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1. Introduction

The paper deals with homogenization problem for integral operators of convolution type in R? with
dispersal kernels that have random statistically homogeneous ergodic coefficients. For such operators, under
natural integrability, moment and uniform ellipticity conditions as well as the symmetry condition we prove
the homogenization result and study the properties of the limit operator.

The integral operators with a kernel of convolution type are of great interest both from the mathematical
point of view and due to various important applications in other fields. Among such applications are models
of population dynamics and ecological models, see [16], [6] and references therein, non-local diffusion prob-
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lems, see [1,4], continuous particle systems, see [7,11], image processing algorithms, see [9]. In the cited works
only the case of homogeneous environments has been considered. In this case the corresponding dispersal
kernel depends only on the displacement y — x. However, many applications deal with non-homogeneous
environments. Such environments are described in terms of integral operator whose dispersal kernels depend
not only on the displacement z — y but also on the starting and the ending positions x, y.

When studying the large-time behavior of evolution processes in these environments it is natural to make
the diffusive scaling in the corresponding integral operators and to consider the homogenization problem
for the obtained family of operators with a small positive parameter. In what follows we call this parameter
E.

The case of environments with periodic characteristics has been studied in the recent work [18]. It has
been shown that under natural moment and symmetry conditions on the kernel the family of rescaled
operators admits homogenization, and that for the corresponding jump Markov process the Central Limit
Theorem and the Invariance Principle hold. Interesting homogenization problems for periodic operators
containing both second order elliptic operator and nonlocal Levy type operator have been considered in
[2] and [20]. In [8] the limit theorem for periodic jump-diffusion driven by Levy-type noise with drift was
proved.

In the present paper we consider the more realistic case of environments with random statistically homo-
geneous characteristics. More precisely, we assume that the dispersal kernel of the studied operators has the
form A(z,y)a(z—y), z, y € RY, where a(z) is a deterministic even function that belongs to L' (R*)NLE (R?)
and has finite second moments, while A(z,y) = A(z,y,w) is a statistically homogeneous symmetric ergodic
random field that satisfies the uniform ellipticity conditions 0 < A~ < A(z,y) < A™.

Making a diffusive scaling we obtain the family of operators

o = 2 [a(*20)A(5 ) wlw) - ula)dy, 1)

€ ee
Rd

where a positive scaling factor ¢ is a parameter.

For the presentation simplicity we assume in this paper that A(z,y) = p(x)p(y) with a statistically
homogeneous ergodic field u. However, all our results remain valid for the generic statistically homogeneous
symmetric random fields A(z,y) that satisfy the above ellipticity conditions, as well as for symmetrizable
operators with A(z,y) = A(x)u(y). The latter case is considered in Section 7.1.

The main goal of this work is to investigate the limit behavior of L® as ¢ — 0. We are going to show
that the family L° converges almost surely to a second order elliptic operator with constant deterministic
coefficient in the so-called G-topology, that is for any m > 0 the family of operators (—L¢ + m)~! almost

92
OxtdxI

surely converges strongly in L?(R%) to the operator (—L°+m)~! where L° = ©% and O is a positive
definite constant matrix.

There is a vast existing literature devoted to homogenization theory of differential operators, at present
it is a well-developed area, see for instance monographs [3], [5] and [10]. The first homogenization results for
divergence form differential operators with random coefficients were obtained in pioneer works [12] and [17].
In these works it was shown that the generic divergence form second order elliptic operator with random
statistically homogeneous coefficients admits homogenization. Moreover, the limit operator has constant
coeflicients, in the ergodic case these coeflicients are deterministic.

Later on a number of important homogenization results have been obtained for various elliptic and
parabolic differential equations and system of equations in random stationary media. The reader can find
many references in the book [10].

Homogenization of elliptic difference schemes and discrete operators in statistically homogeneous media
has been performed in [13], [14]. Also, in [14] several limit theorems have been proved for random walks in

stationary discrete random media that possess different types of symmetry.
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To our best knowledge in the existing literature there are no results on stochastic homogenization of
convolution type integral operators with a dispersal kernel that has stationary rapidly oscillating coeffi-
cients.

In the one-dimensional case a homogenization problem for the operators that have both local and non-
local parts has been considered in the work [19]. This work deals with scaling limits of the solutions to
stochastic differential equations in dimension one with stationary coeflicients driven by Poisson random
measures and Brownian motions. The annealed convergence theorem is proved, in which the limit exhibits a
diffusive or superdiffusive behavior, depending on whether the Poisson random measure has a finite second
moment or not. It is important in this paper that the diffusion coefficient does not degenerate.

Our approach relies on asymptotic expansion techniques and using the so-called corrector. As often
happens in the case of random environments we cannot claim the existence of a stationary corrector.
Instead, we construct a corrector which is a random field in R? with stationary increments and almost
surely has a sublinear growth in L?(R%).

When substituting two leading terms of the expansion for the solution of the original equation, we obtain
the discrepancies being oscillating functions with zero average. Some of these functions are not stationary.
In order to show that the contributions of these discrepancies are asymptotically negligible we add to the
expansion two extra terms. The necessity of constructing these terms is essentially related to the fact that,
in contrast with the case of elliptic differential equations, the resolvent of the studied operator is not locally
compact in L?(R?).

The paper is organized as follows:

In Section 2 we provide the detailed setting of the problem and formulate the main result of this work.

The leading terms of the ansatz for a solution of equation (L — m)u® = f with f € C§°(R?) are
introduced in Section 3. Also in this section we outline the main steps of the proof of our homogenization
theorem.

Then in Section 4 we construct the principal corrector in the asymptotic expansion and study the prop-
erties of this corrector.

Section 5 is devoted to constructing two additional terms of the expansion of u°. Then we introduce the
effective matrix and prove its positive definiteness.

Estimates for the remainder in the asymptotic expansion are obtained in Section 6.

Finally, in Section 7 we complete the proof of the homogenization statements.

2. Problem setup and main result

We consider a homogenization problem for a random convolution type operator of the form

(Lyu)(z) = u(x,w)/a(w—y)u(va)(U(y) — u(x))dy. (2)

Ra

For the function a(z) we assume the following:

a(z) € L'RY) N L (RY), a(z) 205 a(—2) = a(2), 3)
and
lallp wa)y = /a(z) dz=ay <o0; o®= /|z|2a(z) dz < . (4)
Rd Rd

We also assume that
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there exists a constant ¢y > 0 and a cube B C R,

(5)

such that a(z) > ¢y forall z € B.

This additional condition on a(z) is naturally satisfied for regular kernels, and we introduced (5) for a
presentation simplicity. Assumption (5) essentially simplifies derivation of inequality (49), on which the
proof of the smallness of the first corrector is based, see Proposition 4.4 below. We notice that inequality
(49) can also be derived without assumption (5), however in this case additional arguments of measure
theory are required.

Let (Q,F,P) be a standard probability space. We assume that the random field p(z,w) = p(T,w) is
stationary and bounded from above and from below:

0<a; <plr,w) <a < oo (6)

here p(w) is a random variable, and T}, x € RY, is an ergodic group of measurable transformations acting
in w-space , T, : Q — Q, and possessing the following properties:

o Tpypy=T,0T, forallx,yERd, Tp = 1d,

e P(A)=P(T,A) for any A € F and any x € R,
o T, is a measurable map from R¢ x  to €, where R is equipped with the Borel o-algebra.

For each realization p(-,w) let us consider the following family of operators

1206) = s [o(EE0)n(E0)a(L) () - )it "

Rd

with a parameter € > 0. We are interested in the limit behavior of the operators L, as ¢ — 0. We are going
to show that for a.e. w the operators L¢, converge to a differential operator with constant coefficients in
the topology of resolvent convergence. Let us fix m > 0, any f € L?(R%), and define u¢ as the solution of
equation:

(L5, —m)u® = f, ie u® = (L5 —m) 'f (8)

with f € L?(R?). Denote by L the following operator in L?(R%):

d
2 d*u 2 2/md
Lu = jZ:l i g B D(L) = H*(RY) 9)

with a positive definite matrix © = {0,;}, i,j =1,...,d, defined below, see (103). Let ug(x) be the solution
of equation

aQ’U,() . 7 -1
S 00,25 =t e = (B o
Q=1 Kt

with the same right-hand side f as in (8).

