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On the asymptotic behaviour
of eigenvalues of a boundary-value problem
in a planar domain of Steklov sieve type

R. R. Gadyl’shinf, A. L. Piatnitskii, and G. A. Chechkin

Abstract. We consider a two-dimensional spectral problem of Steklov
type for the Laplace operator in a domain divided into two parts by a perfo-
rated partition with a periodic microstructure. The Steklov boundary con-
dition is imposed on the lateral sides of the perforation, the Neumann
condition on the remaining part of the boundary, and the Dirichlet and
Neumann conditions on the outer boundary of the domain. We construct
and justify two-term asymptotic expressions for the eigenvalues of this prob-
lem. We also construct a two-term asymptotic formula for the correspond-
ing eigenfunctions.

Keywords: asymptotic behaviour of eigenvalues, spectral problem,
Steklov problem, homogenization of spectral problems.

Introduction

The homogenization of spectral problems in domains with microstructure is an
important and, in many cases, difficult problem. The first results in this direction
were obtained in [1] for perforated domains and in [2] for operators with rapidly
oscillating coefficients. Later, many papers were published in which the homoge-
nization of diverse elliptic spectral problems was considered. In particular, problems
with a spectral condition of Steklov type were studied; see, for example, [3]-[6]. In
these papers, homogenization problems of a spectral problem of Steklov type with
a fast change of the type of the boundary condition were investigated (for the scalar
equation, see [3], and for the system of elasticity theory, see [4]). In [5], the leading
terms of the asymptotic expansion of the eigenvalue in a dense cascade connection
were constructed. The behaviour of a solution of the problem in two domains con-
nected by thin rods was studied in [6]. Problems of homogenization of operator
pencils were considered in [7].

An asymptotic analysis of problems in domains with singular boundaries and
of operators with singularities (for example, with high-contrast coeflicients) was
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carried out, for example, in [8]-[10]. Problems concerning the homogenization
and the asymptotic behaviour of multiple eigenvalues were discussed in the papers
[11]-[16] and elsewhere.

Numerous papers are devoted to homogenization problems in domains with per-
forated partitions (see, for example, [17]-[23]). In Ch.I, §3 of [18], the problem
was considered in a domain perforated along a closed curve. It was proved that the
solutions of the original problem converge uniformly to solutions of limit problems
on compact subdomains that do not include the curve. Solutions of boundary-value
problems in a domain divided into two parts by a perforated surface with different
thicknesses were considered in [19] and [22]. In particular, the weak convergence
in Lo of solutions of the original problem to solutions of two independent prob-
lems in domains separated by this surface was proved. In [20], the asymptotic
behaviour of solutions of the boundary-value problem in a domain perforated along
a manifold was studied with different boundary conditions on the boundary of the
cavities. The case when the perforation makes no contribution to the problem in
the limit was considered. The paper [23] is devoted to the study of a problem of the
type of a fine sieve with a spectral condition on a perforated partition. The Steklov
problem on a periodic connection was treated in [24]. This domain can be regarded
as half of a domain perforated along a hyperplane (but without the other fixed part
of the domain). The asymptotic behaviour of the spectrum as the small parameter
tends to zero was shown. The problem in a domain perforated along a segment was
considered in the paper [21]. Here it was assumed that the width of the cavities is
a small parameter, whereas the length is of finite size. The behaviour of eigenvalues
as the small parameter tends to zero was investigated.

In this paper, we consider the problem in a domain divided into two parts by
a thick partition with canals. The thickness of the partition and the period of
the arrangement of the canals are of the same order and are equal to €. The
thickness of canals is ae, where a < 1 is a constant. Here and below, the small
parameter € is determined by the equation ¢ = 1/(2N + 1), where N' > 1 is
a positive integer. We assume that the spectral condition of Steklov type is imposed
on the boundaries of the canals, a homogeneous Dirichlet boundary condition on
the outer boundary of the domain, and a homogeneous Neumann condition on the
remaining part of the boundary of the partition. In [17], a limit (homogenized)
problem was derived for this problem. However, the leading term of the asymptotic
expansion of an eigenfunction gives no impression of the structure of this function
in a small neighbourhood of the ‘sieve’ (the perforated partition). The behaviour
of the eigenfunction in this neighbourhood is of particular interest since it is the
very place at which a rearrangement of the initial spectral boundary conditions into
effective ones occurs, and the eigenfunctions have rapidly oscillating structure. For
this reason, to better understand the homogenization process and to improve the
rate of convergence, it is required to construct the second terms of the asymptotic
expansion of the eigenpairs, and that is the object of this paper.

We also discuss the meaning of the spectral conditions of Steklov type that are
imposed on the lateral surface of the perforation. In problems of heat conduction
and others related to diffusion equations, the Neumann—Dirichlet operator or its
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inverse, the Dirichlet—Neumann operator, plays an important role. For a harmonic
function vanishing on a part of the boundary of the domain, this operator defines
the profile of the solution for a given flow on the remaining part of the boundary. It
is known that on the corresponding part of the boundary the Dirichlet—Neumann
operator in the space Ly is self-adjoint, positive and has compact resolvent. The
Steklov-type spectral problem is equivalent to the spectral problem for the cor-
responding Dirichlet—~Neumann operator. As usual, knowing the spectrum of the
operator enables us to obtain information about the behaviour of solutions of evo-
lutionary problems related to this operator.

In applied problems, the presence of thin partitions with a microstructure whose
surface is equipped a flow of heat is quite natural. The reader can interpret such
a partition as a thin heating pad which is permeated by warm canals or heaters.

§ 1. Statement of the problem and preliminaries

We denote by Q a domain in R? whose boundary I' is smooth and, in a neighbour-
hood of the ends of the segment I'; = [—1/2,1/2] on the abscissa axis, I coincides
with the lines 1 = —1/2 and z7 = 1/2, respectively. Consider a non-empty part
of the boundary T'y := {z € T': 3 > ¢} for some fixed ¢ > 0, and let '3 =T\ T's.

Let @ be the rectangle {x € R?: 21 € (—1/2,1/2), 29 € (—he/2,he/2)} and let B
be the rectangle {£ €R?: & € (—a/2,a/2), &2 € (=h/2,h/2)}, 0 < a < 1, h > 0.
We recall that e = 1/(2N + 1), where N € N. We introduce the notation

Bl ={xeQ:c (a1 —ejan) €B}, j€Z,  B.=|JB!
J
and consider the perforated strip Q. := @\ B.. We denote the vertical boundary of

the canals by I'. = 9B.NQ. We define the domain Q. as the set Q\ Q. (see Fig. 1).

) QO
T, :

|
ol
|
|—=

3 11

Figure 1. Structure of Q.

