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Abstract

We study the existence and uniqueness of a solution to a linear stationary convection—diffusion equation
stated in an infinite cylinder, Neumann boundary condition being imposed on the boundary. We assume that
the cylinder is a junction of two semi-infinite cylinders with two different periodic regimes. Depending on
the direction of the effective convection in the two semi-infinite cylinders, we either get a unique solution,
or one-parameter family of solutions, or even non-existence in the general case. In the latter case we provide
necessary and sufficient conditions for the existence of a solution.
© 2017 Elsevier Inc. All rights reserved.
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0. Introduction

The paper deals with a stationary linear convection—diffusion equation in an infinite cylinder
G = (—00,00) x Q with a Lipschitz bounded domain Q c R?~!, at the cylinder boundary
the Neumann condition being imposed. We assume that, except for a compact set in G, the
coefficients of the convection—diffusion operator are periodic in x| both in the left and in the
right half cylinder. These two periodic operators need not coincide. This problem reads

* Corresponding author.
E-mail addresses: irina.pettersson @uit.no (I. Pettersson), apiatnitski @gmail.com (A. Piatnitski).

https://doi.org/10.1016/j.jde.2017.12.015
0022-0396/© 2017 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2017.12.015
http://www.elsevier.com/locate/jde
mailto:irina.pettersson@uit.no
mailto:apiatnitski@gmail.com
https://doi.org/10.1016/j.jde.2017.12.015
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2017.12.015&domain=pdf

I. Pettersson, A. Piatnitski / J. Differential Equations 264 (2018) 4456—4487 4457
—div(@(x)Vu(x))+b(x)-Vulx) = f(x), xeG, 0
a(x)Vu(x) -n=gx), X EX.

Under uniform ellipticity assumptions we study if this problem has a bounded solution and if
such a solution is unique. Concerning the functions f and g we assume that they decay fast
enough as |x;| — oo. Following [5] one can introduce the so-called effective axial drifts bt
and b~ in the right and left halves of the cylinder, respectively. It turns out that the mentioned
existence and uniqueness issues depend on the signs of b and b~ (both effective drifts can be
positive, or negative, or zero).

The main result of the paper is summarized below.

If b+ <0 and b~ > 0, then for any two constants K~ and KT there is a solution of (1) that
converges to K~ as x; — —oo and to Kt as x; — +oo.

Ifb*>0and b~ > 0or bt <0 and b~ < 0 then a bounded solution exists and is unique up
to an additive constant.

The case b7 > 0 and b~ < 0 is more interesting. In this case a bounded solution need not
exist. We will show that in this case the problem adjoint to (1) has a bounded solution p € C(G),
which is positive under proper normalization. Then problem (1) has a bounded solution if and
only if

/f(X)p(X)der/g(X)p(X)dG =0. 2
G

z

A bounded solution in this case is unique up to an additive constant.

The qualitative behavior of the function p in the two semi-infinite cylinders varies depending
on whether the effective drift in that cylinder is equal to zero or not. Namely, if 5™ < 0 and
b~ > 0, then p decays exponentially as x; — oo. If, however, the effective drift is zero in one of
the semi-infinite cylinders, p will stabilize to a periodic regime in that part, as x| — oo.

In all three cases any bounded solution converges to some constants as |x;| — co. Moreover,
this convergence has exponential rate if f(x) and g(x) decay exponentially as |x;| — oo.

The question of the behavior at infinity of solutions to elliptic equations in cylindrical and
conical domains attracted the attention of mathematicians since the middle of 20th century. In
[8] it was shown that for a divergence form elliptic operator in a semi-infinite cylinder there is a
unique (up to an additive constant) bounded solution. It stabilizes to a constant at infinity. Similar
problem for a convection—diffusion operator has been studied in [9], [5]. In these works necessary
and sufficient conditions for the uniqueness of a bounded solution were provided. The work [7]
deals with a particular class of convection-diffusion equations in an infinite cylinder. In [10],
[11] and [12] specific classes of semi-linear elliptic equations in a half-cylinder were considered.
It was shown in particular that a global solution, if it exists, decays at least exponentially with
large axial distance. The behavior at infinity of solutions to some classes of elliptic systems, in
particular to linear elasticity was investigated in [13]. In [14] the uniqueness issue was studied
for solutions of second order elliptic equations in unbounded domains under some dissipation
type assumptions on the coefficients. The work [15] deals with solutions of elliptic systems
in a cylinder that have a bounded weighted Dirichlet integral. Paper [16] studies the existence
of solutions of symmetric elliptic systems in weighted spaces with exponentially growing or
decaying weights.
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In [1] the authors study a Neumann problem for a linear elliptic operator in divergence form in
a growing family of finite cylinders. It has been proved that the solution of this problem converges
to a unique solution of a Neumann problem in the infinite cylinder.

In [17] nonlinear elliptic equations with a dissipative nonlinear zero order terms was studied
in a half-cylinder. Nonlinear elliptic equations in unbounded domains, solvability and qualitative
properties of the solutions have been considered in [18], [20], [19]. Fredholm theory of elliptic
problems in unbounded domains is presented in [21].

To our best knowledge the question of existence and uniqueness of a bounded solution to
a convection—diffusion equation in an infinite cylinder has not been addressed in the existing
literature.

One of the important applications of the results of this work is constructing boundary layer
correctors in homogenization problems. When homogenizing convection diffusion equations
with rapidly oscillating coefficients that are stated in a network of thin cylindrical domains or in
a medium with interfaces separating different materials, then, in the vicinity of the correspond-
ing junctions or interfaces, (interior) boundary layer correctors appear naturally. These boundary
layer correctors allow one to match the homogenized solutions in different parts of the domain.
Constructing the mentioned boundary layers correctors for convection—diffusion operators relies
on the results of the present work. In [35] the authors have studied such problem in one particular
case when in each of the two cylinders (being the constituents of the rod) the effective convection
is directed from the end of the cylinder towards the junction. Both inner asymptotic expansions
and the boundary layer correctors have been constructed, and the convergence was proved. Hav-
ing in hand the results of the present paper, one can construct an approximate solution in all other
cases, for different directions of effective convection.

Similar homogenization problems in thin structures for the elasticity system have been studied
in [24], [25], [23], [26], [27], [33], [32], [34]. In [28], [29], [31] the authors consider contact
problems of two heterogeneous bars. Elliptic equations in divergence form have been addressed,
for example, in [22] and [30].

It should be noted that in the case of operators with coefficients that do not depend on the
longitudinal variable in each half of the cylinder the studied problem can be reduced to a one-
dimensional problem. In this case the proof of our results is quite elementary. However, in the
generic case, when the coefficients are periodic functions of the longitudinal variable, this reduc-
tion is not possible any more. Instead, we introduce a number of spectral problems stated in the
periodicity cell. Our approach then relies essentially on the properties of these spectral problems.

We also use essentially the properties of the adjoint operator defined in the whole infinite
cylinder. For this operator we determine necessary and sufficient conditions of the existence of a
positive principal eigenfunction in L. This result is also of independent interest. It gives the an-
swer to the question of the existence of invariant measure in the infinite cylinder of the diffusion
process whose generator coincides with the studied elliptic operator. If the coefficients of the
studied operators do not depend on the longitudinal variable in the complement of a compact set,
this problem basically admits a reduction to one-dimensional problem. However, in the generic
case it is getting rather complicated.

