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ABSTRACT. The goal of the paper is to describe the large time behavior of
a Markov process associated with a symmetric diffusion in a high contrast
random stationary environment and to characterize the limit process under the
diffusive scaling. The advantage of the proposed approach is that we explicitly
present the limit operator on the extended space. That gives us a possibility
to use this operator for approximations of diffusion processes in porous media
with random structure of inclusions. We also describe the spectrum of the limit
operator. Our approach uses auxiliary Markov processes defined on extended
state spaces, as well as tools from homogenization theory in random media.

1. Introduction. Elliptic and parabolic operators with high contrast rapidly oscil-
lating periodic coefficients have been widely studied in the homogenization theory.
The first rigorous results for parabolic operators of this type were obtained in [15]
and [5]. In particular, it was shown that, under proper choice of the scaling co-
efficient, the homogenized problem contains a non-local in time operator which
reflects the so-called memory effect. Later on in [2], with the help of the two-
scale convergence technique, the limit problem was written as a coupled system
of parabolic PDEs in the space with higher number of variables. Homogenization
problems for elliptic and hyperbolic operators in strongly inhomogeneous periodic
media were originally studied in [18], where the asymptotic expansion of solutions
was constructed. In [24, 25] high contrast problems in domains with singular or
asymptotically singular periodic geometry were considered. A number of interest-
ing results on homogenization of high contrast operators has been obtained in the
recent work [14]. At present, there are many works in the existing mathemati-
cal literature that describe the effective behavior of high contrast periodic media.
Under proper scaling, in parabolic problems this usually results in the memory ef-
fect while homogenization of spectral problems leads to a non-linear dependence on
the spectral parameter. Rigorous homogenization results for high contrast random
stationary media have been obtained in [7, 8] and some other works.
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This work focuses on a problem that is situated within double-porosity models
which are typically used to simulate flow in fractured formations. During the last
decade, there appeared a significant body of literature devoted to the modeling of
such problems. There is an extensive literature on this subject. We will not attempt
a literature review here but will merely mention a few references. A recent review
of the mathematical homogenization methods developed for flow in double porosity
media can be viewed in [4, 19].

The paper focuses on the large time behavior of diffusion in high contrast ran-
dom statistically homogeneous media. We also study the limit behavior of the
corresponding semigroups. Equivalently, we consider the limit behavior of diffusion
defined in a high contrast environment with a random microstructure on a finite
time interval.

In this paper we deal with second order divergence form operators in R?. Each
such an operator is a generator of a Markov semigroup. The corresponding Markov
process (generalized diffusion) has continuous trajectories. However, the presence
of a non-local in temporal variable term in the effective operator means that the
limit dynamics of the coordinate process is not Markov.

The goal of this work is to equip the coordinate process with additional compo-
nents in such a way that the dynamics of the enlarged process remains Markovian
in the limit. We show that it is sufficient to combine the coordinate process in R¢
with a position of the diffusion inside the rescaled inclusions for the time intervals
when the diffusion is trapped by one of the inclusions.

It is interesting to observe that, although in the original processes the additional
components are functions of the coordinate process, in the limit process these com-
ponents are getting independent while the coordinate process becomes coupled with
them.

The explicit form of the limit operator on the extended space gives us a possibility
to use this operator as a generator of an approximation dynamics for the processes
in high contrast random stationary disperse porous media. The discrete version of
such approximation process was constructed in [22], where we considered a discrete
diffusion in a high-contrast random environment given by a jump random walk on
the lattice Z¢. The crucial step in this construction is to describe the “clock process”
governing transitions from the observable “real” space to the supplementary “astral”
spaces and back. The “clock process” is a continuous time finite Markov chain with
transition rates depending on parameters of the limit operator.

To our best knowledge, the questions considered in this paper have not been stud-
ied in the existing literature. In the discrete framework the results on scaling limit
of symmetric random walk in high contrast periodic environments were obtained
in [22]. The construction of related Markov semigroups for symmetric diffusions in
high contrast periodic media on large time scales has been discussed in [21].

The limit behaviour of the spectrum of high contrast operators in a random
disperse type environment is the subject of recent works [8, 9]. In [8] the authors
consider a random double porosity model in a regular bounded domain and show
that, for some particular examples of random media, the spectrum of the original
operator converges in the sense of Hausdorff to the spectrum of the homogenized
operator. In [9] it is explained that in the case of the whole space R? the Hausdorff
convergence need not take place. The approach used in the present work also allows
us to study the asymptotic behaviour of the spectrum of the original operators. This
is illustrated in Section 5.
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The rest of the paper is organized as follows. Section 2 deals with problem
setup. We describe the model equation and provide the assumptions on the data. In
Section 3 we introduce proper functional spaces, and construct the limit semigroup
and the homogenized operator in the extended space, the semigroup convergence is
then proved in Section 4. Finally, in Section 5 we study the spectrum of the limit
operator. Then the semigroup convergence in L? spaces allows us to provide some
information about the limit behavior of the spectrum of the original operators. Our
approach essentially relies on the approximation technique developed in [10] and the
technique of correctors in random media. In contrast with the periodic framework,
the auxiliary operators used to introduce correctors need not be of Fredholm type in
the case of random inclusions. The construction of the first corrector can be found
in the existing literature, see for instance [13]. However, when defining the higher
order correctors we face additional difficulties. Lastly, in Section 6 some concluding
remarks are forwarded.

2. Problem setup. Let (2, F,P) be a standard probability space. Consider a
symmetric diffusion operator in divergence form

A2 f(y) = div (3(0) V) )
where . .
i) ={ by VS EAT= @) ®

I being the unit matrix. Here G¥ C R?, w € Q, is a classical disperse set, i.e. a
random statistically homogeneous ergodic set G C R? that consists of a countable
number of uniformly bounded simply connected domains with uniformly Lipschitz
boundary. Moreover, the distance between any two such domains admits a uniform
deterministic lower bound. The complement R? \ G¥ is almost surely (a.s.) con-
nected and unbounded. The set G corresponds to the matrix blocks (inclusions),
and R?\ G¥ C R? to the fractures system, see [7].

