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In the paper, we consider the Dirichlet boundary value problem for the biharmonic
equation defined in a thin T-like shaped structure. Our goal is to construct an asymptotic
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asymptotic partial domain decomposition for this problem.
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1. Introduction

A multi-structure is a connected domain of R¥, usually k& = 2, 3, composed of several
components, these components might have similar or rather different geometric
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structure. For instance, some components might be thin in certain directions (see [8,
9,11, 17, 21, 25] and references therein). In many applications various phenomena in
multi-structures can be described in terms of boundary value problems for (system
of) partial differential equations.

The commonly used method of studying thin structures and multi-structures
with thin components is the so-called dimension reduction. From the mathematical
point of view the idea of this method is to consider the thickness as a parameter,
to pass to the limit in the studied problem as this parameter tends to zero and
to obtain the limit model defined in a domain of lower dimension. In particular,
the structural mechanics deals with such limit models for the elasticity system. In
some applications the precision of approximation given by the limit model is not
satisfactory. To improve the precision one can try to construct higher order terms
of the asymptotic expansion of solutions with respect to the powers of a small
parameter characterizing the structure thickness. It is then important to obtain
estimates for the rate of convergence.

The limit behavior of solutions of elliptic boundary value problems defined in
asymptotically thin domains depends essentially on the choice of boundary con-
ditions. Solutions of Neumann boundary value problem in thin domains usually
converge to a solution of the limit boundary value problem defined in a domain
of lower dimension which does not depend on a small parameter. On the contrary,
solutions to the Dirichlet problem often show more complicated behavior. For a wide
class of problems an appropriate tool for studying the limit behavior of solutions
is the method of asymptotic expansions. Dirichlet problems for elliptic equations
defined in thin structures were considered in [19, 20]. The Stokes and Navier—Stokes
equations with the no slip boundary conditions were studied in [5, 28, 29]. How-
ever, to our best knowledge, the problem of constructing the asymptotic expan-
sion for a solution of biharmonic equation in a thin multi-structure has not been
addressed in the existing literature. Boundary value problems for biharmonic oper-
ator play an important role in the two-dimensional plate models (for instance, see
[10, 16, 31] and references therein). The theory of clamped elastic shells and plates
of a complex geometry is widely used for designing chips (see [23]), in this model
a thin narrow strip-like structure is exposed to some force having electro-magnetic
nature.

The goal of this paper is to construct an asymptotic expansion of solutions to
the Dirichlet boundary value problem for biharmonic equation defined in a thin
multi-structure. For the sake of presentation simplicity we consider here only the
case of T-like shaped domains (see Fig. 1). However our approach also applies to
general rod structures (see [30, 26]).

For each € €10, 1[ we define a domain Q. as follows (see Fig. 1):

0. = (]-1,1[x]-£,0[) U (}—%%{ X [0,1[) c R2.
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X2

1 €72 en 1 -
-€
Fig. 1. Q.
Given two functions f1 : [-1,1] — R and f2 : [-1,0] — R such that, for some
N eNN4,+o],
fl € CN+2([_17 1])7 f2 € CN+2([07 1]) :
Ja €]0,1[, FbeR: fi(z1)=0b, Va; €[—a,al, (1.1)

falxe) =0, Vay €]0,a],
we introduce
filxy) if (x1,29) €]—1,1] x ]—¢,0[,
fi(x,22) € Qe — f(x1,22) = c e
falws) it (@r,32) € |=5, 5[ % [0,1].
In Q., we consider the following problem
N2y, = f, in Q.,

1.2
0= 2 onoo. (1.2)
ov

where v denotes the unit outer normal on 0€.. Define a weak solution to this
problem as

Ue =

u. € HZ(0); / Au:Nvdz :/ fodz, Yve HZ(QL). (1.3)
Qe Qe

Applying the Riesz representation theorem (or the Lax-Milgram lemma) as in
[18] (referring to [32]), one can see that problem (1.3) admits a unique solution for
any f € L?(Q.) (possibly not satisfying regularity conditions (1.1)) and the weak
solution satisfies a priori estimates

uellm2@.) < CllfllL2@0, Ve>0,
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with a constant C' independent of . This estimate follows from identity (1.3) with
v = ue and from the Cauchy—Schwarz and Poincaré-Friedrichs inequalities.
In this paper we obtain two main results.

(1) We construct and justify the complete asymptotic expansion of the solution
of problem (1.2), this expansion having the form

Ty )
'U,év = p <?> ui\jgeg(x]_7x2) + p (?) ué\f;eg(xl,xQ)
z1+1 r1—1 x
+u§ff€ (17, f) n(zy + 1)+ u{vfl (17, —2> n(xy — 1)

3

1 x2—1 T T
g (22 Y s = 1)+t (22 ente). (1)

’ € €
with
p € C>*(R,[0,1]),
11
p_07 m |:_§7§:| )
2 2
=1, inR ——, =
and
n=1—p.