The paper is organized as follows. In Section | we state the problem and provide all the as-
sumptions. Section 2 deals with the case b+ < 0 and b~ > 0. The main result here is Theorem 2.1
that states that for any two constants K+ and K ~ there is a solution that stabilizes exponentially
to K as x1 — Fo00. In Section 3 we consider the cases b~ <0and bt <0 and b > 0 and

b~ > 0. The main result here is the existence and uniqueness up to an additive constant of a
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bounded solution, see Theorem 3.1. It is also shown that this solution stabilizes at infinity to
some constants at exponential rate.

Section 3 focuses on the case b+ > 0 and b~ < 0. We first prove that the homogeneous adjoint
problem has a localized solution in H'(G), see Theorem 4.1. Then we prove that problem (1) has
a bounded solution if and only if the orthogonality condition (2) is fulfilled. This is the subject
of Theorem 4.2.

In Section 4 we study the remaining cases: b~ <0Oand b* =0 (b~ =0 and b~ > 0) and
bt =0and b~ = 0. We show that a bounded solution to (1) exists if and only if the orthogonality
condition (2) is satisfied, where p is a function from the kernel of the adjoint operator which
decays exponentially in the half cylinder if the corresponding effective drift is not equal to zero,
and stabilises to a periodic regime in the half cylinder where the effective drift is zero.

For the reader convenience, in Section 5 we summarize the results of [5] which we use
throughout the paper.

1. Problem statement
Given a bounded domain Q € R?~! with a Lipschitz boundary 8 Q, we denote by G an infinite
cylinder R x Q with points x = (x1,x’) and the axis directed along x;. The lateral boundary

of the cylinder is denoted by ¥ =R x 9 Q. We study the following Neumann boundary value
problem for a stationary convection—diffusion equation:

{ Au=—divia(x) Vux)) +bx)-Vulx)= f(x), inG, 3)

Bu=a(x)Vu(x) -n=g(x), on X.

Here v-w = Zle ViwW;, vV, W € Rd, denotes the standard scalar product in RY; n is the exterior
unit normal.

Definition 1.1. We say that a solution u of problem (3) is bounded if
”M”Lz(Gl\N[H) <C, VN.

The goal of the paper is to study the question of existence and uniqueness of a bounded solution
to problem (3).

Throughout the paper we use the notations
Gl=(a,p)x 0, TL=(a,p)x00, Sy={a}xQ.
Our main assumptions:

(H1) The coefficients g;;, b; € L°°(G) are periodic in x1 outside the finite cylinder G r 1> that is

a;;-(x), xerroo, bj(x), xEGTOO,
aijx)={ @ij(x), xeGl,, bj(x)=1 bj(x), xeG.,

ai;(x), xeG:(l)o; b;(x), xeG:}X,,
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where ai+,, b and a;:s b; are 1-periodic with respect to xj in GTOO and G:éo, respectively.
(H2) The d x d matrix a(x) 1s symmetric and satisfies the uniform ellipticity condition, that is

there exists a positive constant A such that, for almost all x € G,

a(x)€-£>AJE?, VEeR 4)

(H3) The functions f(x) € L?(G) and g(x) € L3(X) decay exponentially to zero as |x;| — oo.
Namely, there exist positive constants Cy, yp independent of n such that

£ 2ty + gl 2oy < Coe M, neR.

The presence of two periodic regimes in the two semi-infinite parts of the cylinder,
GY ., GF™ makes the problem nontrivial.

The existence and uniqueness issue depends on the signs of the effective convection (effective
drift) in the half-cylinders G° . and G{ . The effective convection in the direction of x; for

x b}' and al.; , b;, is defined as follows:

each periodic regime, a; '

b* = / (ai;(0)3; p* () + b7 (x) p* () dx, (5)
Y

where ¥ = T! x Q is the periodicity cell, T' is a one-dimensional torus, and p*(y) belong to
the kernels of adjoint periodic operators
—div (aTV pT) —div(dbT pt) =0, yeV,
+g + + + (6)
a~Vp=-n+ b -n)p- =0, y e aY.

Each of problems (6) has a unique up to a multiplicative constant solution p* € H'(Y) N C(Y)
which is positive everywhere in Y (see, for example, [5], Section 2).

The existence and the properties of solutions of problem (3) depend crucially on the signs
of b* and b~. We are going to study problem (3) for all possible combinations of signs of the
effective drift in the two semi-cylinders:

)] l§+ <0, IE_ >0 (twq—parame_ter family of solutions to (3));
(2) b* <0,b™ <0 (or b* >0, b~ > 0) (one-parameter family of solutions);
(3) b* >0, b~ <0 (non-existence in general case).

2. Case bt <0,b~ >0

Theorem 2.1. Let conditions (H1)—(H3) be fulfilled and suppose that b+ < 0 and b~ > 0. Then,
for any constants K+ and K =, there exists a unigue bounded solution u(x) of problem (3) that
converges at exponential rate for some y > 0 to these constants, as x; — £00:

e = KN 2y + lu = KTl 2y + VUl 2@,y < € Mie ™™, (7)
IVullp2qy <C M1, neRy.
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The constant M in (7) have the form

My =Kt = K7+ 1 +xD) flli2e + 10 +3D gl 2 s
where C depends on A, d and Q.

Proof. Let us note that any bounded solution in G restricted to the left or right semi-infinite
cylinder is a bounded solution there. Thus, by Theorem 5.1, we conclude that every bounded
solution (if it exists) stabilizes to some constants at x; — £00.

Due to the linearity of problem (3), we can consider the homogeneous (f = g = 0) and non-
homogeneous equations separately. At the first step we prove the existence of a solution to the
homogeneous equation that stabilizes to some nonzero constants as |x1| — oo. In the second step
we show that there exists u that solves the nonhomogeneous problem (3) and decays to zero as
|x1| = oo.

The case f = g = 0. For two arbitrary constants K™, K~ € R and k € R, we consider the
following sequence of the auxiliary boundary value problems:

A uk :O, X € Gk_k,
Buk=0, er’ik, (8)
uk(tk,x)=K*, x' €.

We assume that K+ # K —, otherwise the result of the theorem is trivial: ¥ = K+. Without loss of

~ + o - k_ o« KT+HK” k
generality we assume that K™ > K~ . Denote v = u" — — Then v* solves the problem
Avk =0, xeG,,
k k
Bv' = 0, X € E*k’ (9)

1
VR (xk,x) =+ 5 (Kt —K7), x'€0.
By the maximum principle,

1
W< IKT = KTl xeGh keRy. (10)

Indeed, by the maximum principle, a negative minimum cannot be attained in the interior of the
domain G* - The assumption that a negative minimum is attained on the lateral boundary xk r
also contradicts the maximum principle. Indeed, one can prove this extending vy by reflection
across the lateral boundary and using the fact that vy satisfies homogeneous Neumann boundary
condition on XX - This argument is used many times throughout the paper and allows us to apply
the maximum principle, the Harnack inequality and Nash estimates up to the lateral boundary of
the cylinder.

It follows directly from (10) that the L2(G%+l)-norm of v* is bounded, and by the elliptic
estimates (see [3], Ch. 8, problem 8.2), the norm of Vo is also bounded in each finite cylinder:

191 2oy +IVF I 2 gue, <CIKT = K71 N eR,
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with C independent of N. Here we extend v* by constants (K — K ~)/2 outside GX - Con-
sequently, we obtain

1l 2 ey, = € (IKT T+ 1K7D), (11)

IV 1l gy = IV VN2 gty < CIKF = K| N €R, (12)

where the constant C depends only on A, d and Q. By the compactness of embedding H 1 (Gg) S

L2(Gg), we conclude that, up to a subsequence, u* converges to a solution u to problem (3) (with

f = g =0) strongly in leoc(G) and Vuk — Vu weakly in (L%OC(G))d, as k — oo. This proves
the existence of a solution u € Hlloc((G) to (3).