To be more specific, we consider in this work disperse media that satisfy the
following additional condition: there is a finite collection of bounded C? regular
domains (patterns) in R? such that a.s. any connected component of G¥ can be
obtained by a proper translation and rotation of one of these domains. For the
elements of this collection we use the notation D;, j = 1,...,N, N € N, and the
whole collection is denoted D, D = {D;}_,. Thus N is the number of elements in
D.

We assume without loss of generality that each pattern D;, j > 1, contains the
origin. The union of all subsets of G* that have the same geometry as D; is denoted
g;*’, the copies g;“ of D; in g;” are enumerated by index 7 € N. So we have

N
=g g=Ug"
Jj=1 i€eN
and for the complement R? \ G¥ is used the notation Gg'. '
Under these assumptions for each g;.“ there exist a shift :E‘]f”l € R? and a rotation
S;”’i € SO(d) such that g;” is the image of D; under the mapping & — (S;J’i)_lf—i—

w,i)

x;“ The inverse mapping reads & S}‘”i(f —

Letting
ap=P{0eGi}, of=P{0eg’} (3)
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we have ag + > 105 =1, and assume without loss of generality that af > 0 for
all j. Define B

a; = |D;| " af = |D;|T'P{0 € G} (4)
An example of such a disperse medium is associated with a Bernoulli site perco-
lation model on the lattice Z¢ embedded in R%. Let {¢;, j € Z%}, & € {0,1}, be a

sequence of i.i.d. random variables having the Bernoulli law:
PEi=1)=p, PE=0=1-p withO<p<L.

We then define B; = j + [—3, 2], j € Z¢, and consider the set G = |J  Bj,.
{7:¢=1}
This set is a.s. a union of countable number of bounded connected sets (components)
and not more than one unbounded connected component, see [12]. We consider the
generic bounded connected component of Glw, call it £ and denote by & its open
d-neighbourhood with 0 < § < %. Let & be the minimal open simply connected set

that contains . Smoothing the boundary of £ we denote the obtained set by 55.
Then we fix an integer number M > 1 and keep only those sets that contain not
more than M points of Z?. By construction, there exists a finite collection of open
bounded simply connected sets with a smooth boundary such that each 55 can be
obtained by a proper shift of one of the sets of this collection. This is the desired
collection D. By the standard arguments of percolation theory, G“ is statistically
homogeneous and ergodic.
After the scaling = = ey, t = £2s we get the following diffusion operator

AZ f(z) = div(ag (2)V f (@), (5)
where
wi N ~wTy L xERd\sGw:(Gg)c,
Qe (LL') = Q. (g) - { E2]17 T € EGUJ, (6)
and GY = eG¥. The corresponding Cauchy problem reads
Sueet) = dv(a@VuE(e,0), u2(r,0) = pl) (7)

For each € > 0 the operator A% has random statistically homogeneous coefficients
in R?, where the randomness is defined through the random geometry of G¢. These
operators are also called metrically transitive with respect to the unitary group of
the space translations in R%. In L?(R%) we introduce a domain of A% by

-n+

D(AY) = {f € H'(RY) : f € H*(GY) N H*(RY\ G¥), 52Vf(x)|ac;g ®

= V@) 7}

The last relation in (8) represents the continuity of the normal flux a.V f through

the boundary GY. Here n~,n* are respectively the internal and external normals
on 0G¥.

Remark 2.1. Notice that, according to the classical trace theorem, see for instance
[16], for any function v € D(AY) its trace and the trace of its flux on the interface
dGY is a well-defined L?(0GY) function.

Then (A%, D(A%)) is almost surely a self-adjoint operator in L?(R%), and for any
A > 0 the operator (AI — AY) is coercive, here and in what follows the notation I
is used for the identity operator. By the Hille-Yosida theorem, AY is a generator
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of a strongly continuous, positive, contraction semigroup T (¢) on L?(R?) for a.e.
w € Q, and the solution to (7) can be written as

ug (w,t) = T2 (t)p(x). (9)
In the next sections we construct a Markov semigroup T'(t) acting on an extended
space and prove w-a.s. convergence T=(t) — T'(t) as € — 0 on any finite time
intervals. Thus the Markov semigroup T'(t) describes the limit behaviour of the
process corresponding to 7’ and the projection on the first component of this
limit process gives an approximation for the solutions (9) of Cauchy problem (7).
We omit in this paper discussions on the choice of the extended space and the
generator, and refer the reader to [21], where the analogous idea was realised in the
case of periodic high contrast media.

3. The limit semigroup T'(¢). In this section we describe the generator A of the
limit Markov semigroup T'(t). Denote

E=R%xD*  where D* = {x} UD;
here the symbol x stands for a single point set that corresponds to the unbounded
connected (fast) component in the effective dynamics. We consider functions F
defined on E of the following vector form

| folz), if zeRY E=x,

with fo € L2(RY), f; € L*(R? x D;). Equipped with the norm

||F\\2—ao/fo dw+Zaj// ()2 (2, ) ded ()
=1 g,
where o, a; was defined in (4), ag > 0, a; > 0, this set of functions is a Hilbert
space. We call this Hilbert space L*(E, ).
Let us consider in L?(E, ) an operator of the following form

1 0f;(2.,6)
G VVfQ(I) + o Z Q; f #da({)
=1 Top, One

(AF)(.%‘,f) = Agfl(l’,f) (12)

where a positive definite constant matrix © will be defined later on, see (43), o(&) is
the element of the surface volume on the Lipshitz boundary GD;?, ng is the (inner)

normal to 3D§“. The domain of definition of this operator is specified below in (15).
Observe that, for each j = 1,..., N, the argument £ of the function f;(z,§) belongs
to Dj, and that the function in the first line on the right-hand side depends only
on z. Using the relation n* = —n~ and the Stokes formula one can rewrite the
operator (12) as follows:

0 -VVii(z)— =

@0

™=

anAEfJ$§§
j=1 D;
3]

