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Abstract

Prolongating our previous paper on the Einstein relation, we study the motion
of a particle diffusing in a random reversible environment when subject to a small
external forcing. In order to describe the long time behavior of the particle, we intro-
duce the notions of steady state and weak steady state. We establish the continuity
of weak steady states for an ergodic and uniformly elliptic environment. When the
environment has finite range of dependence, we prove the existence of the steady
state and weak steady state and compute its derivative at a vanishing force. Thus
we obtain a complete ‘fluctuation—dissipation Theorem’ in this context as well as
the continuity of the effective variance.

1. Introduction

Prolongating the work started in [7], we study the motion of a particle diffusing
in a random reversible environment when subject to a small external force. The
external force we consider is a constant in time vector field in some direction e
and strength A. We think of A as being small.

Long time properties of the motion of our particle depend on the process of the
environment seen from the particle: in the absence of the external force, the process
of the environment seen from the particle is at equilibrium and the motion of the
diffusing particle is diffusive (obeys the central limit theorem). When a constant
external force is added, the process of the environment seen from the particle is off
equilibrium and the motion of the particle becomes ballistic. In order to get a law of
large numbers, one has to study appropriate invariant measures for the environment
seen from the particle; we call such measures ‘steady states’. Although the existence
of a steady state was proved for environments with a finite range of correlation in
[17], nothing was known until recently about the way it depends on A. A first partial
answer was given in [7] where we computed the derivative of the effective velocity
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and thus obtained the so-called Einstein relation. In the present paper, we shall
investigate regularity properties of the steady state itself.

This question is of general interest in physics where studying the response of
a system to a small perturbation is often a fruitful experimental procedure. A first
example of such a situation is the work of Perrin on the Brownian motion of minute
particles suspended in liquids, see [27], that confirmed the theoretical predictions
of Einstein about Brownian motion and the existence of atoms, see [5]. Another
well-known example is the Green—Kubo relation expressing transport coefficients
in terms of correlations, see [22]. Such results are usually referred to as fluctuation—
dissipation theorems or Linear Response theory in the physics literature. We refer
to [12] and their references for applications to climate change among others.

Reversible diffusions in a random environment are also an example of models
obeying homogenization ([4,13,14,20,21,25,26] among others). Studying the ef-
fect of imposing a small drift in the equation is then a way to test the robustness of
homogenization properties. Indeed our result on the continuity of the steady state
rely on our ability to obtain bounds on the effect of the external forcing that are
uniform in time, see in particular Lemma 3.1. Let us also mention that similar issues
are currently addressed in the context of deterministic dynamical systems, see [2]
and references.

Let Q2 be the space of smooth d x d symmetric non-negative matrix functions
defined on R?. We equip this space with the topology of uniform convergence on
compact subsets of R?. We let R act on €2 by additive translations. We denote this
action by x.w.

Let Q be a Borel probability measure on 2.

Assumption 1. The action (x, w) + x. . preserves the measure Q and is ergodic.

We first introduce the diffusion process without external forcing. Let (X' (¢) ;
t > 0) be the solution of the stochastic differential equation in RY:

AXE (1) = bO(XQ(1))di + o (XZ(1))AW; ;. XZ(0) =0, (1.1)

where 0“(x) = o (x.w) isastationary d xd matrix, b®(x) = Ldiv(e?(x)(c®)*(x)),
and (W, ; t > 0) is a d-dimensional Brownian motion defined on some probabil-
ity space (W, F, P). In the sequel, we use the notation a®(x) = o®(x)(c®)*(x)
and a(w) = o(w)(0)*(w). The vector field b® is stationary therefore of the form
b®(x) = b(x.w) for some vector valued function b defined on .

Our goal is to study the behaviour of diffusion X (r) perturbed by a fixed small
force. The corresponding equation for the perturbed process reads

dX4 () = b2 (X (1))dt + 1a®(Xy® (1))ey di + o (X (1))dW; ;
Xy©0) =0, (1.2)
where ¢; is a fixed vector in R4, and A € R.

In the paper we assume that the diffusion coefficient in (1.1), (1.2) satisfies the
following uniform ellipticity condition:
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Assumption 2. There is »r > 0 such that the following estimates hold:

©c)? S lo@)¢)? < s e)?, forallw € Qand ¢ € RY.
We also assume that the diffusion coefficient in (1.1), (1.2) has smooth realizations:
Assumption 3. for any environment w, the function x — o (x) is smooth.

The asymptotic behaviour of the non-perturbed symmetric diffusion (1.1) was
widely studied in the 70’s and 80’s. It was proved, see [14,20,21,25,26], that under
general ergodicity assumptions, the process X shows a diffusive behaviour and
satisfies the invariance principle. We endow the path space with the topology of
locally uniform convergence. Then the law of the family of rescaled processes
(eXg(t/ &2 : 1> 0) weakly converges towards the law of a Brownian motion with
some covariance matrix X.

If A > 0 then the process Xé’w is ballistic. It was shown in [7] that it satisfies
the quenched estimates

ciat S EX5Ot) - e1) < cant

with deterministic constants c1, ¢2, 0 < ¢1 < ¢> that only depend on the ellipticity
constants and the dimension and do not depend on A; here the symbol E stands for
the expectation related to the measure P on (W, F). We generalize this estimate
in Lemma 3.1.

However, these estimates do not automatically imply the law of large numbers
(LLN). The LLN was proved in [29] under the condition that the diffusion matrix
a®(x) has a finite range of dependence, see Assumption 4 below. The proof is
based on the construction of regeneration times. This technique also yields the
central limit theorem for X 3’“’; we call X, the asymptotic variance.

These results can be better understood using the point of view of the particles in-
troduced in [26]. Define the process V(1) = X§ ., respectively (1) = X())‘wa)
One checks that w?(.) and w*(.) are Markov processes, and that Q is a reversible
invariant measure of °(.). Using the Dirichlet form of ?(.), we define the Sobolev
space H'(Q) and its adjoint H~'(Q). It was shown in [4,14] that the invariance
principle holds for additive functionals of elements of H~!(2). The invariance
principle stated above for the process X§’ is a consequence of these more general
results.

For positive A the measure QQ is not invariant any more. Following [16] we use
the notion of steady state.

Definition 1.1. Let A > 0. A Borel probability measure v, on 2 is called steady
state if for any bounded continuous function f, for Q almost all @ and P almost
surely we have

] t
Jim ;/O F@ () ds = v (),

t—00

where 0 (s) = X (s)..
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Note that, if it exists, the steady state is an invariant measure for the Markov
process @*(.) and it is unique.

The existence of the steady state is proved in [17] for a model of a diffusion in a
random environment that differs a bit from ours and satisfies Assumption 4 below
on a finite range of dependence. In Section 4 we shall also obtain the existence of
v;, assuming finite range of dependence by a method that is more explicit than in
[17]. The existence of the steady state is not known for a general stationary ergodic
environment. Furthermore, even if we happened to know that it exists for all A, it
would not directly follow from the definition whether v, converges to Q as A — 0.

This motivates us to modify the definition of a steady state and to introduce the
notion of weak steady state in the definition below.

The weak steady state is defined on a special subset of the space H ~!($2) that we
call Ho’ol (£2). The precise definition will be given in Section 3. Loosely speaking,
one may think of elements in H~'(£2) as function f on Q that can be written as
the divergence of some stationary, square integrable vector field, say f = divF.
We call HO_O1 (€2) the set of f in H~1(§) for which we can choose a bounded F.
Note that Ho_ol (2) is naturally endowed with a Banach space structure. We further
let I:IO_OI(Q) denote the closure in HO_OI(Q) of the linear set of f in HO_OI(SZ) for
which we can choose a bounded and local F. Precise definitions are given at the
beginning of Section 3.

A typical example of an element of HO_Ol (2) is obtained choosing F (w) = a(w).
Then f(w) = 2b(w) is the drift term in Equation (1.1).

We shall see that, although an element of f € Ho_o1 (£2) need not be a function,
it still makes sense to consider the additive functional

t
A7) = /0 F @ () ds.

We thus define the notion of

Definition 1.2. Let & > 0. A continuous linear functional v, on I:IC;)1 (R2) is called
weak steady state if for any f in Hogl (R2), then

1
lim —AG7 (1) = vi(f), (13)

—0o0

in L'(OW, P) for Q almost all w.

As we shall see in Section 3, if the convergence in (1.3) holds for any fin

1 ~ (£2), then the limit is automatically a linear continuous functional on H L(Q).

Observe that due to Lemma 3.1 below, we could replace in Definition 1.2 the
convergence in LYW, P) with the convergence in LP(W, P) for any p = 1.
Also, due to the same Lemma, if %Ag:;’f(r) converges P almost surely, then the
convergence holds in L'V, P) as well.

We prove the Lipschitz continuity of weak steady states.
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Theorem 1.3. There exists a constant Cy satisfying the following: if for A with
0<x=<land f in H'(Q) the limit

. 1 A0 o
Jim A5 = va(f),
exists in LYWV, P) for Q almost all w, then

(D] < LA Nl gt - (1.4)

In particular, if the weak steady state exists for all A € [0, 1], then vy (f) converges
100, as A — O forall f € HZY(Q).