Note that the Holder norm of u* in each cylinder of fixed length is bounded (see [3], Theorem
8.24):

g, < Clutl 2oz, < CAKHI KD, VN, (13)

with « > 0 and a constant C depending only on d, Q and A.
Due to (13), u* converges to u uniformly in each finite cylinder G%‘H, as k — oo, and

ul <C(KT|+IK7]), x€G.

We proceed with the exponential stabilization of u, as x; — co.
Let us compare the solution v* of (9) with a solution 9 to the following problem in the
semi-infinite cylinder

Ak =0, xeGll‘,
Bi* =0, xexk, (14)
k0, xy=—|Kt —K7|/2, ok, x)=(Kt—=K7)/2, x' €0.

Kt

By the maximum principle, v* > 9 and 0% — %’F <0in Gg. By Theorem 5.1, in the case

bt <0, the following estimate is valid:

Kt—K- . Kt—-K~—
— =V -

|Mk _K+| — |Uk _
2

|<CIKT—K e, xeGt.

Since, up to a subsequence, {1X} converges to u uniformly on every compact set K C G, then
lu— Kt <CIKT—K |e "™, xeGf™.

The last estimate yields

llu — K+||L2(G%+1) <CIKT—=K7|e "V, N=1,..,k—1.

By the elliptic estimates we obtain
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+ + —le VN —
< — < — = _
IVl 2oy < Cliu = K ¥l ooz SCIKT =K [e N, N=1, k-1,

The convergence of u to K, as x| — —o0, is proved in the same way.

The case when at least one of the functions f or g not zero. We prove the existence of a
solution of the nonhomogeneous problem (3) that decays exponentially at infinity. To this end
we consider the following problems:

Aug = f(x), xeGk,
Buy =g(x), xezk, (15)
up(=k, x) =ur(k,x)=0, x'eQ.

Without loss of generality we assume that f(x) > 0 and g(x) > 0, otherwise we represent
these functions as two sums of their positive and negative parts. Moreover, we assume that
supp f,supp g C GE)"OO. The case when the supports of f and g are in G(loo can be considered
similarly.
Suppose first that the coefficients a;;, b; and the functions f and g are smooth. Thus, by the
: ‘o S k k k
strong maximum principle (see, for example, [3]), u*(x) > 0, x € G, U X% .

-1

Due to Lemma 5.2, in the semi-infinite cylinder G___, where b~ > 0, uy decays exponentially

and the following estimate holds:
up(x1,x') < Co lluglioes e, x1<—1, y >0,

where Cy depends only on A, d and Q. Since uy > 0, by the Harnack inequality, there exists o
which depends only on d, Q and A such that

up(x) <ae?’™ mgnuk(x), x € G:éo.
G,

Obviously, there exists £ > 1 such that

ur(—£,x") < g min u(x). (16)
2 50

-1

Due to the linearity of the problem in Gk_ g We represent uy as a sum v + wg, where v is a
solution of the homogeneous equation with nonzero Dirichlet boundary conditions

Avkz(), X GGES,
B, =0, xEEk_g, (17)
v (—&,x") =ur(—€,x"), v(k,x)=0, x'€Q;
and wy is a solution of the problem
Awg = f(x), xeGk,,
Bwy = g(x), xezk,, (18)

wi(=&,x)=wrk,x) =0, x eQ.
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By the maximum principle we have

10l . k
vr(x) < BN 1(1}_13nuk(x), x € Gfg.
1

By Lemma 5.3, a solution wy of problem (18) satisfies the following estimate:
lwell 2ty < CNA+xD) fllaigze) + C I +aD) 8l 2x)-
Thus,

[QIminug(x) < llull 2o
G, -

9

| .
= ”Uk”LZ(G(ll) + ”wk”Lz(Ggl) = 5 l‘(I;l(}nI/tk()C) + ||wk||L2(G(11)-
-1

It follows from the last inequality that

minug(x) < CUIA +x3) fll 2o + 10 +xD gl 2z, (19)
GO 0 0

—1

where C = C(A, d, Q). With the help of the Harnack inequality, maximum principle and (19)
we get

uk ()] < CAA+27) fll 2oy + 1A +2D) gl 2impe) @™ x € Gy

Note that u; is smooth in G:,i where it solves a homogeneous problem.

_ It remains to apply Lemma 5.2 and Lemma 5.3. According to these results, for b~ > 0 and
bt <0, we obtain

”uk”LZ(G%+1) =< CM, VN > O,
il 2 ey < CMe "N, YN <0;

”Vuk||L2(G]ik) <CM,
where the constant M has the form
M= (14D fllagre + 1A +2D) gl 2t

For the nonsmooth data the desired estimates can be justified by means of a smoothening proce-
dure.

Thus, one can see that, up to a subsequence, {u} (being extended by zero to the whole cylin-
der G), converges weakly in H, IL .(G) to a solution u of problem (3). Moreover, by Theorem 5.1,
u stabilizes exponentially to some constants as x| — 00. One can show that by construction u
actually decays exponentially, as x; — 00, but it is of no importance at this stage.
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As was shown above, for any constants K+, there exists a solution of homogeneous equation,
stabilizing to these constants at infinity and satisfying estimates (7). Summing up such a solu-
tion with the particular solution u(x) of the non-homogeneous equation, we obtain the desired
solution of nonhomogeneous problem.

The uniqueness of a solution for fixed constants K* follows from the maximum principle.
Assume that there exists u solving (3) with f = g =0 and u — 0 as x; — =£oo. Let us restrict
u on G* .- Due to the exponential decay, |u(+k,x)| < C e~ 7k for any k. By the maximum
principle, |u| < Ce™7* everywhere in G* « for any k, which implies that u = 0.

Theorem 2.1 is proved. O

3. Thecase b~ <0,b" <0 (b~ > 0,b" > 0)

Theorem 3.1. Suppose that conditions (H1)~(H3) are fulfilled and b~ <0, b* <0 (b~ > 0,
bt > 0). Then there exists a unique, up to an additive constant, bounded solution u(x) of prob-
lem (3). This solution, for some constant K, satisfies the bounds

||M_K7||L2(G%71)SCM5‘VN1 N <0,
||u||L2(G%+1) SCMe—yNa N >0, (20)

Here the constant M is given by

M =[(1+xD) fll2e + 1A+ 23D gl 2 @21)
and C only depend on A, d and Q.

Remark 1. Note that in the case b~ <0, b1 < 0 there exists a unique, up to an additive constant,
solution to problem (3) with f = g = 0 which is equal to zero (so as K ). Indeed, the solution
is unique by Theorem 3.1 and u = 0 is a solution.

Proof. We will prove Theorem 3.1 in the case b~ <0, bt < 0. The case b~ >0, b+ >0 is
treated in a similar way.

We prove the existence of a solution to (3) by considering the auxiliary problems in finite
cylinders

Auk = f, X € Gk_kv
Bup=g, XGZk_k, (22)
up(—k, X'y =up (k, 'y =0, x'€ Q.