The structure of the expansion in (1.4) is suggested by the following arguments.
We look for a smooth asymptotic expansion of the solution of biharmonic equa-
tion A2w = f1 in ]—1,1[ x ]—e¢, 0], satisfying the homogeneous Dirichlet boundary
conditions on |—1,1[x {—&,0}, in the form

N
: X
uﬁgeg(xl,u) = E eluy <x1,§>, (1.5)
j=0

with smooth functions

up;: [-1,1] x [-1,0] — R,
which can be explicitly computed. Namely,
0 if 7€{0,1,2,3},
N;(&) (@) if jeNN[4,N],
where N are the solutions of the following recurrent chain of problems:

./V’J(4) + 2./\6(3)2 +-/\[j74 = §j47 in ]_170 [7

ul,j(xl7§2) = { V(thg) € [_17 1] X [_170]7

N;(0) =0 =Nj(0),
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with A; = 0 for j < 4, and d;4 denoting the Kronecker delta defined in (2.6). For
instance, Ny (&) = £ (& +1)%€3, & € R.

Unfortunately, expansion (1.5) does not fit the homogeneous Dirichlet bound-
ary conditions on {—1,1} x]—¢,0[. Then, in order to compensate the error on
{=1,1} x |—¢,0[, we add boundary layer correctors of the form

o [T1+1 T2
U ]_5 xlaxQ E Ej 1,]( ) c )

-1 z
u th Zgj Nbl( , ;32),
with
ullYl; : € €]0,+o00[ x ]-1,0[— ulT};(€) € R,
upy' € €]=00,0[ x]-1,0[— u'}'(€) € R

satisfying appropriate boundary value problems for the biharmonic equation in an
infinite strip and having exponential decay when [¢| — oo (see (3.1) and (3.8)). The
exponential decay of the solution to these problems is not evident. In particular,
the Fourier series expansion with respect to the transversal variable fails to work.
So we need to apply the general theory and to check its applicability in the case of
the biharmonic operator.

Similarly, letting

N
ud N anan) = Y@M, (T, V) € [-5.5] x 0.1 (16)

Jj=4

where M are the solutions of the recurrent chain of problems

MDY oM, 4 My s =65, in }—%%[
1 1
Mi(-3) -0 ()
1 /1
f3)-r-s )

with M; = 0 for j < 4 (for instance, My = (& — $)*(G + 3)%.6 € R), w
obtain a smooth asymptotic expansion of the solution of biharmonic equation
A?w = fp in |5, 5[ x]0,1[, satisfying homogeneous Dirichlet boundary condi-
tions on {—5, 5} x]0,1[, and up 2" = E;L; elud ?(L, 22=1) is the corresponding
boundary layer corrector compensating the error on |5, 5[ x {1} and decaying
exponentially in the vicinity of the end point (see (3.9)).

Finally, u2*!(¢) defined by (4.6) is the boundary layer corrector exponentially

decaying as |§ | — +o0, required for matching uNreg Nreg .

with u,
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Then, we prove that
||’U,5 — ué\[”H?(QE) < CNENil\/E, (17)
where ¢y denotes a positive constant independent of €, but depending on N.
(2) By using estimate (1.7) and implementing the method of asymptotic partial

domain decomposition of the Dirichlet boundary value problem for the biharmonic
equation, we construct and justify the approximation ud*. Namely, we prove that

lue — ud[lrr2(.) < ene™ T VE,

where

N -

Zejfl(rzl) (x1)N (?2) for xo > 0,
j—4

ud® (21, 20) =

N

Zajfl(j_4)(x2)/\/lj <%> for x5 < 0,

j=4
if the distance from the point (x1,x2) to the extremities and to the “center” of the
multi-structure is bigger than J. ~ Ne|loge|. In the remaining part of €, called
Qdec (see Fig. 2), ud® solves biharmonic equation A?ud®® = f with appropriate
Dirichlet boundary conditions (see problem (6.2)—(6.3)).

The method of asymptotic partial decomposition of domain (MAPDD) was
introduced in [27] and then developed in [30]. This method reduces the 2D or
3D model of a thin structure to some model of hybrid dimension (2-1 or 3-1)
conserving the dimension on a small part where the behavior of solution is singular,
and reducing the dimension in the main part of the domain where the behavior of

t.

-1 145, -afl_ 5 -5, 1

I I ] g

Fig. 2. Qdec,
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the solution is regular. This approach corresponds to a special dimension reduction
procedure with some local zooms. Here we apply this method to problem (1.3). In
this case the decomposition is complete and it makes this idea more advantageous
for problem (1.3). The complete asymptotic decomposition allows us to parallelize
the computations in the connected components of the set Qgec (see Fig. 2).

We conclude discussing the case where the right-hand side is not CV-smooth
function.

Note that the choice of the right-hand side having structure (1.1) is standard
for the analysis of thin structures. It depends on the longitudinal variable of the
graph of the structure. However its shape can be generalized, and one can add some
additional part depending on both variables with the support in some neighborhood
of the point (0,0) or some part depending on the transversal variable. The method
does not change and is still applicable to these situations.

For asymptotic expansion in periodic structures we refer to [4]. For asymptotic
expansion in comb-like shaped domain, we refer to recent paper [3] and the refer-
ences quoted therein. The results on dimension reduction and/or homogenization
for fourth-order problems can be found in [6, 14, 15, 22]. An optimization problem
for the biharmonic equation was studied in [7]. The works [12, 13] deal with dimen-
sion reduction for second-order problems in a thin T-like shaped domain, see also
the papers quoted there.