(AF)(z, &) = Nefr(x,€

(&

Aff;v.(-x, )
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We denote
N

1
0= e D/ Belo. €. (14

For each set D;, j > 1, denote by D;(A) the domain of a self-adjoint operator
in LQ(Dj) that corresponds to the Laplacian in D; with homogeneous Dirichlet
boundary conditions. Since the boundary of D; is C? regular, we have D;(A) =
H?(D;)NH{(D;). Notice that this operator is positive. The space D;(A) is equipped
with the norm ||g||p,(a) = [[Agl|z2(p;)-

Defining an operator A in L?(E,«) by formulas (12), (13), one can easily check
that, with a domain

D(A) = {F= (fo,....fx) €L*(E,a) : fo € H*RY),

fi = fo € PREDH(A), f5(2,8)| = fol), (09 folx)

€€oD;

_1
o

=

& [ Defy(@,dg Defr(@,©)...., Defn(a.€)) € LA(Ea)

1 "D,
(15)
the operator (4, D(A)) is a closed symmetric operator in L2(E,a), and D(A) is
dense in L?(E, ).

We introduce the following two spaces:

Hb(E,a) = {fo € H'(R), f; - fo € L*R% HY(D)) } (16)

J

and
HY(E,a) = {fo € H'R"), f; - fo € LX®RSHY(D,) N HY(D,) (A7)
Notice that

N
Zaj//mfj z,€)dédr < 0o VF € Hh(E,a)
j=1 Rd D

and

Z%HfJHLa(Rde Zag//(m P+ Y

k,l=1

o? 0 fi(x,§)
O, 85

)dfdw < o0

for any F' € H%(E, ).
The space H™!(E, ) is defined as the dual space to H}(FE, ) in L*(E, «).

Lemma 3.1. For any m > 0 the operator (mI— A, D(A)) is a coercive self-adjoint
operator in L?(E, a).

Proof. Consider the following quadratic form in L?(E, «)
I'(F,F) =« /@Vfo(m) -V folx) dx

Z : J ‘ J] x 5) de m”} || 2 ,Q

R4 D;
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with a domain D(I') = H}(E, a). Notice that f;(z,-)|,, = fo(z)forany F € D(T).
J ~

According to [23, Theorem VIII.15] there exists a unique self-adjoint operator A,,

that has the following properties:

- its domain D(A,,) is dense in L?(E, a);

- D(Ay,) belongs to D(I'); .

- (AnF, F)2(pa) = T(F, F) for any F € D(Ap,).

We are going to show that A,, coincides with mI — A. First we prove that
D(Am) C D(A). Separating the first component fo in (10) we will use the no-
tation ' = (fo,V). Taking F' € D(Ay) and U = (0,U1) € D(I') with Uy €
Ci°(R%; C5°(D)), and using the relation (A F,U)2(g,a) = I'(F,U), we obtain

) N
(A7YLF7 U)LQ(E,a) = F(Fv U) = ZOLJ'((TTL - Af)‘/Jv Ulvj)?

j=1

where the terms (—A¢V;,U; ;) on the right-hand side are understood as a pairing
between L?(R%; H~1(D;)) and L*(R?; H(D;)). This implies that (m — Ag)V; €
L*(R% x D;) and (0,{(m — A¢)V;};>1) € L*(E, ). Therefore, (0,V) € H3(E,a).
Choosing now U = (ug(z),0) with ug € C§°(RY) and considering the fact that
N
Soaj [ AV, 6)dE € LEHRY), we get mfy — div(OVfy) € L*(R?). Therefore,
j=1 D;
fo € H*(R?), and D(A,,) C D(A). i i

Moreover, A, F' = (m — A)F for any F' € D(A,,). Since A,, is self-adjoint,
D(A,,) = D(A). This yields the desired statement. O

We define the following set of functions:
Da={fo(z) € CRY), fi(x,€) — fo(z) € C (R, D;(A))}. (19)
Notice that fj(x,§)|§eapj = fo(.)?) for any F = {fj}jZO €Djy.

Corollary 3.2. The set Dy C L*(E,«) defined in (19) is a core of A, i.e. Dy is
a dense subset of L>(E,a) and A = A’DA, see [10] for the details.

Proof. Clearly, D, is a dense subset in L?(E,«). In order to show that D, is a
core of A we should also check that for some m > 0 the set {(m — A)F, F € D4} is
dense in L?(E, ). Denote J* = {(ug,U) = (uo(z),U;(,€)) : up € CC(RY), U; €
Cs°(RY; C§°(D;))}. Observe that J* is dense in L?(FE, «). By Lemma 3.1 for an
arbitrary U € J° and for any m > 0 the equation

mF — AF =U (20)

has a unique solution F = (fo, V) € D(A). Then the equation for V can be
rewritten as

(m = Ae)(V(z,8) = fo(x)) = Uz, &) —mfo(z) inD,

(21)
(V(x, &) — fO(x))‘geaD =0,
or, in the coordinate form,
(m = Ag)(Vi(x, &) — fo(x)) = Uj(x,&) — mfo(x) in Dy,
(22)

(V3(2:8) = fo(@))|¢eop, =0, 32 1.
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From this equation we derive the following relation:
Vj(,€) = Vi (2, + mfo(x)V}(§) + fo(x) (23)
with VI = (mI — A¢)~'U; € Cf° (R%; D;(A)) and VP = (mI—A¢)~'1 e Dy(A).
Substltutlng the right-hand side of (23) for V into the first equation in (20) yields
mfo—©-VVfo—cmfo=wo,

where

N N
wO:uO—Zaj/Aé(mI—Ag)fl U;(-,)d§, c= ZaJ/Ag (mI—Ag) t1deE.
Jj=1 j

=1
J J D;

Under our assumptions on U we have wy € C§°(R%). Also, it is straightforward
to check that ¢ < 1 for any m > 0. Consequently, fy is a Schwartz class function
in R%. Taking a proper sequence of smooth cut-off functions ¢,, we conclude that
(m—A)(onfo, V+©nfo) converges in L?(E, ) to U. Since (¢n fo, V +@nfo) € Da,
this yields the desired statement. O

Summarizing the above arguments we conclude that A is a generator of a strongly
continuous, positive, contraction semigroup T'(t) on L?(E, «) with core D 4 defined
by (19).