If both f and g are equal to zero, the problem is trivial: # = const is a solution to (3). We focus
on the case when at least one of these functions is not zero. Without loss of generality we can
assume that f, g > 0. Otherwise we represent them as the sums of positive and negative parts and
repeat the argument. In addition we assume that the coefficients of the equation a;;, b;, as well
as the functions f, g are smooth. The case of nonsmooth data is justified by means of smoothing.
Then by the maximum principle u; > 0 in GX & up to the lateral boundary.
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We will consider two cases: supp f, supp g C G,]"‘oo and supp f, supp g C G, for some n >
0 which will be chosen later.

Let now supp f, supp g C Gn+°°. To separate difficulties, as before, we represent the solution
uy in the cylinder G’é as the sum uy = vy + wg, where v and wy are solutions of the following
problems:

Av = f(x), x € Gy,
B, =g(x), x € 3,
v (0, x") = v (k,x") =0, x' € Q;
Aw =0, x € G},
Bwkzo’ X € Zg,

wi (0, x") = uk (0, x"), wi(k,x") =0, x"eQ.

Due to Lemma 5.3, vy satisfies the following estimate:
||Uk||L2(G%+l> + ||VUI<||L2(G%+1) <CM, N=>0, (23)

where C = C(A, d, Q) and M is given by (21).
It is left to show that ||uy|| o (s,) is bounded. Then by the maximum principle it will follow
immediately that [|wgl|; e G5 is bounded.

Since bt < 0, wy decays exponentially with x1, and for any § we can choose n = 7(8) > 0
such that

wi(n, x") < 8 minug (0, x'). (24)
o

On the other hand,

il 2y = 191 E%Ht U.
"

Since uy(—k, x’) = 0 and uy solves a homogeneous problem in G’lk, then minx,ea up(xq,x’) is
an increasing function of x| on (—k, 7).

Indeed, min, 0 uy(xy, x") cannot attain a nonnegative minimum inside G"_k, which yields
that it is either increasing or decreasing starting from some point (min,, co Uk (x1, x") might have
one local maximum). But in the latter case max, .o ui(x1,x’) is also decreasing, which is im-
possible since u;(—k, x’) =0 and u; > 0 in Gk_k.

Thus

”uk”Lz(szl) > 10| H%nuk(o, x/).

Using (24), the Harnack inequality and the maximum principle we obtain
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minu (0, x") < ||u <|v w
10| 2 k( )=l k||L2(GZ_l)_|| k||L2(GZ_I)‘|‘|| k||L2(GZ_I)

5CM+|Q|r_I}1axwk

Gy,

<CM+a|Qlwk(n, x")

<CM +d'|Q|8 minug(0,x),
0

where M is given by (21), o’ > 0 is the constant from the Harnack inequality for wy and § is
defined in (24); C depends on A, d, Q. We chose § such that &’s < 1/2 and get

minu (0, x") < C M.
(0]

Note that § only depends on A, Q and d. Now we can simply consider uy in two cylinders, G(lk
and G’é, separately to obtain

gl 2 gy + 1Vl 2t < C M. (25)

The last estimate imply that, up to a subsequence, u; converges weakly in HIIOC(G), as k — oo,
to a solution u of problem in the infinite cylinder (3). Due to Theorem 5.1, the restrictions of u(x)
to the semi-infinite cylinders G(loo and G{° stabilize at the exponential rate to some constants,
as x| — Foo.

Let now suppf, supp g C G" .. Note that we have chosen 7, which might be large, but it
depends only on Q, A and d. As before, we consider auxiliary problem (22), and the first step is
to derive estimates for uy in GZH. The function u; solves a homogeneous problem in GX, and

since bt < 0 then uy decays exponentially with growing x{, and there exists £ > 5 such that

- e o .
1k (&, x| < Co llugllLoscs)y ™ < Coere™* min ug(x) < == min g (x).

G'] n

In Gé « the function u; can be represented as a sum uy = vy + wg, where wy solves a homoge-
neous problem with induced boundary conditions

Awk = 0, X € Gika
Bwy =0, xesxt,, (26)
w (&, x") =ur&,x"), wp(—k,x)=0, x'€Q;

and vy, is a solution of the nonhomogeneous equation with homogeneous boundary conditions

Ave = f(x), xeG*,,
Buv,=g(x), X € Eik, 27)
ve(—k, x") =ve(§,x)=0, x'€Q.
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Using the maximum principle for wy and estimates in Lemma 5.3 for vi, we get
ekl 2 gty < N0kl 2oy + il 2 gy < € M+ 1Qlllugllegs,ys N <8,

with the constant M defined by (21).
Thus,

|Q| LI}II-H uk(x) = ”uk”LZ(Gerl) = ||Uk||L2(GZ+1) + ”wk“Lz(Gngl)

n

< % min ux(x) +C M,

=n+l
G'7

and, consequently

w5 =2 min w0 < m 8)
Gt

n
Since b < 0, by Lemma 5.2 and (28) we have
ue (0] < Co lugll (s e "™ <CMe™™,  Co.y >0, x € GE.
In the cylinder Gé_k we have
||Mk||L2(G%+1) SCM’ N<E
The elliptic estimates give a local estimate for the gradient of u:
”Vuk ”LZ(GII:,]_H) =< C”Mk ”Lz(Gxt?) < CM.

Thus, ug, up to a subsequence, converges weakly in HIIOC(G) to a solution u of problem (3). This
solution, restricted to the semi-infinite cylinders G(loo and G(J)r °° stabilizes exponentially to some
constants KT, as x| — Foo.
It is left to prove that a solution is unique up to an additive constant. Suppose that there are
two solutions #1 and u; to problem (3) such that
u; — K'Y, x> 400, 1=1,2;

u—> K, xp—> —o0, [=1,2.
Then w =u| — u» solves the homogeneous problem

Aw =0, x €G,
Bw=0, xeX,

and
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w—> K =K —K, #0, x;—> —o0; w—0, x;— +oo.

k

Let us consider the restriction of w on the half-cylinder G* __,

rate, as x; — +o00, then

k> 1. Since w — 0 at exponential

wk,xy<Ce ", C,y>0.

Taking into account that b < 0, we see that w converges to a uniquely defined constant C,, as
X1 —> —&

|Cul < llwllzoss,) < Ce™ 7k
Obviously, whatever K~ is, one can chose kg such that for any k > kg
K~ >Ce 7k

We arrive at contradiction. Note that, by the maximum principle, a solution to a homogeneous
problem that decays to zero when x; — =00, is necessarily zero.

Notice that estimates (20), as well as the exponential stabilization of a solution to constants,
remain valid for generic functions f € L2(G) and g € L%(X) satisfying condition (H3). Theo-
rem 3.1 is proved. O

4. The case bt > 0,6~ <0

In the case b > 0, b~ < 0 a bounded solution of problem (3) might fail to exist. Like in the
Fredholm theorem, the existence of a bounded solution is granted by an orthogonality condition.
Namely, problem (3) has a bounded solution if and only if the right-hand side in (3) is orthogonal
to p(x) € Hllgc(G) NC(G), a unique, up to a multiplicative constant, bounded solution of the
adjoint problem

A*p(x) = —div(aVp) —div(b p) =0, xeG,

o B (29)
B*p(x)=aVp-n+({b-n)p=0, xex.

The next statement asserts the existence and describe the qualitative properties of the ground
state of the adjoint operator in the infinite cylinder G. Note that p decays exponentially in a
semi-cylinder if the corresponding effective drift is nonzero and stabilises to a periodic regime
in the semi-cylinder where the effective drift is zero.