Theorem 2.1. Almost surely for any f € L*(R?) and any m > 0 the convergence holds:

H(Li}—m>_1f—(ﬁ—m)_1f||L2(Rd) —0 as e—=0. (11)
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The statement of Theorem 2.1 remains valid in the case of non-symmetric operators L® of the form

o) = s [o(EZA(E (L) )t o

R4

with A(z,w) = A(T,w) such that 0 < a; < A(z,w) < as < co. In this case the equation (8) reads
(Lg™ =mju® = f. (13)

Corollary 2.1. Let A(z,w) and u(z,w) satisfy condition (6). Then a.s. for any f € L*(R?) and any m > 0

the limit relation in (11) holds true with L™u = Zijzl @?j%gmj, ors = (E{%})_l@, and © defined in
(103).

3. Asymptotic expansion for u°®

We begin this section by introducing a set of functions f € C3°(R%) such that ug = (L —m)~'f €
Cs°(R?). We denote this set by Sp(R?). Observe that this set is dense in L?(R%). Indeed, if we take
p(xz) € C°(R) such that 0 < ¢ <1, o =1 for x < 0and ¢ = 0 for > 1, then letting f,, = (ﬁ—m)(cp(kr\ -
n)(L — m)~! f(x)) one can easily check that f, € C§°(R?) and || f,, — f|z2®e) — 0, as n — oo.

We consider first the case when f € Sy(R?) and denote by Q a cube centered at the origin and such that
supp(ug) C Q. We want to prove the convergence

[|u® — UOHLZ(Rd) —0, as e¢—0, (14)

where the functions u® and ug are defined in (8) and (10), respectively. To this end we approximate the
function u®(x,w) by means of the following ansatz

w® (r,w) = v°(z,w) + uj(z,w) + us(z,w),
z (15)
with v°(z,w) = uo(a:)+60(g,w)Vu0(m),

where 9(2, w) is a vector function which is often called a corrector. It will be introduced later on as a solution
of an auxiliary problem that does not depend on ¢, see (22). A solution of this auxiliary problem is defined
up to an additive constant vector, and we construct 9(2, w) in such a way that a.s. 0(0, w) = 0. We also set

X (z,w) = 0(z,w) + ¢ (w), (w)= —ﬁ/@(g,w)dx. (16)
Q

Observe that under such a choice of the vector ¢® the function x*© (f,w) has zero average in ). We show in
Proposition 4.4 that ec® — 0 a.s. It should be emphasized that 6(y,w) need not be a stationary field, that
is we do not claim that (y,w) = 6(T,w) for some random vector 6(w).

Two other functions, u§ and u§, that appear in the ansatz in (15) will be introduced in (81), (91),
respectively.

After substitution v, for u to (7) we get

(L70%)(2) =

&:(i% /a(aj — y)“(f)u(g) (uo(y) + 59(§)Vuo(y) —up(x) — EQ(%)VUQ(m‘))dy;
R4
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here and in what follows we drop the argument w in the random fields p(y,w), 6(y,w), etc., if it does not
lead to ambiguity. After change of variables “=¥ = 2 we get

(Lv%)(z) = giz/a(z)u(g)u(E - 2) (uo(x —ez) — uo(x))dz

9
Rd

1 T T T (a7
+g/a(z)u(g)u(;—z) (H(E—Z)Vuo(x—sz)—H( ) Vg (x ))

Rd

The Taylor expansion of a function u(y) with a remainder in the integral form reads

1
u(y )+ | Vu(z —xz)t) - (y—x) dt
o e
1
= u(x) + Vu(z Jr/VVuer o))y —x)(y —x)(1 —t) dt
0

and is valid for any z,y € R?. Thus we can rewrite (17) as follows

(L50%)(z) =

L2t | [ 02— ) ~o(Den(E - o o
R

—HA(g)VVuo(:c) / [%Z@Z —2® 9(; - z)}a(z)u(%—z) dz + ¢ (x)
Rd

1
= inl + 5015 + d)s

with

Pe(w,w) =

/a(z)p(%)u(%—z) (/IVVUO(:E —ezt) 2@z (1 —t) dt — %VVuo(w)uz@z) dz
0

R
+ %u(;) / a(z)u(g - Z)H(%—z)(Vuo(ar —ez) — Vuo(x))dz 19)
R4
—i—u(g)VVuo(x)/ a(z)u(g - z)z ®9(§—z) dz.
Rd

Here and in what follows z ® z stands for the matrix {z;z;}¢;_;.
Let us outline the main steps of the proof of relation (14). In order to make the term I¢; in (18) equal

to zero, we should construct a random field 9(z, w) that satisfies the following equation

(—z—i—@(g—z,w)—ﬁ(g,w)) a(z)u(f—z,w) dz = 0. (20)

Rd
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The goal of the first step is to construct such a random field 6(z,w). Next we show that the second term I§
can be represented as a sum

IS = Lug + S(;w)VVuo + f5(z,w),

where S(z,w) is a stationary matrix-field with zero average, and f5(x,w) is a non-stationary term; both of
them are introduced below. We define u5 and u§ by

X
(L — m)us = fS(g,w)VVuo, (L — m)us = —f5(z,w),

and prove that |[u5]| 2®e) — O, ||u3llr2(ray — 0. Then considering the properties of the corrector 6, see
Theorem 4.1, we derive the limit relation

||€9(§)Vu0(x)”Lz(Rd) 0, ase— 0.

This yields ||w® — ugl|| — 0.
With this choice of 6, u§ and u§ the expression (L¢ —m)w® can be rearranged as follows:

(LF — m)w® = (LF — m)v° + (LF —m)(u§ + u§) = (L — m)ug + ¢ — medVuqg
= f+ ¢ — meOVug = (LF — m)u® + ¢ — medVuy.

We prove below in Lemma 6.1 that [|¢.||2(ga) is vanishing as ¢ — 0. This implies the convergence [w® —
u®|| 24y — 0 and, by the triangle inequality, the required relation in (14).

4. First corrector

In this Section we construct a solution of equation (20). Denote
T(E,w) = /za(z)u(E - z,w) dz, (21)
€ €
Rd

then r(§,w) = r(Tew), £ = %, is a stationary field. Moreover, since Eu(§ — z,w) = Ep(T:_.w) = const for
all z, then

Er(é,w) = /za(z) Eu(§ — z,w) dz = 0.
R4
Equation (20) takes the form
r6w) = [ aue - 5w) (0 - 20) ~ 0(6.w) d. (22)
Rd

We are going to show now that equation (22) has a solution that possesses the following properties:
A) the increments (,(¢,w) = 0(z + &, w) — (&, w) are stationary for any given z, i.e.

(& w) = (0, Tew);
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B) ee(f,w) is a function of sub-linear growth in L2 (R?): for any bounded Lipschitz domain @ C R¢

|o(Z)

Here and in the sequel for presentation simplicity we write for the L? norm of a vector-function just
L?(Q) instead of L?(Q; R?).

—0 as . wel.
L2(Q)

Theorem 4.1. There exists a unique (up to an additive constant vector) solution 6 € L2 (R?) of equation
(22) that satisfies conditions A) — B).

Proof of Theorem 4.1. We divide the proof into several steps.
Step 1. Consider the following operator acting in L?(Q):

(Ap)(w) = /a(Z)u(Tzw)(so(Tzw) — p(w))dz. (23)
Rd

Proposition 4.1. The spectrum o(A) C (—o0,0].

Proof. It is straightforward to check that the operator A is bounded and symmetric in the weighted space
L*(Q,P,) = L7(Q) with dP,(w) = p(w)dP(w). Denoting @ = T.w, s = —z, using stationarity of u and
considering the relation a(—z) = a(z) we get

//a(z)p,(Tzw)u(w)goQ(Tzw) dzdP(w) =

Q R4
w(@)\ (T @) (@) dz dP (&) (24)
IES
Q Rd
/ / (o) (w) ds dP(w).
Q R4

Thus

(Ag, ) / / (P(Tow) — () p(w)pa(w)d=dP (w)

Q Rd

= —%//G(Z)H(TZOJ)N<W)(@(TZW) - w(w))dedP(w) <0

Q R4

(25)

Since the norms in L?(Q) and L7 () are equivalent, the desired statement follows. O

Let us consider for any § > 0 the equation
So(w) / a(2) p(To0) (p(Tow) — pw)) dz = r(w), r(w) = / 2a(2)(Tow) d. (26)
Rd Rd

By Proposition 4.1 the operator (61 — A)~! is bounded, then there exists a unique solution »’(w) =
—(06I — A)~1r(w) of (26). For any given 2z € R¢ we set

U (z,w) = 2 (T,w) — 2°(w).
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Then
U (21 + 22, w) = U (22,w) + (21, Thyw) VY 21,22 € RY, (27)

For any ¢ € R? as an immediate consequence of (26) we have

55 (Te) = [ alI(Ter ) (Ter ) — 50 (Tew)
R4

(28)
= /za(z)u(TE+zw) dz.
R4
Next we obtain a priori estimates for || (T,w) — 5° (w)[z2, with dM(z,w) = a(z)dzdP(w).
Proposition 4.2. The following estimate holds:
[’ (z,w)ll3, = 152 (Tow) = 2 (@)l13, < C (29)

with a constant C' that does not depend on 0.

