnd&
0 Td JRA
(3.18)

Lemma 1. The matrix a°® is positive definite.

Proof. For an arbitrary vector ¢ € R? denote x¢(n,s) = x(n, s) - ¢, where the
symbol /- stands for the scalar product in R%. Then by (3.18) we have

6C-C=/1//a(£—n)u(£,n,8)
0

Td Rd
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X (%(m = &) — &) — (ni — &)x; (0, 8)) G dédnds

1
:///a(f—n)u(f,mé‘)(%(wC—€~<;)2—(77.g_g,C)Xc(ms)) d¢dnds:
0 TdRd
(3.19)

here and in what follows we assume a summation over repeating indices. Since
the positivity of the integral in (3.19) is not evident, we are going to trans-
form the corresponding integrand using the equation for the corrector so that
it becomes positive.

According to (3.16) the function . is a solution to the equation

dsx¢(&,8) — /Rd a(§€ —n)p(€n, s)(xc(: s) — x¢(& s))dn
=- /Rd a(§ =& n,s)(n-¢—&-)dn. (3.20)

Multiplying this equation by x¢(§,s) and integrating the resulting relation in
variables ¢ and s over T4 yields

///a(f—n)u(f,77,S)(%(Xg(n,8)—x<(€,8))2+(77~C—£~C)x<(£,8))dﬁdnds:0~

0 Td Rd

Considering this relation and (3.19) we obtain

///0(5—77)/1(5,7778)((77'C-ﬁ-()—(X((?%S)—Xc(&S)))?dfdnd«S
0

Td Rd

:///a(f_m“(’f’”’s)((”'c_‘5'4)2—Q(U'C—é-C)Xc(mS))dfdnds

0 Td Rd

+ / / /aos—n)u(f, 7.5 (xc (1, 8) —xe (6, )2 4200 - €€ - O)xe (&, ))dednds

0 TdRd

:///a(f*n)u(i,n,S)((n-C*E-C)Z*2(77~C*§-C)X<(?7,S))d£dnds
0 Td Rd
=2a°f¢ - ¢.

This implies the required positive definiteness of the matrix a°ff. O
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4. Main result

We pass to the main result of this work.

Theorem 2. Let conditions C1—Cs be fulfilled. Then for any initial condition
ug € L*(R?) a solution u® of problem (1.1) converges as ¢ — 0 in the space
L>(0,T; L?(R%)) to a solution u® of the following homogenized problem;

ol (x,t) = div(aeHVuo(a:,t)) in R% x [0,7],

4.1
u®(z,0) = ug(x); 1)

here a is the effective matrix defined in (3.17) and (3.18).

Proof. We use the corrector approach and assume first that ugy is a C§°(R?)
function. Then u® € C>([0, T]; S(R?)), where S(R?) is the Schwartz class. We
introduce the following ansatz:

we(x,t) = ul(z,t) + ¢ (ac ! ) vl (z,t) + 2 (x ! ) vVl (z,t); (4.2)
= =" (=, =) ;o (4

? i X c ) 62 ) c ) 62 ) Y

here and in what follows the notation VVu® stands for the matrix of partial
derivatives of u? with respect to the spatial variables:

d
i3=1"

VYV (2,t) = {9,,0,,u’(z, 1)}

Our goal is to choose a periodic vector-function y, a periodic matrix-function ¢
and a matrix a® in such a way that the norm of the difference (w® — u®) in the
space L>°(0,T; L?(R%)) tends to zero as € — 0. Recall that the vector-function
x and the matrix a®® were already introduced in the previous section.

Making a change of variables (x,y) — (m, 5’1(x—y)) and letting z = e~ (2 —
y) we can rewrite formula (1.2) as follows:

1 T T t
(A (t)u) (z,t) = = /Rd a(z)u(—, = —z, 5—2) (u(z —ez,t) —u(z,t))dz. (4.3)
Expanding u’(x —¢ez,t) and Vu"(x —¢ez,t) into a Taylor series about = we obtain

1
u’(z—ez,t) = u’(z,t) —ez- Vul (2,t) +€2/ 212j0n, 05, u’ (x —e72,) (1 — T)dT,
0

1
Vul(z — ez, t) = Vul(z,t) — 5/ 2j0,,Vu'(z — eTz, t)dr.
0

Combining the last two formulae with (4.2) we derive the following expression
for we(z — ez, t):

we(x — ez, t) = u’(x,t) — ez - Vu'(z, 1)
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1
+ &2 / 22§03, 05, u’ (z — eT2,t) (1 — 7)dr
0

x t o 1 0
+5X(g -z 5—2)<Vu (z,1) — 6/0 20z, Vu- (z — 67’Z,t)d7')
+ 62%(E -z, i)VVuO(ac, t).
€ g2

Our next goal is to compute dyw®(z,t) — A°(t)w®(x,t). Considering (4.3) and
the last two relations, after straightforward transformations we have