We write

he he

Fg:{xel"3:|x2|>2}, ng{m€8Q5:|x2|:2}.
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We define the space H!'(Q.,T3) as the closure, with respect to the norm of

HY(Q.), of the set C*°(€). ) of functions vanishing on a neighbourhood of T's.
Consider the following spectral problem of Steklov type:

—Au:. =0 in Q,,

ue =0 on Iy, (1.1)
0 0

(,;Lj =0 onY.UTS, % — A, onT,.

Here and below, v is the unit normal vector pointing outwards.

It is known (see [25]) that the spectral problem for the Laplace operator in
a bounded domain with the Steklov condition on a part of the boundary is self-
adjoint, and the resolvent of the corresponding operator is compact and posi-
tive. Therefore, the problem (1.1) has a discrete spectrum going to co. We
denote the eigenvalues of the problem, renumbered taking their multiplicities into
account, by Ac1,Ac2,...,Acj,... — 00, and the corresponding eigenfunctions
by e 1,Ue2,. .., Ucj, ... . The following normalisation condition is natural for the
problem (1.1):

/ Ug i Ug j dxy = 55; (12)

where 6{ =1 when ¢ = j and (53 = 0 when i # j.

In what follows, we also use the notation [u] for the jump of a function u on T';.
We treat the problem (1.1) and the problems arising below with a jump on I'y in
the sense of integral identities with the corresponding solutions belonging to the
space H'(Q,T5).

As was shown in [17], the homogenized problem for (1.1) acquires the form

—A'LL(] = 0 n Q,
up =0 on I'y,
duo =0 onls, (1.3)
v
0
[U'O] =0 onlty, o = —2hXoug on I'y.
3x2

This problem is self-adjoint and has a discrete spectrum. The corresponding eigen-
values g indexed according to their multiplicities tend to +o0 as k — oco. More-
over, as a special case of Theorem 3.1 in the paper [17], we obtain the following
assertion.

Proposition 1.1. Let the multiplicity of an eigenvalue Ao = Ao ; of the boundary-
value problem (1.3) be equal to m, that is, Ao = -+ = Aoj4n—1. Then the

boundary-value problem (1.1) has precisely n eigenvalues /\g) = Aejqi-1, | =
1,...,n, that tend to \g as € — 0.

Let ul) be the orthonormalised (in L2(Q2:)) eigenfunctions of the boundary-value
problem (1.1) corresponding to /\g). Then from every sequence ¢, —— 0 one can

q— 00
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single out a subsequence €4, such that

Huglq) - ug)”Hl(QEq,) — 0, (1.4)

q—

where the ul" are orthonormalised (in La(QY)) eigenfunctions of the boundary-value

problem (1.3) corresponding to Ao (and depending in general on the choice of both
the sequence ¢, —— 0 and its subsequence).

q—0o0

Remark 1.1. Below, we omit the index j if possible, that is, we write Ay and )\gl),

l=1,...,n.

We note an interesting specific feature of the limit problem (1.3). The coefficient
in the spectral condition in this problem depends on the parameter h (the thickness
of the partition), but not on the parameter @ which characterizes the width of the
holes (see the formula (11) in [17]). The dependence on a manifests itself only in
the subsequent terms of the asymptotic expansions of the eigenpairs. This is related
to the fact that the coefficient in the limit spectral condition is determined by the
effective length of the vertical part of the boundary of the partition in the prelimit
problem. This effective length does not depend on the parameter a.

In this paper, the cases of both a simple and a multiple eigenvalue \g are con-
sidered (the multiplicity of Ag is n > 1). Two-term asymptotic expansions for the
eigenvalues (of the boundary problem (1.1)) that converge to Ay are constructed
and justified, together with the leading terms of the asymptotic expansions of the
corresponding eigenfunctions.

§ 2. Auxiliary assertions

In this section, we prove some auxiliary assertions needed to construct asymp-
totic expansions of the solution of the problem (1.1).
Let IT = {{: —1/2 < & < 1/2} be a strip and let

- men{{Bl Bl

a a h
T:T"FUT—a Ti—{§:§16 |:_17_2:|U|:271:|7§2_i2}7

Ty = {5: G=i5,6€ Hﬂ }

We denote the remaining part of the boundary of the strip by X, that is,
Y =0, \(YuT',ur.)

(see Fig. 2).
For an arbitrary s > 0 we shall also write

I3, = {£ € Iap: |&2] < s}
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62 Hah
2 s
T,
nl
2
F— T
1 a a 1
—3 3 h 3 32 &
_n)
T_
2 s

Figure 2. A cell of periodicity, I,

In what follows, the index £ of the operator A¢ and of other operators means that
this operator is taken with respect to the variables &.

All the auxiliary problems of this section are considered in the space of functions
that are 1-periodic with respect to the variable £;. In this connection, the solutions
of the problems in I, have periodic conditions on 3. Moreover, by symmetry, they
reduce to auxiliary problems with boundary conditions of Neumann or Dirichlet
type on 3.

We clarify this reduction in the case of the auxiliary problem

AEXO =0 in Haha

0X 90X

=%—0 onT, Z=2=1 onTly, (2.1)
8u§ an

X is 1-periodic with respect to &1,

whose solution is sought in the class of functions satisfying the condition
Xo(&) = —h|&]+0(1) as & — Foo. (2.2)

It can readily be seen that the problem (2.1) is invariant with respect to replacing
the variable & by —&;. By the maximum principle, the problem (2.1), (2.2) has
at most one solution, and therefore, if a solution exists, then it is an even function
with respect to & and, as a consequence, it satisfies the problem

A5X0 =0 in Hah;

dX dX (2.3)
20 on JUT, 20 g onI'4.

61/& 81/5

The converse assertion can also readily be proved: if a function X is a solution of
the problem (2.3), (2.2), then it is also a solution of the problem (2.1). Therefore,
in what follows, instead of (2.1), (2.2), we study the problem (2.3), (2.2).
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We also consider the auxiliary problems
AcXo=0 in Iy,

(2.4)
3X0 =0 onXUYTUI4

8U€
and
Ang =0 in Ha}u
Y. Y, (2.5)
QzO onY, Yo=0 onX, b:d:l onI'y.
81/5 81/5

The following assertion holds.

Lemma 2.1. There are solutions of the problems (2.3) and (2.4) having the fol-

lowing asymptotic behaviour, respectively:
Xo(8) = —hl&| + O(e ™)) as & — +oo, 0
5(:0(5) &+ Cun+0(e —mlgz| ) as & — oo, .

where Cyp, > 0. These solutions are unique and are even functions with respect to &;.
There is a unique solution of (2.5) decaying exponentially by the rule O(e~TI¢2)
as & — £oo. This solution is an odd function of &;.