Proof. Multiplying equation (26) by ¢(w) = p(w)»’(w) and integrating the resulting relation over € yields

5 / (5 () p(w) dP(w)
Q
- [ [ aen) (66 (@)~ 8 (@) @)n(w) d= dP) (30)
R4 Q
://za(z)%5(w)u(TZw)u(w)dzdP(w).
Rd Q

The same change of variables as in (24) results in the relation

| [z @nrne dzap)

Rd Q

= —//za(z)%‘s(Tzw)u(w)u(Tzw) dz dP(w),

Rd Q

therefore, the right-hand side of (30) takes the form

//za(z)%5(w)u(Tzw)u(w)dzdP(w)
Rd Q
) (32)

= 2//za(z)(%‘s(Tzw)fxé(w))u(Tzw)u(w)dzdP(w).

R4 2

Equality (25) implies that the second term on the left-hand side of (30) can be rearranged in the following
way
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f//a(z)u(Tzw)(%‘s(Tzw) - %5(w))%6(w)u(w) dz dP(w)

Re 2

= %//Q(Z>H(TZW)N(W)(%5(Tzw) — () dz dP(w).

Rd Q
Let us denote
Jo = /u(Tzw)u(w) (5 (Tow) — %6(w))2a(z)dz dP(w)
Rd Q

— [ [ nout)w )2z, 0)

R4 Q
and
// (5 (Tow) — %J(w)) a(z)dz dP(w // (z,w))2dM(z,w) = ||u5||L2 ,
R Q Re Q
where dM (z,w) = a(z)dzdP(w). Then
— [ [ nrpe@ e cw)ar e = ol
R4 Q
and on the other hand, relations (30) - (33) imply the following upper bound on J°:
1
— [ [ uTom) ¢ w)inzw < ooy,
R4 Q

Bounds (34) - (35) together yield

1

21,62 5 2 11,8

Q|2 < P < 5a20||u s,

Consequently we obtain the estimate (29) with C' = 2 o, and this estimate is uniform in §. O

Corollary 4.1. For any 6 > 0 the following upper bound holds:
Vo 72 < C.

Proof. From (30) we have

5 / (5 () p(w) P (w)

_ / / a(2)(To) (52 (Tow) — () 56 () () dz AP (w)

Rd Q

+//za(z)%‘5(w)u(Tzw)u(w) dz dP(w).

Rd Q

45

(34)

(35)

(36)

(37)
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Then using (32), (33), (35) together with the Cauchy-Swartz inequality and bound (29), we obtain that the
expression on the right-hand side of (37) is uniformly bounded in §. O

Proposition 4.2 implies that the family {u’(z,w)}s>o is bounded in L3,. Consequently there exists a
subsequence u;(z,w) = u% (z,w), j = 1,2,..., that converges in a weak topology of L2, as §; — 0. We
denote this limit by 0(z,w):

w-lim w;(z,w) = w-lim (3% (T,w) — %% (w)) = 0(2, w). (38)

Jj—o0 5j—>0

Clearly, 0(z,w) € L3, i.e.

//92(z,w)a(z)dzdP(w) < 00, (39)

R4 Q

and by the Fubini theorem 6(z,w) € L?(2) for almost all z from the support of the function a(z). In addition
0(0,w) =0 and for any z

Ef(z,w) = lim (E%‘Si (Tow) — Ex (w)) =0. (40)

(5]'—>0

Step 2. Property A. The function 6(z,w) introduced in (38) is not originally defined on the set {z € R :

a(z) = 0}.

Proposition 4.3. The function 0(z,w), given by (38), can be extended to RY x Q in such a way that 0(z,w)
satisfies relation (27), i.e. 0(z,w) has stationary increments:

0(z+ & w) — (&, w) =0(2, Tew) = 0(2, Tew) — 6(0, Tew). (41)

Proof. Applying Mazur’s theorem [21, Section V.1] we conclude that 6(z,w) = s- lim w, is the strong limit

n—roo
of a sequence w,, of convex combinations of elements u;(z,w) = u% (z,w). The strong convergence implies

that there exists a subsequence of {w,} that converges a.s. to the same limit 6(z,w):

lim wy, (z,w) = 0(z,w) fora.e. z and a.e.w.
N —» 00

Since equality (27) holds for all u;, it also holds for any convex linear combination wy, of u;:
wp (21 + 29, w) = wp(22,w) + wp (21, Toow) YV n. (42)

Thus taking the subsequence {w,, } in equality (42) and passing to the point-wise limit ny — oo in any
term of this equality we obtain (41) first only for such z1, zo that 21, 22, 21 + 22 belong to supp(a). Then we
extend function 6(z,w) to a.e. z € R? using relation (41):

0(z1 + 22,w) = 0(22,w) + 0(21, Trpw). (43)

Observe that this extension is well-defined because relation (41) holds on the support of a.

Let us show that 6(z,w) is defined for all z € Z9. To this end we observe that, due to the properties
of the dynamical system T, the function 6(z1,T,,w) is well-defined measurable function of z; and w for
all zo € R%. The function 6(z; + 22, w) possesses the same property due to its particular structure. Then
according to (43) the function 6(z,w) is defined for all z, € R%. 0O
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Denote (. (&,w) = 0(z + &,w) — 0(&,w), then for z € R? relation (41) yields

<z(€aw) = CZ<O7T§UJ)7 (44>

i.e. for all z € R? the field (,(&,w) is statistically homogeneous in &, and

¢.(0,w) = 0(z,w). (45)

Thus by (38), (41) — (44) the random function 6(z,w) is not stationary, but its increments (,(§{,w) =
0(z 4+ & w) — 0(&,w) form a stationary field for any given z.

Step 3. At this step we show that 6 satisfies equation (22).

Let us prove now that 6(z,w) defined by (38) is a solution of equation (20) (or (22)). To this end for
an arbitrary function ¢ (w) € L?(2) we multiply equality (28) by a function 1(w)u(w) and integrate the
resulting relation over €2, then we have

5 / 5 (T (w)p(w) dP(w)

= [ [ 6o sTessi) (o2 (Tep ) — 2 (o) o)) P ) (46)
R4 Q

//za p(Tetw)dz Y (w)p(w) dP(w).

Rd Q

By estimate (36) and the Cauchy-Swartz inequality for any v € L?() we get
5/%6(T§w)1/)(w)u(w) dP(w) -0 asd—0. (47)
Q

Passing to the limit 6 — 0 in equation (46) and taking into account (38) and (47), we obtain that for a.e.
w the function 0(z, Trw) satisfies the equation

[ (T )6, Tew) s = = [ zale)nTesow) d
R4 R4
Using (41) we get after the change of variables z — —z
= [ AT )01 ~ 20) ~ 06 de + [ 2a(2)n(Teww) di =0, (48)
Rd Rd
and it is the same as (20). Thus we have proved that 0(z,w) is a solution of (22).

Step 4. Property B.
Assumption (5) and inequality (39) imply that

o / / 02 (2, w)d2dP (w) < / / 02 (2, w)a(2)d=dP (w) < oo,
B Q Rd Q
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and by the Fubini theorem we conclude that a.s.

/92(z,w)dz < 00. (49)

B

Thus 0(z,w) € L*(B) with [|0(z,w)||2(g) = K (w) for a.e. w, and BE(K (w))? < co.
Proposition 4.4 (Sublinear growing of 0(%) in L (R?)). Denote by p-(z,w) = £60(%,w). Then a.s.

(- w)llz2@@) — 0 as €0 (50)
for any bounded Lipschitz domain Q C R?.

Proof. The proof relies on inequality (49). In what follows we assume without loss of the generality that
B = [0,1]4.

Lemma 4.1. The family of functions p.(z,w) = € 0(%,w) is bounded and compact in L*(Q).

Proof. Introducing new variables £ =y we have

z z
el = 10 .0) o) = [ 20 Crw)dz= [ 20 (ww)ay

Q e~ 1Q
—e2 Y [ Pawd == S [ (6w) - 0w + 6wy
J€Lq/e B, J€Lq/- B;
<272 3 [(0y,w) — 0G,w)2dy + 272 Y 62(,) By, (51)
J€Lq/e B J€lqy.