Theorem 4.1.
(i) Letbt >0, b= < 0. There exists a unique, up to a multiplicative constant, positive function

px)e H el (@ solving problem (29). Moreover, under the normalization condition
mélx p(x)dx =1 the estimate holds

p(x)<Ce Ml xeG, (30)

with the constants § > 0 and C depending only on A,d, Q and b*.
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(ii) Let b~ <0, bt =0. There exists a unique, up to a multiplicative constant, positive func-
tion p(x) e H L (G)NnC@G) solving problem (29). Under the normalization condition

loc
mélx p(x)dx =1 the function p decays exponentially as x; — —oo and stabilises to a

periodic function p™ solving (6) when x| — +00:

px) < ce®™, xeG°

—00°

31)
lp—ptI—0, x1— +o0, (32)

with the constants § > 0 and C depending only on A,d, Q and b*.

(iii) Let b= = bT = 0. There exists a unique, up to a multiplicative constant, positive func-
tion p(x) € HIIOC(G) N C(G) solving problem (29). Under the normalization condition
méx p(x)dx =1 the function p stabilises to periodic functions p™ and p~ solving (6)

when x| — 00 respectively:

lp—pT|—0, x;— too. (33)

The proof is presented in Section 4.1.
The main result of this section is the following theorem.

Theorem 4.2. Let conditions (H1)—(H3) be fulfilled, and suppose that b+ > 0 and b~ < 0. Then
problem (3) has a bounded solution if and only if

/f(X)p(X)dx +/g(X)p(X)dG =0, (34)
G z
where p(x) is defined by Theorem 4.1.

Moreover, a solution u(x) to problem (3) is unique, up to an additive constant, it stabilizes to
some constants at infinity:

lu — K_”Lz(G:';c) + [lu — K+”L2(G;'°°) = C(|K+| +|K e 7", y>0,
and satisfies the estimates

||u||L2(GZ+1)SC(M+|K+|+|K_|)7 ||vu||L2(G)SCM’ (35)
M =1 +x7) fll2@) + 110+ xD) gll2(w)-
The proof is presented in Section 4.2.

4.1. Proof of Theorem 4.1

In order to prove the existence of a solution to problem (29), we consider the following aux-
iliary problems defined in growing cylinders:
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A*pt =0, xeG,,

.k k (36)

B*pk=0, xedG*,,

where B*p* =aVp* . n + b - np*. Examples 1 and 2 presented in the end of Section 4 give
a motivation for the choice of the adjoint Neumann boundary conditions for p* on the bases
Stx = {xk} x Q. By the Krein—Rutman theorem (see, for example, [4]), problems (36) are
solvable, and p*(x) are positive continuous functions in G ¢+ The solution p¥ is unique up to a
multiplicative constant. We normalize p¥ in such a way that

max pk =1. 37

Due to (37) and the elliptic estimates, p* is uniformly in k bounded in H (GN +1 for any N

and, thus, the sequence {p*} converges weakly in H, l »(G) to a solution p of (29). Our goal is to
show that p is positive, that it tends exponentially to zero at infinity in the half-cylinder where the
corresponding effective drift is nonzero, and stabilises to a periodic function in the half-cylinder
where the effective drift is equal to zero.

(i) Let bt > 0and b~ < 0. We will derive upper and local lower bounds for p (x) in the right

part of the cylinder, Gk The left part G_ ! i for b~ <0 is considered in the same way.

First we show that p(1,x’) is bounded from below by a positive constant. To this end we
factorize p* with pT, a solution to the periodic problem (6), in G’f:

P =pt g ),
then ¢* solves the problem

—div(a® (p*)*Vgh) + b1 (pT)? - Vgk =0, x€GY,

Tt 2ok k
at(p )qu n=0, x € Xy, (38)
p

Note that, since p* > 0, the function ¢* is well defined and positive everywhere in G]]‘. For (38)
the maximum principle is valid, and ¢* attains its maximum on the bases S; U S.
Since min pT < p* <max pt, we have

¢ minpt
maxq _maxq >0 = max p">

T _max > T > 0.
S1USk Gl maXP S1USk max p

Let us show that pk =o0(1), k - oo, on S, or equivalently let us show that we cannot have
qk > § > 0 on S for large k.

Assume that, for a subsequence, qk > § > 0 on Sy. For notation simplicity we do not relabel
this subsequence. Since (pT)~! belongs to the kernel of the periodic adjoint operator associated
with (38), the effective drift for (38) is
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+ 2 -1 + 2 -1 i
/(alj(lﬁ) i (pH ™ + b (pH*(pHTHdx =—b" <0.
Y

Since 0 < § < g* < 1/miny p™ on S, by Lemma 5.2 and the comparison principle, g is expo-
nentially close to some constant C;° in the interior part of Gll‘ :

lg" —CRI < C (e +e* ) xeGh,
and

IV | 2ty <C (@M 4 e7E M) N> 1

where 0 < § < C,S" < 1/miny p*, and y > 0 does not depend on k. Consequently, pk is expo-
nentially close to C°p™:

Ip* —Cpti<Ce?™ +e7E )y >0, xeGh,
Ivp* - VPl gy =€ ("N per®=N) NS (39)

Integrating (36) over Gk, e>1, we get
/(aljajpk +by phdx’ = /(alja,-p" + by pMdx’ =0.
Se Sk

Thus

/ (a1;8;p* +b1 pHdx =0
£
G$+1
for any & € [1, k — 1]. Using (39) and passing to the limit in the last equality, we obtain b* =0,
which contradicts our assumption. Consequently, g > C; > 0 on S and ¢* tends to zero on S,
as k — o0, with C independent of k. In view of the bounds for p™, the same holds for pk :

pk2C1>00n NE pkzo(l) on S¢, k— +oo. (40)
Therefore,
pr<C(e’ +o(l), k—oo, xeGh (41)

Since p* is bounded uniformly in C¥* (G_]f), one can pass to the limit in (40)—(41), as k — 0o, on
any compact set in G$° and obtain the following estimate for p solving (29):

0<p<Ce ™, xeGf® p=>=Ci>00nSy. (42)

By the elliptic estimates,
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||P||L2(G]NV+1) + ||VP||L2(G[1$+1) =< Ce_yNa N>1.

Summing up in N, we obtain a global H'! (GTOO) bound for p.

If b~ < 0 then in the same way we get a uniform H' (G:})O) bound for p and

1231 -1
p=<Ce™l, xeG_,.

By the normalization condition (37), the estimate in (30) holds.

The lower bound in (42) on Sp and the Harnack inequality implies that p is positive every-
where in G.

The uniqueness of p, up to a multiplicative constant, follows from Theorem 4.2. Indeed,
assume there exist two localized functions p, p; solving (29). Both functions satisfy estimate
(30). We can find a pair (f, g) such that the compatibility condition (34) is satisfied with p and
(3) is solvable. But (34) is also necessary, so ( f, g) should be orthogonal to both functions, which
implies that p and p; are linearly dependent.

(ii) Now we assume that 5~ < 0 and b = 0. The exponential decay of p in G°  follows
from (i). The proof of the stabilization to a periodic regime in the right half-cylinder follows the
lines of the proof of Lemma 11 in [6]. The idea of the proof is as follows.

At the first step, as before, we factorize a solution p* of (36) by p* and show that for the
solution qk = pk /p™T of (38) the following estimates hold (see Lemma 12 in [6]):

k sk sk k
maxg" >ming", ming" <maxq".
2 q = 5 q 5 q 2 q
At the second step by the Harnack inequality we get

0<Co Sminqk Smaqu < Cal.
G* Gk
1 1

Then it follows from Lemma 5.2 that ¢* is close to a linear function in Gll‘ , g% converges as
k — oo to g # 0, a solution to the corresponding problem in the semi-infinite cylinder which
stabilizes exponentially to a constant when x; — oo. In terms of p* this means that p¥ satisfies
the estimate

Ip* = pFI=Cer,
for some y and C. passing to the limit as k — oo yields the desired estimate for p.