Proof. We shall prove the existence of a solution of (2.4) satisfying the second
condition in (2.6). To this end, we write Zy = X —&z. The problem for Z; becomes

AcZy =0 in Iy,

~ . (2.7)
%:0 on XUTI'4, %ZZFl on T4.
81/5 81/5

We write IIY, = {¢ € H,,: — N < & < N} and consider the sequence of problems
AeZ) =0 in IO,
oz
Ove

7N (2.8)
0%y =F1 on YT4.
61/5

The solubility condition for these problems is satisfied. We choose an additive con-
stant in such a way that the solution is odd with respect to &. Then Z (&;,0) = 0.
Therefore, by the theorem on traces and by the Friedrichs inequality (see, for exam-
ple, Ch.III, §5 in [26]), the following inequalities hold:

=0 ondlIN\T,

[ @7 a6y < CNZY s upgo, < IV pgy < CUVZ Wy e (29)

and the constant C' does not depend on N. Multiplying the equation (2.8) by
Z¥ and integrating by parts, we arrive at the relation

" _ _ 1/2 _ 1/2
| waspas [ <[ E@rae) <ol [ 1vZPe)

ah ah
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Hence, ||VZ(])V||L2(H(IL\I’1) < C3. Then (2.9) implies the inequality
7N
124 ||L2(H’a‘;2) < Cs.

Since Zév is a harmonic function, it follows that, using the Schauder estimates (see,
for example, Ch.6, §6.1 in [27]), we obtain [|Z{'(-,£(h+1))||lr..(~1/2,1/2) < C4,
and, by the maximum principle,

”Z(])V”Loc(HaNhr\ngl) < 04« (210)

Passing to the limit as N — oo, we obtain a bounded solution Zo of the prob-
lem (2.7). Indeed, by the elliptic estimates for a harmonic function, for any k > 2
and N > k + 1 the following estimate holds:

12 (- Jh+E)lle21—1/2,1/2) < Cs,

and C5 depends neither on N nor on k. Therefore, for the specified values of N
the functions ZY admit the bound ||Z}Y | g @y < C(k). Passing to the weak

limit along a subsequence, we obtain a harmonic function on HZ;L"I‘ satisfying the
boundary conditions required in (2.7). Further, using the diagonal procedure, we
construct a harmonic function on I1,;, which is a solution of the problem (2.7). Its
boundedness on the set IT,; \ I, follows from (2.10), and the boundedness on
the set HZ;[I is a consequence of the standard elliptic estimates.

Using the method of separation of variables, we can readily prove that a harmonic
function which is bounded in the infinite half-strip {£ € R?: — 1/2< & <1/2,
& > h} and satisfies the condition of periodicity or the homogeneous Neumann
condition on the lateral surface of this half-strip converges with an exponential rate
to a constant. For more general operators, this result can be found. for example,
in [28] and [29]. Therefore, the function Zy converges with an exponential rate to
a constant as {3 — +o0o. We denote this constant by Cyp. By construction, the
solution Zy is odd with respect to &2, and therefore Zy converges with exponential
rate to £Cy;, as & — Fo0o. As a result, we arrive at the bound |Zy(§) — Cup| <
Ce~ ™ which can be obtained by the method of separation of variables, taking
into account that the width of the strip is equal to 1. Therefore, Xo(§) = & +
Can + O(e ™8l as & — Fo0.

The uniqueness of the solution )~(0 satisfying the condition (2.6) is a simple
consequence of the maximum principle. The evenness with respect to 51 is obvious.

It remains to prove that Cyj, is positive. We claim that the function Zo is positive.
Since it is odd with respect to &3, we have Zo(acl,O) = 0. Since ZO is harmonic,
periodic with respect to £; and bounded, it follows that its mean value with respect
to the period is a constant as a function of &, which is equal to Cop. If Cop < 0,
then Z, takes negative values in {{ € Il,;: & > 0}. Taking into account the
boundary conditions in (2.7), we can readily see that this assumption contradicts
the maximum principle. Thus, Zg is positive, and Cyj > 0.

We now claim that the problem (2.3) has a solution satisfying the first relation
n (2.6) for some constant C' > 0. To this end, we choose a smooth even function
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on R such that 6(s) = h|s| for |s| = h/2. Then the function Zy(§) = Xo(§) + 0(&2)
must be a solution of the problem

AeZy = 0"(&2) in Ilap,

07

-0 _ )

e =0 (2.11)
Z Z

Q:l on 'y, Q:—h on Y

81/5 81/5

and satisfy the condition | Zy(&)| < Ce~ ™I, It can readily be seen that

[ e [ema - [ oea=o (212)

ah

Consider the family of problems

AgZév = 9”(52) in Hi\%,

0% _ 0 oy \ (T UT)

ove o O Han A EES ) (2.13)
N ZN

9%y =1 onl4, 0%y =—h onT.

8V§ 81/5

The equation (2.12) ensures the solubility of this problem. We choose a correspond-
ing additive constant in such a way that the following equation holds:

/HM zZy d¢ = 0.

ah

Then, by Poincaré’s inequality (see, for example, Ch.I, §1.4 in [30]), we have the
bound

[, are<c [ vaypae (2.14)
Hah, Hah,

with a constant C independent of N. Multiplying the equation in (2.13) by ZY and
integrating the equation thus obtained over Hivh, we arrive (after an integration by
parts) at the relation

| vz [ zyore) -

oo

Zévd§2+h/ z{Vdg¢; = 0.
Ty T

Thus, using (2.14) and the theorem on traces for H!-functions, we derive the bound

/N \VZN[2de < C.
1T

ah
Using the Schauder estimates (see, for example, Ch.6, §6.1 in [27]), we obtain

128 (-, £(h+ 1)l (-1/2,1/2) < C5. This implies that (a subsequence of) ZJ
converges as N — 0o to a bounded solution of the problem (2.11). By construction,
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this solution is an even function of the variables & and &;. According to [29], the
solution Z}¥ converges as & — +oo with exponential rate to C. Because of
the evenness, we have the equation C_ = (. By subtracting the constant C
from the solution thus constructed, we obtain a solution of the problem (2.11) with
the desired properties.

The uniqueness follows readily from the maximum principle.

The last assertion of the lemma can be proved similarly, with substantial sim-
plifications. This completes the proof of Lemma 2.1. [J

The last lemma implies immediately the following assertion.

Corollary 2.1. The periodic continuation of the function X with respect to & is
a solution of the problem (2.1). The function Xo, periodically continued with respect
to &1, satisfies the problem (2.4) in which the Neumann condition on ¥ is replaced
by the periodicity condition. Similarly, the periodic continuation of the function Yy
is a solution of the problem (2.5) with periodic boundary conditions on X.