Here j € ZN1Q = Zg)., Bj = j+[0,1)?. Then if y € B;, then y = j + 2z, z € B = [0,1)¢, and we can
rewrite the first term on the right-hand side of (51) as follows

2¢2 %[00 +2w) —0(Gw) dz =22 Y [ 622, Tjw)dz.
J€Zq/: B i€Zo,. B

Using the fact that 0p(j,w) := [0%(z,Tjw)dz is a stationary field and 6(z,w) € L*(B), by the Birkhoff
B

ergodic theorem we obtain that there exists a random variable J(w) such that
2¢¢ Z 0*(z, Tjw)dz — 2|Q|J, EJ(w) = E/Gz(z,w)dz < 0.
J€Lq/s B B
Consequently, the first term on the right-hand side in (51) is vanishing as ¢ — 0:
242 Y 0%(z, Tjw)dz — 0. (52)
J€Lq/- B

Let us prove now that a.s. the second term on the right-hand side of (51) is bounded. Denoting

Pe(2) = 5§(§7w)7
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where 0 is a piecewise constant function: g(g,w) = 9([?],4») = 0(j,w) as z € eBj, we rewrite this term as

follows:

. Y& D,
22 Y7 02 (w) =2[120(Z,w) 172 (0) = 212 (2)Il72(q)- (53)
j€lqye

Let us estimate the difference gradient of p.:

Xd: ([EG+een)lw) = 0([E]w))”

z
2

lrad G2, gy = € /
k=1

RN o N

k=1 k=1j€Z¢ .

Since (5 + ex,w) — 0(j,w) = O(ex, Tjw) is stationary for each ey, then by the Birkhoff ergodic theorem

d
. 2
||grad</’a||(L2(Q))d—5 Z Z j+eww) —0(j,w)" — \Q|Zok(w)7 (54)
k=1

k= 1]6ZQ/E

where EC), = E6? (e, w).
Next we prove that a.s. the following estimate holds:

O (w) = /@E(Z,w)dz = ¢ Z £0(j,w) < C(w). (55)
5 j€Zg).

We apply the induction and start with d = 1. Using stationarity of 6(j + 1,w) — 6(j,w) we have by the
ergodic theorem

52} S 9(j7w))§52 S S0k + Lw) — 0(k,w)|

jGZQ/e jeZQ/s k=0

S 10k + 1w) — 0(k,w)]

J€ZLG ) k€L -

— 219 S gen, )| [QIPBIB(er,w)| = G

:ICEZQ/E

Thus

mé‘ Z O(j,w)‘ <y,

e—0
JELG ).
and this implies that for a.e. w
sup ’52 3 9(;’,@’ < Ch(w), (56)
c J€Zg ).

where the constant C;(w) depends only on w.
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Let us show how to derive the required upper bound in the dimension d = 2 using (56). In this case
J € Zge, j= (j1,j2), and we assume without loss of generality that @ C [—q,q]?. Then

0((j1, j2), w) = Z_ (0((Gr, ke +1),w) = 0((j1, k),w)) + 0((51,0),w),
k=0

and for any j = (j1,72) € Zg,- we get

q/e

10(Gnd2)s W) < D [0k +1),w) = 8((jr. k), w)| + 18((j1,0),w)]-

k=—q/e

Using (56) and the ergodic property of the field |f(eq, T;w)| we obtain the following upper bound

D DR (AN

(J1,J2)€Z g/

q/e q/e q/e

<é Z 26—(1 Z 10(e2, T(;, wyw)| + g3 Z %|0((j1,0),w)|
J1=—q/e k=—q/e Jj1=—q/e
q/e _ _
=2¢= > |f(e2, Ty pw)| + 262 > 10((51,0), w)| < Ca(w) + 2qC1 (w),
(J1,k)EZ G- ji=—q/e

where 2¢ is the 1-d volume of slices of ) that are orthogonal to e;. The case of d > 2 is considered in the
same way.

Applying the standard discrete Poincaré inequality or the Poincaré inequality for piece-wise linear ap-
proximations of discrete functions we obtain from (54) - (55) that a.s.

2
1810y < 91 ( [ @(e.dz) "+ gallgrad Bulyagpye < K (), (57)
Q

where the constants g1, g2, and K(w) do not depend on n.

Thus using the same piece-wise linear approximations and considering the compactness of embedding of
HY(Q) to L*(Q) we derive from (54) and (57) that the set of functions {@.} is compact in L?(Q). As follows
from (51) — (52)

0e = e + Pe,  where @e(x) = 5(0(5) - 5(;)), [ @ellr2(q) — 0 (e = 0).

5
This together with compactness of {$.} implies the compactness of the family {¢.}. Lemma is proved. O
Next we show that any limit point of the family {¢.} as ¢ — 0 is a constant function.

Lemma 4.2. Let {¢.} converge for a subsequence to g in L*(Q). Then py = const.

Proof. According to [15] the set {diveg : ¢ € (C$(Q))?} is dense in the subspace of functions from L?(Q)
with zero average. It suffices to show that

/diwb(:r)cpe(x) de — 0, ase — 0, (58)
Q
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for any 6 = (61, 62, ..., 6%) € (CF(Q))". Clearly,
L@ (@t ceg) - ¢ (x)) = 00, (@) +
6¢x ge; x)) = 0,9’ (x EV,
where ||vc|| (@) < C. Then, for sufficiently small e, we have

[ dvo@o@rdo = [ (@t ees) = @0, w) do + o)
Q Q

- /qu(x)(a(g — e5,w) = 0(Z,w)) d + o1),
Q
where o(1) tends to zero as € — 0 by Lemma 4.1. Since §(z — ej,w) — (6(z,w) is a stationary function, by

the Birkhoff ergodic theorem the integral on the right-hand side converges to zero a.s. as € — 0, and the
desired statement follows. O

Our next goal is to show that almost surely the limit relation in (50) holds. By Lemma 4.1 the constants
ec® with ¢® defined in (16) are a.s. uniformly in € bounded, that is

e’ < K(w) (59)
for all sufficiently small € > 0.

Consider a convergent subsequence {¢. }°2 ;. By Lemma 4.2 the limit function is a constant, denote this
constant by ¢g. Assume that ¢g # 0. Then

Ye, (2) = @0 + pe, (2),

where ||pc,[|12(g) = 0 as €, — 0. Clearly, we have

z z/2
Yae, (2) = 25n9(—2 ) = 25n0<—/ ) = 2p0 + 2pe,, (
€n €n

z

— 2
2) $05

because [|pc, (-/2)||12(g) — 0 as &, — 0. Similarly, for any N € Z* we have

¢Ne(2) = Ngo  in L*(Q).
Choosing N in such a way that N|yg| > K(w) we arrive at a contradiction with (59). Therefore, o = 0
for any convergent subsequence. This yields the desired convergence in (50) and completes the proof of
Proposition 4.4. 0O

Step 5. Uniqueness of 6.

Proposition 4.5 (Uniqueness). Problem (22) has a unique up to an additive constant solution 0(z,w), 0 € L3,
with statistically homogeneous increments such that (50) holds true.

Proof. Consider two arbitrary solutions 6;(z,w) and 03(z,w) of problem (22). Then the difference A(z,w) =
01(z,w) — O2(z,w) satisfies the equation
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/a(z)u({ +z,w) (A(§ +z,w) — A(ﬁ,w)) dz=20 (60)

Ra

for a.e. w and for all £ € R4,

Let us remark that the function A(z,w) inherits properties A) and B) of 64 (z,w) and 02(z,w). Consider

a cut-off function w(%) parameterized by R > 0, where ¢(r), r € R, is a function defined by

1, r<1,
pr)y=92—r, 1<r<2,

0, r>2.

For any R > 0, multiplying equation (60) by p(&,w)A(E, w)cp(%) and integrating the resulting relation in
¢ over R?, we obtain the following equality

/a(z)u(f +z,w)(€w) (A(E + 2,w) — A(é,w))A(E,ww(@)dzdﬁ =0. (61)

R
Rd Rd
Using the relation a(—z) = a(z), after change of variables z — —z, £ — z = &', we get
[ aloue’ + mwmle’ ) (A€ W) - A€+ zw)

Re Ro , (62)
x A&+ z,w)c,o('g + Z‘)dzdf’ =0.