2. Smooth Part of the Expansion

In this and the following two sections we weaken the regularity assumption in the
first line of (1.1), assuming f1 € CV([—1,1]) and f> € CV([0,1]).

This section is devoted to build (1.5) and (1.6).

We proceed with constructing (1.5). Assumption (1.5) provides that

Oty Oty 5 T
2 Nre g j ,J -2 1,5 —4 1,5 2
A“u (x1,22) E € ( +e¢ 2895%85%4_8 853 )(acl,—€>,

YV (z1,22) € [-1,1] x [—&,0].
(2.1)

By virtue of the change of index j' = j + 2, the second term in the right-hand
side of (2.1) can be rewritten in the following way

9 j—2 8 ’U,L] o 2 j748 uld/,g
Z R D DR P

from which, setting u; ; = 0 for j negative, it follows that

8 (5] 8 U1 2 8 u1 N—1 8 U1,N
2 ) 4 B N-3 N-— 2
Z - 2852 22 - 28]52 + 2¢ 285 + 2¢ 2853

1550057-7



A. Gaudiello, G. Panasenko & A. Piatnitski

Similarly, making the change of index j' = j+4, the first term in the right-hand
side of (2.1) can be rewritten in the following way

N

94 4
Z ul] Z G- 43 ul] 4+€N_38 Ul1,N-3
7=0

1
= O0x]

4 4 4
NoOuin2 Ny 0wNa yOuN

+e +e
ozt oz} ozt

(2.3)

By combining (2.1) with (2.2) and (2.3), one has that

O*uq o*u O*uq i T
2 Nre 4 1,j 1,j-2 1,j—4 2
Aulagxl,xg E gl < oer +2 9208 + e )(3617 a)

_ OMuin—1 ' n—3
N-3 , ,
* { (2 920G T oal )

Oturny 0wy N—2)
4 €N—2 <2 5 4 s
02202 T 0at

o1 Otuino Ny Otun T2
te Oxt Ox? )
1 1

Y (x1,x2) € [-1,1] x [—¢,0], (2.4)

where uy ; is assumed null, for j negative.
Now, let us choose u j,j € {1,..., N}, such that

(94U1j 84U1 i—2 (94U1 i—4
L+ 22 2 =4 in]-1,1[x]-1,0
853 + ax%8§§ 8.%'% j4f1? m ] ) [ X ] ) [7
s
uyj(z1,—1)=0= %(m,—l), Vo €]-1,1], (2.5)
13
(9U1,j
u,j(21,0) =0 = a (71,0), Vi, €]-1,1],
13
where
5 1 itj=4, 26)
P70 ity £ 4 ‘
By applying a recursive method, it is easy to see that
uy (21, §2)
0 it j € {0,1,2,3},

) : v (z1, -1,1 —1,0],
N;(a) f9™D (@) if j € NN [4,N], (@1, 62) € [-1,1] x [-1,0]

(2.7)
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where

0 if 7 is odd,
Ny = (2.8)

a specific polynomial function of degree 57 if j is even.
Precisely, N are solutions of the recurrent chain of problems
N 42N, + Ny = 8ja, in]-1,0],
Nj(=1) =0 = Nj(-1),
N;(0) =0 =Nj;(0),

with A; = 0 for j < 4. For instance,

1
Ni(&) = (& +1)%5, &LER.
Then, combining (1.5) with (2.7) and (2.8), it results in

N
re i p(G— €T
ui\; I(x1,20) = Zajfl(] 4)(361)/\/j (g), V(z1,m2) € [-1,1] X [—£,0]. (2.9)
=4
Moreover, setting

Ot N O*uy N_ 0*u 0% n—
N N—-3 I,N—1 1,N-3 N—-2 1I,N 1I,N—2
e = [0 (oG5t + S5 )+ (g + o)

+eé

4 4
No10%ui -1 NyO*uLN T2
oz} c oz b )

V(]Jl,l‘Q) S [—1, 1] X [—6,0], (210)
from (2.4) and (2.5) it follows that

AQufzeg(xl,xg) = fi(z1) +r{\j€(x1,x2)7 V(z1,12) €]-1,1[ x |—¢,0[,

. oullres
uy (w1, —e) =0= 8;2 (v1,—€), Yz €]-1,1],
uNreg
Ui\g’eg(xl,o):O: 81:;; (,231,0), Vxl E]—l,l[
(2.11)
Similarly, setting
N
Nreg o jp(i—4) T £ €
u2,5 ((171,{172) - ZE f2 (Z'Q)Mj ? ’ V({E]_,{,CQ) € _57 5 X [07 1]7
j=4
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it results in

re € €
DRI (w1, m0) = folwa) + 1 (or,m0), V(wr@a) € | =5, 2 0,1

Nreg € 8“91;69 9
b (i—7x2> —0= <:|:—7x2>, Vs €]0,1],

2 Oz, 2
where
o1 O'ua N3
N — |N-3 (9 , i
o) [ ( 9007 | oul
OMug N OMug N2
N-2 (4 , ,
# (2ggm + T
'ug N1 dtug N 1
N—1 s N , 1
e x5 c 9zl (a »$2>7
€ €
V(xlyl’Q) S |:—§, §:| X [0,1], (212)
with
ug,;(€1,72)
0 if j € {0,1,2,3), o
- (5—4) oo V(§1,$2) S |:—§7§:| X [0,]_]
M) fy  (x2) ifj € NN[4,N],
and

0 if 7 is odd,
M, = (2.13)

a specific polynomial function of degree j if j is even.