4. The semigroup convergence. In this section we prove the convergence of
semigroups acting in different spaces following the methods developed in [10].

Define a bounded linear transformation 7¢ : L?(E,a) — L?(R?) for every € €
(0,1) and every w € Q as follows:

{ fo(z), if z € eGY’;

Fi(edt, 8212 —347)), ifx € ey,

(me F)(x) = (24)

Where(S;J’i)*1 and ;%‘]‘” are respectively the rotation and the vector that define the

translation from D; to its copy Q‘-‘”i, and

Fiet 0 = i [ ) e (25)

Lemma 4.1. Almost surely the linear operators m& are uniformly bounded in the
operator norm for all € € (0,1), that is

178 Fll2ray < ClIFllL2(2,0) (26)

for any F € L?(E,q); the constant C is deterministic and does not depend on e.
Moreover, for each F € L?(E, ) the following relation holds a.s.

17 Fl[22gay = IF72(ma) a5 €—=0. (27)

Proof. For every x € R? and every w

N
> Xgs(®) =1,
7=0
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where xp is the characteristic function of D C R%. Then we get

Hﬁﬂ%m=/( m—gy/“w g (D)a
/ filz xgw - (28)

+ZZ /(f] s@“,sf’i(g f:z;”))) Xg;u,i(g)dx.

j=11ieN Rd

By the Jenssen inequality and the definition of fj in (25) this implies that

N
w 1 2 A
P ey < [ B@ e+ Y o [ [ (1(w.0)? dede < CIF s
Rd =1 R4 Dj

with C' = max{(ag)~'}. This yields (26).
J

We turn to (27) and consider the set of functions in L?(E, o) which are piece-wise
constant and compactly supported with respect to the first variable xz. We denote
this set by £ and notice that it is dense in L?(FE, ). If F € £ then (27) holds by
the Birkhoff ergodic theorem. Then, taking into account (26) we conclude that (27)
holds for any F € L*(E, a). O

Now we are ready to formulate the main result of the work.
Theorem 4.2 (Main theorem). For every F € L?(E, ) w-a.e.
T2nlF — TH)F, e |[|[TZ#)reF—nd T(t)F|L2@ey — 0 forall t>0 (29)
ase — 0.

The proof of the semigroup convergence in (29) relies on the following approxi-
mation theorem [10, Theorem 6.1, Ch.1].

Theorem (see [10]). For e € (0,1], let Tc(t) and T'(t) be strongly continuous
contraction semigroups on Banach space L. and L, with generators A, and A. Let
D be a core for A. Assume that w. : L — L. are bounded linear transformations
with sup ||| < +o0o. Then the following are equivalent:

g

a) Foreach f € L, T.(t)n.f — T(t)f ase — 0, for allt > 0.

b) For each f € D, there exists a family f. € L., € € (0,1], such that f. — f
and A fe - Af ase — 0.

According to this theorem the semigroups convergence (29) is a consequence of
the following statement:

Theorem 4.3. Let the generators A and AY of the strongly continuous, positive,
contraction semigroups T(t) and T2 (t) be defined by (12) and (1), (2), (8), respec-
tively, and assume that a core Dy C L*(E,«) for the generator A is defined by
(19), and that a bounded linear transformation 7% : L*(E, ) — L*(R%) is defined
by (24) for every e € (0,1).
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Then there exists a positive definite symmetric constant matriz © such that a.s.
for every F' € Dy, there exists F¥ € D(AY) such that

||F;J - W?FHLz(Rd) —0 and ||A?F6w — WZJAFHLZ(]RGZ) —+0 as € = 0. (30)

Proof. The proof relies on the correctors technique. For any F € Dy, F =

(fo, {fi}), where
folz) € G (RY),  fi(x,€) € C°(RY; C*(Dy)),
with
fj(x5§)|5eapj:f0(x)7 ‘TERdﬂ Vji=1,...,N, (31)

we construct the following family of functions F’ depending on the realization w
of random environment:

fo(w) +&(Vfo(z), hE(Z))
e2(VV fo(x), g2 (£)) +%q¥ (%),  xeRNGY,

> [file, 872 = 25)

ieN } }
Fe(r) = +edf (v, 87 (= 7)) |xge s (£),  w€eGy, (32)

> [l 8312 = 231)

ieN 4
+ g (@, Sy (2 = 23| xgua (%), € G

Here h¥(€), g2 (£), ¢¥ (&) are random functions of £ (so-called correctors) that also
depend on e; h¥(§) is the random vector function whose gradient does not depend
on g, g¢(§) is the random matrix function. In what follows we drop both indices
w and € when refer to these functions. Correctors ¢ (x,&) has been introduced in
order to ensure the continuity of the function F and the fluxes on the boundary
9(eGy) of the corresponding inclusions.

Observe that for any F' € Dy as well as for any F' € C(F) and any « € 592” we
have:

(2 F) () = (37,871 (2 = 857)) = £i(@, 871 (2 = a57) + 06, (39)

where the L norm of O(g) does not exceed Ce. Our goal is to choose the correctors
in such a way that the function F¥ defined in (32) belongs to D(A¥), and both
relations in (30) are fulfilled. Denote by By the ball in R? centered at 0 that contains
the supports in x of all the functions f;, 7 =0,1,..., V.
In order to introduce the correctors in (32) we substitute for F= in the expression
AYFY — ¢ AF the right-hand side of (32). Using repeatedly the formula
7] x 0 10
1.2 = (50 + 256 @ 0)| (34)

ox €

for z € RI\GY after straightforward computation we obtain
(A2F2) (@) = Da (fola) + £V fo(@) - h(Z) + 2TV fo(a) - 9(2) + (D))
= (BJo(e) + 29V fol@) Teh(€) + Vo) Aeh(e) (3)
TV o(@) Beg(€) + 2D0a( D) + E2 (@) )| -

