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HOMOGENIZATION OF SINGULARLY PERTURBED
OPERATORS

A. PIATNITSKI

To the memory of Serguei Kozlov

Abstract: The asymptotic behaviour of effective diffusion for a singularly perturbed
parabolic operator
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is studied. We obtain logarithmic asymptotics of effective diffusion with respect to a small
positive parameter u in terms of auxiliary variational problems on the torus of periodicity.

1. Introduction.

It is well known in homogenization theory that the limiting behaviour of effective diffu-
sion for singularly perturbed operators depends essentially on the structure of low order
terms. For instance, in the presence of a vector field the effective diffusion is much more
the initial diffusion in case of solenoidal vector field (see [1], [2]) and, conversely, decays ex-
ponentially in case of potential vector field (see [3], [4]) or vector field which in some sense
is close to potential [5]. As was shown in [6], [7] the effective diffusion for the equations
with a periodic potential is also exponentially small with respect to the initial diffusivity.

In the paper we study a singularly perturbed parabolic equation
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5%7—"_,“’ %az](m)axju + .Usz(x)amiu + v(z)u (1.1)
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with 'potential’ vector field
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We assume that both the coefficients of (1.1) and the potential U(z) are smooth periodic

functions and that the matrix a;;(z) is symmetric and uniformly elliptic. The goal of this
work is to obtain the asymptotics of effective diffusion in (1.1) as the initial diffusion goes

bi(x) = a(z) U(z)
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to zero. Let us recall the definition of effective diffusion. To this end consider on the torus
of periodicity T™ the following eigenvalue problem

0
<p28—izaij(z)8%j + ,ubi(m)a—xi + v(z))p:/\p (1.2)
and denote by Ao and pg(z) its first eigenvalue and first eigenfunction respectively. Ac-
cording to [8] for any positive p the eigenvalue Ag is real and simple and the eigenfunction
po(z) is also real and positive. To fix the choice of po(z) we assume the normalization
condition < py >= 1 to hold; here < - > means the average of a periodic function over
the period. Then, as follows from [9], the solution u(z,t) of (1.1) admits in the region
{(z,t)| 2% < ct +¢1, t — oo} the following asymptotics

u(z,t) = exp(Aot)po(z)a(z,t)(1 + o(1)) (1.3).

The function @(z, t) describing the diffusive properties of u(z,t), satisfies the homogenized
parabolic equation with constant coefficients

0 _ 0 0

&’U, = 8—%0'1']'(7);;11, ’(_Llf_zo =< p(Z) > uo(w) (14)

The matrix {o;;} = {04;(1)} is called the effective diffusion.

The approach we use to find the asymptotics of {;; ()} as p — 0, relies on the results of
[10] where the uniform logarithmic asymptotics of the ground state po(x) all over the torus
was obtained. This allows to transform equation (1.1) to an equation without potential.
Then, taking into account the special form of the first order terms in the last equation
and applying the rough estimates for the effective diffusion we replace this equation by
another one of divergence form. Finally, we show that the effective diffusion o(u) satisfies
the following limiting relation

lim plno(p) = —A,
p—0

where A is a positive matrix whose coefficients can be found in terms of auxiliary variational
problems.

2. The properties of the ground state of problem (1.2).
In this section the asymptotic behaviour of a ground state in (1.2) is studied. We start
with the description of the first eigenvalue Ag.

Theorem 2.1 Let U(x) be a ’potential’ of the vector field b(z): b(z) = {ai;(x)}VU ().
Then,

: ; 0 0
lim )\0 = — min (G,U(.’L‘)B—%U(ZII)G—%U(ZZI) = ’l)(.’L'))

pn—0 TzeT™

Proof: See [10], theorem 3. O
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Denote the limit (lirr%) Xo) by A. To describe the asymptotic behaviour of Po(z)
n—

let us introduce the following functional: for absolutely continuous curves z(t) =
(@185 2 lt]) s D H ST o0 T

T
1) / 0t (2(t)) [4(2) — bi (2 (£)] (1) — bi(2(8))] — v(w(t))) dt,

where {a%(z)} = {a;;(z)}'. To extend this functional onto the whole space C(0,T;T™)
of continuous functions we put I(z(-), T) = oo for other z(-). It is clear that I(z(-),T) is
bounded from below. Then, for any z!, 2 € T" we define

S(zt,z?,T) = inf I(z(-), T
( ) z(-), z(0)=z!, z(T)=x2 ( () )

Now, we need the following

Definition 2.2 We say that the operator A* is recursive if the function

(40) 32V @) 32U (@) = o(a)

has only one minimum point on 7™. This minimum point denoted by z°, is called recursive
point of A*.

For a recursive operator we define the functions Wy(z) and W (z) as follows

- ] 5 = 0
Wo(z) = inf . (I(z(:),0) + At) = inf(S(z,2°¢) + At),
z(t)=x°

W(z) = Wo(z) — min Wo(y);

here z° is the recursive point of A*. Two assertions below are proved in [10].
Proposition 2.3 W(z) is well-defined Lipschitz function on T™.

Theorem 2.4 Let operator A* be recursive. Then uniformly in z € T™

lim plnpe(z) = —W(z).
n—0

3. The asymptotics of effective diffusion.

The aim of this section is to construct the logarithmic asymptotics of the effective
diffusion o0;(p). Later on we mainly follow the work [7]. First let us introduce new
unknown function

z(z,t) = exp(—Xot)py * (z)u(z, t).