Remark 2.1. We now give a rather explicit formula for the constant Cyp. To this
end, we use the following considerations. We note that the function Xy is odd with
respect to &, and therefore it is possible to study the problem in the half-strip
I, N {& > 0}, introducing the homogeneous Dirichlet condition on the segment
0 = {(&,&): —a/2 > & > a/2,& = 0}. Further, by conformally mapping
the domain thus obtained onto the upper half-plane in such a way that the points
(—a/2,0) and (a/2,0) pass to —1 and 1, respectively, on the real axis, the point at
infinity passes to the point at infinity on the half-plane, and the points a/2 + ih/2
and 1/2 4 ih/2 pass to by > 1 and by > by on the real axis, respectively, we can
implicitly evaluate the constant Clp,.

Indeed, using the Christoffel-Schwartz theorem to construct such a mapping,
we have the formula

N N B
w=F(z) = 7T/0 \/(C2—1)(<2—b§)d<’ (2.15)

where w are the coordinates on the plane on which the half-strip is given, and z
are the coordinates on the given half-plane onto which the half-strip is mapped.
Under this mapping, the original boundary-value problem passes to a new one in
a half-plane on whose border the solution has the homogeneous Neumann condition
on the axis, except for the segment [—1,1], on which the homogeneous Dirichlet
condition is given. The solution of this problem can be expressed explicitly. It has
the form Relnv/22 — 1 with the asymptotic behaviour In|z| —In2 at infinity.

Now, finding the constants b; and bs from the equations

i ! Cz_bz B
= w@ e gty

1 -1 h
__ d¢ = =
- \/(42—1><<2—b%) “=3

Q
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and using the formula for the inverse mapping z = F~!(w) with the constants

b1 and by substituted, we can find the constant Clp:

b2 -1
Cah:2/ Reln\/(Fl)Ql‘aF
b w

. 0

(here |0F~!/dw| stands for the Jacobian).

Consider the following auxiliary problems:

oY, .
Ale = 32(5) in Hah7 AEXQ =1 in Hah7
1
X 0X
b:o on LUYTUT, (972:0 on XUYUTI4,
81/5 Ve
A;;:Xg = 0 in Hah, A§X4 = 0 in H(Lh7
X X
0Xs _ onXUTY, 9% _, onYUTY,
aVﬁ 8V§
X X ~
Q:Xo on 'y, &:XO on 'y,
8V5 8y€
A§X5 =0 in Hah,
X
9% o onxu T,
8V5
X
0%s _ +Yy onTy,
aV§
9Xo(§) . X o(€)
AgY; = Man, _ -
L1 861 m h AgYQ 8{1 mn Hah;
Y1=0 onX, Yo=0 onX,
oY, Y.
L0 onTLUT, @:o onTLUT,
81/5 61/5
AgY}) =0 in [y, A£Y4 =0 inIl,,,
Y-
&20 on T, %:0 on Y,
al/{ 81/5
Y;=0 onX, Ys=0 onX,
Y- Y, ~
732:‘:)(0 on Fi, Q:iXO on Fj:y
3u§ 81/5
Agyzr) =0 in Hah,
Y5
=0 onT,
(91/5
Ys=0 onX,
Y:
% =Y, onl..
61/5

dm, w =1 + ing

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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To describe the solutions of the above problems, we need the following constants:

. a/2 h/2
E(l - G)Aah = Aah = / / 8YO a

2 a/2)—ny2 551

) o (2.22)
~ . a

5(1—a)Bap = Bap = / Xo (@2) d&s.

2 —h/2 2

We note that, by the Newton—Leibniz formula and the oddness of the function Yj,

we have
a/2 ph/2 Yy (€ h/2 a/2 h/2 a
/ / 80 dg = / Yo(61,&2) déa = 2/ Yo (2,§2> dgs.
aj2)—n2 06 h/2 —a)2 —h/2
(2.23)

The following lemma holds.

Lemma 2.2. There are unique solutions of the problems (2.16)—(2.18) having the
following asymptotic behaviour:

X6 = 51~ Al + O as & - oo,
X5(¢) = %5% + §<1 —a)|éa| + O™l as & — Foo,
X0 = M- @Bl + O™ as koo, (22
X4(€) = £Cup + O(e™™I%]) as & — %00,
X3(€) = 50 - ) Aulel +OEE) g & — 4o

These solutions are even functions of &1. Moreover, the constant Agp, is positive.
There are unique solutions of the problems (2.19)—(2.21) that decay exponentially
by the rule O(e~™1&21) as & — +o0. These solutions are odd functions of ;.

Proof. Taking into account the equations (2.22) and (2.23), we see that the proofs
of all the assertions of the lemma, except for the positivity of the constant A,, are
simple modifications of the proof of the previous lemma.

We claim that A,, >0. It suffices to prove that A,, >0. By (2.23), this will
follow from the pointwise-positivity of the function Y5(§) on the set I'.. We claim
that Yp(€) is non-negative on the closure of the set I, N {& > 0}. Since Yy(&)
is an odd function of &, it follows that Y;(0,&) = 0. Suppose that Yy(§) takes
negative values at some points of the set II,, N {& > 0}. Since Y;(&) tends to zero
as &5 — +o0, it follows that a negative minimum is attained at some point of the
closure of the set II,, N {&; > 0}. For our choice of the boundary conditions, this
contradicts the maximum principle. Moreover, Y;(§) is positive on I'y, since the
corresponding normal derivative is positive. [

Lemma 2.3. Let f € HY?(Ty) and g € Lo(T1) be arbitrary functions and let
u(()l),...,u(()") be orthonormalised (in L2(T'1)) eigenfunctions of the homogenised

problem (1.3) corresponding to the eigenvalue \o. Then the necessary and sufficient
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conditions for the solubility of the boundary-value problem

AU =0 in Q,

U=0 on Ty,

ou

oy — 0 on s, (2.25)

[U]l = f(z1) on Ty,
[GU] _ oy L@ 10 + Uz, ~0)
61‘2

5 +g(x1) on Iy

have the following form: for all l=1,...,n,

/ (21)ul d +1/ Ou 0y 280 0 0)) fan) e = 0. (2.26)
Flg Z1)Ug X1 B - 81'2 1, 8x2 T, X1 xr1 = U. .