Renaming ¢’ back to £ in the last equation and taking the sum of (61) and (62) we obtain

/ / a(2)€ + 2 w)lE,0) (A€ + 7,0) — A(E,w))

R4 R4
« (e +zwpEE) A wyelE)) i de

_ el
= [ [a@mte+ zwmiew) (b +20) - Aew) w(E) aae (63)

R4 R4
+ [ [ate) e+ 20 ) (A€ + 20) - Alg.w)

R4 R4

< e+ 2,0 (o) o))z e

=JIF + J=o.

Letting R = ¢!, we first estimate the contribution of JI*.

Lemma 4.3. The following limit relation holds a.s.:

1
ﬁ‘JQRl — 0 as R— . (64)



A. Piatnitski, E. Zhizhina / J. Math. Pures Appl. 134 (2020) 36-71

Proof. Denote A, (T¢w)

=A({+ z,w) — A(§,w), then A, (Tew) is stationary in ¢ for any given z
We consider separately the integration over || > 3R and |¢| < 3R in the integral J,

It ()€ + 2 e, ) D (Te) AE + 2,0 (o E2) o)z e
R4 |€|>3R
t [ [ ante + m e a @w)aE + =0 (o) o))z ae
R [¢|<3R
If |£] > 3R, then @(%) = 0. Also, (! ; ) =0if |¢] > 3R and |z| > R. Then we obtain the following upper
bound
2 [ [ aemer soueiaaliae+ mwleEE e
R4 |€|>3R
2 1
<2 [ ([ el a) Flaml (D (65)
In|<2R  |z|>R
1
<% [ smersiameemm
In|<2R

where n = & + 2z,

H(Tyw) = / 121a(2) | A (T o) d,
R4

and in the first inequality we have used the fact that 1 < Zl if |z] > R. Since A,(w) € L3, then ¢(w) €
L?(Q). Applying the Cauchy-Swartz inequality to the last integral in (65) and recalling the relation R = ¢
we have

2 A ,
2 [ omw S,
[n|<2R

of 1 2 201 |A(777W)| 2 2
<af( / & @win)” (ga / (=5 ) dn)" ~o
[n|<2R In|<2R

as R — oo, because the first integral on the right hand side is bounded due to the stationarity of ¢(T;w)
and the second integral tends to 0 due to sublinear growth of A(n,w), see (50)

w), 50).
If [¢| < 3R, then the corresponding part of R=9J£ can be rewritten as a sum of two terms

2 [ [ et s wuea. T A + 20

R< |¢|<3R

— A6 w))

< (2 oy aga
s [ ] a@mte+ e wammae ) 5D - oEhaea:
R? [§]<3R

=0+ Is.

53
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We estimate |I1| and |I| separately. Using the inequality |<p(%) — @(%)\ < le—ul y‘ by the same arguments
as above we get

A B IR =P

R4 [¢|<3R

o3 (g / ¢2(T§w)d§)%(% / (&R’w”fdg)%—ﬂ)

I§|<3R |§|<3R

IN

To estimate I; we divide the area of integration in z into two parts: |z| < v/R and |z| > VR, and first
consider the integral

1
1= [ [ a@nes nomewntmeEED - o)
2| <VR [€[<3R
Since |z| < VR, we have |o(5221) — o(8l)| < L Therefore,
R R \/—

1 1

(<)
L[ <a T R

/ /a(z)Aﬁ(Tgw)dz d¢ — 0,

|€|<3R R4
as R — o0o; here we have used the fact that

1

a [ [aesieazds » aB( [ o2aiw))
l€|<3R R4 R

with a constant ¢y equal to the volume of a ball of radius 3 in R%. We turn to the second integral

1= [ [ s someontmmed ) - o)) dea.
||Z\/_\§\<3R

fely _ w(%)l < 1 we obtain

Considering the inequality |g0(|

i<y [ ] d@adtw (67)

|£|<3R\ I>VE

Denote by ¥g(w) the stationary function defined by

Since A, (w) € L2, then
EYr(w) -0 as R— cc. (68)

Moreover, function ¥g(w) is a.s. decreasing in R. Using the ergodic theorem, (67) and (68), we conclude
that |Il(>)| tends to zero as R — co. Thus we have proved that |I1]| + |I2] — 0 as R — oo a.s. Together with
(66) this implies (64). O
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We proceed with the term J in (63):

5= [ [amte+ s uewntews (B a2 e

Rd R4

Using the ergodic theorem we get as R — oo

£
gl =z [ [+ o ade e i ae
Rd R4 (69)
— clE/a(z)u(Tzw)u(w)Ag(w)dz
R4
where ¢; = [pa @(|€])d€ > 0. Consequently from (63) - (64) it follows that
LR
ﬁ|‘]1| — 0 as R — oo, (70)
and together with (69) this implies that
E/a(z)u(Tzw)u(w)Ai(w)dz =0. (71)

R4

Using condition (5) we conclude from (71) that A, (w) = 0 for a.e. z and a.e. w, and hence 01 (z,w) = O5(z,w).
Proposition is proved. O

This completes the proof of Theorem 4.1. O
5. Additional terms of the asymptotic expansion

Recall that I§ stands for the sum of all terms of order ° in (18) and that ug € C§°(R?). Our first goal is
to determine the coefficients of the effective elliptic operator L. To this end we consider the following scalar
product of I§ with a function ¢ € L?(R%):

(15, %) // —2Qz—2® 9(— —z w)) (z)u(f,w)u(g — z,w) dz VVug(z)p(z)dz. (72)

€
R4 R4

After change of variables x = en we have

(L5, %) =€ // )2 ® 2 p(n, w)u(n — z,w) dz VNuo(en) p(en) dn
Rd Rd
—e / / a(z) 2@ 0(n — z,w)u(n,w)u(n — z,w) dz VVug(en) ¢(en) dn (73)
R4 R4

=Ii(p) — I5().

We consider the integrals I5(¢) and I5(y) separately. Since [ |z|?a(z)ds < oo, then

/z @ 2 ()0, (2 w) dz € (L2 ()"
Rd
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Therefore, by the Birkhoff ergodic theorem a.s.

2

/ c@za(z)u S n(E — 2w)ds = Dy weakly in (Lo (R%)’
Rd

with
1
D, = / §z®za(z) E{p(0,w)p(—2z,w)} dz. (74)
Rd
Recalling that ug € C§°(R?), we obtain
I{ () — /D1VVu0(x)g0(x) dz. (75)
Rd

The second integral in (73) contains the non-stationary random field 6(z,w), and we rewrite I>(y) as
a sum of two terms, such that the first term contains the stationary field ¢.(n,w) and the contribution of
the second one is asymptotically negligible. In order to estimate the contribution of the second term we
construct an additional corrector u$, see formula (81) below.

We have
I5(p) = a(z)z p(=, w)pu(= — z,w)0(= — z,w)VVuo(x)p(x) dr dz
R4Rd
= // z,u (——z w)0(= — z,w)VVug(z)p(x) dr dz
RIRd
- // z,u (Q - z,w)@(g,w)VVuo(y —ez)p(y —ez)dydz
R4Rd
7//a(z)z,ufw (= —z,w) (76)
R4R4

((9(E — 2,w)VVug(x)p(z) — 9(— w)VVug(z — ez)p(x — 5z)>dxdz

// z,u —,w) (— —z w)(&(g - zZ,w) — 9(§,w))VVu0(x)cp(x)dxdz

RA4Rd

+%//a(z)zu(;w)u(§—Zaw)a(?w)

R4R4
x (VVug(z)p(x) — VVuo(z — e2)p(x — e2))dz dz,

here and in what follows z6(z)VVug(z) stands for 2°07(2)0,,0,,uo(z). The field (_.(n,w) = 0(n — z,w) —
0(n,w) is stationary for any given z, and

/a(z)z ® (. (0,w)p(0,w)p(—2,w) dz € (LQ(Q))dz. (77)
Rd
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Indeed, in view of (39) and (45) by the Cauchy-Schwarz inequality we have

/</|CL(Z)Z®<z(wa)ﬂ(O,W)M(—Z,wMdz>2dP(w) <
Q ‘Re
(/ (2)|=P2dz) ( // —2,w)[2d2dP(w)) < .