(iii) The proof follows the lines of that of Lemma 11 in [6].
Theorem 4.1 is proved.

Remark 2. We can improve the estimate (40), in the case when the corresponding effective drift
is non-trivial, and show that pk < e 1% on Sy for some y1 > 0.
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Decomposing p¥ into a sum ¥ + s¥, where

Ak =0 in Gf, A*sk=0 in G},

B*rk =0 on ¥, B*sk=0 on dG*%,

k — ,k k —0- k _ k — K
r|Sl—p|S1>8>0, r|Sk—O, s 51_0’ s|Sk—p|Sk.

Factorizing r¥ and s* by pT and repeating the argument in the proof above, we show that for
some y > 0 and a constant K

k< cer™, |sk—KXpti<Ce k.

We compute the flux through Sg2:

0= / (aljajpk + by pk)dx/

Sk2
= /(aljajrk+b1rk)dx’+ /(aljajsk—i-blsk)dx’ (43)
N Sk/2

=0( 7"+ K> / (a1;0jpT + by pHdx'.
Sk/2

Since [ (a1;0;p™ + by pT)dx' =bT/|Q| > 0, we have K° = O(e™"1%), k — oo. Thus, p*
Sk/2

on S; is exponentially small. Similar argument gives that p* is exponentially small on S_j.

Consequently, there exist yp > 0 such that

0<pt<ce il yeGk,. (44)
4.2. Proof of Theorem 4.2

We turn to the original problem (3).

To prove the existence of a solution we will consider a sequence of auxiliary problems in
a growing family of finite cylinders and pass to the limit, as the length of the cylinder goes
to infinity. It should be noted that a sequence of auxiliary problems with Dirichlet boundary
conditions will not give us any reasonable approximation. This is illustrated in the two examples
below.

Example 1. Consider a family of problems

' +bx)v, = f(x), xe(=kk),
k () v = f(x) ( ) 45)
vk (—k) = v (k) =0,
where b(x) = —sign(x), x € [k, k], and the function f(x) = x;—1,1] is a characteristic function

of the interval [—1, 1]. This equation admits an explicit solution:
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(e—1) (5 —e¥)/e, x e (1,k),
n@)=4{2(1—e)—x+(e— D1+l xe(=1,1),
(e—1) (5 —e™)/e, x € (—k,—1).

Although (45) has a unique solution without any conditions on the right-hand side, this solution
can approximate, as k — oo, no bounded function on R! because vy — 0o at the exponential
rate, as k — oo.

Example 2. Let us examine a one-dimensional problem with Neumann boundary conditions

v b ' = f(x), x e (—k, k),
, , f (46)
Uk(_k) =V (k) =0,
where b(x) = —sign(x), x € (—k, k). We are going to choose the function f(x) in such a way

that the compatibility condition for (46) is satisfied. The kernel of the formally adjoint operator
is one-dimensional and consists of functions {A gi(x)}, » € R, where g solves

g =0 —k, k
{qk bx)qr) =0, x € (—k, k), )

(g — bai) (k) =0.

We normalize g by f Gt qk(x)dx = 1. Integrating (47) we get

|x|

g (x) = % (1—ef~lem

The sequence {gx(x)} converges uniformly to g(x) = e /2, ask — oo, x € R.

To satisfy the compatibility condition ff « @k | dx =0 we take f(x) such that f(x) = sign(x)
if x € (—1, 1) and f(x) = 0 otherwise. Using the continuity conditions for the solution and the
flux density at the points x = 0 and x = %1, and taking into account that the solution is defined
up to an additive constant, we obtain

2¢7 1, x € (—k,—1),

—x+el@2—e), xe(-1,0),
vex) = —x+eler, x € (0, 1),

0, x e (1,k).

Obviously, v (x) converges uniformly to v(x), as k — oo, where

2¢7 1, x € (—o0, —1),

—x+el2—e), xe(-1,0),
U()C)Z -1 x

—Xx+e e, x € (0, 1),

0, x e(1,00),

is a solution of the following equation in R:
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vV + b)) = fx), xeR.

These two examples suggest an idea of using Neumann boundary conditions instead of Dirich-
let on the bases S_y, Sk in the auxiliary problems.

We proceed with the proof of Theorem 4.2.

The fact that condition (34) is necessary for solvability of (3) is evident. Indeed, assume that
a solution u(x) to problem (3) exists. Multiplying equation (3) by p(x) defined in Theorem 4.1
and integrating by parts yields (34).

Let us now prove that (34) is sufficient. We consider the following problems in the growing
cylinders GX o

k_ k k
Aut=f+r", xeGL,,
BufF =g, xezk, (48)

Buk =0, x€S_;USk.

The function 7 is introduced to ensure that the compatibility condition is satisfied. It is defined
as follows:

k__ Je FOx(GE)P ) dxt [5 g () x (GEp* () do G )
- Jgr PG dx X
—1

(49)
_ Je FOMGE) P 0 —pw)) dxt [ g (@) (x(GE) pF ()~ p(x)) do G
= f(;l PF(x) dx xX\G_1),
—1

where x (Gl_l) is the characteristic function of Gl_l. One can see that ¥ — 0, as k — 0o, and

/(f—l—rk)pkdx—l—/g(x)pkda:O.

k
Gk, 2
In order to obtain a priori estimates for u*, we proceed as follows:

: k
e Estimate ||u .
Il ”H](Gl,l)

e Reduce the problem in G* ¢ to a problem in G’é with a Dirichlet boundary condition on Sp
and homogeneous Neumann boundary condition on S.
e Obtain a priori estimates for a solution of the last problem in GS (Lemmata 4.3 and 4.4).

We will present a detailed proof only for the case when b~ < 0, bt > 0 which is more techni-
cal compared with the case when the effective drift is zero in one (or both) of the half-cylinders.
Namely, in the latter case, if 5™ = 0, one can estimate the LZ(G’(‘)) norm of Vu* directly, without

using / p¥ as a weight, and as a consequence, we do not need Proposition 1.
Let us normalize a solution to (48) by

/ uk(x)dx = 0. (50)

1
GO
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We multiply the equation in (48) by p* u* and integrate by parts over GX k

/ PX (@ vk, vu*)dx = / (f + %) p*ur dx + / g phutdo. (51)
Gty Gy =
Since p* decay exponentially to zero when b~ < 0, b > 0, we cannot get an estimate for Vu*

in the whole Gk_  at once. We can, however, obtain a bound for Vu* is a finite cylinder, where
p* is bounded from below. That is why we keep p* on the left-hand side of (51) and estimate the

norm of / pkVuk.
Using the mean value theorem and the Schwartz inequality, we obtain

(/fl’kukdx>25<,§ f |fpkuk|dx)2

Gk . n=*kGZ+l

k—1

k—1
=( > P f |fu"|dx)25( 2. p"<fn>||f||L2<Gg+l)||u"||L2(G,;+l))2,

n=—k G+ n=—k
n

where X, € G+,
Denote by x, the points in G"*! such that

k
1= Y 101t = [ pedx.

n=—k Gk_k

Then, by the Harnack inequality,

pk()zn) =« Pk(xn),

with the constant « depending only on A, d and Q. Due to the convexity property of the quadratic
function, we have

k—1
2
k k k 2 k)2

( / fofutax) sa Y eI e, 16 gy

Gk_k n=—k
By the Poincaré inequality, recalling (50), we get

k k
||I/t ”LZ(G(‘)) =< C ”Vu ”LZ(G(I))'

Using the last bound, one can see that

k2 k2
1 gty < € L+ IDIVEA 2y i) V>0,
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with the constant C independent of n. Thus,

k—1
2
( / frfutdx) <€ 3 oI VDS B gty V0 1 g
n=—k

k
Gk,
-1

k—1
=C {Z+ > } PEOMIA A+ VIR F I oy IV gy = I+ T3
n=0

n=—k

Let us estimate J 1": Jzk is considered in the same way. Obviously,

k—1k—1
H=C Y3 Pl + VDI oy 1VE 1 g1 -
1=0 n=l

We would like to move p¥(x,) under the norm || Vu*||, and to do this we need to know that the
values of p* do not differ too much. The following statement gives a kind of monotonicity of p*.