Proof. We first consider two problems with zero jump of the function on I';:

—AW =0 on Q\TI},

W =0 onlTI5,

ow

o -0 ol (2.27)
[W] =0 on Fl,

[W] = —2hA\W + G(z1) on T'y;
81172

—Aw=0 onQ\IY,
w=0 only,
ow
5 — 0 onls, (2.28)
[w]=0 onTly,
ow ~
[8.1'2] =g(z1) onTy,

where § € H=/2(T'). The integral identity of the problem (2.28) has the form
/ VwVvdr = (§,v)r, Yove H(Q,Ty), (2.29)
Q

where (-,-)p stands for the action of a functional in H~'2(T';) on a function
in H'/2(I'y). The operator of the problem(2.28) assigns to a function §(x1) in the
space H~1/2(I';) a function w in the space H'(Q), as follows immediately from
the integral identity by Riesz’ theorem. In particular, this also implies the unique
solubility of the problem (2.28) in H(Q,T'5). Further, the trace of a function in the
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Sobolev space H'(€) is an element of the space H'/?(T';), and therefore the linear
operator A taking § to w|r, is a bounded operator from H~Y/2(T';) to H/?(Ty).
As an operator from Ly(T'1) to Lo(I'1), this operator is compact. Using the integral
identity (2.29), we can readily prove that it is positive definite and symmetric.

Thus, the eigenvalue problem (1.3) and the boundary-value problem (2.27),
treated in H'(£2,T'y), are equivalent, respectively, to the equations

uo‘rl + Qh/\QAUQ‘Fl =0,
Wlr, + 2RAAW |, = G (2.30)
in Ly(T'1). The Fredholm alternative can be applied to the equation (2.30). There-

fore, necessary and sufficient conditions for the solubility of the problem (2.27) are
given by the orthogonality conditions

G(ml)u((f)(ml,O) dzi =0, l=1,...,n. (2.31)
'
We note that for G € H~/2(T;) the solubility condition for the problem (2.27)
acquires the form (G, ugl)\n}pl =0.
We now reduce the problem (2.25) to a problem with zero jump of the function
on I';. To this end, we consider the auxiliary problem

AU =0 on OF,
ou*

UT =0 onTyNOQ*, =0 onI3nNQ*, (2.32)
f(a) ”
U+ = :FL on I'y,
2

where QF = QN {z2 = 0}, and write 4 = UT in QF. As in the above case of
the integral identity (2.29), it can readily be derived from the integral identity
corresponding to the problem (2.32) that [0U/dxs] € H~Y/?(T'y). We multiply
the equation of the problem by u(()l) and integrate over the domain, using Green’s
formula twice. We obtain

au 1 [ (0u) duy
/F {]u(()l) dx1—|—§/F ( 0 (x1,40) + 6“0 (xl,—O))f(xl)dxlz(). (2.33)

8332 8x2 X2

We will seek the function U in the form U = W — U. Then we obtain the
problem (2.27) for W, where

Glon) =glon) - | 5t

Oy

It follows from this equation, from the necessary and sufficient conditions (2.31) for
the solubility of the boundary-value problem (2.27), and from the equation (2.33)
that the conditions (2.26) are necessary and sufficient for the solubility of the prob-
lem (2.25). This completes the proof of Lemma 2.3. [J

We also need the following lemma (see [31]).
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Lemma 2.4. Let K: H — H be a self-adjoint operator with discrete spectrum on
a Hilbert space H. Suppose that the following relations hold for v € H and w € R:

[l = 1, = ||Kv — wo|y < |w|.
Then there is an eigenvalue w; of K such that
|ow; — w| < s

Moreover, for every s € (s, |w|) there are {a;} € R such that

P
v — E a;u; <2—,
H sl

where the sum is taken over all the eigenvalues of K in the interval [t — s, @+ 5]
and {u;} are the corresponding eigenfunctions. The coefficients a; satisfy the rela-
tion > |a;|? = 1.

§ 3. Statement and proof of the main assertion

We denote by (u,v)r,r,) and [jul/z,r,) the inner product and the norm in
L5(T'1) and retain this notation for the traces of functions on I'y. We write

(1 +0) + u(z, — 0)
5 )

(u(ar) = =

This notation is used also for vector functions.

Let uél) be the eigenfunctions of the boundary-value problem (1.3) corresponding
to an eigenvalue \g of multiplicity n and satisfying the following normalisation
conditions:

l l k
g oy =15 () ul”) iy, =0 for i #k;

) (k) ~ ) (k)
(<8u0 >7<8u0 >) +(1_3Aah)(3u0’3u0> =0 forl#k.
0xo Jxo L (1) Oxy "~ Oy Ly(Ty)

(3.1)
To prove the existence of these functions uél) we first choose an arbitrary basis of
the eigensubspace orthonormalised in Lo(T'y). For the chosen matrix, the matrix
whose components are defined by the left-hand side of the inequality in the second
line of (3.1) (including I = k) is symmetric. This matrix can be reduced to diagonal
form by an orthogonal transformation. Applying this transformation to the basis
chosen originally, we obtain a basis satisfying all the conditions in (3.1).

We write
l—a/= oul 2
A0 = 12 (B + () ) 62
1 2 0 ('9302 L2(F1)

where the constants ﬁah and Eah are defined by the equations (2.22). If )\gl) =
)\glﬂ) == /\glﬂ”_l) and the other /\gk) have values different from )\gl), then

2 oV

8%1

+ (1 —34Aa)
Lz(Fl)
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we say that the multiplicity of )\gl) is equal to n;. We refer to the linear sub-

@) u(()l—H) uél-i—nl—l)

space spanned by the corresponding eigenfunctions u,~, as the

eigensubspace of )\gl).

By Proposition 1.1, there are n eigenvalues AY of the problem (1.1) (listed
according to multiplicity) that converge to Ag. We denote the corresponding ortho-
normalised (in Ly(T'c)) eigenfunctions by u". We extend the functions u¥ to
in such a way that the following inequalities hold:

Hugj)HHl(Q) < C|\U£j)||H1(QE)

with a constant C' independent of . This extension is possible by [32] and by
our assumptions about the structure of 2.. We retain the same notation for the
extended functions.

The main content of this paper is the proof of the following theorem.

Theorem 3.1. Let Ay be an eigenvalue of the problem (1.3) of multiplicity n and

let uél) be the corresponding eigenfunctions normalised by the conditions (3.1).

Then the asymptotic formulae for the eigenvalues /\él) of the problem (1.1) that
converge to Ag as € — 0 have the form

AD = xg + el 4 o(e3/271), (3.3)

) s defined by the equation (3.2) and p is an arbitrarily small positive

where /\§l
number.
If the multiplicity of )\gl) s equal to ny, then the joint multiplicity of the eigen-

)

values A\ (of the problem (1.1)) having the asymptotic behaviour (3.3) is also

equal to ny, and the subspace formed by the corresponding eigenfunctions ugl) con-

verges to the eigensubspace of )\gl) in La(T'y).