X
g
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with
E¥(x,€) = AV fo(x) - eh(€) + 2VVV fo(x) - eVeg(€) + AVV fo(z) - £29(€)

In a similar way for x € ng’i, we have
w,i( L ~w,i w w,i (L ~w,i
(42 F)(@) = 20, (fi(@, 801 (2 = a57)) + 265 (2.5 (2 - 397))

= (De (@, 87 E =51 + 5 (2,871 (€ = 35) | eoer £ €55,
(36)
with ) A )
U (2,8) = e Aufj(x,€) + 26V, - Ve fi(@,€)

A (x, §) + 267V, - Veg (1, €) + e (2, €),

&= S;”(f — :%‘J”) € D;.
In order to make F* belong to D(AY) we should design it in such a way that the
following conditions are fulfilled on 0G¥:

1) continuity condition on 6(5Q;J’i)

(fo@) + eV ole) - h(Z) + 2TV fo(a) - () +%(5))

zea(sg;’i)

, _ _ , (37)
w,i(L AW, w w,i (L AW, .
= (fj (x,Sj (g — & )) +e¢¥ (,S; (g — i ))) (oG
J
2) continuity of the normal fluxes condition
Ve (fo@) + eViola) - h(Z) +2VVfole) -o(0) + (D)) | o
’ (38)

+

)

2 wi(T  swi w wyi( T swii
=—€V(»<J;,S-’ - =17 ) e (z, S5 (= — 3% ) n
x f] J (E J ) + (b]( J (5 J )) xea(eg;)’l)
The main purpose of the functions ¢% (z,€) is to compensate the discrepancy be-
tween the inner and outer expansions for the function F at the boundary 0GY,
see Proposition 4.6 below. It follows from (31) that continuity condition (37) leads
to the relation

w wyi (L AW,
¢j(x,5j (g_%‘ )

:L’E@(sgf'i)

= (Viola) - h(E) + Vo) - o(5) (D))

(39)

xea(eg;”’i) '

Notice that equality (39) defines the functions ¢% (x,S;“(f - :i"j“)) only for z €
(eG").
With the help of (34) the relation (38) can be rewritten as

(Vfo(@) +£VV fo(@)h(€) + Ve(V fol@)h(€)) + 2V VV fola)g(€)

HeVE(VY fol)(©) +<Veal®))|_, , on”

= —(Vaf(@,8) + Ve fi(2,8) + Ve (2, €) + £°V,05 (,€)) ’éeap-' nt
with { = 8'(¢ — #5) € D;.
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We first consider the ansatz in (32) in the set eGf. Collecting power-like terms
in (35) and (40) and considering the terms of order ¢! in (35) and of order £° in
(40), we conclude that h(-) should satisfy the equation

Vio(@) Deh(€) =0, €€ G5, (Vola) + Vio(z)Veh(©)) -ng =0, € € 0G5

here x is a parameter. Since fy does not depend on &, this problem can be rewritten
as follows:

Neh(€)=0, E€Gy,  Veh(€)-ng = —ng, £€dGy. (41)

This suggests the choice of h, it should coincide with the standard corrector used for
homogenization of the Neumann problem in a random perforated domain, see [13].
We recall that the gradient of h(§) is a statistically homogeneous matrix function
that does not depend on ¢, and h satisfies equation (41). Moreover, h shows a
sublinear growth in L?. Namely, assuming that | Bo h(%)dx = 0, we have

||5h(g) ||L2(BO) — 0, as. ase—0. (42)

We also have .
Hvﬁh(g)Hw(Bo) <C
a.s. with a constant C' that does not depend on ¢, see [13].
The matrix O in (12) is then defined by

© = E[(I+Veh(€)) xgy (€)], ie. 07 = E[(d;+ Veh!(€) xgs (6)],  (43)

where xge (-) is the characteristic function of Gg'. It is proved in [13] that © is
positive definite.

At the next step we collect the terms of order €° on the right-hand side of (35) and
equate them to ©-VV fo(x)+Y (z) in order to make the difference (AYF¥ —n¥ AF) =
(A2F#(z) — (© - VV fo(z) + T(z)) ) small in L*(¢Gy) norm. This yields

(Dol + 299 fola) - Veh(e) + VI fola) - £eg(©) + Bt sy
where z € (eG§ N By); the function Y(x) is defined in (14). We also collect the

terms of order ! in (40):

(VY o(@)h(€) + Ve(VV folx) - 9(6) + Vea(€)) L:%Eag;,i n” "
= —eVefi(x, 87 (€~ 35") e=zeag "

Selecting all the terms in (44)-(45) that contain the second order derivatives
of fy, we arrive at the following problem for the random matrix valued function

9(%) ={9;()}:
(& fol) + 299 fo(x) - Veh(€) + TV fola) - Aegl©))|_, = OV fo(w),
x € eGg N By, (46)
vfg(é.) 'n7|§:§ = —h(§)®n7|§:%’ IG&@QBJQB().

In addition to these two equations we impose the homogeneous Dirichlet boundary
condition on the boundary of By

g(g) =0 on J0By.
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Finally, g(%) is introduced as a solution to the following problem:

€2A1g(g) = E[I+Veh(£) x*(&)] -1 zgvmh(g), x € VEi=eG¥ NBy,

vag<§) -nT o= —h(g) ®n~, x€edGi N By,
9(3) = 0, xedBy;
(47)
here I stands for the unit d x d matrix.
Lemma 4.4. Problem (47) has a unique solution. Moreover, a.s.
lim €29 () 2 g0y = 0 (48)

The proof of this lemma is provided in Appendix 1, Section 6.