Remark 1.4. In the next section we introduce the space H'(Q) in such a way
that these functions have zero mean value. With this definition the duality between
functions from H~!(€2) and constants does not make sense. However, under our
assumptions, the generators D;, j = 1,...,d of the action x.w are such that
J—_le are self-adjoint in LZ(SZ). Therefore, for any F = (Fj, ..., F;) such that
F belongs to the domain of D; we have [, divF (0)dQ = — [, F - V(1)dQ = 0.

Thus all elements of H~!($2) are centered in a certain sense. In particular,
Jo dQ(@) E[AG ()] = 0 for all £.

Therefore Equation (1.4) does indeed express the Lipschitz continuity of the
weak steady state v, considered as a linear functional on I:Io_o1 ().

In Section 4, we prove that weak steady states exist for all A if Q has finite range
of dependence, see Assumption 4 below.

From now on, we shall discuss properties of diffusions in a media satisfying
the following finite range of dependence property: for a Borel subset F C R?, let
‘HF denote the o-field generated by {o (x.w) : x € F'}. We then have

Assumption 4. there exists R such that for any Borel subsets /' and G such that
d(F,G) > R (where d(F,G) = inf{|lx —y| : x € F,y € G} is the distance
between F and G) then

‘HF and Hg are independent. (1.5)

As already mentioned, under Assumption 4, steady states and weak steady states
then exist for all A and Theorem 1.3 applies. We can go one step further and show
that v, (f) has a derivative at A = 0. This is the content of the next Theorem.

Theorem 1.5. Let f belong to I:Io_ol(Q). Then, the derivative of vy (f) at . = 0
exists.

Our main tool for proving the existence of the steady state and Theorem 1.5 are
regeneration times. As a matter of fact, regeneration times were already the main
tools in [29] (for the proof of the law of large numbers and c.l.t. for XS "“Y and in
[17] to establish the existence of steady states; see also [15,30] for random walks.

In order to prove Theorem 1.5, one needs regeneration times that do not explode
faster than A =2 as A tends to 0. We already faced this issue in [7] and there we
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introduced appropriate modifications to the definitions in [29] to achieve the right
order of magnitude. The construction we shall use here differs a bit from [7] but
it also provides regeneration times of order A~2. The other key ingredient in the
proof of Theorem 1.5 is an explicit expression of v, (f) in terms of regeneration
times. Our definition makes the regeneration time depend on the function f.

The proof of Theorem 1.5 also gives the value of the derivative. Let us denote
by ['(f) the derivative of v; (f) at A = 0 as in Theorem 1.5. We now give various
interpretations of I'( f).

One proof of the invariance principle is based on the existence of a corrector:
let £ be the generator of the process X{7. The corrector is a (random) function
defined on R?, with values in R and satisfying the equation

L = —b". (1.6)

One shows that Equation (1.6) has a solution with a stationary gradient, see
Section 2.4.1. If o (+) has finite range of dependence and d = 3, then as was proved
in [10] and [11], Equation (1.6) has a stationary solution. We show that

F(f) =2 fg % (@) f (@) dQ. (17)

Notice that in general Equation (1.6) need not have a stationary solution. However,
the interpretation of the derivative of the steady state at A = 0 as the corrector
remains valid in a weaker form, see Proposition 2.8.

In Lemma 2.9 we give another interpretation of I'(f) as a covariance. Finally
we can also obtain I'( f) as a drift term for the scaling limit of a perturbed diffusion
with vanishing strength in the so-called Lebowitz-Rost scaling discussed in Section
2.3.

These last interpretations of I'(f) are in good agreement with fluctuation—
dissipation-Theorems that predict that the linear response of a system in equilibrium
can be expressed as a correlation.

In the Appendix A, we briefly discuss the case of a periodic environment where
the construction of steady states is immediate and the expression of the derivative
of the steady state in terms of the corrector (1.7) follows by directly comparing the
periodic boundary value problems for PDE’s satisfied by these quantities.

The proof of Theorem 1.5 relies of the Continuity Lemma 5.8 which gives the
scaling limit on the regeneration scale of the joint law of X 3"” and AS”‘; for a local
function f in ﬁo_ol .

Another important consequence of Lemma 5.8 is the continuity of the asymp-
totic variance X, at A = 0.

The organization of the paper is as follows.

In Section 2 we consider rather general stationary environments and discuss
scaling limits of additive functionals of the environment seen from the particle
either in the case A = 0 or, more generally, in the Lebowitz-Rost scaling. The
material from this part cannot be called ‘new’: it is mainly a rephrasing of arguments
borrowed from references [4,14] and [23]. For the background materials we refer
to the books [13] and [18]. However we found it necessary to include some details
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in this part as the precise statements needed in the sequel are not always easy to
find in the references. We believe it makes the paper more self-contained and easier
to read.

In Section 3 we investigate continuity properties of steady states and prove
Theorem 1.3.

Section 4 is devoted to the construction of regeneration times and of the steady
state and weak steady state assuming the environment has finite range of depen-
dence. Our regeneration times are not exactly as in [16,17]. Indeed, in our con-
struction, the definition of the regeneration times depends on the function f. This
point of view allows for an explicit expression of v, (f).

In Section 5 we let A tend to 0. The crucial role here is played by the estimates
obtained in [7] and by uniform estimates for the scaled regeneration times in the case
fe I:Iogl. We obtain the general Continuity Lemma 5.8. As a first consequence
we prove the existence of and identify the derivative of v, at A = 0. Finally, in
Section 6 we also obtain a continuity property of the asymptotic variance ¥, and
we derive from the general continuity lemma the validity of the Einstein relation
in a way that differs from [7].

Remark 1.6. The questions addressed in this paper can also be raised for discrete
models of random walks among random conductances. This is the object of the
recent preprint [8]. (Our two papers are simultaneous. They cannot be called ‘in-
dependent’ as the two teams kept contact during all the elaboration of the two
preprints.)

In [8], the authors consider random walks with uniformly elliptic conductances,
only the i.i.d. case being studied. Their main result is the Einstein relation, which
they obtain following a strategy similar to that in [7]. In particular they construct re-
generation times of the correct order. On top of it [8] discusses regularity properties
of the steady state v;,.

The approach used in [8] is more quantitative than ours; the authors assume
that d = 3, so that there exists a stationary corrector and local bounded functions
are in H~!(2). Furthermore, they crucially rely on results from [24] that quantify
the ergodicity of the environment seen from the particle. As a result, they obtain
the continuity of the steady state acting on local bounded continuous functions -
that we do not get here - and they show, for d = 3, fluctuation—dissipation relations
similar to our Theorem 5.1 and Corollary 5.2.

Here we preferred to take the * H ~! point of view” as a starting point; we view the
steady state as a linear functional on H! rather than as a measure, see Definitions
1.1 and 1.2. This allows us to include the two-dimensional case and to get continuity
results for general ergodic environments, see Theorem 1.3. As for the FDT, we do
not use quantitative bounds on the ergodicity of environment seen from the particle
but rather make an extensive use of scaling limits, see Lemma 5.8. Our approach
also yields the results on the continuity of the variance.
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2. Homogenization of Additive Functionals

Let 2 be a separable topological space, equipped with a measurable action of R¢
that we denote

x,w) — x. 0.

Let Q be a Borel probability on 2. We denote by D = (Dy, ..., Dy) the generator
of this action.

We refer to the books [13] and [18] for further details of the dynamical system
X.w. and its generator.

Assumption 1. The action (x, w) + x. . preserves the measure Q and is ergodic.
Let o be a measurable symmetric d x d matrix valued function defined on €.
Assumption 2. There is »c > 0 such that the following estimates hold:

©c)? S lo@)¢)? < s e)?, forallw € Qand ¢ € RY.

LetD = {g € L?>(Q); Dg € (L*(2))?} be the L? domain of the following bilinear
form:

1
(f.9) — 5 [ oDf -aDgaQ = €. o).

The bilinear form &( f, g) with domain D is a Dirichlet form. We postulate the
existence of a Hunt process with continuous paths whose Dirichlet form is (&, D).
We denote by w(s) the coordinate process on path space C(R™, Q). We denote by
Py the law of the Hunt process with initial law Q.

We also introduce the subspaces of centered functions

L%(SZ):{MELZ(Q):/udQ=O}, Doz{ueD:/uszo}.
Q Q
Due to the ergodicity, the quadratic form
1
E(f) = —/ oDf -oDfdQ
2 Ja

defines a norm on Dy. We introduce H! () as the completion of Dy with respect
to €. By construction, H'! () is a Hilbert space.

We then define H~!(2) as the dual space to H 1(€2). Let A be the linear subset
of L%(Q) consisting of functions f € L%(Q) such that for some constant ¢ and for
any u € Dy the following inequality holds:

2
( f fu d@) < e, 2.8)
Q

The map u — fQ fudQ defines an element in H ! () whose norm is the smallest
constant ¢ for which inequality (2.8) holds true, so that we can interpret A as a
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subset of H~1(Q). Then A is dense in H~!(£2). With this construction we may
identify A with L(Z)(SZ) N H~1(). In what follows we use the latter notation.