R4 Q

Consequently applying the ergodic theorem to the stationary field (77) we obtain for the first integral in
(76) as e — 0

1 T x x
5//a(z)zC_z(g,w),u(g,w),u(g—z,w)VVuo(x)w(z)dxdz —

R4 R4

%//a(z)zE{(,Z(Qw)u(O,w)u(—z,w)}VVuo(x)cp(aj)dxdz (78)

Rd R4

_ / Dy VVuo(z)p(x) da,

Rd

where we have used the notation

D2 =5 [ 02z @ BIC.0w(0.0)n(~50)} d (79)

Rd

Denote the last integral on the right-hand side in (76) by J5(¢):

:%//@@wm§mm§—amw§m

R4 R (80)
x (VVug(z)p(x) — VVug(z — e2)p(z — 2))dz dz

and consider this expression as a functional on L?(R?) acting on function ¢. In order to show that for
each ¢ > 0 the functional J5 is a bounded linear functional on L?(R?) we represent J5 as a sum J5 =
Jy S+ J2f 4+ 3% with Jy°, J3° and Ji© introduced below and estimate each of these functionals separately.
By Proposition 4.4 a.s. 0(%,w) € L (R?) for all € > 0. Therefore,

// z,u —w u(g —z,w) 0(§,w)VVu0(x)g0(x)dx dz
Rd R4
is a.s. a bounded linear functional on L2(R%). Similarly,

// zu*wu(gfz,w)

R4 R4
X 9(§ — z,w)VVup(x —ez)p(x — ez)dx dz
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is a.s. a bounded linear functional on L?(R%). Due to (39) and by the Birkhoff ergodic theorem the linear
functional

X (9(§,w) - 9(§ - z,w))VVuo(:r —ez)p(x —ez)dx dz

- %// a(z)z M(g + z,w)u(gw) (9(§ + z,w) — 9(§,w)>VVu0(x)<p(x)dm dx
=3 // a(z)zu(g +27‘*’)“(?“)Q(Z»Tgw)VVuo(m)go(x)dxdz

is a.s. bounded in L2(R%). Since J5 () = Jy* (@) + J2 % (¢) + J3° (), the desired boundedness of .J5 follows.
Then by the Riesz theorem for a.e. w there exists a function f5 = f5(uo) € L?(R?) such that J5 () = (f5, ).
We emphasize that here we do not claim that the norm of J5 admits a uniform in ¢ estimate.

Next we show that the contribution of f§ to w® is vanishing. To this end consider the function (additional
corrector)

us(z,w) = (=L° +m) 7 f5(z,w). (81)
Lemma 5.1. [[u5||z2re) — 0 as € — 0 for a.e. w.
Proof. Taking ¢ = u§ we get
((=L% +m)us, u3) = (f3,u3). (82)

Considering (7) the left-hand side of (82) can be rearranged as follows:

= / / (L (L~ 2,0) (Wio — 2) — (o)) dz s ()

€
RARd
Rd
Lo (83)
= 21? //G(Z)M(g7w),u(g — z,w)(us(x — e2) — u5(x))*dzdx
RAR4
+m [ (u3)?(x)dz
Rd
We denote
“i= % //G(Z)M(g,w)u(g — 2,0)(us (2 — £2) — u5(x))*dzda,
Rd R4

G3 = m/(ug)Q(aj)d:c
R4

It follows from (80) that the right-hand side of (82) takes the form
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55 =5 [ [a@zaE o - 2wt 0)

R4 R4
X (VVuo(x)u (z) — VVu(z — ez)us(z — ez))dedz

=5 [ [ a@zuEon( - 2062,V Vuo(a)

R4 Rd
x (uj(w) —uj(x —ez))dr dz (84)
+3 [ [a@zuEouE - zwoc.v)
Rd Rl_‘l
x (VVug(z) — VVug(z — £2))us(z — e2)dzdz
= %(Il + D).

It is proved in Proposition 4.4 that a.s. [|e6(%,w)||r2(5) — 0 as € — 0 for any ball B C R%. By the
Cauchy-Schwartz inequality we obtain the following upper bounds for I;:

1

T

L < ( //a(z)u(g,w)u(g — z,w) (uz(z) — us(z — Ez))2dxdz)
R4 Rd

(i/ [ ot u o —z,w>s2|e<§vw>12<Vvuo<x))2dm) )

Rd R4

(% [ [ a@mE @ - 20 us(e) - (e - 5Z>)2dxdz)

R4 R4

=Gy o(1),

Nf=

where o(1) — 0 as ¢ — 0. We turn to the second integral I5. Let B be a ball centered at the origin and such
that supp(ug) C B, dist(supp(ug),dB) > 1. Then

[ [ a@uEon - zwotw)
R4 B
x (VVug(z) — VVug(z — e2))us(z — e2)dx dz

< C// 2)|z|? |€9 = w)| |uz(z — ez)|dx dz

R? B
< lugllp2ray - 0(1) = G2 - o(1).

The integral over B¢ = R%\ B can be estimated in the following way:

‘ //a(z)zu(g,w)u(g - zZ,w) 9(§,w) (VVuo(z) — VVuo(z — e2))us(z — EZ)dIdZ‘
ReBe

‘// z,u —,w) (g—z,w)@(g,w)VVuo(x—Ez)ug(x—az)d:cdz‘
R¢ Be
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<C / / a(z)|z| {9(§,w)| |[VVug(z —ez)| |us(z — ez)| dz dz (87)

|z[> 2 B°
— &

<c / /a(z)|z||9(§—|—z,w)||VVu0(x)\|u§(x)|dxdz

o[> 1 R
<C a(2)|7] [ye<§ tzw) — H(gw)‘ + |9(§,w)|} IVVuo(2)| [us ()| da dz.
o[> 1R
‘We have
€ I
[ at@lel[6C2.0)] 9 9u0(0)] 15z o
o> 1 R
< // a(z)|z? ‘59(£,w)| |[VVug(x)]|us(x)| dedz < G - o(1)
Rd Rd c

and

/ a(2)|2| [}9(§ +zw) - 9(%,@” IV Vauo(z)| |us (2)| d dz

|z>

o=

R4
< [ [ @l o720 199 u0(@) a5 o) dr

1 Rd
|Z|Z;R

1
2 1

< a(z)2? dz / /a(z)|§z(T§w)|2 dz | |VVug(z)||us(z)|dx
2> R¢ \R¢
<o(1) / |u () |* da / /a(z)|CZ(T§w)|2dz |VVuo(x)|? do
Rd Re \Rd

= G2 . 0(1).
Since (. (w) € L3%,, the second integral in the right hand side here converges to a constant by the ergodic
theorem.

Combining the last two estimates we conclude that the term on the right-hand side in (87) does not
exceed Gy - o(1). Therefore, considering (86), we obtain I; < Gs - o(1). This estimate and (85) imply that
Gi+Gs=1+1, < (G +Gs)-o(1).

Consequently, G; — 0 and Gy = m'/?||u§||,2(gay — 0 as € — 0. Lemma is proved. O
Thus we can rewrite [§ (all the terms of the order £°) as follows

Ig = (D1 —Dg) . VVuo +f2€ +S( ,LU) . VVUO,

i
P

SRRSO
£
~~
0]
N

S(ng) = “Ijl(gﬂw) -
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where the matrices D and Dy are defined in (74) and (79) respectively, and S(Z,w), ¥y (%

Z,w), ¥a(Z,w) are

stationary fields with zero mean which are given by

Uy (2, w) = % / a(2)2 [u(Z w)n(Z = @) = B{u(0.w)u(—zw)} | dz, (89)
R4
ot i) =5 [ @[ CwuE o - 20)
Rd (90)

Denote

ug(z,w) = (=L +m) 'F*(x,w), where F*(z,w)= S(g,w) - VVug(x). (91)

Since suppug C B is a bounded subset of R? and
/ a(2)|2| |¢—z(w)| dz € L*(%),
Rd

then by the Birkhoff theorem u§ € L*(R%). Our goal is to prove that [[u§||r2ra) — 0 as ¢ — 0. We first
show that the family {u§} is bounded in L?*(RY).

Lemma 5.2. The family of functions u§ defined by (91) is uniformly bounded in L?*(R%) for e.a. w:
lu5llL2rey < C for any 0 <e < 1.

Proof. Since the operator (—L+m)~! is bounded (||(—Lf +m)~!|| < L), then it is sufficient to prove that

- m

| £ (2, w)|| L2(ray < C uniformly in e. By the Birkhoff ergodic theorem the functions ¥y (%,w) and ¥y(%,w)
a.s. converge to zero weakly in L*(B), so does S(£,w). Then S(£,w) - VVuq a.s. converges to zero weakly
in L2(R?). This implies the desired boundedness. 0O

Lemma 5.3. For any cube B centered at the origin ||[u5||z2(gy — 0 ase — 0 for e.a. w.