Next, collecting the remaining terms in (44) and (45), we arrive at the following
problem for the function ¢(%):

€2A$q(§) =T(z), z€eG¥N By,

Veald) 'n_|5=§ - _v5fj(x’8f’i(§ - I ) 'n+|§:§’ x € E@gf’i N By,

(49)

where the function T(x) € C§°(RY) is defined in (14). We then equip system (49)
with the homogeneous Dirichlet boundary condition at 0By:
x

q(g) =0 forz € dB. (50)

Denote ®.(z) = e2q(£). Let ¢o(-) € C5°(By) be a function such that
¢ >0, and ¢g =1 for all

51
z € {z €R? : there exist j and ¢ such that f;(z,&) # 0}. (5D
Proposition 4.5. The following limit relations hold a.s.:
gig% el 21 (cgenBo) = 05 (52)
lim [|¢o e[| 1 (cgynBy) = 0- (53)
Moreover,
lim [|A; (pa®:) = Tl 12(cgwnBy) = 0 (54)

The proof of this statement is given in Appendix 2.
We now turn to the correctors €¢%, j =1,..., N. Our goal is to define them in
such a way that
A~ ~ . . x . . x R .
Fi(at s (2 - ) 4 eos w2 - as)

T T . (55)
— fola) + (Vo). H2)) + VT fo(o). o(2) + (%) on <0G
V(a8 (E - a) +ed (@,87(E @) -t
= V[ ho(o) + (W hola) BE) + T o) g D) + (D] om0
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and

6||Z:Xg°“ )95 (2,857

. T i

m\H

as e — 0.
Proposition 4.6. There exists a family of functions ¢ with j = 1,...,N and
€ (0,1) such that the relations in (55)—(57) are fulfilled.

For the proof, see Appendix 2.

We turn back to the Proof of Theorem 4.3. The statement of this Theorem is
now a straightforward consequence of (41), (42), Lemma 4.4 and Propositions 4.5 -
4.6. Indeed, due to (55) and (56), we have F¥ € D(A¥). Then the convergence

|FY =7l F||2may =+ 0 ase—0
follows from (33), (42), (48), (53) and (57). Finally, by (46), (54) and (57) we obtain
|AZFY — nl AF||2ray — 0 as € — 0.
This completes the proof of Theorem 4.3. O
5. Spectrum of the limit operator. We proceed with the description of the
spectrum of the limit operator A given by (13), and then using the strong conver-
gence of Markov semigroup 7+ (t) in L?(E) we describe the limit behavior of the

spectra of operators A¥, as ¢ — 0 almost surely.
Remind that each component f;(x,&) of F' € D4 can be written as the sum

[i(x, &) = fo(z) +rj(z,§) with r;(z,§) ’feaD =0 Vj=1,...,N.
Then (13) takes the form
—0-VVfo(x)+ LYV, oszf Aerj(z, €)dE

(=AF)(z,§) = —Agﬁ(l‘,f) . (58)

—Aery(z,§)
For each j the operator —A¢ on D; with homogeneous Dirichlet boundary condition
has a discrete positive spectrum {37, }men, B2, >0, B4, — 0o as m — co. We
denote by s (£), m = 1,2,..., the corresponding normalized eigenfunctions and
by M the set of all indices (j,m). We introduce the set M* C M of indices (j, m)
such that [ ¢, (£)d¢ = (5¢),) # 0. Let B be a (countable) set of all 57 :

D;
U s

(4,m)eM
and _
b1 = i ) = , by >0.
1=, P = i B

Lemma 5.1. The continuous spectrum oont(—A) of the operator — A is a countable
set of non-overlapping segments

O'cont(_A) = U [j‘in’ ﬁgn]a

(4,m)eM*
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where A\ = 0, and ;\j < BJ. is the nearest to 53, solution of equation
)2 B, . .
— Qi 74—1—0 with  w/ = (3¢ ).
aO Z J mz:l Bj Y m < m>

The point spectrum of the operator —A is the union of eigenvalues B2, with (j,m) €
M\ M*:

op(—A) = U B

(4,m) EM\M*
Each eigenvalue 33, € o,(—A) has infinite multiplicity, so that o,(—A) belongs to
the essential spectrum of —A.

Proof. Each line in the equation —AF = AF except of the first one reads
— A(fo(x) +75(x,8)) = =Aerj(x,€) = Afo(x) +75(2,6)), £€Dj. (59)

The function fo(z) does not depend on &, its Fourier series w.r.t. {5/ (&)} for every
j takes the form

folx) - 1= fo(z Zuj s (€), with u! = /%3'”(5) d¢. (60)

D;

Denoting by 4, = 7, (z) the Fourier coefficients of r;, from (59) - (60) we get
—Ag’/‘] x £ Z lgmrym 7rL )‘fO Z U’gnﬂgn ) + A Z ’anﬂgn (5)

Consequently, for any A ¢ B we have 7/, = M fy(z ) ; and thus the function

= 3 g (©) = Mo(@) Y B;‘LJ@A%&@), (61)

is a solution of equation —A(fo+7;) = —A¢rj = A(fo+7;) for any j and any A & B.
Inserting (61) in the first line of the equation —AF = AF with —A given by (58)
yields

6. VVo(x) ~ Mola Z Z / £)dE = Mo(x).

Consequently
1 i 2 gi
—0-VVo(x) = Mo(x) aozajz%nﬂ . (62)
J m m

Since the spectrum of the operator —© - VV fills up the positive half-line, we obtain

that all A > 0 such that
— E E 1>0
o Qi . T 4

m

belong to the spectrum of the operator —A. One can easily check that the segment
[0, B1], b1 = ming; myem- B3, > 0 belongs to the continuous spectrum of —A. This
implies the desired statement on o oni(—A).

Recall that (s ) = 0 for all (j,m) € M\ M*. It is straightforward to check that
for any (j,m) € M\ M* the function FU™ = (0,...,¢(x) »,(£),0,...,0) with
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¢(z) € L3(RY) | is the eigenfunction of —A with the corresponding eigenvalue 37,.
This completes the proof. O

Notice that the operators A¥ for every e have statistically homogeneous coetfhi-
cients, i.e. they are metrically transitive with respect to the unitary group of the
space translations in R?. Then from the general results, see e.g. [20], it follows that
the spectra of the operators AY are non-random for a.e. w.