Let Lgot(Q) be the closure of {v = Du : u € Dy} in the space (LZ(Q))d
equipped with the norm (% fQ |<7v|2 dQ)l/2. By construction Lgot(Q) is a Hilbert

space.
Let f € L3(Q) N H~!(RQ). Setting

(f. Du) = /Q FudQ,

we can interpret f as a linear continuous functional on Lf)ot(Q). Using the Riesz
theorem we identify f with an element f € Lgot(Q). In other words, fis the
unique element of Lgot(Q) such that

1

ffud@:—/af-aDudQ for all u € Dy.
Q 2 Ja

Observe that the map f +— f preserves the norms in H~!(€2) and Lsot(Q). There-

fore, it extends to an isometry between H -1(Q) and L%m(Q).
Let us introduce the notation

() =201 = fQ o f1>dQ

and

(£ =2(f. 9u 1) = /Q of - 0gdQ. 2.9)

2.1. Invariance Principle

Given a square integrable and centered function f : Q +— R satisfying (2.8), and
given a continuous trajectory (w(s); s = 0) in 2, we set

t
Af(t)=/O f(@(s))ds.

Observe that the process (A f(t); t > 0) is an additive functional of the process
(w(t); t 2 0). As was proved in [14], the following invariance principle holds:

Theorem 2.1. Let f : Q — R be a square integrable and centered function
satisfying (2.8). Then under Py the family of processes (A;c (t) =¢cAy (t/e?); 1t >
0) converges in law, as ¢ — 0, in C ([0, 00), R) towards a Brownian motion with
variance X (f). Moreover,

B [40] = s,
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In fact, the approach of [14] provides a martingale approximation for A .
It then follows that for any finite collection (fi, ..., f,) of functions satisfying
the assumptions of the above theorem the joint invariance principle holds for
the n-dimensional additive functional (A, ..., Ay, ) with limit covariance ma-
trix {X(fi, f ,')}ﬁ j=1- Moreover, if (M1, ..., My) are continuous square integrable
martingale additive functionals, then the (n 4 k)-dimensional additive functional
(Ap, ..., Ay, My, ..., My) satisfies the joint invariance principle.

2.2. Extension to H™!

In this section we extend the previous result to all elements of H~'(Q). This
extension relies on the following lemma:

Lemma 2.2. Forany g : Q2 +> R being a square integrable and centered function
satisfying (2.8) and any t > 0 we have

2
Eo (sgpmg(sn) < 811811 - 2.10)
s<t

Proof. The proof relies on the forward—backward martingale representation of Ag;
see [6, chapter 5.7]. Denote by r; the time reversal operator at time t: w o r¢(s) =
w(t —s) forall s € [0, t]. Then,

1
Ag(S)=E(M(S)-F(M(t)—M(t—S))Orz), 2.11)

where, under Py, M is a continuous square integrable martingale with bracket

t
(M) (1) = /0 1022 (@(s)) ds.

The first martingale on the right hand side of (2.11) can be estimated using Doob’s
inequality as follows:

Eo| sup |M<s>|2} < 4E0[(M>(1)} = 41 / lo21” dQ = 81)1g115;-1 -
s<t Q

The second term can be treated in a similar way taking advantage of the fact that

Py is invariant with respect to r;,. O

The first consequence of the lemma is that we can make sense of A for f €
H~'(€2). Observe that f € L%(Q) N H~ () vanishes as an element of H () iff
f = 0Q-a.s. Due to the lemma, the map f + (As(7); t 2 0) is linear continuous
from L%(Q) N H~1(Q) equipped with H~!(£2) topology to L>(2, C[0, 00)). Since
L%(Q) NH~1(Q) is dense in H~1(RQ), this map extends to a linear continuous map
on H~!(). We will sometimes abuse notation and keep the notation

t
Af(t)=/0 flw(s))ds

for f € H(Q).
The following extension of Theorem 2.1 follows from Lemma 2.2:
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Theorem 2.3. Let f € H~Y(Q). Then under P the family of processes (Asf(t) =

eAf(t/ez) ; t 2 0) converges in law, as ¢ — 0, in C[0, 00) towards a Brownian
motion with variance X ( f). Moreover,

B [40] = s,

Notice that as in Theorem 2.1, for any finite collection (f1, ..., f,) of elements
of H1 (€2), the joint invariance principle holds for the vector (Ay,, ..., Ay,) with
limit covariance matrix {X(f;, fj)}?,j=1' If (My, ..., M) are continuous square
integrable martingale additive functionals, then the (n + k)-dimensional additive
functional (A, ..., Ay, My, ..., M) satisfies the joint invariance principle.

For f, g € H™'(Q) we have

1
o [A;DA0] — =(f.9). 2.12)

2.3. Lebowitz—Rost Type Results

Let (M(t); t = 0 be a continuous martingale additive functional of the Markov
process w(-). Then M (t) is a continuous martingale with stationary increments
under Py. We assume that its bracket is of the form

t
(M>(t)=/0 m(w(s))ds,

with m € L*°(Q).
For A € R, let ]P% be the measure on path space that satisfies

A
4Polr, _ MO (M) (1)

dPo .

forallt = 0.

It follows from our assumptions that M (-) satisfies the invariance principle. Let
f € H~(RQ). Observe that the pair (A, M) satisfies the joint invariance principle
under Pp. We denote by 'y, the off-diagonal term of the limit covariance matrix.
It follows from the assumptions on M (-) and (2.10) that

1
Py (f) = lim ;Eo [Ar@OM@®)].

Theorem 2.4. Let f € H™'(Q), and let « be a positive real number. Then under IP’S
the family of processes (A"}(t) = sAf(t/ez) ; t 2 0) converges in law in C[0, 00),

ase — 0, A — 0and A*/e®> — «, towards a Brownian motion with variance
X (f) and constant drift /o T pr(f).
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The statement of this theorem remains valid in the multi-dimensional case.
Namely, let f1,..., f, belong to H~Y(Q), and let M, ..., My be continuous
square integrable martingale additive functionals. Let M j () =eM;/ e2), Jj =
1,...,k. Then,as ¢ — 0, A — 0 and )»2/52 — «, under IP%‘ the rescaled family
(A‘;l, ey Asn, My, ..., M{) converges in law in C([0, c0), R"*k) to a Brownian
motion with constant drift. The limit covariance of Ay, and Ay, is Z(fi, f;); the
limit covariance of Ay, and M is 'y, (fi).

Proof. The arguments below are essentially borrowed from [23]. Let F be a con-
tinuous bounded functional on path space on time interval [0, T'], T > 0. Then we
have

E} [F(A;(t); t €0, T])] = EO[F(A§(I); 1 € [0, T)MMT/ED=0H 2T/ |,

(2.13)
By Theorem 2.3 and since 12 /&2 tends to «, under Py the law of (A%, AM(-/&2))

converges to the law of a two-dimensional Brownian motion 7= (Z 1, 22) defined
on a probability space WV, F, P). Let £ denote integration with respect to P.

Let Xy = {(X7); j}i =1 be the covariance matrix of Z. It follows from the

definitions that (£7)1; = Z(f) , and (£2)12 = (£2)21 = /o'y (f). Notice also
that 5[(22(T))2] = aEog[(M)(T)] = a¢Eg[(M)(1)]T. By the ergodic theorem, the
process A2(M)(-/€%) converges in probability under Py to the deterministic pro-
cess (a?E[(M)(1)]t; t = 0). Therefore, the triple (A%, AM(-/€2), (M)(-/€?))

converges in law under [Py towards the process ((Z(t), ozz]E[(M)(l)]t) i 2 O).
Besides, under the assumption that m € L°°(£2), we can estimate
Eq I:eZAM(T/sz)] =E, [eZAM(T/az)—ZAz(M)(T/sz)e2A2(M)(T/sz)]

< g2ellmlipooq)

Therefore, we can pass to the limit in (2.13), and the right-hand side converges to
€|:F(Zl (1), t €0, T])eZZ(T)_g[(Z2(T))2]j|. The Gaussian integration by parts for-

mula yields

5|:F(Zl(t), t €0, T])eZZ(T)—g[(Zz(T))Z]:|

= 5[F(21(t) +Valu (e, 1 €10, T])]

The extension to the multidimensional case described in the comment that
follows the Theorem is an immediate consequence of the joint invariance principle
stated just after Theorem 2.3. O
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2.4. Diffusions in a Random Environment

In this section we apply the above results to the case of a diffusion in random
environment. We choose for €2 the space of smooth d xd symmetric matrix functions
defined on R?. We equip this space with the topology of uniform convergence on
compact subsets of R, Besides, R? acts on §2 by additive translations.

Let Q be a stationary ergodic measure on €2 so Assumption 1 holds. Choose
o satisfying Assumption 2. We define 0“(x) = o (x.w) for x € R?. We further
assume

Assumption 3. for any environment o, the function x — ¢®(x) is smooth.

We introduce the notation
w N2 w 1 oW
a® = ()" and b” = Edlva .

Observe that both a® and b are then stationary fields that is a®(x) = a(x.w) and
b®(x) = b(x.w) for some functions ¢ = o2 and b. It is immediate to check that b
belongs to (H~1(2))4.