Proof. To construct the asymptotic expansions, we use the method of matching
different asymptotic expansions (see [33], [34], and [12]-[16] for a multiple eigen-
value). For the convenience of the reader, let us explain the main ideas of this
method in connection with the problem considered in this paper. We are looking
for the eigenfunctions and eigenvalues of the problem (1.1) in the form of asymp-
totic series in powers of the small parameter ¢, and for the leading terms we choose
the eigenfunction and the eigenvalue of the limit problem. In a neighbourhood
of the perforated partition, we introduce stretched (internal) variables £ = x/e,
after which we rewrite the functions entering the asymptotic expansion, and also
the operator A and the boundary conditions on the partition in the coordinates &
and x, and we assume the periodicity with respect to £&;. The periodicity condition
is chosen in accordance with the fact that the perforation and boundary conditions
on the partition have periodic microstructure. We say that the resulting expan-
sion is internal. In the remaining part of the domain, we preserve the variables x
in the asymptotic expansion. This expansion is said to be external. On the part of
the domain on which |zs| < 1 and |£3] > 1, the coefficients of the Taylor series in x2
for the functions of the external expansion must be consistent with the asymptotic
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expansion of the functions of the internal expansion as |{2] — oo, which leads to
matching conditions for the internal and external expansions.
Before passing to the proof of the theorem, we note that the convergence in (1.4)
is equivalent to the convergence
l
Hugl) - ug‘)”Lz(l—H) - 07
O]

where u,” is an element of the eigensubspace in Lo(I'1) generated by the eigenfunc-

tions u(()l), ce u(()n).

We denote by ug the vector function with the components uél), ey u(()").

Lemma 3.1. The function ug is infinitely smooth in the closed domains

[-1/2,1/2] x [0,£s], O0<s<ec.

Proof. Denoting the sets [—1/2,1/2] x [0, £s] by the symbols )4, we can readily
see that the function ug satisfies the following problem on the set Q_, U Q4 :

~Alip =0 in Q_,UQ,,,

ou ~

M _y on I's, [Gp] =0 on Ty,

ov o

ﬁo =ug on {17 €O xg = :l:S}7 |:6uO:| = 72h}\0ﬁ0 on I'y.
T2

Using the symmetric reflection of the coefficients and the right-hand sides of this
problem with respect to the vertical boundary, we reduce this problem to a problem
with periodic boundary conditions on I's. The corresponding periodic continuation
is assumed in problems arising in the proof of the lemma.

It can readily be seen that this problem is coercive for sufficiently small s =
s(Ao) > 0, and therefore the solution U, exists and is unique.

Consider the auxiliary problems

—Aug =0 in Qg

out

871? =0 onljy,

uf =hy on {z€Q:xy=+s},
+

% =4ry only

8&62

and denote by 24 the operators assigning to the functions hy and ri the restric-
tions to I'y of the solutions ug. By Proposition 1.2 in [35], these Neumann—Dirichlet
operators taking r4 to u(jf| p, are elliptic pseudodifferential operators of order —1
with smooth symbols. We also consider the problem

AT =0 inQ_,UQ,.,

onu ~

871/0 =0 onljg, [uo] =0 onl}y, ~ (34)
|:8UO

up=hy on{zeQ:xy==s}, 6x}:r on I'y.
2
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We note that the operator 2 = A + 2_ taking the functions hy and r to Up|r,
is also an elliptic pseudodifferential operator of order —1 with smooth symbol.

Substituting the functions uy and —2hAgug for hy and r, respectively, into (3.4)
and considering the smoothing properties of the operator 2, we obtain the desired
assertion on the smoothness of 2. [J

We introduce the functions

c'?uo

ax2 (.’ﬂl, :l:O)

(10(1’1) = llo(iCl,O), aLi(xl) =

By Lemma 3.1 and properties of solutions of the boundary-value problem (1.3),
for the function ug(x) we have

0%uy 11
T £0) = —af(a) € [—2 2] (35)
1 all()

/ :tf — :l: = .

a0< 2) ax1< 0> 0, (3.6)
ou Ou
a4 (1) — oy —(21) = 8:c2 (z1,+0) — 87:2(1:1’ —0)
= —2h)\0u0(:v1, 0) = —2]7)\0(1()(331), (37)
up(z) = ap(r1) + ar £ (x1)x2 — ag(:rl)% +0O(23) as w9 — £0.
By making the change x5 = €5 in the last equation, we obtain
wg(z) = ao(z1) + een +(21)& — 2ag (x )62 +0(%) as wy = by — +0.

By the method of matching asymptotic expansions, we conclude that the leading
terms of the internal expansion in a neighbourhood of I'y must have the form

Vo(a) = vo(Gm1) + evi(§an) +e?va(§ior),  where =, (38)
vo(&; 1) ~ ap(xr) as &£ — £o0, (3.9
vi(&ar) ~aq x(x1)ée  as o — Foo, (3.10)

52

va(& 1) ~ —ay (xl) as & — £oo. (3.11)

Here z; is a ‘slow’ variable and £ = (&1, &2) is a ‘fast’ variable.
In the variables (£; 1), the Laplace operator and the boundary operator become

0? o2 9 -
(91'1 851 a @7 5 = <V’E 1v§) + (Va vm) (312)
1

A=—c?A 27!

It is sometimes convenient to use the notation

0 0

9 _ ~1
(V7€ VE)a vy

_ -1
Bve = (v,e” "Vy).
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Remark 3.1. By the e-periodicity of the boundary of €2, in a neighbourhood of the
partition I'y, we seek the functions v;(; z1) that are 1-periodic with respect to &;.

We write
Ao = NE + A4, (3.13)
where A; is an n X n diagonal matrix with, for now, arbitrary entries )\§1)7 e )\gn),
and F stands for the identity matrix. We denote the diagonal entries of the
matrix KS by XS), I = 1,...,n1. Then, taking into account Remark 3.1, sub-
stituting (3.8), (3.13) and (3.12) into (1.1), and equating coefficients of like powers

of € in the equations and boundary conditions thus obtained, we derive the following
boundary value problems for v;:

AgVO =0 in Hah7

0]
9 _ 0 onTUTy, (3.14)
81/5
vo is 1-periodic with respect to &1,
82V0
A =-2 in Iy,
85V1 afl axl m h a
v 0 onT, AL AL + Avp on T4, (3.15)
Ove Ove Ovg
vi is 1-periodic with respect to &1,
82V1 82V0
A = -2 - i Ha )
vz 96,0z, 0z2 L oeh
0 0
V2 _ 0 onT, @2 _ 91 + Aovi +Aivg on 'y, (3.16)
Ovg Ovg vy

vy is 1-periodic with respect to &,

where the functions v;, j = 0,1,2, must satisfy the asymptotic conditions (3.9)-
(3.11).
Obviously, the function
Vo(g;l'l) = ao(.Tl) (317)

is a solution of the boundary-value problem (3.14) and has the required behaviour
(3.9) as & — Zoo. Taking this identity into account, we can represent the
boundary-value problem (3.15) in the form