Proposition 5.2. For any A € 0(—A) a.s. there exists a sequence A, A € o(AY),
that converges to A as € — 0.

Proof. Since A € o(—A), there exist functions Fy, € Da, || Fy|/12(p,) = 1 such that
I(A+ N EFyl|L2(B,a) — 0 as n — oo. Using Theorem 4.3 we additionally have that
for any F, € D4 there exists F)Y_ € D(AY) for a.e. w such that

”Fr‘:},a — W?Fn||L2(Rd) —0 and ||AL:F;:),E — W‘;AFn”L%Rd) — 0 as € — 0.

Thus using Lemma 4.1 we obtain that for any (small) § > 0 there exists ¢g =
g0(A,6) > 0 such that for all € < e¢ there exists Fy_ € L2(R?) with [|[F¥ || = 1,
and

HA?F;:E +/\FTU:’€||L2(R4) < 6. (63)
This implies that there is a point of the spectrum of —AY in the §-neighbourhood
of A. 0

6. Conclusions. We have presented in this work new homogenization results for
diffusion processes in high contrast random statistically homogeneous porous media
that is defined by its generator (1) - (2). Our approach relies on introducing an
extended state space for the process. Namely, we equip the coordinate process with
extra components characterising the behaviour of the process inside the slow diffu-
sion inclusions. In the extended space the limit process remains Markov, however,
its first component need not be Markov. This explains the appearance of the mem-
ory in the limit dynamics of the coordinate process. This memory effect is governed
by random times that the process spends in the inclusions.

The extension of these results to diffusion-convection equations is straightforward
under the natural assumption that the transport coefficient is of order £ in R4\ G¥
and of order €2 in G¥. The study still needs to be improved by developing a general
approach that would allow us to incorporate the case of complex processes that
include passive solute transport through highly heterogeneous random media. In
this case, the flow is governed by a coupled system of an elliptic equation and a
linear convection-diffusion concentration equation with a diffusion term small with
respect to the convection, i.e., with a relatively high Peclet number. Our future
study will focus on extension of the homogenization results obtained in [3, 6] for
the periodic case to the case of high contrast random media.

Appendix 1. The second corrector g. Proof of Lemma 4.4. Recall that the
matrix valued function g(Z) was defined as a solution to the following problem:

& 8rg(2) = E[(T+ Veh(9) x°(6)] ~ 1~ 2:V,h(2),
z € Ve:=¢eG§ NBy,
(64)

vag(g) = —h(E)en, wze €dGy N By,

€
gf(g) = 0, xe€ 9By,
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where By is a ball that is centered at the origin and contains the supports of
fi» 3 =0,1,...,N. In this section we will use notation x“(-) = xgg(-) for the
characteristic function of the random set Gy. In the coordinate form the above
problem reads

EQAxg”(g) = E[(%‘ + Vlghj(ﬁ)) Xw(f)] —dij — QEVZBM(E)’ reVes,
€Vzgij(§) -nT o= —hi(g) (n™)!, x€dVen By,
gij(g) = 0, z€0JB,.
(65)
Each component of g(£) = {g*/(£)} can be considered separately and in what

follows we omit a super index ij.

Denote W, (£) = e?g(£). Our first goal is to prove that the set of functions W, (2)
is bounded in H'(V¢). Integrating by parts and using the second equality in (65)
we get

x x x Jg(%) =
[eouD o=t [ Ofa et [ 24D o) o)

Ve Ve ave (66)
S / Voo (Z)Pde — 8 / h(Eyn g(%)do(x)
Ve oVve

On the other hand, using the first equality in (65) and integrating by parts we
transform the left hand side of (66) as follows:

/ 2 09(5) (2
VE
:52/E[(H+V5h)x‘”] g(g)d:r—éj/(H+V5h(§))g(§)d:p
Ve Ve
3 / Vah(D)g(D)de (67)
VE

- 52/ (B[@+ Veh)x*] - @+ Ver(2)) g(2)da

VE
e / h(g)n—g(g)da(ag)+53/h(§)divwg(§)dx.
ove Ve
Thus, (66) - (67) imply
o [ 1VaoE)Pde =~ [ (BI0+ Vehn©] - @+ Veh(2))o(E)z
VE

€

v . . (68)
3 / A(2) diveg(2)dr.
174

€

We get from (68) that
1902y < ANVelzaqey + bl VoWl oy (69)
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We have used here the fact that AY = E[(I+ V¢h*)x?] — (14 Veh?(2))x“(2) is
a stationary random field with finite second moment E(A%)? < +o0o. Moreover, by
the Birkhoff’” theorem

lim E(AY) =0, (70)
e—0
and thus A¥ a.s. weakly converges to zero in L?*(By) as € — 0.

Next we apply the results on extensions in random perforated domains, see [1],
[13]. According to these results there exists a liner extension operator L : H(V¢) —
H'(By) such that for any f € H1(V?)

Lflmevey=Ff, WLflle2o) S Cfll2vey, IIVILA)IL2sy) < C IV fllz2veys

where the constants C' and C' do not depend on . Keeping for the extended function
LV, the same notation ¥, and considering the Dirichlet boundary condition on 9B
n (65), by the Friedrichs inequality we obtain

1OelZ20ve) < NWellFzimy) < allVa¥elliaipy) < CIVYelZo(ve- (71)
Combining this with (69) yields
[VeVellL2(vey < Au, [WellL2(ve) < Ao (72)

with the constants A; and A that do not depend on ¢. Thus a.s. the family of
functions {¥.} is bounded in H'(V?) and in H'(Byp). Due to the compactness of
embedding of H!(By) in L?(By) we can pass to the limit in the product AY ¥, as
€ — 0. Thus the integral

[ (BL0+ Vemx] - @+ Veh(Z)g( D)o

J
_ / (BL0+ Verx*] — 1+ Veh(D))x® (2) B )de
By

tends to zero as € — 0 a.s. Taking into account relations (42) we derive from (68)
that

||VI\IJ€||L2(BO) — 0 (73)
and, by the Friedrichs inequality,
1Wellz2(Byy — O. (74)