Let (W; : t = 0) be a Brownian motion defined on some probability space
W, F, P). We denote expectation with respect to P by E. We define the process
X¢ as the solution of the following stochastic differential equation

dXO@1) = b (X2 (1)) dt + o®(X2(1)) dW, ; X(0) = x. (2.14)

Then X is a Markov process generated by the operator
1
LY f(x) = Ediv(a‘” Vi)(x). (2.15)

Define the process w () = X§ (t).o.

Proposition 2.5. Under P, the process w(-) is a symmetric Hunt process with re-
versible measure Q and Dirichlet form (&, D) in L*(Q2, Q).

Proof. It is clear that w(-) is a Hunt process with continuous paths. Since the
generator £ is symmetric, the Lebesgue measure is reversible for the process X¢
for all w. This combined with the fact that Q is stationary implies that the measure
Q is reversible for the process w (-).

Now we identify the Dirichlet form of w(-). For a given » the domain of the
Dirichlet form of the process X% is H L(RY). Let F € D. For v € Q we define
F®(x) = F(x.w). Then for almost all w the function F*(-) belongs to Hll)c (R%)
(see [13, page 232]). From these two facts the desired statement follows. O

According to Proposition 2.5 we are in the framework of this Section. Therefore,
we set Po(A) = fQ dQ(w) P(X{ (-).w € A) for all measurable sets A in the path
space.
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Remark 2.6. One can retrieve the trajectory of X§ from the trajectory w (-) looking
for x € R¥ that solves the equation

x.0=w(). (2.16)

If this equation has a unique solution x, then XS’ (t) = x, and it follows from
the structure of Equation (2.16) that X7 is an additive functional of the process
(). Furthermore, enlarging the space €2 if necessary, we may always assume that
Equation (2.16) has aunique solution. For instance, let (V1, ..., V;) beindependent
nonconstant random fields with finite range of correlation indexed by R and defined
on some probability space Q' = Q1 x...x Qg. We assume that each Q is equipped
with a measure preserving ergodic action of R. For o’ = (w1, ..., wg) and x € R?
we define x.0/ = (xj.01, ..., xq.04), and let V' (x) = V(x.o'). We enlarge ©
by taking the product space €2 x €. Observe that if the Equation (2.16) has two
different solutions then one of the components of V* is periodic, and this happens
with probability 0.
A similar argument is used in [4, Remark 4.2].

The martingale part of X&', that can be expressed as fo o(w(s)) dWs, is a mar-
tingale additive functional of the process w(-). The drift part is also an additive
functional of the form fo b(w(s))ds withb € (H~'(2))?. Therefore, Theorem 2.3
and the comment following this theorem imply the joint invariance principle for
these processes. As a consequence, the family of processes (SXS) (t/e?); t = 0)
converges in law under P x Q, as ¢ — 0, towards a Brownian motion with the
effective covariance that we denote by X, and

1
e-Te= lim -/ E[(XZ(t) - €)*1dQ(w),  forany e € R?.
t—oo f Q

In the sequel we often use the notion of symmetric and antisymmetric additive
functionals of w(-). For T > 0 the time reversal operator Rt maps a trajectory
(w(t); 0 £t < T)tothetrajectory (w(T —1); 0 <t < T). Anadditive functional
is called symmetric with respect to time reversal if its restriction to the time interval
[0, T] is invariant under Ry for all 7. It is called antisymmetric if it changes sign
upon the action of R7. For instance, A s is a symmetric additive functional whereas
X§ is antisymmetric.

Let e be a non-zero vector and A > 0. We define X to be the vector A = lej.
We consider the perturbed stochastic differential equation:

dX} (1) = b*(X (0 di + a® (X} C()hdi + 0 (X 2(1) dW; ;
X0(0) = x. (2.17)

Then X*© is a Markov process with generator
LM f(x) = L2 () +a®()h - V f (2).

Applying the Girsanov formula (see [28]) to the processes X and X* ¢, we get
that, for any w,

E[F (X} “([0,1])] = E [F(Xs)([o, 1) e*é““fw”} . @18)
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where B is the martingale
B(t) = /Ot a®(X§(s)) e - AW (2.19)
and (B) is its bracket
B0 = | o (Xg @) er P ds

Observe that the process B is an additive functional of w(-) which can be written
as

t
B(t) — B(s) = e1 - (X§(1) — X§()) f er - b (X ) du

t
=e1 - (X§ () — X (5)) —/ el - b(ww)du. (2.20)

We let 0*(t) = Xé’w(t).w. Then the law of the process w”(-) with the initial

measure Q coincides with the measure IP% defined in Section 2.3, where we set
M = B. Let T be the covariance operator defined in Section 2.3 with M = B.

Proposition 2.7. Let f € H _1(9), Then, under P x Q, the processes

22
(AXS"“(H-), A /0 f(w*(s))ds)

converge in law in C ([0, 00), R‘”l), as M tends to 0, towards a Brownian motion
with constant drift. The limit covariance matrix and the drift are given, respectively,

by
(5s0) (7))
02(f))" r):

Proof. Theorem 2.4 and the comment following this theorem apply and yield the
convergence in law of ()LXS"”()L—z.), )LAS"?(A_Z-)), under the annealed measure
P x Q.

According to Theorem 2.4 the limit covariance matrix is also the limit covari-
ance matrix under the annealed measure of

1 1 4
Yy _ 221
<ﬁxo<z), ﬁfo f(w(s)ds>, 221)

as t — 0o. By definition of X, the covariance of the X7 component converges to
%, while the limit variance of the last componentis % ( /). The covariance of X' (¢)
and fot f(@(s) ds vanishes because X (-) is an antisymmetric with respect to time
reversal additive functional of w(-), and fot f(w(s)ds is symmetric.

As for the limit drift part, Theorem 2.4 implies that it is given by the limit of
the covariances of the vector in (2.21) and r~'/2B(t). The contribution of the last
component is I'( f) by definition. To identify the contribution of the X ¢ component
we rely on formula (2.20) observing once again that the covariance of X{ () and
fé e1 - b(w(s)) ds vanishes for symmetry reasons. 0O
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2.4.1. The Corrector We recall that b € (H~1(2))?. Let b be the matrix whose
columns are elements of L2 o (2) suchthatbe = b - e forany e € R?. Let b®(x) =

b(x w) be the space reahzatlon of b. For any ¢ € R? for almost all @ € € then
b® - e is a curl-free function in L2 (Rd ). Therefore, there exists a smooth vector
valued function y (-, ) defined on ]Rd and such that V(x (-, w) - ) = b® - e. The
function y is called a corrector. Observe that it is uniquely defined up to an additive
constant. By the definition of b,

1 ~
/(b~e)ud@ = —/ o(b-e)-oVudQ, foranyu € Dy.
Q 2 Ja
Going to the space of realizations yields
1
f b?(x)-eu(x)dx = —/ c’(X)V(x(x,w)-e) -oc?(x)Vu(x)dx
R4 2 R4
for any u € C3° (RY). Integrating by parts we obtain

/ b?(x)-eu(x)dx =—/ LYy (x, w)-eu(x)dx.
R4 R4

Thus, L%y - e = —b® - e. This implies that for almost all v € 2 the process
X (X%(1), w) + X{(¢) is a martingale under P for all starting points x.

The following Proposition illustrates the role of the corrector. However, it will
not be used in the sequel.

Proposition 2.8. Ler f € H~1(2) N L%(Q). Then

t
Eo[%/ FX§(5).0) x(XG(5), @) - elds] — —%f(f), ast — 0o
0

Proof. The proposition relies on the following statement. Recall that X(f, g) is
defined in (2.9), see also (2.12). O

Lemma 2.9. We have
T(f)=—-%(f.b-e) foral f e H ' (Q).
Proof of Lemma 2.9. By definition,
_ 1 _
F(f) = lim —Eo[A;()B®)]
with B defined in (2.19). Notice that

B(1) = (X§ (1) = X§(0)) - e1 — Ap.e, (0).

As we already observed, A 7 is a symmetric additive functional and (X§ () — X (0))
is antisymmetric. Therefore, the covariance of X' (t) — X{(0) and Ay vanishes.
Thus,

- 1
L) == lim ~Eo[A;(DApe ()] = =Z(f.b-eD).



Steady States, Fluctuation—Dissipation Theorems and Homogenization 293

Define
m; = x(Xg ), w)-e1 — x(0,w) - e1 + Ap(1) - e1.

Then the process {m; : t = 0} is a martingale under P. We have
1 [ 1 [
Eo[;/ F())x (X5 (), @) - eld5i| = ]Eo[;/ flw(s))m; dS]
0 0

1 [ 1 [
—E0[7/0 f(w(S))Ab(S)~61dS} +Eo[7/0 f@($)x(0, w) 'eld5j|-
(2.22)

Using the martingale property of m., we get

1 ! 1 t
EO[— / Fl(s)ms ds} _ Eo[— ( / f(w(s))ds) m}
t Jo t 0

1
= EOI:;Af(t) (X (XG (1), @) = x (0, @) + Ap(1)) - el]

1
- IEOI:?Af(t)Ab(t) : 61];

here we have also used the fact that A y is a symmetric with respect to time reversal
additive functional and x (X7’ (-), @) — x (0, @) is antisymmetric. Therefore, their
covariance vanishes.