Proof. The first step of the proof is to show that any sequence {us’}, €; — 0, is compact in L?(B). Using
definition (91) we have

((_L€+m)u§7u§) = (Fs,ug).

The left-hand side of this relation can be rewritten as
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/(—LE + m)us(z)us(z)de

R4
1 T T - -
=5 [ [ a@nE n(E - 2 w) @i - <) - @) @)dade 92)
R4 R4
—m [ (w5(e)*da
Rd
1 T x . . 9
o [ [ o o - 2 0) @ - e2) - (@) dzda.
R4 R4
Consequently we obtain the following equality
m/ uz(x)) dx
2 2// ; — z,w)(uf(x — e2) — u§(x)) dzdx (93)
RAIR4
= (F*,u3).

Considering the uniform boundedness of F° and u§, see Lemma 5.2, we immediately conclude that
1 € z £ € 2
= a(z) ,u(g,w)u(g —z,w)(u§(r — ez) —us(x))°dzde < K (94)
R4 R4
uniformly in € and for a.e. w. Therefore,
/ Vdr + — // (x —e2) —u(2))?dzdr < K (95)
R4 R4

For the sake of definiteness assume that B = [—1,1]%. The cubes of other size can be considered in exactly
the same way. Let ¢(s) be an even C§°(R) function such that 0 < ¢ <1, ¢(s) =1 for |s| <1, ¢(s) =0 for
[s| > 2, and |¢'(s)| < 2. Denote a5(x) = ¢(|z|)ug(x). It is straightforward to check that

/ Vdr + — // )5 (x — e2) — @5(x)) dzdr < K (96)
Rd Rd
We also choose R in such a way that f 12]<R @ a(z)dz > % and introduce
y -1
a(z) = 14z1<ry a(z) ( / a(z)dz) .
|z|<R

Then

/( Vdo+ ~ // V(@5 — e2) — @5 ())2dzda < K. (97)

Rd R4
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Letting B = [—7, )%, we denote by @5(z) the B periodic extension of @5(z). For the extended function we
have

/(ﬁ§ dx—l——// (65(x — ez) — 4§(x))?dzdr < K. (98)

B R4

The functions ey (z) = W@i’”, k € Z4, form an orthonormal basis in L?(B), and

15(e) = D afen(o), 5o - 2) = D afe Fenle
k
5@ =D (@)% a5z - e2) — 5@))° = D (ag)e = 12

k k

Then inequality (94) is equivalent to the following bound
= Z / (z)|e”%* —1|2dz < C. (99)
Rd

Lemma 5.4. For any k € Z% and any 0 < € < 1 there exist constants C1, Cy (depending on d) such that
/ a(2)]e= i — 112dz > min{C1k2e2, Ca). (100)
R4

Proof. For small ¢, the lower bound by C;k?e? follows from the expansion of e%## in the neighborhood of
0. For large enough ¢|k| > 559 > 1 we use the following inequality

; - 2
/ a(z)|e % —12dz > ¢ / le~k= _1)2dz > co(2 - —)d. |
0
R [0.1]¢

Let us consider a sequence ¢; — 0. Using inequalities (99)-(100) we will construct now for any 6 > 0 a
finite 26-net covering all elements of the sequence u;’. For any 6 > 0 we take |ko| and jo such that

C C
5 < Cilkol* < o (101)
o

where C, Cy, Cs are the same constants as in (99)-(100). Then it follows from (99)-(101) that

Z Cilko* (0} )? < Z min{C’1|I€|2 }(ozzj)2 <C forany j> jo.
K K] ol K K1 ol

Consequently we obtain the uniform bound on the tails of 43’ for all j > jo:

. C
V2 <6 102
Z ()" < AE < (102)

k:|k|=]kol

Denote by Hy, C L?(B) a linear span of basis vectors {ex, |k| < |ko|}. Evidently, it is a finite-dimensional
subspace. Then we have

~AE £ £ £ £
a3 = wy, + E oger, where Wg, = PHkO us.
k:|k[>]ko|
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Since we already know from Lemma 5.2 that the functions @3’ are uniformly bounded in L?(B), then the
functions wk(') are also uniformly bounded. Therefore there exists in Hy, a finite J-net covering the functions
{w,ié, j > jo}. Estimate (102) implies that the same net will be the 26-net for the functions {a3’, j > jo}-
We need to add to this net jo elements to cover first jo functions ﬁ?, i=1,...,%0.

Thus we constructed the finite 26-net for any ¢ > 0 which proves the compactness of {45} as ¢ — 0 in
L*(B).

Since u§(z) = @5(x) for z € B, we conclude that the family {u§} is compact in L?(B). In the same way
one can show that this family is compact on any cube B = [—L, L]?. This completes the proof of Lemma. 0O

Lemma 5.5. The following limit relation holds: |[u3| 2y — 0, as e — 0.

Proof. We go back to formula (93). On the right-hand side of this equality we have the inner product of
two sequences F¢ and u§ Since the sequence F° — 0 weakly in L?(B), and the sequence u§ is compact in
L?(B), the product (F,u§) — 0 as ¢ — 0. Therefore, both integrals on the left-hand side of (93) also tend
to zero as ¢ — 0, and we obtain that |[u§|/ 2re) = 0, e = 0. O

Denote by © the matrix © = Dy — Dy, where Dy, Dy are defined by (74), (79). Our next goal is to show
that D1 — D5 is a positive definite matrix.

Proposition 5.1. The matriz © = Dy — Dy is positive definite:
1
3 // (@2 —2®(2(0,w)) a(z) u(0, w)u(—2,w) dz dP(w) > 0. (103)
Rd Q

Proof. We recall that »’(w) stands for a unique solution of equation (26). Letting %g(w) =n- 1 w),
n € R\ {0}, one can easily obtain

b / (50 () u(w) dP (w)
Q

/ / (T w) — z(w))%f] (w)p(w) dz dP(w) (104)

Rd Q
= //(77 . z)a(z)%f,(w),u(Tzw)u(w) dz dP(w).
Rd Q

In the same way as in the proof of Proposition 4.1, we derive the following relation:

6/ () dP ()

+§//a(z),u(Tzw)(%g(Tzw) - %f](w))Qu(w) dz dP(w) (105)

Re 2

- / / (0 2)a(z) (34 (Tow) — 32 (@) u(Tew)p(w) d2 AP (w).

Rd Q

According to (38) the sequence 7 - (%f,j (T,w) — %f]j (w)) converges weakly in L3, as d; — 0 to 1 - 0(z,w).
Passing to the limit §; — 0 in relation (105) and considering the lower semicontinuity of the L%, norm with
respect to the weak topology, we arrive at the following inequality
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1 2
L [ a@u@o) - 0:.) n(w) dz dP(w)
Rd Q

< / / (0 2)a(2) (n - 0(2,w)) p(Tow)pr(w) dz AP (w).

Rd Q

(106)

One can easily check that

On -1 = %mm / / (2'2) = 2'¢2(0,w)) a(2) (0, w)p(—2,w) dz dP(w)
R4 Q

= % // ((n-2)%+ (- 2)(n-0(z,w))) alz) u(0,w)u(z,w) dz dP(w).

Rd Q

Combining the latter relation with (106) we obtain

oz [ [(0-2)+ (20 02))* ale) (0. 0)n(z.) d dP (),

Rd Q

Since 6(z,w) is a.s. a function of sublinear growth in z, we conclude that n-6(z,w) # - 2z, consequently the
integral on the right-hand side here is strictly positive. This yields the desired positive definiteness. O

6. Estimation of the remainder ¢.

In this section we consider the remainder ¢.(z,w) given by (19) and prove that ||¢c||z2(r«) vanishes a.s.
as e — 0.

Lemma 6.1. Let uy € C5°(R?). Then a.s.
||¢€(‘,OJ)HL2(R(1) — 0 as € — 0. (107)
Proof. The first term in (19) can be written as

H(a,w)

- [z atom(Z a5

Rd

-

X /1 (VVuo(x —ezt) — VVuo(x))z ® z(1—1) dt.
0

It doesn’t depend on the random corrector 6 and can be considered exactly in the same way as in [18,
Proposition 5 |. Thus we have

Hqﬁgl)”p(Rd) —0 as e —0. (108)

Let us denote by (;522) the sum of the second and the third terms in (19):
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o (2, w)
= u(%,w) / a(z),u(g - z,w)f)(g - z,w) (109)
Rd

X (2 (Vug(z —e2) — Vug(z)) + 2 VVuo(x))dz.