Appendix 2. Proofs of Propositions 4.5 and 4.6. We begin this section by
proving Proposition 4.5. Denote ®.(z) := e2q(£). Then ®.(z) is a solution of the
following problem:

NP () = T(x), x€V®=eGyN By,
wyis L AW,T w,t
Vile(a) n” = —e*Vufi(x, S} (T -2 n", weedgr nBy,  (75)
O (x) = 0, x€IBy.
In what follows we will use the following notations:
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In order to show that the functions ®.(z) are bounded in H'(V¢) we follow the line
of the proof in the previous section. Multiplying the equation in (75) by ®.(x) and
integrating the resulting relation over V¢ after integration by parts we obtain

/T(m) O (z)dx = /Acbg(x) o
Ve Ve

_ /CIJE(x)V@E( 0~ do(z /|V‘I> )| da

ove

—/‘Vq) x) ’2dx

_ZZ/ Evfy( Sou(g f;l))~n+da(x).

€0G;” :

By the Friedrichs inequality

| [ 0@ @.(w)ds] < Y@ 2o 98- nve (77)

with a constant C'; that does not depend on .

To estimate the second integral on the right-hand side of (76) we extend the
functions ®. on By, denote the extended functions by ®.(z) and apply the Stokes
formula. This yields

From this relation by the Friedrichs inequality we derive the following upper bound:
wyis L AW,T
ZZ | [ eVhesE )t e dota)| £ OV e (1)
6gw N3
Finally, (76), (77) and (79) imply the desired upper bound:
V.|| z2ve) < C, (80)

i.e. the functions ®.(z) are bounded in H'(V®). Consequently, the extensions
®_(x) are also bounded in H'(By) and form a compact set in L?(By). Thus, there
exists g € H'(By) such that, for a subsequence,

||(§s — (I)0||L2(B0) — 0.
Our goal is to prove that ®9 = 0, or equivalently
H(I)EHL"’(BO) —0 as €—0. (81)

For an arbitrary ¢ € C>*(G¥) with a compact support in By we have
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AP (x)Y(x / (x) - Vi(x) dz

’ ZZ [ S i) b dote),

Eagw i

On the other hand,
/ Ay, () (a)dz = / () () di = / T(2) vieoe) (@) $(x) dz.  (83)
Ve Ve
Therefore,
/ V. (2) - V@) X(eg) (¢) da

—ZZ [ @Vn s E )t b dote) — [ T@E) a

E(’?g;} i Ve

For an arbitrary ¢ € C§°(By), substituting in the last relation the function 4 (z) +
eh(2)Vy(x) for i we obtain

/v<1> 2) - (V) + Vh(Z) Vi (2)) Xpegy () da -+ o(1)

—ZZ [ @98 E = ah) ot b dote) — [ V@i
i Va

(85)
c0G"!

=—ZZ/ 0@, 87 (S - 7’>>w(x)dx—/T(x>w<x>dx+o<1),

VE
where o(1) a.s. tends to zero as € — 0; here we have used the inequality

||6h( N g5 < C

and the fact that ||eh(Z)]|L2(cgw) vanishes as e — 0. Using representation (14) of
the function Y (x), the Stokes formula and the Birkhoff ergodic theorem we conclude
that the right-hand side in (85) tends to 0 as € — 0 for any ¢ € C§°(By) and thus

lim [ Vo.(2)- V(@) + Vh(Z) Ve(x)) x(egp) (2) do = 0
e (86)

1:)|6BO =0.

The subsequence of V®, converges weakly in (L?(By))? to V&, as ¢ — 0. By the
definition of matrix © the sequence (V) + Vh(£)Ve) xqogy} converges weakly in
(L?(By))? to ©V. Since the function h(-) satisfies equation (41), we have

div[(Vi(@) + VA(Z) V(@) xieoz) (@)] = (Ab(@) + VR(Z) V(@) X(eg5) (@)-
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The right-hand side here is bounded in L?(By) and thus compact in H1(By). By
the compensated compactness theorem, see [17], we obtain

. X
0= lim [ V(@) (Vi(2) + VA(Z) V) X{egp) () do = V&0 6Vydz
Bo

Since &g = 0 on OBy, this implies that ®; = 0, and (81) follows. This convergence
to ®g = 0 holds for the whole family ®¥.

The proof of other statements of Proposition 4.5 is now straightforward.

We turn to the proof of Proposition 4.6. Denote

== () = fol@) + (T o(@), h(2)) + (VI fo(w), 9(2) + (D).

For each (j,7) with j € {1,...,N} and i € N we define an open set eQ ;; =
{z € R : dist(z,e9G;"") < ex} and introduce in this set coordinates y such that
vy = (y2,...,yq) are smooth coordinates on EBQ;”’Z, and y; is directed along the
exterior normal, y; = —dist(z,£0G;"") if € G and y; = dist(z,€0G;") if
r € RY\ €G;"*. Under our assumptions on the geometry of G;* there exists » > 0
such that

e Q7 ;; do not intersect with eQ, . if (j,i) # (k,m).

e Coordinates y = y(x) are well defined in €Q, that is y = y(«x) is an invert-

ible diffeomorphism.

Letting Z°(y) = =Z°(z(y)) and fe(y) = fj(:%(f”i,S;”i(w(y) — 291, we define in

J € J
£QZ ;;NeG;"" the function

¥
w,J1?

: 0 0 — —
w050 = (= 0.9) = F0.9) 4[5 09) = 5. -5 (0.4)] ~E)6(= %) +5,

where 0(s) is a C°° cut-off function such that 0 <6 < 1,6 =1for s < ¥ and § =0

2. T ; = d W,
for s > 57; = is the mean value of Z° over €Q7 ;, N (R*\ eG™").

By construction (55) and (56) are fulfilled. Relation (57) follows from the prop-
erties of the correctors and elliptic estimates, see [11, Chapter X].
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