By stationarity and reversibility we have for all s < v

Eo [f(w(S))b(w(v))] = Eo [f(w(v))b(w(S))}-

Therefore,
l t 1 t N
IEO[;/O Fw(s)Ap(s) - e1 ds} :EO[?/O f(w(s))/0 b(w(v)) - e dvdS}

- Eo[% /0 ) f b)) e dvds} - %Eo[;Af(r)Aba) -el],
and we conclude that
Eo[; /0 @) X (X§ ) ) - e ds}
1 1 1 [
- EEO[;A (A1) -el] +Eo[; /O F@E)X0,0) e ds].
(2.23)

As t — 00, according to Theorem 2.3, the term Eo[%Af(t)Ab(t) . el] con-

verges to X (f, b - e1). By the Ergodic theorem the last term on the right-hand side
of (2.23) converges to zero. Thus,

1 [f 1 1-
Eo[;/@ FXG(8).0) x (X5 (s), w) ~61d5] — EE(f,bﬂ) = —EF(f)» ast — oo.
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Remark 2.10. For a function g € L?(2) by stationarity we have

1 ¢ T
/ fgd@=—1Eo[ / FE)g@()ds |-
Q t 0 i

In general, x (x, w) is not of the form g(x.w). This suggests that the expression

I i
]Eo[;/o F(XG(9).0) x (X5 (5), w) - erds

need not have a limit for all f € L?(2). However, the Proposition says that the
limit exists for all f € H~!(). In this respect, —%I:( f) can be interpreted as a
substitute for the integral of a function f against the corrector .

In the case of finite range of dependence and d = 3, then the corrector exists
and

1-
—5F<f>=/9fxd@,

see [11] and [10].

3. Continuity of Steady States

In this section, we study continuity properties of the steady state v, as A tends to 0.
In particular we shall prove Theorem 1.3. Our main tool is Lemma 3.1. It will also
be useful in the other sections of the paper. An alternative version of Lemma 3.1,
which also implies Theorem 1.3, is given in Appendix B.

3.1. The Spaces H;DI (2) and I:IO_Q1 ().

Let F be a vector-valued function in (LOO(Q))d.
The formula

(F,u):—'/S;F-DudQ

defines a linear continuous functional on H'(€2). Therefore there exists an element
f € H () such that (F, u) is the duality product (f, u) -1 g1. We denote
f by divF as it coincides with the standard divergence if F is regular enough.
Indeed, if ' = (F1, ..., Fy) is such that F; belongs to the domain of D;, then
(i) g1 g1 = —(F, Du)j2q) = (3. DjFj,u) 2 = (divF, u) 2 g, for any
u € H'(Q). The second relation here follows from the fact that v/—1 Djisa
self-adjoint operator in L2(2). We define HO’O1 (R2) to be the set of elements f in
H~1() of the form f = divF for some F in (L°°(S2))d. Let

111y = min{llFlloo s divF = f}.

Then HO*OI(Q) is a Banach space. Indeed, it is clear that ||f||H;O1 @ is a norm.
We have to check that HO_O1 (£2) is complete with respect to this norm. To this end
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consider a Cauchy sequence { f;,};,_, in Ho_o1 (€2). Taking a subsequence {m ;} we

can assume that || fi;,, — fim; ||HO—CI < 27U+D_ Then there exist FJ- € (LOO(SZ))d
such that || Fjll,, <277 and fy;,, — fu, = divF;. Denote F = Fy, + Y52, F;
with divF,,, = f,,, and Fy,, € (L*(£2))¢. By construction F € L®(2) and thus
f:=divF € Ho_ol(Q). One can easily check that f,,; converges to f in HO_OI(Q)
as j — oo, and, by the triangle inequality, f;; converges to f as m tends to co.

Observe that, for a given f in HO_Ol(Q) there may be several F’s in (LZ(Q))d
suchthatdivF = f.They are characterized by the fact thata ™' F ~|—% f is orthogonal
to Lfm,(sz).

We call a function f - or more generally an element f in H~'(Q) - local if
there exists Ry such that f is measurable with respect to the o -field H B, where
Bp is the ball of radius R.

We denote by HO_OI(Q) the closure of the set of elements f in HO_OI(Q) for
which there exists a bounded and local F such that divF = f.

3.2. Proof of Theorem 1.3.

In Section 2.2, we defined the continuous additive functional A ; for f € H -1 ().
Since, for all # > 0, for all w, the laws of the processes (X{(s);0 = s = 1)
and (X())‘ ?(s5); 0 < s < t) are equivalent, the same approximation procedure as in
Section 2.2 can be used to give a meaning to the continuous additive functional

t
A7) = fo f@"()ds,

for Q almost all w.
We then have the following:

Lemma 3.1. For all p 2 1 there exists a constant Cp, such that for all 0 < . < 1,
forall f € HO_O1 (Q), for Q almost all w, for each t > 1/1* the following estimate
holds

Ao rl < P+D p .
E (Jil?% 4556 ) S VAP (3.24)
the constant C, depends only on the ellipticity constant » in Assumption 2 and the
dimension.

Proof. Let us first observe that after multiplying f by an appropriate constant,
we may assume that ”f”Ho‘o'(Q) < 1. We then choose F in (LOO(SZ))d such that
f =divF and sup,, |F(w)| < 1.

We then consider processes taking on values in RY*!. We use the notation
z=(x,y),x € R?and y € R. Let us introduce the process

Z(1) = (Xﬁ*“’(t), Y+ A0 + W,l) :
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where W! is an independent one-dimensional Brownian motion (which is assumed
to be defined on the same probability space (W, F, P) as W), and

t
AQ:‘}(;):/O F(X22(s).0) ds.
Notice that Z*¢ is a Markov process with generator
1
M)“’w — (ﬁ)‘"")x + 533 + f(y.a))ay

where, for a function ¢(z), the operator (£*®), acts on ¢ as a function of variable
X.
Let us check that the operator M*® can be written in the form

1. , 1
Mg = Sdivs (@®Viq) +1a®e1 Vg + divy (F®dyq) — 3y(F®Vyq) + 5a)f,q,
(3.25)

where, as above, we use the notation F“(z) = F(x.w). Indeed, since F® does not
depend on y, we have

divy (F®0,q) — 9, (F®V,q) = (div, F*)dyg = f0,q.

This implies the desired representation. In the variables 7 = Az and 7 = A%¢, the
generator reads

1 . . . L
Sdivi(@” . '%)Vig) +a”(A"H)erVig + divi (F*(A'5)359)
Wy —1~ 1 2
—05(F* ') Va) + 505q (3.26)

Note that all the coefficients of the operator in (3.26) are bounded. The parabolic
Aronson estimates (see [1, Theorems 8 and 9]) therefore hold uniformly in A and
in w on any finite time interval and in any fixed ball.

Denote ﬁ = inf{s > 0 : |AZ3’”(S/A2)| = r}. Applying Aronson’s lower
bound to the parabolic equation with generator given by (3.26), we obtain that
there exists 8o > 0 such that for all A € (0, 1) and all w such that sup |F*| < 2,
then

P z1) 2 6.
Therefore,
E(eT) <10
for some g9 > 0. Applying the Markov property we deduce that

E(eT)sa—ep,
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and
P(T, s se(1—e)
Let7T < 1.Sincetheevents (7, < T)and (A  max |Zé"”(s)| 2 r) coincide,
0SsSA—2T

we get that

E()J’ max |Z())"w(s)|”)

= (3.27)
o - o0
= pf rPldr P(T, £ T) < peTf rP=ldr (1= e0)" ™" < o,
0 0
where 19 = pe [ rP~!dr (1 — e9)" ! is a constant.
Let now T > 1 with integer part [T']. Note that
s i 2 2
max |Z3?(@s)| < max ZMP(s) — ZH2 (072 ).
p, 125 0] 2 JZ:jOj“ a0 = 207
Therefore
E[x? max |Z2%@)P ) < (T +1)Pyo.
( ogsgﬂTI o @IT)=( n
If we change variable to t = A72T, we obtain
E | max [Z5“@6)1P ) < A7P(A21 4 1)Pno. (3.28)
0<s<t

On the other hand

E [ max (WHP) < P2
0<s<t¢

Combining (3.27), (3.28) and the last estimate and considering the lower bound
t > 172, we obtain the desired inequality. O

Proof of Theorem 1.3. Apply Lemma 3.1. O

4. Construction of Steady States

The goal of this section is to prove the existence of the steady state and weak steady
state under the assumption of finite range of dependence and get an explicit formula
in terms of regeneration times, see formula (4.44).

In this section we assume Assumptions 1—4 to hold.

We recall that a function f or an element f in H~'(£2) is local if there exists
Ry such that f is measurable with respect to the o-field H g Ry where By is the ball
of radius R. '



298 P. MATHIEU & A. PIATNITSKI

Theorem 4.1. For all A > 0 there exists a unique Borel probability measure v, on
Q such that for any bounded local function f, for Q almost all w and P almost
surely we have

lim f F@(s))ds = vi.(f),

where o (s) = X())"w(s).a).