Agvl =0 in Hah,

8V1

0

8—‘71 = Faj(z1) + doag(z1) on Ty,
Ve

with the condition of periodicity on ¥ replaced by the homogeneous Neumann
condition. These problems are equivalent because of their symmetry with respect
to the vertical coordinate axis & and the uniqueness of the solution of each of them.
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Taking (3.7) into account, we can readily see that for every function 3(z1), the
function
6110

i) = (G2 ) o0) Kal€) + doao(1) Xo(6) = ale)¥ole) + B(ar)  (3.19)

is a solution of the boundary-value problem (3.18) and has the desired asymp-
totic behaviour (3.10). We note that a more precise asymptotic expansion for the
function vj is of the form

ou o
vi(§m1) = ag £ (11)62 & C'ah<ao>(171) + B(z1) + Oe ™) as &5 — +oo.
T2
(3.20)
Recalculating the asymptotic expansion of the sum (3.8) as &, — +oo in the
variables x5 and taking (3.20) into account, we see that the external expansion of
the eigenfunctions should be sought in the form

u.(z) = up(x) + euy(x), (3.21)

where

uy(z) ~ :I:Cah<auo>(x1) + B(z1) as za — £0.

8.%‘2
Obviously, the last conditions are equivalent to the boundary conditions

ul(ml, :l:O) = :tc’ah<(;1;2>($1) + ,B(Il),

which, in turn, in the notation (3.5), are equivalent to the conditions

[u](z1) = 20ah<glx12>($l), (3.22)

B(x1) = (wr)(x1). (3.23)

Rewriting the asymptotic expansion of the function (3.21) as 3 — 0 in the
internal variables £, we can refine the asymptotic behaviour of the function v (&; x1)
at infinity (3.11):

2 0
va(&a1) ~ —046’(3131)5—2 + ﬂ(331,:|:0)§2 as wip — F00. (3.24)
2 8%2
On the other hand, it follows from Lemmas 2.1 and 2.2 that for every function

¢@(z1) the function
val& 1) = —2<§“> (22) Ya(€) — 2hocxh(21)¥2(€) + 208} (21) X, (€)
dug

~ e () Xa(6) ~ { G20 ) () Va©) - Moo ¥a(e)

8u0

+ (o) X560+ do{ Jo2 ) Xa(6) + Man(e) Xa(e)

— Moo (21)Y5(8) + Arao(z1) Xo(§) + MoB(1) Xo(€)
— B'(21)Y0(€) + (1) X0 (€) (3.25)
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is a solution of the boundary-value problem (3.16) and has the asymptotic behaviour

2
vo(&my) = —ag(xl)% + (ag(xl) (SAah — g(l — a)) + MNao(z1)Ban
— hAiog(z1) — h>\oﬁ($1)> |&2] + @(21)&2 £ Cantp(x1)

i>\0<8uo>( 1) Can +0(e7™%0)as [&] — oo

8.%‘2
Comparing this equation with (3.24) and taking (2.22) into account, we obtain
aul " A 2 ~
87332 (Il) = h(l - a) (ao (I1>(3Aah - 1) + )\an(Il)Bah)
—2h(Arag(z1) + AoB(z1)),
Ou
(G Hen) = olan) (3.20

In turn, this, together with (3.5) and (3.23), implies that

ow
8.132

82110 ~
:| (1'1) = —2h)\0<u1>(x1) =+ h(l — a) (($1,0)(3Aah — ].)

ox?
+ /\3UQ($1, O)éah) - QhAllIO(xl, 0) (327)

Substituting (3.21) into (1.1), we obtain the following equation and boundary
conditions for uy:

—Alll =0 in Q\Fl,

(3.28)
w =0 only, ™M _0 onrs.
ov
Since
82u(()l) (k)d B 8u(()l) ou (k )d
a 2 UO Ty = — 8 a Tl
ry 1'1 r, X1 I

by (3.6), it follows from Lemma 2.3 and the equations (3.1) that the boundary-value
problem (3.28), (3.22), (3.27) is soluble when the entries of the diagonal matrix Ay
are defined by the equations (3.2). Thus, the formulae (3.2) are obtained (at the
formal level).

We note that the functions B(x;) and ¢(z1) are defined by (3.23) and (3.26),
respectively. Thus, we finally determine v1(§) and vo(€) and achieve the validity
of the relations

vi(§) = gus (z1,20)é + uy(z1,£0) + O(e —mléz| ) as & — +oo,
2
vy (€) = 68;0( 17j:0)§22 + g—“;(xhio)gz (3.29)
1

0
+ Canp(z1) £ >\o< 8u0

>( 1) Can + O(e —mlé2| ) as & — foo.
T2
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We proceed with the rigorous justification of the formulae thus obtained (that is,
with the completion of the proof of Theorem 3.1).

Let x(t) be an infinitely differentiable truncating function vanishing for |¢| < 1
and equal to 1 for [t| > 2 and let v be an arbitrary number in the interval (0,1).
Write

U (z) = x(e "z2)uc(z) + (1 — x(e "22)) Ve (). (3.30)

Then it follows from (3.21), (1.3), (3.28) and (3.8), (3.13)—(3.16), (3.18) that this
function is a solution of the following problem:

—-Au., =F,. in Q,,

u. =0 only, (3.31)
aﬁg—O n Y, Ul a—ﬁE—K~+ nTl
v = o € 3 By =Negle T8 O =)
where
Fe(x) = 6F175($) + F275(I) + F375(1‘), (332)
To 0%vy T
Fi.(z)=—(1-x(=2))(2 =
e ==(1-x(2)) (g ()
0%v4 T 9%vs T
5 (27) et (a2)) (539
_ xr ~ ~
FZ,E(x) = —¢€ Q’YXII(;) (uf(x) - Va(x))v (3-34)
ey (P2 0 () —
Fs.(z) e Ty <5'v) D2s (ug(x) vs(x)), (3.35)
ov, - 0
g.(x) = avy —Av, =¢2 (81‘2 —Aovz2 — A1 (vi + EV2)>. (3.36)

By (3.33) and (3.29), we see that supp Fy . C {x: |z2| < 2¢7}, and hence
|eF 1 ell, () = OE*7?). (3.37)

It follows from (3.21), (3.8), (3.17) and (3.29) that

U.(z) — Ve(z) = O(e¥ +£?) for €7 < |&] < 27, (3.38)
ou. Ve o
N _ for &7 < |&] < 267, .
D2 (x 92 (x) = O(e*") for &7 < |&| < 2 (3.39)
By (3.34) and (3.38), we see that suppFa . C {x: &7 < |x2| < 2¢7}, and hence
IF2cllza 0y = O(E72). (3.40)

Similarly, it follows from (3.35) and (3.39) that ||Fs.||r,.) = O(€*/?). This,
together with (3.32), (3.37) and (3.40), implies that

el a0 = OE2). (3.41)
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Finally, it follows from (3.36), (3.17), (3.19), (3.25) and (3.23), (3.26) that

I8 rar.) = O(2), (3.42)
[0e — wollr,(r.) = Ofe). (3.43)

Consider the boundary-value problem

—Aw, =F. in Q,,

w. =0 onlIy, (3.44)
8w5 awa
E 0 onY.UIE, E 0 onlI..