:

Precisely, M are solutions of the recurrent chain of problems

o () -0-s5(-3).

)

MP 4 2MP, + My =65, in ] -

N |
N | —

with M; = 0 for j < 4. For instance, My = %(51 — %)2(51 + %)2, & eR.

3. Boundary Layers Near the Extremities

Unfortunately, uiv £ and uév .9 do not fit the Dirichlet boundary conditions on

{=1,1} x]—¢,0[ and on |—§, §[x{1}, respectively. To overcome this difficulty, we
introduce some boundary layers near the extremities of the multi-structure.

1550057-10
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For j =4,..., N, the following problem

Azuj_vffj =0, in]0,4oc0[x]-1,0],
guNbl
Nbl —1.J
=0= 0, 400 -1,0
U_1, &, ’ on] )+ [X{ ) }7
u]—vf,lj(ové-?) = _ul,j(_17§2)7 on ]_]—70[7 (31)
oulNY. Ouy ;
—1j 1,j-1
- = ity -1
afl (0752) 8331 ( 752)7 On] 70[7
li NbL ey —
g u=1(9)

admits a unique weak solution u]f{’fj € H?(]0, +o00[ x ]—1,0[). Moreover, this solu-
tion pointwise-exponentially tends to zero with all its derivatives, as |£| diverges.
This result can be derived from [24, Theorem 6] and well-known estimates by
Agmon, Douglis and Nirenberg [1, 2]. In order to use the results from [24] we
should show that

(a) for each j > 4 problem (3.1) has a solution u™}; € H?(]0, 4-00[ x ]=1,0]).

(b) the operator pencil A(\) = e *¢1A2e 1 defined on S =]0,1[ x ]—1,0[ with
periodic boundary conditions on {0, 1} x |]—1,0[ and Dirichlet boundary condi-
tion

8 AE
—(e™*u) =0 on]0,1[x {-1,0},
982

does not have eigenvalues on the segment [0, 271].

u =0,

In order to justify (a) we first consider a sequence of cylinders @ :=
10, L[ x]-1,0[,L=1,2,..., and spectral problems

Av=X inQp, v=0= %v on 0Q7r,.
For each L this problem has a discrete spectrum 0 < Ay < Ao p < -+ - <A 1 — 400.
Lemma 3.1. The estimate holds
Az > 7t (3.2)

Moreover, for any v € H3(QL)

vl z2(@r) < 72 (1A L2 gy (3.3)
and there is a constant C' > 0 that does not depend on L, such that

10l z(qr) < CllAVIL2(qL)- (3.4)

Proof. We use the variational representation of A; ; which reads

A1z = min {/ |Av(€)|? de - v dé = 1},
QL QL

1550057-11
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where the minimum is taken over v € HZ(Qp). Developing a test function v in
Fourier series

v = Z Qkoy kep SIN(K1 &1 ) sin(koméa /L)
with positive integer k; and ks, and using the fact that
Av == "o, g, (7] + 7°k3 /L?) sin(ky w6y sin(keméa /L),

one can easily derive the desired inequality (3.2) from the variational representation
of )\1,L~

As a consequence of (3.2) we obtain that for any v € HZ(Qr) inequality (3.3)
holds true.

Combining this with the standard elliptic estimates, we obtain (3.4) with a
constant C' that does not depend on L. O

Lemma 3.2. For each j > 4 problem (3.1) has a wunique solution in
H?(]0, 00[ x ]—1,0[).

Proof. In a cylinder Qr :=]0,L[x]-1,0[,L = 1,2,... we consider the following
problem

NbI,L au]—vfl"L
ul); :OZTQ’J, on |0, L[ x {—1,0},

uME(0,6) = —u1 5(—1,&), on]-1,0],

uNE(L,65) =0, on]-1,0], (3.5)
ouyy’ Dur 1
~ e, (0,&) = o (~1,&), on]—1,0[,
auNbl,L
—1,j
L&) = —1,0].
851 ( 752) O, OD] ’O[

Considering the regularity of the functions u_; ;, one can construct functions U_1 ;
such that U_; ; € H*(Q3), supp(U-1;) C [0,2[ x [-1,0],

oU_1 Ouy j—
U—l,j(oa§2) = u—l,j(_1a§2)7 - 8511J (0752) - 81.’;;]1 : (_1a§2)a on }_1a O[a
oU_1
Ufl,j =0= 8521’]7 on }0,3[ X {—1,0}7 ||A2U,1,j||L2(Q3) < Cj.

Then the function uJ_V fle — U_,; satisfies in @1 the equation

A2(uNbl,L . Ufl,j) _ —Aszl,j

—Lj

1550057-12
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with homogeneous Dirichlet boundary conditions. Multiplying this equation by
( NoLL _ U_1,;), integrating by parts and using (3.4), we get

—1,j
NbL, L
Huq,j Uy

H3(@Qw) < O
here the constant C; does not depend on L. Therefore,

w20,y < €y

If we extend the functions u]_vflJL to Qs by setting u]_Vfle

[L,00[ x ]—1,0[, then the extended functions satisfies the estimate
Nbl L

= 0 for z €

=75 2@ < i

Passing to the weak limit, as L — +o00, we obtain the desired solution of prob-
lem (3.1). The last limit relation in (3.1) follows from the Friedrichs inequality and
local elliptic estimates.