Theorem 4.2. For all ). > 0, for any local f in H_1 (), then

t—0o0

lim —/ f(@™(s))ds == vi(f),

exists for Q almost all w and P almost surely.
Corollary 4.3. For all 0 < A < 1, the steady state and weak steady state exist.

Proof of Corollary 4.3. To deduce the existence of the steady state from Theorem
4.1, we approximate a continuous and bounded function by bounded local functions.

Let now f belong to 1:1051. Then there is a bounded F such that f = divF
and F can be approximated by bounded and local functions F},. Apply Theorem
4.2 to each f,, = divF,. By Lemma 3.1, [vy(f) — va(fi)| S CIA N Fy — Flloo-
Therefore the sequence v, ( f,) has a limit, say a.

From Lemma 3.1 (with p > 1) and Theorem 4.2, we deduce that %Aé:‘}; (1)
converges to v; (f,,) in L' (W, P) for Q almost all w. Applying Lemma 3.1 again,
we see that 1 Aé’w(t) converges to a in L' (W, P) for Q almost all w. In particular,
the limit a does not depend on the choice of F and the approximating sequence
(Fp). We callit vy (f). That v, is a linear continuous functional on H 1() follows
at once from Lemma 3.1. 0O

The remainder of this section including subsections 4.1 and 4.2 is devoted to
the proof of Theorems 4.1 and 4.2

Recall from the proof of Lemma 3.1 the notation z = (x, y),x € R4 and yeR
and the definition the R¢*! valued process

zow = (X, y+ A5 0+ W)

where W! is an independent one-dimensional Brownian motion (which is assumed
to be defined on the same probability space OV, F, P) as W).
Recall that the generator can be written as

1
MO = (L), + 233 + f(x.)dy.
We shall use this formula when f is bounded, as in Theorem 4.1. When f belongs
to HO_O1 (£2), we rather use the divergence form (see (3.25)

1 1
MM@q = Edivx (a®Vxq) + ra®e1Vyiq + dive (Fdyq) — 3,(F“Vxq) + zaﬁq

where F is bounded and satisfies divF = f. (Observe that although f is local, F
need not be local itself.)
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4.1. Regeneration Times

We assume that f is local and either f is bounded or f belongs to Ho_ol ().
Before embarking in the proofs of Theorems 4.1 and 4.2, let us sketch the main
steps of the construction of steady states and explain how this section of the paper
is organized.
In both Theorems 4.1 and 4.2, we have to study the convergence of the additive
functional Aé:;‘f(r) = fot f(w*(s))ds for Q almost all w. As in the preceeding

paragraph, we shall work with the process 7% and deduce the convergence of
A())‘:‘f”(t) from the regeneration properties of 7% More precisely, the main idea

is to construct an increasing sequence of random times, tlA < ré\ < ..., that

we call regeneration times and are such that the increments of the process Z())‘ @
betweeen successive regeneration times are i.i.d. under the annealed law ]P’?. Then

the convergence of Ag:;?(r) follows at once from the convergence of Z(’}""(t) which
in turn follows from the law of large numbers for i.i.d. sequences.

Note that, in order to carry out this programm, we also need some bounds on
the moments of the regeneration times. Also observe that, as a useful by-product
of this proof, we shall be able to express the limit v, ( f) in terms of the increments
of the additive functional between two successive regeneration times, see formula
4.44.

Of course, the decoupling properties along regeneration times is tightly related
to Assumption 4. Very roughly speaking, we proved in [7] that the process Xé @,

and therefore also the process Zé *“are transient in direction e¢;. Thus there are
non-backtracking times ¢ such that, before ¢, the diffusion only visited the half-
space {x : e} -x < e1 - Zg’w(t)} and after time ¢, it will only visit the half-
space {x : e -x = e - Zé‘w(t)}. Since, due to Assumption 4, the restrictions
of the environment in these two half-spaces are independent, we are done. This is
obviously wrong for at least two reasons. First a diffusion process never does such
a thing as non-backtracking. Secondly, in order to use Assumption 4, we need a
little bit of space between the two hyperplanes. Let us discuss how these issues are
addressed in [29].

We carry the whole construction on path space, equipped with the annealed law.
As a first step towards the desired decoupling property we enlarge the path space
with the addition of a sequence of independent Bernoulli random variables Y; and
provide a coupling of this sequence and the diffusion Z())‘ "®_see Proposition 4.5. The
coupling is constructed such that, at times where a Bernoulli variable Yy takes the
value 1, the canonical process temporarily forgets about the environment and makes
a ‘deterministic’ jump in direction e of size 9R(A). (Here ‘deterministic’ means
‘independently of what the environment may look like and R(A) is a parameter that
will be chosen later.) If Y} takes the value 0, we just do what should be done to
retrieve the law of Z())‘ *“_Of course, we should tune the parameter § of the Bernoulli
variables Y so that this ‘deterministic’ jump we impose has a positive probability
to occur. How to choose 6 then depends on a lower bound of the transition kernel
of the process Zé’“’, see Lemma 4.4 and note that we need a lower bound that is
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uniform with respect to @ and that, since the process Z())"w involves f, the best
value we can use for § depends on f. It also depends on A.

Regeneration times will then be times ¢ such that (1) at time ¢, the process
reaches alocal maximum (with a variation of R(})) and the corresponding Bernoulli
variable in the sequence Y} takes the value 1 and (2) after time ¢, the process does not
backtrack more than R(X). This construction allows one to explicitly express how
the process depends on the restrictions of the environment in the two half-spaces
already discussed (and now separated by a distance R(A)). R(A) is chosen larger
than the range of dependence R from Assumption 4 and the size of the support of
the local function f: Ry.

The organization of the rest of this section is as follows: after introducing some
notation on path space, we state the bounds we shall need to choose the parameter
8. Proposition 4.5 is borrowed from [29]; it describes the properties of the coupling
construction of the diffusion and the Bernoulli random variables. Then we give a
detailed definition of the regeneration times starting with formula (4.31). Theorem
4.7, also borrowed from [29], says that the increments of the process between
successive regeneration times are indeed i.i.d. We do not prove Theorem 4.7 but we
do include the proof of Lemma 4.8, that we shall need later and which is actually
very close to the proof of Theorem 4.7. In Proposition 4.9, we establish some bounds
on the regeneration times. Finally, in Sect. 4.2, we finish the proofs of Theorems
4.1 and 4.2.

The construction of regeneration times will also be used in the proof of fluctuation—
dissipation relations and then we shall need bounds on the regeneration times that
depend on A, see Sect. 5.1.

The regeneration times will be constructed on canonical space C ([0, 00), R+,
We use the notation Z(t),> for the coordinate map on C ([0, c0), R4*1Y The first

d components of Z(-) will be denoted by X (). Let P;*® be the law of Z>*“, and
E 2““’ be the corresponding expectation. Let IP’? be the annealed law

PA(A) = f dQ(w) f AP (w)l(w, w)

for any measurable subset A C 2 x C([0, 00), R‘”l).
Next we set
1
R(1) = max {R, Ry, X}’

where R is the constant from Assumption 4 and R 7 is chosen so that f is measurable
with respect to the o-field HBRf. Denoting B, (z) the ball in RIt! centered at z
of radius r, we let U? = Bery(z + 5R(A)é1), B* = Brpy(z + 9R(A)é1) with
é1 = (e1, 0). Then we set

Ty: =inf {s 20 : Z(s) ¢ U*}, (4.29)

so that Ty: is the exit time from U%. We also define the corresponding transition
densities p; o vz (s, 7/, z”") which satisfy the relation

PyZ(s) € G, Tyw_ } = /(;pk,a),UZ(S’Z/’Z”) dz"
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for any Borel set G C U<,

Lemma 4.4. Let 0 < A < 1. There exists 5;} > 0 such that

25A

Prov:(027,7") 2
BRI

(4.30)

forall 7 € R, 7 € B Moreover for any Ry there exists 8* > 0 such that
we may choose 8;; > §* for any f such that Ry < Ro and either | f| < 1 or

Proof. The required bound is a consequence of the fundamental solution estimates
obtained in [1], see Lemma 5.2 in [7]. Remember that due to Assumption 2 the

matrix a is uniformly elliptic and either f is bounded or f = divF where F is
bounded. O

We proceed with introducing a coupling construction. We mostly follow the
construction of [29] (see also [7]). First, we enlarge the probability space by adding
asequence {Y; ]2 ofi.i.d. Bernoulli random variables. Let (]—',)@0 be the filtration

generated by (Z(¢)),>g and J,, = o{Yp,..., Yy} Let 9,),‘! be the rescaled shift
operator defined by

O (ZO)(s) = Z(Rm +5), s 2 0.
We extend these operators by setting
9,),;((Z(S))Sgo, (Yk)kz()) = ((Z()\-_2m + s))Sg()’ (Yk+m)k20), m € N.