358

Homogenization of singularly perturbed operators

Substituting the expression e*'py(z)z(z,t) into (1.1) instead of u(z,t) and considering
(1.2) we find the equation for z(z,t):

Pole) g2 (2,8) = P () 2,0+ 20 a) (@) ) () +

? J

0
5-2( )

Multiplying the last equation by po(z) exp(U(z)/u) we obtain after simple transformation

U O

2 o — —
ps(z)e atz(:v,t) W

+po () ubi ()

)
0 0
2 2
5P —2(a,t)

Oz

(@)e = ay(z)

_ -1
|, =w(@rny'@)

This equation can be studied by the methods of classical homogenization theory. The

homogenized equation takes a form (see[9])

0 0 0
2 2 — e - PP -
<Hg > 6tz(x’t) K 0w Ba:jZ(w,t) (3.1)
z o uo(z)/ < pg >
t=

where a;; is effective diffusion matrix for the elliptic part of the equation. This matrix
differs from oy; only by the factor < p3(-) exp(U(-)/p) > /u? (see (1.4)).

The potential U(z) is defined up to additive constant. It is convenient to fix the choice
of this constant by the following condition

min (2W (y) ~ U(y)) =0. (3.2)

From (3.2), Proposition 2.3 and Theorem 2.4
lim (u1n < () exp(U(2) /1) >) = 0. (3.3)

Thus, the factor < pg(-) exp(U(:)/u) > /u? does not affect the logarithmic asymptotic of
homogenized matrix and it is enough to study the asymptotic behaviour of the effective

diffusion for the elliptic operator %pg (Z‘)6¥ Qg (x)%.

We assume that the function W(z) = 2W(z) — U(z) has only ome minimum point on
T™. Then, without loss of generality we can suppose that W(z) is defined on R"/Z™ and
that the set of minimum points of this function coincides with Z™. By (3.2) W(z) = 0 for
z € Z". Having the function W(z) we construct the matrix Ayy as follows.

Denote by 3; be the solution of the following minimax problem

B1= inf F(i), F(i) = sup W(z(t))

inf
1€Z™\0 {z(t),z(0)=0,z(1)=3i} ¢
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where inf is taken over all smooth paths connecting 0 with i € Z™ \ 0. For arbitrary

sequence {ix}72; of integer vectors iy € Z™ \ 0, denote by A({ix}) the set of the limiting

points of the normalized sequence {ix/|ix|}. Next, we define Ag, as a union of A({ix}) over

all the sequences {ix} satisfying the relation klim F (i) = 1. According to the definition
— 00

of 1 and compactness of the unit sphere the set Ag, is closed and not empty. We also set
g, ={x€R": z/|z|] € Ag, } U{0}.

Proposition 3.1 I'g, is a linear subspace of R™. InTp, there exists a basis consisting of
integer vectors. There exists b9 > 0 such that the inequality F (i) > 1 + 69 holds for all
iez" \ FBI .

The proof of this statement is given in [7]. O
Now we set B3 = Zin\fr F(i). According to Proposition 3.1 8 > ;. Like Ag, above
1€zm\I'g;

Ap, is defined as a union of A({ix}) over all the sequences {ix}, ix € Z™\ 0, such that
limsup F'(ix) < fB2. Let '<g, = {x € R": % € Ag,} and let ['g, be the ortho-complement

]
k—o0
to I'g, in I'<p,. The following assertion is also proved in [7].

Proposition 3.2 I'<g, is the linear subspace of R™. There exists o > 0 such that F(i) >
B2 + 6o for any i € Z™" \T'<p,. In T, there exists the basis of integer vectors.

The next step gives 33, I'<g, and I'g, and so on. Continuing the process we find 3y, ..., B
and I'g,,...,I'g,, I'g, @ ... ®Tg, = R", where 1 < s < n. Let 21, ..., 2, be the orthonormal
basis in R™ consisting of the orthonormal basis of I'g,,...,['s,. We define the symmetric
matrix Ayy to be diagonal in the basis 21, ..., 2, with eigenvalues 3; in the corresponding
subspaces I's, .

Let us now consider the matrix Ay as a function of W(.).

Lemma 3.3 Ayy is a continuous monotone function of W in the functional space C(T™).

Proof: see [7], Lemma 2. O

The next statement is the main result of the paper.

Theorem 3.4 The effective diffusion matriz o(u) satisfies the following limiting relation

lim plno(p) = —24w.
pu—0

Proof: As was already mentioned it suffices to find the asymptotics of homogenized
. o 2 U_<ﬂ o . .
matrix for the operator go-pg(z)e ™ aij(x)52-. For this purpose we approximate W(z)
i 3
on T™ by the smooth functions Ws(z) with finite number of degenerate points and with the

only global minimum point at the origin, in such a way that the estimate |[W—Ws|c(rn) <
/3 holds. Under this choice of W; for sufficiently small 4 the following matrix inequality

U(z) _ Ws(2)-26

We (2)+25
a va(z) < e z (3.4)

e" 5 < ph(z)e
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holds for all z € T™. Further, the homogenized operator keeps the order relation of original
operator. Hence, (3.4) implies the inequality

_2 2

e nay < ag(p) < e ag (3.5)

£
£

- . . R 47 1 CORP o
where a;; are the coefficients of homogenized operator for ) 57-e” "+ 5~ and a;; are
‘1 1 1

7

the coefficients of (3.1). The properties of Ws(z) allow us to ;pply the results of [4] to find
the asymptotics of @;;. This yields the following relation

lin})uln Gy = —2Aw;. (3.6)
n—
Taking into account (3.5) we have

—261 —2Aw, < limi(r)lfulndij < limsupplna;; < 261 — 2Aw;.
n— pn—0

At last by Lemma 3.3 and the choice of Ws(z), the matrix Ay, tends to Ay as § — 0.
Thus,

i a;; = li o= —2Aw.
i%'uln Qij i}i%pln 04j w
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