The uniqueness readily follows from Lemma 3.1. |

Applying local elliptic estimates one can easily show that uNfl] €

H*(]1,+00[ x ]—=1,0[). Indeed, it readily follows from local elliptic esti-
mates that uNflj € He (1,400 [x]-1,0]) and that Hu]jffj”%ﬂ([LhLlH]) =
C”u*l’jHLz([Ll_l,Ll—Q—Q]) for all Ly > 1. It then remains to sum up the latter inequal-
ities over L1 =1,2,....

It remains to justify item (b).

Lemma 3.3. The operator pencil A(\) does not have eigenvalues on the segment

[0, 277].

Proof. Assume that A\ € [0,27i] is an eigenvalue of A()). Denote by V the cor-
responding eigenfunction. Multiplying the equation e 08t A2eM&Y = (0 by V,
integrating the resulting relation over ; and integrating by parts, we obtain

0= / (AQo)V)V de

) ? 0” 9 ? 02
:/ <<8§1+/\0) Vg V) <<8§1+A0> V+82—§2V>d§.

This yields

061 9%&s
With the standing boundary conditions the last operator is positive definite and
thus V = 0. Indeed, multiplying the last equation by V, integrating by parts over
1 and taking into account the fact that A belongs to the imaginary axis, we obtain

B 2 00 P
/(a?““)

+ ‘—V d¢ = 0.
This completes the proof. O

2 2
< 0 +)\0> V+8—V:O.

982
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According to [24, Theorem 6], there exists S > 0 such that
[|eferau N JHH4 0,400] x [-1,0) < 0. From the standard Schauder estimates it then
follows that this solution is smooth in [1, +o0] x [—1,0] and satisfies the estimates

[l (61, 62)| < Ce P

as desired. The existence of exponentially decaying boundary layer functions in the
vicinity of another two bases can be justified in the same way.
The function

“N{)le 1§ = (&1,&) €)0,4+o00[ x ZEJ sz

exponentially tends to zero with all its derivatives, as \5 | diverges, and satisfies the
following problem

A2< J_Vfls <x1+17%)> :07 in}—l,—f—OO[X}_E,O[,

9 3

9 [ uv 1 t+1 22
_o0= —le e €

(9332 ’

n |—1,4o0[ x {—¢,0},

r1+1 @
8<UN%< E f)) uy L (N-3) w2
- = i (on,a2) =V @) (2,
1 g

on {—1} x]—¢,0][.
Note that NN(””E—z) = 0 for odd N. Consequently, choosing N odd, it results in

rn+1 x
o, (222.2)

= N? ((77(961 +1) = P (xl—“ @)> in ]—1,1[ x ]—¢,0[,

9 3
net oy, O (et (2 2))
Nbl 1 L2 _ g
n (J=1,1[x{—e,0}) U ({1} x ]—¢,0)),
1
77(371 + 1)u]_\f{)7l6 (%’ %) - i\/;’e (xl’x2)7 on {_1} X ]_670[7
9 (77(351 + l)uNfla (LH7 ﬂ)) 8 Nreg
9 3 16
v = v (1’1,1’2), on {_1} X }_5a O[a

(3.6)
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where v denotes the unit outer normal on 9(]—1,1[ x ]—¢, 0[). We point out that,

by virtue of the exponential decay of u®Y fls, there exist two positive constants c;

and cs, independent of e, such that

‘Az ((77(151 +1) = 1P (15174'1’ J;‘_Q)>’

< z—iexp (—i—2>, YV (z1,22) €]-1,1[ x ]—¢,0[. (3.7)
Similarly, for j = 4,..., N, the following problems

N*ul? =0, in]—00,0[x]-1,0],

Nbl __ 0= au{\f;)l 0 1.0
uy =0= e on ]—o0,0[ x {—1,0},
upy (0,&2) = —u5(1,€), on]-1,0], (3.8)
au{\[g{?l aulj 1
- - 1 -1
851 (Oa§2) 8 ( 52) OIl] 70[7
O =0,

11
A2u§VJbl =0, in }—5,5[ X |—00, 0],

oud
Nbl 2,5
. pu— O = —_—— —_ — O
" a&’“{ ’%”m”

Nbl 11 (3.9)
u2,j (617 0) = _u27j(§17 1)7 on _57 5 5 :
a’UéVbl 8u2 1 11
Tj(&ho)_ J (517 )7 on :|_§7§|:7
oo w3 (€) =0,

admit a unique weak solution u{'? € H?(J]—o00,0[x]-1,0[) and u)? €
H 2(}—5, %[ x |—00,0[), respectively. Moreover, they pointwise-exponentially tend

to zero with all their derivatives, as |¢| diverges. Then, setting

u{vgl 6= (&1,8) €]-x ZEJU{VJM
and
11 N
6= (6.6) € |55 o0l D),
Jj=4
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for N odd it results in

1 =z
82 (e = D (22, 2))