Proposition 1. Forall y, z € Glé such that |z1| > |y1|, a solution p* of problem (48) satisfies the
estimate

P ) =B pFny), (52)
with the constant B > 0 depending only on A, d and Q.

Proof. Representing pk(x) in Glé as a product P¥ = pT(x) c¥(x), where p™ is a solution of (6),
we obtain the following equation for ¢*:

—div(a(pt)?Veh) +b(ph)? - Vek =0, x e Gy,

a(ptH)?vek.n=0, erlé,
¢80, x") = (p*(0,x") 7! p¥(0, x"), x' €0,
ek, x'y = (pt ke, x)) 7! prk, x), x' €.

Note that, in view of the exponential decay of p¥
ek (0, x") > 8 (mélx prO,x)) 7, Kk, x) < cerok (inn Pt x))
Denote
M*(x1) =max X (x1, x),  mF(x1) = min ¥ (xp, x)).
x'eQ x'eQ
By the maximum principle,

mk (k) <m*(x1) < M*(x1) < M¥0),  x1 € (0, k),
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and M* (x1) decreases on the interval [0, X;] with X; = min{x : M k x)<Mm k (k)}. On the interval
[x1, k] (which might consist of only one point) we have M k x)<M k (k). Take z and y such that
z1 > y1. Suppose M*(y;) > M¥ (k). Then, using the Harnack inequality, we obtain

a” ' mF(y1) = M*(y1) = max{M*(z1), M (k)} = M*(zy),

where o depends only on A, d and Q. If M¥*(y1) < M*(k), then M*(z1) < M*(k) for any z1 > y;
and

mk(y1) = mk (k) = « M¥(k) > a M*(zy).
Thus,

)y <a koY), sz v, €0.

Similar inequality takes place in G .
To complete the proof it remains to note that, due to the Harnack inequality,

maxo pT _ co. O
ming pt

Let us turn back to the estimation of J lk . By Proposition 1,

k—1
H=C Y P A+ VRN I ) 1V 1 g
=0

and applying again the Harnack inequality yields

IA

k—1
= C L NA+VIEDS Iy IV PV I g,
=0

B 2 )
Cl(1+ \/|xl|)f||L2(Gg) v p*Vu ||L2(G(k))-

IA

Similarly,

B = CIA+VID 20, IV PF VI 1T o

and, thus,

\ffp"ukdx\ = CUA+VIFD g2y IV PV I g -
Gk

In the same way one can show that



4480 L. Pettersson, A. Piatnitski / J. Differential Equations 264 (2018) 4456—4487

’/r Cub dx| = C I P Vi1, o
\/gpk ukdo( < CHA+VINDEI o ) I P VI I e -
4

Note that the factor (1 4 |x|) is not present in the estimate involving rk: The function ¥ is

supported on Gl_l.
In view of (51),

Iy P* Vil agry < € (I T+ 1A+ VXD f Lz + 10 +VIxDgl ),

and thus

IVutll 2y < € (IF 1+ 1AV fll e + 1 +VIxDglzs)-

Friedrichs’ inequality yields

11y < € (P4 + 10+ VED Fll ) + 10+ VDN 2cs) )
< C (10 + VR fll2g) + 10+ VDl 2())-
In this way
1 N 172050y < € (1A + VI D fll 2y + 1A+ VIxDgll 2 x))- (54)
It remains to obtain estimates for u¥ in G](‘) being a solution of the problem
k _ k k
Au* = f+r", x € Gy,
Buk=g, x ez (55)

uk(0,x) =y*), Buf(k,x)=0, x'€Q,
where ¥*(x") = uk(0, x’) satisfies the estimate (54). The estimates for u* in G(ik are obtained
similarly. We proceed in two steps: At the first step we consider homogeneous problem with
nonhomogeneous Dirichlet boundary condition on Sy (Lemma 4.3); then, at the second step, we

study nonhomogeneous problem with zero Dirichlet boundary condition on Sy (Lemma 4.4).

Lemma 4.3. For a solution u* of problem (55) with f +r* = g = 0 the following estimates hold:

1Ml ety = C I 120y
IV Nl gty + 1l 2oy < C I lin). YN,

with a constant C independent of k.
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Proof. In view of the maximum principle, since B u*(k, x') =0

k k
" llLoe sy < Nl Lo s, -

In the cylinder G} we represent u* as a sum v* + w¥, where v* and w* satisfy the homoge-
neous equation and homogeneous boundary conditions on ¥k o V&0, x)) = 1/fk(x’ ), vF(1, X)) =
wk (0, x") =0, wk(1, x") = u¥(1, x"). Then the function v¥(x) satisfies the following estimate:

1051 g1y + I I zoecsi 0 < C IV Iz g)-
By the strong maximum principle,

k k
”w ||L°°(Sl/2) <a ”M ”LOO(Sl)’

where 0 < @ < 1, o does not depend on k. In this way we obtain

k k k k
Nu™ oo sy < Nt llLoecs; n) < NV NLecsyn) + Iw™ lLoe(s) )

<CllY g + ol llipes), o<1,

which yields

k| oo sy < IIW lm12g), O<a<l.

1-—a

Applying the maximum principle once more we obtain
I e gty < C I 120 (56)
with C independent on k. It follows from (56) that
a1l gy + 1V 262y < I ey N 0. (57)
Let us note that (57) is valid in LOO(GIg), for any § > 0.

We proceed with estimating || V|| 12(GY)-

Multiplying the equation in (55) by p*u* and integrating the resulting relation by parts over
G'{ gives

/(aVuk,Vuk)pdx=/ kar out {/ /}(Hk)z(a]j—_b1p+)dx
Gk Sy e S Sk

Since both p*(x) and u¥(x) are elements of H' (G’f) N L°°(G’1‘), pTuf e H'(G?) and

P ufll 162y < C 1Y g gy-
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Since div(aVu*) € L2(GS) and div(aVpt — b p*) = 0, then the normal components of (aVu*)
and (a Vpt—b p+) on Sy are well-defined elements of H~!/2(Q) (see [2]), and the inequality
holds

||alj3x_,~uk||H*1/2(Q) = C”l/fk”Hl/Z(Q), ||alj3x_,~P+ - b1P+||H*1/2(Q) =<C. (53)
Taking into account (56) and (58), we estimate the integral on the left-hand side as follows

/ @Vu*, Vi) pdx < C (W 319, + 1V N1y 1V 2

Gy
Finally

k k
IVu ”LZ(G]é) =Cly¢ ||H1/2(Q)1

where C does not depend on k. Lemma 4.3 is proved. O

The next statement deals with the nonhomogeneous equation with zero Dirichlet boundary
condition on the base Sy and homogeneous Neumann boundary condition on Sk.