It can readily be seen that this problem is uniquely soluble in H'(£,T), and, by
(3.41), the solution satisfies the bound

IWellzo(r.) < C*772. (3.45)

Consider the boundary-value problem

—Az. =0 in Q,,
25 =0 on FQ} 5 (346)
;jzo on Y. UTS, ;;:g on T,

where g € H~'/2(I'.). We denote by A. the linear operator A.: H~/?(I'.) —
H'/? (T'c) assigning to a function g the restriction of the solution z. to I'c:

Acg = ze|r. .

Being an operator from Ly(T'c) to La(T'c), this is a compact self-adjoint operator
for any fixed €, and its characteristic numbers coincide with the eigenvalues of the
problem (1.1). By the integral identity for the problem (3.46), we can readily prove
that

| Acllcz-172(0.), 117200y < C (3.47)

with a constant C' independent of e.
By (3.31) and (3.44), the function

U, = U, — W, (3.48)
is a solution of the problem
—Au, =0 in Q,,
u. =0 onTy,
%ii‘f =0 onY.UTS,
ou,

= Kgﬁe — KEWE +g. onl..

ov
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Hence, Ac A (1. — w.)|r, = .|, — A.g.. Therefore, by (3.45), (3.47) and (3.42),
we see that

[Au. — (Ks)_lﬁsnla(l“s) = |lwe — (KE)_lAagalle(Fa)
=0 =0(e3*7 1) Vu>0. (3.49)

We now show how to derive the assertions of Theorem 3.1 from this bound using
Lemma 2.4 and Proposition 1.1. As is shown below (see the end of the proof of the
theorem),

0<er < iy < 2 < 00, (3.50)

@®, a0 =o0(1),  1#£k, (3.51)

where ﬂg) is the Ith component of the vector u.. It follows immediately from

(3.50), (3.49) and Lemma 2.4 that, for every /\gl) defined by the equation (3.2),
there is an eigenvalue of the problem (1.1) that has the asymptotic behaviour (3.3).
Here, if )\gl) #* )\gk) when [ # k, then by Proposition 1.1, all the eigenvalues of the
problem (1.1) are simple and have the asymptotic behaviour (3.3).

Let a number )\gl) =...= AgHm*l) defined by the equation (3.2) have multi-
plicity n;. We set s, = ¢3/272# in Lemma 2.4. Then we may assume without loss
of generality that

m;(e)
,&gl+zfl) _ Z aﬁcuglJrkfl)
k=1

< Cety i=1,...,n (3.52)
Lo(T.)

where the u*) are the orthonormalised (in Lo(T.)) eigenfunctions of the problem

(1.1) that correspond to all the eigenvalues A% in the interval I, (€) == (Mo +
5)‘50 —e3/272m N + aAﬁ’) + &3/2721) . We stress that

N+ ¢ ),  j#£L. . l+n -1

It follows from (3.52), (3.50) and (3.51) that m;(¢) > n;. On the other hand,
since the total number of eigenvalues of the problem (1.1) that converge to Xg; is
equal to n, it follows that m;(e) = n;. Thus, we have proved that the number of
eigenvalues of (1.1) that have the asymptotic behaviour (3.3) is equal to n.

We now pass to the proof of the convergence of eigenfunctions on I'y. We note
that, by the integral identities of the problems (1.1) and (1.3) and the normalisation

conditions for the eigenfunctions ugj ) and u(()j ), the following bounds hold:

””gj)HHl(ﬂs) & Huéj)HHl(Q) <C
We extend the functions @Y to € in such a way that the following inequalities hold:

4] 1.0y < Cllal|| 1 a0y

with a constant C' independent of ¢, retaining the same notation for the extended
functions.
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By Lemma 3.5 in [17], for arbitrary v; € HY(Q.) and vy € H*({.) we have

< 081/2”1)1HH1(QE)||U2||H1(Qs)‘

1/2
/ V1V dTg — h/ v1(x1,eh)va(x1,h) day
r. ~1/2

Further, by the theorem on the continuity of traces for vy, ve € H*(£2), we obtain

1/2
/ V1V2 dIl 7/ ’Ul(Il,Eh)’Ug(zl,Eh) dxl < 051/2””1||H1(QE)||”2||H1(QE)-
I

—1/2

The last two inequalities imply the bound

‘/ V1V d.’l?g —h/ Ulvgdl‘l
FE 1—\1

The definitions (3.48) and (3.30) of a and @Y, the integral identity for the
problem (3.44), and the boundedness of the operator of extension from H*'(€.)
to H1(£2), the bounds (3.43) and (3.45) yield that

< Ce il vzl @.)- (3.53)

1Ny < Cy - lIwellmy = o(1), 58 = ug ey =o(1).  (3.54)
Taking into account (3.53), (1.2) and (3.52), we derive from (3.54) the bound

ny
aéj)_zagcugk) <CEH7 j7=1,...,n.
k=1

Lg(Fl)

Therefore,

ni
uf =3 aful®
k=1

To complete the proof of the theorem, it remains to justify the relations (3.50)
and (3.51). It follows from the third bound in (3.54) and from (3.53) that

Lo(T'q)

39— u|| o) = o(1).

Again using the bound (3.53) and recalling the normalisation conditions (3.1), we
obtain ||u¢ |L,(r.) = R~ ' +0(1), which gives the bound (3.50). The relation (3.51)
can be proved analogously.

This completes the proof of Theorem 3.1. O

Postscript. This paper was prepared during the visit of the authors to the Math-
ematisches Forschungsinstitut Oberwolfach for the programme ‘Research in Pairs’
in January 2015. The authors are grateful for the excellent working conditions there.

The final version of the paper was written after the untimely death of Rustem
Rashitovich Gadyl’shin.
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