= A2 ((n(xl—l)—l)u{fgl <“T_1%)> in]-1,1[ x |-

16

€ ov

3

Nbl —1 2
0 <77(331 — Duy & (T: - B _aui\j{:eg
ov ov

and

Ty w9 —1
82 (nfay = i (2,221

Ty w9 —1
oles = 2 (2221

€

ov 2

3

_ e [(T1 22— 1
o2 (227)

= (x1,22), on }

ov 8u

where, as in (3.7), one has that

)
<z—iexp(—%>, Y (21, 22) €]—1,1[x ], 0]

1550057-16

1
0 (e — Dud? (H— 2
_ Nbl — 1 x) < ) €
oy = D (242 ) 0

n (J=1,1[x {=¢, 0} U ({-1} x]—-

z1—1 =z re
n(xl - 1)“?{? ( 15 7_2> = i\fs g(xhx?)v on {1} X }_570[7

YN ((n(xz —1) = Dyud (”35—1”327_1» in }—% %[ 10,1[,

b (77(332 _ 1)ué\f§l <$_1’ 332—_1>)
:0: < < 5 on {ii}x]071[7

] x2—1 re € €
77(362 - 1)”“9{? (?17 2—> uévs g(xlax2>7 on :|_§’ §|: X {1}7

530 W

(3.11)

(3.12)
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)

< %exp(—%), Y (z1,x2) € ]— 7%[ x 10, 1] (3.13)

In (3.11), v denotes the unit outer normal on J(]—

and

4. Boundary Layer Near the Junction

N reg Nreg

Now, for gluing wu; with uy [*/, we multiply the first function by p(=-) and
the second one by p(?). Conbequently, we have to compute A?(p(%- )uiv £°9) and
A2 (p(2 )ué\zeg) To this aim, we recall that if p = p(z1) and ¢ = q(z1,z2) are two
Sufﬁmently smooth functions, it results in

2
! + 28_) + 4p® L 94 +pWyq.
(9331

Jdq
2 — A2 ML
AN (pq) = pAq +4p A@xl +p (68 5 022

Then, by virtue of (2.11), we have
T re re
A (p <?) uf{e g($1a$2)> = p( ) AQ(uiVs I(x1,m2)) + S{YE(JH,J?Q)
T Z1
= fi(z1) —n <?> fi(z1) +p (y) (@1, z2)

+S{\f€(l‘1,l‘2), V(l‘l,l‘Q) E]—l,l[X]—é‘,O[,

where
s (w1, m2) = e 1. (xl,a?)p(l) (%) el (xl,w;)p(z) (%)
0 (o 2) o (T) el (20 2) 0 (2):
V(z1,22) €]—1,1] x ]—¢,0],
with

(&7 U (a1 )N (&) + 72 U 3($1) 2 (&),

-

<
Il
=

Y (z1,&) =4

(667 FU=2) (21 )N (&2) + 2672 U (1 )N[?) (&),

I
M=

Py (21,)

<.
Il
i

Pie(a1,&) = 4 (7 973 (21)N; (&),

Mz

<.
Il
=

(&7 fU=Y (21)N; (&),

V(.’L‘hfz) E]—l, 1[ X ]—170[.

WE

Vye(z1,&) =4

<.
Il
=
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Consequently, by virtue of the assumption on f in the second line of (1.1) and the
properties of p, if € < %a, it results in

=0 (267 (2] (2) 04 (2) 00 (2.
€

V(z1,22) €]—1,1] x |—¢,0[ (4.1)
and
o (0 (2) )
= file) +p () i (rme) = (2) b+ sl (an, 22),
Y (z1,22) €]-1,1] x ]—¢,0],
p () iz (e, =0 = p (2) P (o ey, v e,
T1\  Nreg Cqmy Qupl -
p( ) NTeg (21,0) _o_p( - ) G (01,0), Varel-L1L
(4.2)
Similarly, if € < %a, it results in
0 (0 (2) )
= falwa) +p (Z) rile(ar,aa) = () b+ s (@1, 22),
V(x1,x2) E} 5 2[><]071[7
T2\ Nreg (€ T2 GUQV,ZEQ €
p ()i (k50) =0=0(2) 5 (25m). Vel
(4.3)
where
o= 2 (2) 9 (2) vt (20 (2).
V(xl,u)e}—%,g[x]o,u. (4.4)
Now, let

[x 0, +oo[) b6, 62)

DO | =

b () € D= ®x]-Lopu ] -3,
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b(—n(€1) + 2N (€)p2 (61) + 4N (&) p™ (£1)),
if (&1,&) € Rx]|-1,0[,

b(—n(&2) + 2M P (61)p (£2) + AMu(E1)p™ (E2)),

if (61,6) € ]—%%[ x [0, +oo].
(4.5)

Note that h € C>(D) and supp(h) C ([—3,2] x [-1,0]) U ([—3, 3] x [0, 2]). After
a minor modification of the arguments of Lemmas 3.1-3.2 one can show that the

following problem

A2yl = —h, in D

)
Nbl

Nbl _ Oy

uy " =0= ;
ov

lim w)? (&) =0,
i ue)

on 0D, (4.6)

admits a unique weak solution in H?(D). Moreover, due to Lemma 3.3 and [24,
Theorem 6] this solution exponentially tends to zero with all its derivatives, as [¢]

Nl(z 22) golves the following problem

diverges. Consequently, u -, =

4A2( Nbl (33_1 $_2>)
e’ €
Tr1 T2

=-n(27) mDe=®x]-e0)u (|5, 5[ x 0. +oel) (5

Ty T2
Nbl
8“0 (_, -

8—55>7 on 0D..