Part (i) of the Proposition below states that we indeed couple i.i.d. Bernoulli
random variables and Pz)"w. Part (ii) expresses the markov property of the coupling
I/’? *“_ Part (iii) says that, when a variable Y} takes the value 1, then the diffusion
makes this ‘deterministic’ jump we discussed in the introduction of this section.

Proposition 4.5. There exists, for every A, w and z, a probability measure ﬁ)“’w
the enlarged probability space such that, with § = 8% from Lemma 4.4, we have:

(i) The law of (Z(t)),>q under P2 is P, and the sequence (Y);>( is a se-
quence of i.i.d. Bernoulli variables with success probability § under f’z)”’w

(ii) Under P'\’w Yn), >m is independent of F, -2, X Jn—1, and conditioned on

DA,w

where Py

Fr=2m X Im, Zo 9}‘ has the same law as Z under PZ(A 2m). Y

denotes the conditioned law P “[1Yo = yl, (for y € {0, 1}).
(iii) PZ)\”]w-almost surely, Z(t) € U* fort € [0, A~ 21 and the distribution on()»_z)

under f’;’lw is the uniform distribution on B*.
We refer to [29] for the proof.

Remark 4.6. As a consequence of Proposition 4.5, under ﬁ *®_ conditioned on

Fi2pm X Tam—1)» Z 06} has the same law as Z under PZ(A 2y’
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We will now provide the construction of the sequence of regeneration times. This
construction is algorithmic that is, in the next paragraph, we describe an algorithm
than eventually stops after a certain number of steps, here denoted with K, and
delivers the value of the first regeneration time rl)‘. The algorithm depends on the
choice of the parameter a that we set equal to 3AR()). Its input is a trajectory.

First we introduce a sequence of random times Vk)‘ (a) when the process ey - X (s)
reaches a local maximum within a variation of R(A). If we sampled the trajectory
at the times VkA (a), we would see increments of order A~! in the direction e;.

Because the coupling in Proposition 4.5 uses discrete times, we modify the times
V' (a) by taking their integer part and thus define the sequence N} (a). From the
sequence N ,ﬁ‘ (a), we extract N lk (a) for which the corresponding random variables
Y. takes the value 1 for the first time. Remember that, when a Bernoulli variable
Yy takes the value 1, then the diffusion performs a ‘deterministic’ jump of size 1!
in direction ¢ and in time A 2. We look at the process right after the jump.

At time S{‘ =N 1)‘ (a) + 172, we ask wether the diffusion is going to backtrack
in direction e by a distance larger than R()). If the answer is ‘yes’, we then wait
until the diffusion backtracks - this defines the backtracking time D - and start the
algorithm again; we then get a second random time S%, and ask if the diffusion
will backtrack again. The algorithm stops the first time we reach a time S,i‘ after
which the diffusion does not backtrack more than R()). The definitions to follow
provide a rigourous description of the algorithm, including some further technical
restrictions.

Observe that the times S,’{\ are stopping times. However, because it includes a
non-backtracking condition, the regeneration time tf‘ itself is not a stopping time.

Let

M(r) ;= supfe; - (X(s) — X(0)): 0 < s <1} (4.31)
For a > 0, define the stopping times Vk)‘ (a), k = 1, as follows. We define T =
inf{t : e; - (X(t) — X(0)) = L}, and define

Vi(a) =Ty, V(@) = Tyvi@i+roy k2L (4.32)

here and later on [r];, stands for the min{n € A~2Z : r < n}. Then

- ROA
Ni@ =inf { [V}@)], -k =0, sup ‘Ey (X(s) - x(v,;\(a)))‘ < %
selVHa).[VE@T]
(4.33)
Ni(@) = NEGAR() 0 0 ) + NE(@). k=1, (4.34)
N a) ;=inf{ﬁ,§(a) k21 Y = 1} , (4.35)

(we will see later that N}*(a) < oo, for all k). The random times 2> N/"(a) are
integer-valued and SUP < §2 (a) €1 (X(s) — X(N,i‘ (a))) £ R(L). We next define

random times S{\, Jl’x and R{\ as follows:

S} = NFGAR(G)) +172, J} =St 4+ T goyo 9;25?,

R :=TJ =8} +Do ekgs?, (4.36)
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where
D :=[T_rula. 4.37)

Now we proceed recursively as follows:

Nl =RE+N] (@) 00}, withax=x (M(R})—e1 - (X(RP)—X(0)+R(1))

(4.38)

A2Ry

and
Sper = NEg + 075 Tl =Sty + Tray 0 60
k+1 - k+1 ’ k+1 k+1 R(A) )»ZS)‘ )
Rty =l =St + Do %SH]
Note that for all k, the F; x S)2(,, - stopping times AN}, A?S} and A*R}: are

integer-valued (the value 400 is possible). By definition, we have 172 < N IA <
St < SRy SNy <8} < U3 <R < Nj... < oo. The first regeneration
time 7} is defined as

= inf(S} : S} < o0, R} = oo} < co. (4.39)

Let
K =inf{k > 1 : S} < ooand R} = oo}. (4.40)

Then 7} = S}. By definition, 2%t} is integer-valued and 7{* = 2172 (since N} >
2.72). We see that on the event ‘L'])‘ < o0 it holds that

e1-X()<er - Xt} =22 + RO Ser - X(x1)—=TR(), fors < 1) — 172,
13?"" —a.s.,

see also Proposition 4.5, that is (Z (5))s§rl _,-2 remains in the halfspace {z €
RIFL .81z <8 - Z(‘L’l)‘) — 7R(A)}. On the other hand, since the process (e; -
X (1)),> never goes below e; - X (t})—R(\) after T}, Pr?-as., (Z(1)),.; remains

in the halfspace {r e Rt :¢; .z > ¢; - Z('L’])‘) — R(M)}.
Let us define the annealed law

PHA] : /dQ(a))/dP)‘w(w)lA(a) w). (4.41)

It has been proved in [29] (see also Proposition 5.5 in [7]) that rl)‘ < 00 ﬁl%-a.s.
For k 2 2 we recursively define

A A Aok
T =T+ 1 °9x2f,§_]

Then r,? is finite ﬁP\’é—a.s. for all k. We set r& = 0 for convenience.
The next theorem is Theorem 2.5 in [29].
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Theorem 4.7. Under the measure @é the random variables ((Z(TI?H) — Z(t,?‘),

Tk)\+l - 1:,?‘) k= O) are independent; furthermore, for k = 1 they are i.i.d. and

have the same law as (Z(‘(l)"), rl)‘) underﬁ’%[- |D = o0].
Furthermore, we have

Lemma 4.8. Let (H (m))mzo be a random process such that H (m) is measurable
with respect to F;-2,, X Ju—1 for all m and such that TE%HH(AZII)‘)H < 0. Then

o0
Ej[H(A1])|D = o0] = ZES[H(AzSﬁ)l{S£<D}].
k=1

Proof.
B (1H 32N p=oc))

o
= Z/ ES,w ([H()LZS/?)])I{s;<oo}1{ooesg=oo}1{D=<>o}> dQ
k

Mo T

/Eé’w <[H()‘2SI?)])1{S,§<D}I{Doegzoo}) dQ
St

k=1

2

/ Ey© <[H()\2Sk)]1{s’\<D}EZ(SA Iip= oo}) dQ;

k=1

here, to justify the second equality, we have used the fact that if S,? < D and
Do 92‘1 = 00, then D = oo. To justify the last equality we have used the fact that
k

AzSﬁl{Skx<D} is a stopping time with respect to the filtration (F, —2,,, X Jon—1y , m =
0) and Remark 4.6.
For given w and k, let p,’:"” be the law of Z(S}) under Pg"‘”. Then

/(Eg’w([H(Azs’b]l{sk*w}E;’gé)lw:“}) “
A, A
= / (EO w {E 0 |:H()\2Sk)1{S*<D} Z(Sk):| Z(S)‘ [I{D oo}] Z(S* })d@

=/ (f (dz)E“’[H(Asz)l{SA<D}
/ /( C(d)Ep” [H(ﬁs,@)l{skw,}

By the definition of D and S,?, the term E?’wl{Dzoo} is measurable with re-
/

spect to the o-field generated by {o(z' - @) : z' -e; = z-e; — R(A)}, and

Z(S{) = z} E}“1{p—co) ) dQ

Z(Sp) = z} E;’”I{D:oo}> dQ.
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p,?’w(dz)llfg’w [H(sz,?)l{SkD} |Z(S,?) = Z] is measurable with respect to the o-

field generated by {o(z' - w) : z'-e; < z-e; — 8R(A)}. Due to Assumption 4,
these two terms are independent. Therefore,

/RdL<pf’w(dz)Eé~w [H()Lzs,i)l{skk<1))|z(5/§) =z] E?"”I{D=w;) 40
:/ /(p,?’w(dz)l/i\é’w [H(AZSQ)I[SA<D}|Z(S,§):ZD dQ / (EX®1(p=oc)) Q.
R4 JQ yh A

The term EEZ“"I{D:OO} does not depend on z and equals @S(D = 00). Thus the
last term in the previous formula is equal to

BA(D = oo)// (p,ﬁ"“(dz)fg*‘” [H(AZS£)1{32<D}|Z(S,?) - z]) dQ
=B(D = 0o (HGAS) 55 py))
which implies the desired relation. O

The next statement provides us with useful estimates for the regeneration times.