Lemma 4.4. Let u* be a solution of problem (55) with y* = 0. Then the following estimate is
valid:

k k
<
[|u ”LZ(G%'H) +IVu ”LZ(GS) <CM, VN,
with the constant M having the form
M =1+ 3D fll 2ty + 1+ 2Dgl 25
Proof. Let us consider a sequence of auxiliary problems

Auk = f, +rk, x € Gk,
Buf =g, xeXb, (59)
u],‘l(O, xY=0, B uﬁ(k, xY=0, x'e0Q.

Here f,,(x) = f(x)x (G"H1), rk(x) = rk x(G™*1) and g, (x) = g(x)x(G™F1), x(Gh) is a char-

acteristic function of Gg. Multiplying the equation in (59) by pk(x)uﬁ (x) and integrating by
parts over G’é gives

/(aVuﬁ, Vu’,‘,) pk dx = / (fu+ %) pk uﬁ dx + / gn pk u’,i do.
Gk Gerl GZ+1

Friedrichs’ inequality reads
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il 2oy < 1+ V) IV 2o

Then, using the Harnack inequality for p* we obtain

[ @V iy pt = € min pton 1) (4 VI e, + 1

GSH
+ 1+ V) lgnll 2 s IVl 2 grn)-

Dividing both sides of the last inequality by ming p¥(n +1,x’) and using Proposition 1 to esti-
mate pk , we obtain

BAIVuk|? <Ammp (x)(mmp (n+ 1,x) 7 vuk?

Lz(Gn+1 Lz Gn+1)
< C(A+ VM full gy + Il + T+ Vmlgal 2 gty 1V 2
Consequently,
”Vu];L”LZ(GngI) = C ((1 + \/;)”fn”LZ(Gerl) + |rnk| + (1 + \/ﬁ)”gn ||L2():g+1)),
and by the Friedrichs’ inequality for m <n
gl 2 gty < C (A +m fall gty + A+ VM + A +m)ligall 2 g, )
Thus,
gl 125,40y < € (A+m N fall o greny + A+ VDIry T+ A +mligall 2 5e1))-
By Lemma 4.3 we have
IVubll 206ty < € (1 +x0) full 2 greny + Ikl + 11+ X0 8all 205414 )
(Gp) (Gn™) (Z)

letg 1l 2 gty < € (1420 fall o grety + (L4 VWl + 1A +x1)gall 2 grey), Ym

Obviously, u* = Zﬁ;}) uﬁ solves problem (55) with % =0
By the Cauchy—Schwarz inequality

k—1 k—1
S+ full gy = (3 " ) (Z 15D falgen))

n=0 n=0
<C +x1)f||L2(G]6)‘

Taking into account that supp(r¥) C Gl_l, we get

IVl 2ty < € (1A +3D 2ty + 1P TH 1A +xDgl st )
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I 1l gy < € (1A +2D) fll gty + 1r T+ 1A+ xDgl 2 sp))-
Lemma 4.4 is proved. O

Combining (53), Lemmata 4.3 and 4.4, one can see that for the solution uk of problem (48)
the estimates hold

161 2 gy, = € (K0 + 6D F L) + 10 + 2Dl +174) (60)
IVl 2ty < € (||(1 +xD) fllze + 1A +xDgl 2 + |r"|) (61)
with C independent of k. Hence, up to a subsequence, u* converges weakly in the space Hll()c(G)’
as k — oo, to a solution u(x) of problem (3) which satisfies estimates (35).

The stabilization of u to constants at infinity is ensured by Theorem 5.1. The uniqueness of
the solution can be proved in the same way as in Theorem 3.1. O

5. Main results in the semi-infinite cylinder

For the readers convenience, in this section we summarize the results obtained in [5] for a
solution in a semi-infinite cylinder.

Let G = (0, 00) x Q be a semi-infinite cylinder in R4 with the axis directed along x1, where
Q is a bounded domain in R¢~! with a Lipschitz boundary 8 Q. The lateral boundary of G is
denoted by X = (0, +00) x 9 Q. We study the following boundary-value problem:

—div (a(x) Vu(x)) +b(x)-Vulx)=f, xegaG,

aVu-n=g, x e, (62)

u(,x") =", x'eQ.
Here a(x) is a d x d matrix satisfying the uniform ellipticity condition, and b(x) is a vector in
R?, ¢(x') € H'/?(Q). The matrix-valued function a(x) and the vector field b(x) are supposed
to be measurable, bounded and periodic in x| functions. The periodicity of the coefficients can
be perturbed in some fixed finite cylinder, this will not affect the result.

Concerning the functions f and g we suppose that f(x) € L%(G), g(x) € L3(X), and that
these functions decay exponentially as xj goes to infinity, i.e. for some y; > 0

||f||L2(G1]:,]+1) + ”g”LZ(Z%“) < Ce—)/l N, N > 0. (63)

Let us introduce an auxiliary function p(x) which belongs to the null space of the adjoint operator

—div(aV p)—div(bp)=0, x€Y, (64)
aVp-n—(b-n)p=0, x €9Y,
and the effective convection
by = / (a1, (08, p(x) + b1 () p(x)) dx. (65)

1
GO
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Theorem 5.1.

(1) Any bounded solution u(x) of problem (62) stabilizes to a constant at the exponential rate
as x; — oo, that is

llu(x) — Coo”LZ(GglO) <CMe¥", Vn=>0,

for some Co>0andy >0, M = ||(1 —|—x%)f||Lz(G) + |11 —l—x%)glle():);

(2) by <0 if and only if for any ¢(x') € H'>(Q) and for any constant | € R, there exists a
bounded solution u(x) of problem (62) that converges to the constant l, as x| — 00,

(3) by >0 if and only if for every boundary condition ¢(x') there exists a unique constant m(g)
such that a bounded solution of problem (62) converges to this constant as x| — 0.

The existence of a solution to (62) has been proved using auxiliary problems in finite growing
cylinders. Namely, we consider the following problems in G{‘):

—div (a(x) Vvk) +b() Vot =f xeGk,
avvk.n= g, X € ES, (66)
K0, x) =), vk,x)=K x' €0,

where p(x") € L*(Q), K is a constant.
The following statements characterizes the asymptotic behavior of v¥.

Lemma 5.2. The case f = g=0.

(1) If by > O then there exist constants C, go, yo > 0 and y > 0 such that

" = C°l < Co lleliL=(o) (e—yon + e_”(k_’”)> +CK e vk, (67)
In the case of a constant ¢, C f;o =@ and
0" — gl < Co(lp] + Ky e 7 E0),
(2) If by < O then there exists y > 0 such that
v* = K1 < Co(llpllzeco) + K)e "™, (68)
3) Ifb; =0 then in Gk the function v* is close to a linear function:
0

Co(k —x1) + Kx;

k
v k

_ C
< CollgliLecgye " + 7 (Il + K).  (69)

The constant C (‘Zo is uniquely defined (see Lemma 5.1 in [5]).
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Lemma 5.3. The case g = K =0, f, g #0.
Independently of the sign of by, there exists a constant Coo such that

10" = Cooll 2ty < CUA +2D) fll 26y + 11+ 28l 2(s) (70)
IVo 26y < CUAA + 3D Fll26) + 110+ xD)gl 2 (71)
where C is independent of k and N.
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