By combining (4.2), (4.1), (4.3) and (4.4) with (4.7) and (4.5), one obtains that

Tl 2
u™ (3 2) =0=

T T
Ve = p <?> ui\j;eg(xl,xQ) +p ( ;) ué\f;eg(xl,x2) + €4uNbl ( El ;) € HQ(QE)

x x .
N2, = f(x1,29) +p (f) ’/‘{YE(JH,J?Q) +p (f) T'é\;(ﬂ?l,ﬂjg), in Q.,

Ove
ov’

(4.8)

ve=0= on I',
where T'. = 9Q\(({£1} x]—¢,0)) U (]-5

£1x 1)), and p(Z 72y, 25) and
p(2)rY (21, 2) are extended by zero on |

g
1
—5.51 % [0,1], while p(22)37(a1,22)
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and p(2£2)ry’_ (21, 22) are extended by zero on [—1,1] x [—¢,0]. Then, from (4.8) it

follows that
X1 T2
We = p (?> uff;eg(xhwz) +p (?> ué\f{ZEQ(xl7x2)

+etn(ema)uy™ (2 2) € HA(Q.)
and

NPwe = f(w1,22) +p (%) e (e, @2) +p (%) roe (T, w2)
+eta? () - Dus™ (2,2)), i,

Oow,
aV 9 on F&? (49)

w, =0=

Nreg
Nreg 8105 6“1,5

We=Ure, gt = T on {—1,1} x]—&,0],
ow Qubre € €
Nre 2,
we =z =g, On]_?i[x{l}'

We point out that, by virtue of the exponential decay of uf) b there exist two
positive constants ¢; and ¢o, independent of €, such that

(AQ ((n(x1)77(962) ~ Lug™ (xg_l %»’

g

C1 C2
< €—4exp<—?> , V(x1,22) € Q.. (4.10)

5. Error Estimate for the Asymptotic Expansion

Now, let uY be the function defined in Q. by (1.4) with N odd and
, 3
€ < minq 1, 3¢( (5.1)

From (4.9), (3.6), (3.10) and (3.11) it follows that

AN = f+rN inQ,

ou (5.2)

ov '’

N _
u, =0

on 08,

that is
ull € Hg(Q),

/ Aul Avdx = / (f +rMydz, Vo€ HZ(Q),
Qe Q.
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x1+1 x
02 (e + 1) — 1y (L —))

£
(
+ A2 ((77(961 —1) = Duy ! <$1€— 1’ %)>
( (
(

(n(z2 — 1) = Dup!

33_1 To — 1
e’ ¢ '
Then, by virtue of (2.10), (2.12), (3.7), (3.12), (3.13) and (4.10), it results in 7Y €
L>(Q.) and
Il L2 ) < ene™ 3V, (5.4)

where, by now on, ¢y denotes a positive constant independent of € (but depending
on N). By applying a priori estimates for the solution of (1.3), comparing (1.3)
with (5.3) and (5.4), and using the Poincaré inequality in |1, 1[? (in such way the
Poincaré constant is independent of €), one obtains that

[ul — Uel 20,y < eneV e (5.5)

In particular, rewriting (5.5) with N replaced by N + 2 and assuming f; €
CN*2([-1,1]), f2 € CN*2([0,1]), one has that

July*? - Uel| 2(0) < eneV e (5.6)
On the other hand, by construction it results in
[l *? —ul | g2y < ene™ Ve (5.7)
Then, comparing (5.6) with (5.7), one obtains that
[ul — el g2,y < ene™ Ve, (5.8)

if assumption (1.1) holds true.

6. Implementation of the Method of Asymptotic Partial Domain
Decomposition

Now, let us set 6, = &3

= o

ellogel,
)
ren ()
€
and in formula (1.4) let us replace n(z1),n(z2),n(x; £ 1),n(za — 1) by
Ns. (1), s, (x2),ms. (x1 £ 1),ms. (x2 — 1), respectively. Then, assumption (5.1) does
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not change, while the left-hand side in estimates (3.7), (3.12), (3.13) and (4.10) is

replaced by
)
;—i exp <—02€—5> = cl.ENfl.

Then, if uY denotes also the function defined in . by (1.4) with N odd and
n replaced by ns_, if f1 € CNT2([—-1,1]) and fo € CN*2([0,1]) one has that, as
n (5.8),

[ul = ucll a2,y < ene™ Ve (6.1)

Now, let
dec __ 2 Jpli— 4) -z
H =< v e Hy(Q) s v(xy, x2) E el 177 (1), <E>,
(xl,xg) ([ 1+ (5 ] [(5571 — (55]) X [—570]7
N ) .
§ jpi—4 (2L
331,332 J:4€f J<E>7

: 5} X 0o 10 b (6.2)

V(J)l,l‘Q) S {—5, 5

Note that H2°¢ is a closed subset of HZ(€).). Let (see Fig. 2)
oc € €
QS,O :(}—65,65[X]—€,0DU<:|—§,§|:X [075€[>7
Qdec) =]-1,-1+46.,[x]—e,0],
QLY =]1-0.,1[ x ]—¢,0],
oc € €
92,2 ::|—§,§[X]1—55,1[,
Qgec Qgeoc U Qdec1 U Qdec U Qdec.