We take sufficiently large L > 0 such that supp ug C {|z| < %L} and estimate gzbgz)(x,w) separately in the
sets {|z| < L} and {|z| > L}. If |z| > L, then uo(x) = 0. Since a(z) has a finite second moment in R?, for
any ¢ > 0 we have

= a(z)dz = = / a(z)ﬁdz < 1 / a(2)z*dz — 0, ase — 0. (110)

Therefore,

162 X o> Lll72(Ra) =

[ (] o - ootz Vue - i) a

[z|>L  |z—ez|<L

a! 2 Yy 2
< 0y (5—2 a(z) dz) ||E9(E,W)VUO(ZU)||L2(R<1) = 0;

|z|> %

Here we have also used the limit relation [[e6(%,w)Vuo(y)| 12@e) — 0 that is ensured by Proposition 4.4.

Denote x<r(2) = X{|z|<z}(2) and represent the function P (2,w) x<r(z) as follows:

(;522)(1',&)) X<L(:L') = 75<(x7w) + Vs(maw)v (112)
where
Few) =aC e [ a@aE - 2w - )
lez|<2L

X (% (Vug(z — e2) — Vug(z)) + zVVuo(:z:))dz;

) N N (113)

2w =i [ a@nE - aw)pE-zw)
lez|>2L

X (% (Vug(z — ez) — Vug(z)) + zVVuo(x))dz.

Since ug € C§°(RY), the Teylor decomposition applies to Vug(z — £z), and we get

é(Vuo(ac —e2) — Vug(z)) + 2 VVug(z) = %VVVUO(E) 2@z
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with some € € supp ug, here the notation VVVu(£) 2@z is used for the vector function (VVVug(§) 2®2)" =
0i Ok Ogiuig(€) 27 2%. Then the right-hand side of the first formula in (113) admits the estimate

x x
(=, w)x<r(z) / G(Z)M(g —z,w)f(= — z,w)
lez|<2L
1
X (g (Vug(z —ez) — Vug(z)) + ZVVUQ(CC))dZ (114)
% x 5
< 7max|VVVu0| 5|9(g—z,w)|x<3L(a:—5z)a(z)z dz.
R4
Taking into account the relation
x 2
/ (/ E|9(g—27w)|X<3L(CE —ez)a(z)z? dz) dx
R? R
= /a(zl)z%dzl /a(zg)zgdzg (115)
R4 R4

x x
X /sz\ﬂ(gle,w)||9(g722,w)|x<3L(z —ez1)X<sn (T — ez2)dx
Rd

and applying the Cauchy-Schwartz inequality to the last integral on its right hand side we conclude with
the help of Proposition 4.4 that ||v=(z,w)||2re) — 0 as € — 0.

If |x| < L and |ez| > 2L, then |x —ez| > L, and ug(x —ez) = 0. The right-hand side of the second formula
in (113) can be rearranged as follows:

Zew =aE e [ a@n( - zwo(E - zw)

X ( - %Vuo(x) + zVVuo(x)>dz

=u(Zxeanl) [ aCuE - =) O -2e) ~0(2w)
- (116)
X (— %Vuo(:v) + zVVuO(x)) dz

T

+M(§aW)X<L($) / a(z)u(g—z,w)ﬁ(g,w)
X (— %Vuo(x) + zVVuo(x))dz

The second term on the right-hand side in (116) is estimated in the same way as the function ¢§2) X|z|>L in
(111). Thus the L2(R%) norm of this term tends to 0 as € — 0.
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The first term on the right-hand side of (116) admits the following upper bound:

'u(f,w)X<L@» [ a0 (1)

9 9

2L
2> 2=

X ( - %Vuo(x) + zVVuo(x)) dz

< ol / a(z)‘(,z(Tgw)‘ ‘ - %Vuo(x) + zVVuo(x)‘ dz

l=> 22 (117)
< aiC(L) / |z\a(z)‘g,z(T§w)‘dz(’Vuo(x)| + | VVu(z))).
|z|>2L
<agew)( [ Paia)’ ([ el (T az)
|2|> 2% R

x (|Vuo(z)| + |VVuo(z)]).
Since ¢_,(w) € L%, we have
E/a(z)\c,z(w)|2dz < 00.
R4
Taking into account the convergence
/ |z[%a(z)dz — 0, ase—0,
|2|>2E

by the Birkhoff ergodic theorem we obtain that the L?(R%) norm of the first term on the right-hand side of
(116) tends to zero a.s., as € — 0. Therefore, || (2, w)||r2re) — 0 as € = 0.

From (112) it follows that ||gz5§2)(:r,w)X<L(x)||L2(Rd) — 0 as € — 0, and together with (111) this implies
that

6 (2, w) || L2 ray — 0 as e — 0. (118)
Finally, (107) follows from (108) and (118). Lemma is proved. O
7. Proof of the main results

We begin this section by proving relation (14) for f € Sy(R%). For such f we have ug € C§°(R?). It
follows from (15), Proposition 4.4 and Lemmas 5.1, 5.5 that

|[w® —uo||p2rey = 0, ase— 0. (119)

By the definition of v®, u§ and g,

A

(LF —m)w® = (L —m)ug — maH(%) -Vug+ ¢ = f — meé(g) -Vug + ¢-

= (L — m)u® — msH(g) Vg + Pe.
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Therefore,
x
(LF —m)(w® —uf) = —ms@(g) -Vug + ¢e.

According to Proposition 4.4 and Lemma 6.1 the L? norm of the functions on the right-hand side of the
last formula tends to zero as € — 0. Consequently,

lw® —u®| 2ray — 0, ase— 0.

Combining this relation with (119) yields the desired relation (14) for f € So(R9).
To complete the proof of Theorem 2.1 we should show that the last convergence holds for any f € L?(R%).
For any f € L*(R?) there exists f5 € Sy such that || f — fs||z2(re) < 6. Since the operators (L° —m)~*
and (f/ —m)~! are bounded uniformly in €, then

||u§ - UEHLz(Rd) S 015, ||’LL0,5 - UO”LQ(Rd) S 01(5, (120)
where

ut = (LE—m)_lf7 uy = (ﬁ—m)_lf,

us5 = (L —m) " fs, uos = (L —m)~fs.
Recalling that f5 € So, we obtain ||u§ — uo,s||2ra) — 0. Therefore, by (120)
m ||”U,'S - UO”LQ(Rd) § 2C1(5
e—0

with an arbitrary 6 > 0. This implies the desired convergence in (11) for an arbitrary f € L?(R?) and
completes the proof of the main theorem.

7.1. Proof of Corollary 2.1

Here we assume that the operator L=" is defined by (12). Multiplying equation (13) by p*(z,w) =
p(2,0) = n(fw) ()\(f,w))_l we obtain

Lfu. — mp°u. = p.f, (121)

where the symmetrized operator L€ is given by (7). Letting (p) = Ep = E(&) we consider an auxiliary
equation

L7ge —m(p)ge = (p) [ (122)

By Theorem 2.1 the functions g. converge a.s. in L2(R?), as e — 0, to a solution of the equation Lg—m(p)g =
{(p)f. Our goal is to show that ||ge — uc|| 2re) — 0 as ¢ — 0. To this end we subtract equation (121) from
(122). After simple rearrangements this yields

Lfa. —mpeae = (<,0> - pS)gs + (<P> - pE)fa (123)

with a.(z) = ge(x) — u-(z). In a standard way one can derive the following estimate

m / (e (2))2da + 5% / / a(2) (e (@ — £2) — e (2))2dzde < C. (124)
e

Rd R4
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As was shown in the proof of Lemma 5.3, this estimate implies compactness of the family {a.} in L?*(B)
for any cube B. Multiplying (123) by a. and integrating the resulting relation over R? we obtain

Ha€||iQ(Rd) < Cl | ((<P> - pE)gsv aE)Lz(Rd)| + ’(<<,0> - p5>f7 aE)L2(Rd)’ (125)

By the Birkhoff ergodic theorem ((p)—p.) converges to zero weakly in L2 (R?). Considering the boundedness

loc

of ({p) — pe) and the properties of a. and g., and approximating f and g. by functions with a compact
support, we conclude that both terms on the right-hand side in (125) tend to zero, as ¢ — 0. So does
||o¢€||2L2(Rd). Therefore, u. converges to the solution of equation Lu — m(p)u = (p) f. Dividing this equation
by (p), we rewrite the limit equation as follows

- 0%u _
(B(5}) @ugpgy —mu=/

with © defined in (103). This completes the proof of Corollary.
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