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Abstract—A two-dimensional Steklov-type spectral problem for the Laplacian in a domain divided into two
parts by a perforated interface with a periodic microstructure is considered. The Steklov boundary condition
is set on the lateral sides of the channels, a Neumann condition is specified on the rest of the interface, and a
Dirichlet and Neumann condition is set on the outer boundary of the domain. Two-term asymptotic expan-
sions of the eigenvalues and the corresponding eigenfunctions of this spectral problem are constructed.
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1. INTRODUCTION

We study a spectral problem with a Steklov bound-
ary condition specified on a thin perforated interface
with a periodic microstructure. Starting with [1] for
perforated domains and with [2] for operators with
rapidly oscillating coefficients, much attention has
been given in the mathematical literature to various
aspects of the homogenization of spectral problems
(see, for example, [3—5]).

The problem is considered in a two-dimensional
domain divided into two parts by an interface with
periodically located channels. The thickness of the
interface and the period of the channels are identical
and equal to €. The thickness of the channels is ag,
where a < 1 is a constant. Here and below, € is a small

parameter defined as € = ,where N> lisa

1
2N +1
positive integer. Assume that a Steklov-type spectral
condition is set on the boundaries of the channels, a
homogeneous Dirichlet boundary condition is speci-
fied on the outer boundary of the domain, and a
homogeneous Neumann condition is set on the rest of
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the interface. A limiting (homogenized) spectral prob-
lem for this problem was obtained in [5]. The goal of
this paper is to construct the leading terms in the
asymptotic expansions of eigenpairs and to justify the
constructed asymptotic expansions.

2. FORMULATION OF THE PROBLEM
AND PRELIMINARIES

Let Q be a domain in R? with a smooth boundary T’
1

)

that coincides with the line segments {x e R%:x,=—

and {x e R%:x, = %} near the endpoints of the inter-

ﬂ on the horizontal axis, respectively.

;=

vall'| =— [—l

2

Denote the nonempty boundary segment I', = {x € I":
[x,| > ¢} for some ¢ > 0, and let T'; = T'\I',.

Let Q be the rectangle {x eR%x e (—% ; %) ,X) €

_(_%8; hzs) and B be the rectangle {§ € R%: g, e

(_‘_1 : ‘_1) JE € (—@ ; }—1) Recall that € = 2N + 1),
22 2°2

where N € N. Define B, = {x € Q: ¢"!(x, —j, x,) € B},
jeZ,and B, = \JB’8 and consider a strip with chan-

J

nels Q, := Q\l’?S . The vertical boundary of the channels
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Structure of the domain €, and the periodicity cell I1,.

is denoted by I', = 0B, N Q. The domain €, is defined

as Q\@ (see figure). Let I'; = {x e Tyl > %ﬁ} and

Y8={X€8QCZ be,| = %8}

The space H'(Q,, I',) is defined as the closure of the

set C““(S_l8 ) of functions vanishing near I', with respect
to the H'(Q,) norm.
Consider the Steklov-type spectral problem

—Au, = 0 in Q,,
u, = 0 on I',,
aug € 1
— =0on Y,ulj, 1)
ov
Ou, = Au, on I,
ov

Here and below, v denotes an outward normal vector.
According to [6], problem (1) has a discrete spectrum
Mets-oos Mg jo ... > 0. Letug o, ..., U ... denote the cor-
responding eigenfunctions orthonormalized in L,(I",).
It was shown in [5] that the homogenized problem
for (1) has the form

—Auy, = 0 in Q,

u, =0 on I',,

ou,

— =0 on I},

ov : ()
[4y] = 0 on Ty,

[%J = —2hAgu, on I'y,
0x,
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where [-] denotes the jump in a function across I';.
This problem has a discrete spectrum. The corre-
sponding eigenvalues X, , numbered counting multi-
plicity tend to +oo as k — oo. Moreover, the following
result was proved in [5].

Proposition 1. Let the multiplicity of the eigenvalue
Ao = Ao ; of the boundary value problem (2) be equal
fon;ie, g ;=...=Ngj,_1. Thenthe boundary value

problem (1) has exactly n eigenvalues kg) =Nejsi—1»
I=1,2,...,n, converging to Ay as € — 0.
Let uil) be the L,(Q.)-orthonormalized eigenfunc-

tions of problem (1) corresponding to kg). Then any
Sequence €, == 0 contains a subsequence such that

on it
) ()
Jucs -] oy == 0 3)
(I‘
where ui,f) are the L,(Q)-orthonormalized eigenfunc-

tions of problem (2) corresponding to A, (Which, gener-
ally speaking, depend on the choice of the sequence
&5 0 and its subsequence).