Opws (x,t) — A% (t)w(x,t)
= %Vuo(amt) : {85)((;5)
- fam(E ) J(E - ms) -x(F) s},
+ O’ (2, t) + VVu° (2,1) - {3s%<§, 5)
S EVCE S A S
- [ e reesex ()]s
+ R°(x,t) (4.4)
with

- r t r t
R (l’,t) = EX(E, g)atVuo(x,t) +52%<g, ?)3tVVuO($7t)
T T t
fonlEE s e

1
X / (02, 05,u’(x — e72,t) — 0y, 0,0’ (2, 1)) (1 — T)dTd2
0

T x t x t
- foaon(E s s 5)s
1
X / (02,00,u’(x — e72,t) — Oy, 05,u’ (2, 1)) d7dz;
0

here the symbol ® stands for the tensor product. According to [9, Propo-
sition 5], for any » € L?*(T*!) and for any smooth u’ whose derivatives
of any order decay at infinity faster that any negative power of |z|, we have
Rl L2mexo,r7) — 0, as € = 0. Due to equation (3.16) the first expression in
figure brackets on the right-hand side of (4.4) vanishes. Letting u° be a solution
of equation (4.1) and recalling (3.18) we have 9;u’(x,t) = aVVul(x,t), and
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(4.4) can be rearranged as
Oyw®(x,t) — A°(t)w® (z, 1)
_ 0 . z
= VVu'(z,t) {8S%<6 , s)
T x x x
B /R (207 =2 ) (5 = 20s) = (508 ez
T T 1 T ~
_ /Rd a(z)u(g, - z,s) [52 Rz—2® x(g — z,s)}dz — a}s_
+ R%(z,t) (4.5)
In view of (3.18) the compatibility condition in the equation
1 A
0.(6,5) [al2)u(6,6-2,) (6, 5) (€2, 5) + 232 (€~2.5) =] d = O
Rd

is fulfilled, and thus this equation has a solution » € (L°°(0,1;L2(']I‘d)))d2.
Inserting this solution to (4.5) yields

Ow (z,t) — A*(H)w(z,t) = R*(x,1).
Then the difference (w® — u®) satisfies the relations

Op(w® — uf) — A% (t)(w® — u®) = RE,

x x
w®(z,0) —u®(z,0) = EX(E, 0) -Vug(z) + 8%(;, 0) - VVuo(z).
If ug € C§°(R?), then
[we(-,0) = u(-,0)[| 2rey = 0  ase—0,

and || R¥|| oo (0,7, 12 (Re)) — 0.

In order to complete the proof of Theorem 2 we need a priori estimates.
Consider in R? x (0,7 a Cauchy problem

o — A*(t)v = f(z,t), v(z,0)=vp. (4.6)
Proposition 2. For a solution v¢ of problem (4.6) the following estimate holds

0%l < 0,7;22 )y < Call fllL2@ax(0,1)) + llvoll L2 (may, (4.7)

with a constant C4 > 0 that does not depend on ¢.
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Proof. The proof of this statement is quite standard and follows the line of the
proof of Proposition 6.1 in [10]. For the reader’s convenience here we provide a
sketch of the proof. Since problem (4.6) is linear, its solution can be represented
as the sum
Ve (x,t) = vy (x,t) + va(x, t),
where v; and v are solutions of the problems
O — A*(t)v1 =0, v1(z,0) = vy, (4.8)
and
Oy — A% (t)vy = f(x,t), wa(x,0) =0, (4.9)
respectively. Multiplying equation (4.8) by v1(z, s) and integrating the resulting
relation over RY x (0,t) we obtain
o1 (D)l z2mey < llvo()llp2(ray for any ¢ € [0,T]. (4.10)

Making similar computations in problem (4.9) yields

2‘//f(ac,s)vg(x,s)dmds‘

0 R4

IN

o2 (-, 172 ety

IN

t
113 ooy + [ eate )2y
0

By the Gronwall inequality we have
loa(, 122 @ay < I 72@axory e’ forany ¢ €[0,T]. (4.11)
Finally, (4.10) and (4.11) imply (4.7). a
By this Proposition taking into account the relations
|w(-,0) = u®(-,0)|| L2 (ray — O
and
1R\l o< (0,302 (Re)) — O

we have
||U€ — wEHLOO(O,T;LQ(]Rd)) —0 as € — 0.

Considering the relation ||u® — WE|| oo (0,122 (rey) — O that follows from the
structure of ansatz (4.2) we finally conclude that

. 0 o
lim [Ju® — 7| Lo (0,732 1)) = 0-

Approximating any L? initial function by a sequence of C5°(R¢) functions and
taking into account the a priori estimates proved in Proposition 2 and similar
estimates for the limit problem we derive the desired statement of Theorem 2.

O
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