Then, the following problem

dec dec
us® € HeC,

AQUSQC = f, in Qgec’ (63)
B) dec
ud = 0= ", on 90, N0

admits a unique weak solution. In fact, problem (6.3) can be reduced to four inde-

pendent Dirichlet biharmonic problems in QSEOC, Qgefl, Qdef and Qdec For instance,
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in Q4 we get
£,0 g
dec 2 dec
Uge €cH (Qs,O )a

2 dec __ : dec
A Ue = f7 m Qs,Oa

ec 8udec ec

udec =0 = 5 on 09 N 9N,

e 29 audec

ud =a4wv4(?), = =0, on{=0..d.} x]—=,0
Qudee

ud®® = e*p My (%) % 0, on }—g, g[ x {0}

Clearly, this problem admits a unique weak solution in H?(Qd%).
On the other side, it results in

N dec : dec
us —ut® =0, in QN\Q,

and
T{\,fa if zo <0,

A2(’U,N o udec) _ in Qgec,
ry. if xy >0,

13 13
¢ ¢ Ov

Consequently, if f; € CVN2([-1,1]) and fo € CN*2(]0,1]), from (2.10) and (2.12)
it follows that

M on oNdec.

[ud —uld*|| g2, < ene™ Ve (6.4)
Finally, (6.1) and (6.4) provide that

lue — uf®[lzr2(.) < ene™ Ve

7. Remarks on the Smoothness Hypothesis for the Right-Hand

Side
In this section we discuss the case where the right-hand side is not CV-smooth
function.

If g1 € L%*(]0,1]) and go € L?(]—1,1[), for any fixed § > 0 there exist two
functions g1 5 € CJ2(]—1,1[) and g2.5 € CJ(]0, 1[), satisfying (1.1) with b = 0,
such that

g1 — 91602001 <6, llg2 — 92,51l 22q-1.1p) <0
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Let us, be the solution of problem (1.2) with

91,5(x1) if (1’1,1’2) E]—l,l[X]—€,O[,
g5 (r1,72) € Qe — g(x1,22) = c e
92,5({1,‘2) if (!L‘l,xg) E]—§7§[X[0,1[.

Then, from Sec. 2 it follows that

N
Soeals V@oN; (), i (anwe) € [21,1] x 2,0
j=4

ué\geg(xlv‘rﬁ =

L

N
;sjggfg‘*)(xzwj (?) if (21, 20) € [-%,5} x [0,1]

belongs to C2'72(0.) and satisfies

uy 0 — s cl| 2 () < envoe™ TV,

where cy 5 is a positive constant independent of €, but depending on N and 4.
On the other hand, the solution u. of problem (1.2) with

gl(Jil), if (1‘1,1‘2) E]—l,l[X]—é‘,O[,

g:(z1,22) € Qe — g(z1,22) = ..

ga(wa), if (x1,29) € }—5, §[>< [0,1],

in the right-hand side satisfies the estimate

lue — us.cllm20.) < Ve,

where ¢ is a positive constant independent of N, 4§ and €. So, applying the triangle
inequality we get

e — w5 20,y < eVES + ense™ TIVE.

If g1,5 and g2, have the first N + 2 derivatives bounded by some constant
independent of § (but this estimate is not evident), then it results in also ¢y 5 = ¢
is independent of 4. In this case, the last estimate reduce to

[[ue — Ufsﬁ"egHHsz) < eVEs +ene™N T

On the other hand, in applications, functions are mostly piecewise smooth.
Let us see what happens if, for instance, f; is CV-smooth everywhere, except for
the point z; = % In this case, the construction of uY should be modified by an

additional boundary layer u% corresponding to the point z; = . Namely, the
Y Yy 5€ 2

smooth part of the expansion is no more smooth in z; = % It may have a gap as
well as its derivatives with respect to x;:

N
€2

W my = YU N (2), Vas € 2,0

=4
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where [v] 1 denotes the jump of v in 1 = % Similarly, one has that

1=

AT ) 2
g the _Zga FOH), A (?) Vs € [—£,0], Vie{1,2,3}.
o=1

(%ng)

1
Nbl(—7 £2) such that
yE €

€

These gaps should be compensated by boundary layer u

ui" satisfies the following problem

2>

A2 =0, in (J]—o0,0[U]0, +00[) x ]—1,0],

8 Nl;l
ui (€, 1) =0=—2=(€,-1), & €]-00,0[U]0, +o0[,
auawg
uf1(6,0) = 0= —Z=(&,0), & €]-00,0[U]0, +oc],
(1) g, bl N .
e T
51 £1=0 | =
V& € [—1 O] Vz’e{O 1,2 3}.

Nbl Nbl

Clearly, this boundary layer can be found as a sum Z =4 SATRN 15 where u? 1, are

independent of €. Note that this boundary layer corrector is of order &4, 1.e. the
same order as the exact solution ..
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