Remark 1. In what follows, the indexj will be omit-
ted whenever possible; i.e., we will use the notation A

and ", 1=1,2,....n.

Below, the cases of a simple and a multiple eigen-
value A, are considered. We construct two-term
asymptotic expansions of eigenvalues of problem (1)
and the leading terms of asymptotic expansions of the
corresponding eigenfunctions.
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3. FORMULATION OF THE MAIN RESULT Let u(()l) be the eigenfunctions of problem (2) that cor-

| | respond to the eigenvalue A, of multiplicity » and sat-
Let IT = {é e R~ =5 < £ < 5} and I1,, = isfy the conditions

Huf)l) Ly = 1, (U(()l)a “(()k))Lz(l"l) =0,
1 a a 1 _h h _ 0 (*)
I\ 375 UE’Q X 55 . Define Y = (6u0 6140)
axZ ’ axZ Ly(T')) (5)
> a a oul oul
YUY Y.={Ee R, e [—1,—ﬂ U [5,1}&2= +(1_3&gah)(_-°_,_.2. = 0 for I#k.
axl axl LyTy)

2

Define
+H ,andFi={§eR2:§1=ig,<§ze[—}—Z,}—ZJ . The
2 2 272 o el s
2

rest of the boundary of the strip is denoted by X, i.c.,
Y=0ll,,\(YuTl' ul.) (see figure).

Ly(Ty)

au(()[)

0|2
Lemma 1. The problems +(1-34,,) % ) ) (6)
X1 Ly(T'))
A:Xy =0 in I1,,
8); ‘ ! where o, and 9B, are the constants given by (4). If
8_\/0 =0o0n LUY, AP =t == k(ll”’_l) , while the other A"’ are
g
ox other than A!” , then the eigenvalue k(ll) is said to be of
—=1on Ty multiplicity #, The linear subspace spanned by the
ov
g . . . 0) (+1)
corresponding eigenfunctions u,’, uy, °, ...,
AYy = 0 in 11, (+n-1) . 0)
U, is called the eigenspace of A, .
g..)./_o =0 on Y, By Proposition 1, problem (1) has n eigenvalues
v
s X(g[) (counting multiplicity) that converge to A,. The
Yo=0on 2, corresponding L2(I",)-orthonormalized eigenfunc-
% =+l on T, tions are denoted by u(gl). The functions ug) are
ove N extended to Q so that
have solutions with asymptotics ug) iy <C ug) Q)
Xo(&) = —h|Ey| +0 (e_n‘gz‘), with a constant C independent of €. This extension is
- possible according to [7] and by the above assumptions
Yo(€) = O(e ™) as &, —> too. on the structure of Q.. The same notation is retained
for the extended functions.
Let Theorem 1. Let A be an eigenvalue of problem (2) of
g’ multiplicity n, and let uf)l) be the corresponding eigen-
_ 4 a Jfunctions normalized by conditions (5). Then the asymp-
Sl = [¥(5- &) e, o
h(l-a) p 2 totics of the eigenvalues A" of problem (1) converging to
2 (4) Ao as € = 0 have the form
h
5 3
2 2_
2 a A = +87\.(l)+0(82 p) 7)
%a = X (—, )d . € 0 1 ’
V= o )5 B
h
2 where 7»(1[) is given by (6) and W is an arbitrarily small
Define positive number.
() u(x, +0) + u(x, - 0) If the multiplicity ofk(ll) is ny, then the total multiplic-
uy(x,) = .
! 2 ity of the eigenvalues xi’) of problem (1) that have
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asymptotics (7) is also n; and the subspace spanned by

)

the corresponding eigenfunctions u, converges to the

eigenspace of k(ll) in Ly(T')).

4. CONSTRUCTION OF ASYMPTOTICS

The asymptotics are constructed by applying the
method of matched asymptotic expansions (see [8, 9]
and also [10—13] for a multiple eigenvalue).

Before proceeding to the construction procedure,
we note that the convergence in (3) is equivalent to the
convergence

is an element of the eigenspace in L,(I';)

generated by ugl) s eees uf)") .

0 _ 0
U= tl| Ly = 0

!
where u(*)

Let u, denote the vector function with components

ug? o g

By the properties of solutions to problem (2), for
the function u,y(x), we have

2
" X
Uy(X) = o)) + 0y (), — 4 () 5 + O(x)

(8)
as x, > %0,

where
ou,
ay(x;) :=uy(x;,0), @ .(x)):= é—(xla £0). (9)
Xy
Making the substitution x, = €&, in (8) yields
2
2w, &) 3.3
uy(x) = ag(x)) +€0,; 4(x)&~¢ ‘lo(xl)E +0(°%))

as X2 = 8&,2_>i_0.

Following the method of matched asymptotic expan-
sions, we conclude that the leading terms of the inner
expansion near I'; have the form

Vo(x) = Vo(&;x)) +evi(& x) +EVy(&; %)),  (10)
Wherec";=§ and
vo(&; x1) ~ ay(x;) as &, —> too, 1
V1(<:§X1)~‘11,J_r(x1)‘:2 as &, —> too, (12)
2
VG i) as Lo (13)

Here, x, is a slow variable and € = (§,, &,) is a fast vari-
able.

Written in terms of (§; x;), the Laplacian and the
boundary operator become

DOKLADY MATHEMATICS Vl. 93  No. 1 2016

2 2
A=-gn-2e O
axla(t::l 8x1 (14)
8% = (v, s_lvé)+(v, V.,).

Remark 2. Since the boundary ), is e-periodic, the
functions v(&; x,) near the interface I'; are sought in
the form of 1-periodic functions of &,.

Define

As = ME+€A,, (15)
where A, is a diagonal » x n matrix with as yet arbitrary

(n)

elements 7»(11), ..., A} and F is the identity matrix.

The diagonal elements of the matrix Ag are denoted

by 712[), /=1, 2, ..., n. Then, in view of Remark 2,

substituting (10), (15), and (14) into (1) and equating
the coefficients of like powers of € in the resulting
equations and boundary conditions, we obtain the fol-
lowing boundary value problems for v;:

AéVO = 0 in Hah’

16
% =0on YUT; (10)
ove B
2
Aivl = -2 0 Yo in Hah?
0&,0x,
% =0 on Y, (17)
ove
?_Y_l = —?-Y—O-F}\,OVO on F+,
ove ov,
and
2 2
Ay = 2 dv, 0 v20 m,
0, 0x, ox,
% =0on Y, (18)
ove
% = _%+k0v1+1\1v0 on I',.
ove ov, -

Obviously, the function

vo(&; X)) = ap(x)

is a solution of problem (16) and has the required
behavior (11) as &, — Zoo. In view of this identity,
problem (17) can be rewritten as
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Awv, = 0 in TI,,

% =0on Y,

ove
ov, '
—— = Fo(x;) + Ag(x,) on T..
ove

It turns out that this problem has a solution with
asymptotics

V(&) = () i%ah< 2;°>(x1)
2

+Bx) + 0™ (19)
where 6, is a constant. This asymptotics is more
accurate than (12).

Rewriting the asymptotics of sum (10) as &, — Foo
in terms of x, and taking into account (19), we con-
clude that the leading terms of the outer expansion of
eigenfunctions have to be sought in the form

u(x) = uy(x) +eu;(x),

) as &, > Foo,

(20)

where

09~ € Z)05) + B 0 53 20

2

Obviously, these conditions are equivalent to

[u,](x)) = 2(€ah<2u0>( X)), (20
B(x) = (up(x)). (22)

Rewriting the asymptotics of function (20) as x, — 0
in terms of the internal variables &, we improve asymp-
totics (13) of vy(€; x,) at infinity:

iz

vo(&; X)) ~—og(x 1) (xla 10)¢&,

(23)
as &, > too.
For any function @(x,), problem (18) has a solution
with asymptotics

2
g3 = = )3 + () Bety - DA - )

+ 25000 By (1~ @) = hA g (x,)
— B )[Eal + 90618 £ G u0(x)

Y <2u°>(x1)<6ah +0(e ™) as (g, = oo,

Comparing this equality with (23) and taking into
account (4), we obtain

ou,
[a }( X))
= h(1 —a)(ay(x,)(3dyy— 1) + hoatg(x)B,;)
—2h(A ag(x)) + 1B (x))),

<a“‘>(x2> = o(x).

In turn, combining these relations with (9) and (22)
yields

[8“‘]@1) =~ 2y (w,) — 28 A ug(x,, 0)

2
+h(1- a)(a—“f(xl, 0)(3sd,— 1) + Aluy(x,, 0)%ah].
i (24)

Substituting (20) into (1), we obtain the following
equation and boundary conditions for u;:

—Alll = 0 in Q\Fl,
u, = 0 on Iy,
ou, =0 on I';.
ov

The solvability condition for problem (2) and rela-
tions (21) and (24) imply that the elements of the
diagonal matrix A, are defined by (6). This completes
the formal derivation of formulas (6) and (7).

The constructed asymptotics of the eigenvalues
and the convergence of the corresponding eigenfunc-
tions to those of the homogenized problem with nor-
malization conditions (5) can be rigorously proved
relying on standard arguments (see, e.g., [13]).
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