Proposition 4.9. There exists a constant C )f‘ > 0 such that
-~ AA -~ Ao X (+H
E} |:ecfrli| <oo and E} |:ecf(‘1 X ))i| < 00.
Moreover for any Ry there exists C* > 0 such that we may choose C} > C* for

any f such that Ry < Ro and either | f| < 1 or ”f”H’l(Q) <1

Proof. The first claim of the Proposition is proved in [29], Theorem 4.9 and Corol-
lary 4.10. As for the second claim observe from the construction of rl)‘ that, once
R(X) is chosen, and given the Y’s, the definition of tf‘ only involves the process
e1 - X. Therefore, the rate of decay of the distribution function of rlA depends on f
only through Ry and § } Besides, the bigger § }, the faster this distribution function
decays. We conclude the proof with the second claim of Lemma 4.4. O

4.2. Proof of Theorems 4.1 and 4.2

The law of (Z(1)),>( under 13\3’“) is the law of (Zé"”(t))@o under P. Therefore,

under 13\5‘ '®_ the last component of Z(-) is a semimartingale of the form w +Aa )

where W! is a Brownian motion and the law of A 7 is the law of Aé‘}" under P.
It follows from Theorem 4.7 and Proposition 4.9 that

1 -~ ~
. k)‘—>ES[tl)‘|D=oo:| ask — oo P§— as.
and

1 ~ —~
A (Af(‘l,']?) +Wlk) — E()SI:Af(Tl)L) +WlA|D = ooi| ask — oo IP’S — a.s..
k 1
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Since k‘lwi , a.s. converges to zero, we derive from the previous relation that
k

EX|ap(zh +w! D:ooi|
Af(t)) 0[ 7 () +
Tkx ﬁE\)‘|:r}‘|D—oo]

o "1 -

ask — oo @S — as. (442)

Let us show that the term Eé |:WiA|D = oo] on the right-hand side of (4.42)
1

vanishes. Since Z and Ay are additive functionals of Z, then w! is also an additive

functional of Z. From the Markov property of PZ O-2my’
Uk

A 2mtt —W)L,zm );>0 is a Brownian motion independent of F; -2, X J(m—1). Since

1{S£<D})L2S}} is a stopping time with respect to the filtration () -2,, X Jn—1))u>0

we get that the process

T=A 1 . . .. . . .
we have Eq[w 5 1 (8h< pl = 0 for all k. Combining this with Lemma 4.8 yields that

ﬁé [Wi LD = oo] vanishes. Therefore, (4.42) takes the form
1

Ar(t}) Ar(tH)|D = 00
.f(;k)_> [ (@)l ]
T o[ 7{|D = oo]
We introduce the notation
A A 1 —
Bi[a;(ch)D = 0o]  EGlRr () +1, 1D = o]
v (f) = - = o . (4.44)
E§[t1D = oc] Ej[r 1D = oo]
Using standard arguments based on Proposition 4.9 we can replace the limit along
the sequence {‘L’k } in (4.43) with the limit with respect to . Therefore, we conclude

ask — oo TP% — a.s.. (4.43)

that 1A £(t) a.s. converges to v, (f). This implies that t_lA)” @ also converges
to vy (f) as t — oo for Q almost all w and P-a.s. This ylelds the statement of
Theorem 4.2.

To complete the proof of Theorem 4.1, it remains to show that v, is a Borel
probability measure on €2. By construction, v is a non-negative linear functional on
the space of bounded local functions. For any such function f we have |A6‘:;“ (N
t]l f | Lo (@)- Therefore, |v; (f)| < || f |Loo()- It is obvious that vy (1) = 1. The only
property to be justified is the sigma-additivity of v;. Let Ry > 0 and let (f,),> be
a sequence of functions which are measurable with respect to the o-field generated
by {o(y.w) : |y] £ Ro} and such that 0 < f,, < 1 and f;,(w) tends to zero for all
w.Forall T > O we have

Ejlas, e S Ejlas, (D1 +E§IGH 2.

Clearly, for any T > 0 we have IE’\ [Af,(T)] — 0,asn — oo.In addition, although
the law of 71 depends on f;, due to Proposition 4.9, E* [(‘L’ )1{1A>T}] tends to zero

as T — oo uniformly in n. This implies that ]Eé [Af, (rl )] converges to zero, and
thus vy (f,) converges to zero as n — oo. Therefore, v, is a probability Borel
measure on the o-field generated by {o(y.w) : |y| £ Rp}. Since it holds true for
any Ry, then v, extends to the whole Borel o-field of Q2. O
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5. Fluctuation Dissipation Theorem

In this Section we compute the derivative of the steady state as A — 0. Our main
tool is the description of the scaling limit of regeneration times for small A.
Everywhere in this Section Assumptions 1—4 are fulfilled.
Recall the properties of I'( f) from Lemma 2.9.

Theorem 5.1. Let f be local and belong to HO_O1 (R2). Then, the derivative of vy (f)
at & = 0 exists and is equal to T'(f).

Animmediate corollary of Theorem 5.1 and Lemma 3.1 is the following version
of Theorem 1.5:

Corollary 5.2. Let f belong to 1’-~IO_O1 (R2). Then, the derivative of vy (f) at A = 0
exists and is equal to T'(f).

The proof will be divided into several steps which are detailed in the following
subsections.
5.1. Estimates for Regeneration Times

Proposition 5.3. Underthe conditions of Theorem 5.1 there exist constants C1 (f) >
0 and C(f) > 0 such that, for all > with0 < 1 < 1, we have

) [ecumzfq <T(f) and B [ecﬂf')*(er“?”]] <T(f).

Remark 5.4. By the same arguments as in the proof of Proposition 4.9, the con-
stants C1(f) and C(f) can be chosen to be the same for all functions f such that
Rf § Ro and “f“Ho?:](Q) § L.

Proof. We will need a version of Lemma 4.4 uniform with respect to A € (0, 1).
O

Lemma 5.5. Let f be as in Theorem 5.1. Then there exists a constant § y > 0 such
that estimate (4.30) holds for all X € (0, 1) with 8% = 3r.

Proof. We recall that the process
zZo) = (X, y+ A0 + W)

has a generator in divergence form, see (3.25).
In the variables Z = Az and 7 = A2z, this generator reads (see (3.26))

divz (a® (') Vig) +a” ("' %)e1 Vig
+divi (F*( ' $)59) — 95 (F (L' 5)Vig) + 934.

Since F is bounded, for the corresponding parabolic operator, the Aronson estimates
(see [1]) hold uniformly in A and in F on any finite time interval and in any fixed
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ball and for almost all w. This implies that in the statement of Lemma 4.4 we can
choose 8} independenly of A. O

Turning back to the proof of Proposition 5.3, due to Lemma 5.5, in the con-
struction of 7{*, we can choose the same Bernoulli random variables (Y¢);>( for
all A € (0, 1]. Given the sequence (Y : k = 0) and the trajectory e; - X (-), the
definition of tlA in Section 4.1 coincides with the definition of the regeneration time

71 in [7] (Notice that the notation e¢; - X (-) and ID\OX *® are used for the same objects
both here and in [7]). We read from Lemma 5.8 and its proof in [7] that

ap sy B[] <o
© 0<Ai<1

and

~ 2\
sup sup E(’}"“|:ec'(f)A ’li| < 0.
® 0<A<1

These estimates clearly imply the estimates stated in the Proposition. O
Lemma 5.6. Under the conditions of Theorem 5.1 there exist constants C1(f) > 0

and C(f) > 0 such that, for all » < 1,

By e [Cipr sup 1zl | | T, (5.45)
0<s<t}

Proof. Denote 7~"r = inf{s > 0 : |AZ(s/A%)| = r}. Applying Aronson’s lower

bound (see [1, Theorems 8§ and 9]) to the parabolic equation with generator given
by (3.26), we obtain that there exists §o > 0 such that for all A € (0, 1) and all @

Py?(T 2 1) Z .
Therefore,
E())"w (e_f'> <1-—¢g
for some g9 > 0. Applying the Markov property we deduce that
E} (e_i) < (1—g) 1.

Then

o0 ~
Eé’w[exp (c sup A|Z(s/k2)|)} =f ds e Py (e T 2 )
0

0<s<t

o0
< e’/ ds e’ (1 — g0)/9~1 = e,
0
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provided we have chosen ¢ small enough so that e! (1 — g9)(1/¢) < 1. Writing

Bre| sup AZ@)| =T | < B <A2‘rf\ > T/2) + P sup AZGs/pDI 2T,
0<s<t} 0<s<T)2

we deduce from Proposition 13 and Lemma 5.5 that (5.45) holds true for sufficiently
small C1(f) > 0 and some C(f) > 0. O

5.2. Scaling Limit on Regeneration Scale

Proposition 5.7. Under the product measure P xQ, the process ()»Zé POyt 2
O) converges in law, in C ([0, 00), Rd+1), towards a Brownian motion with constant
drift. The limit covariance matrix and the limit drift are given, respectively, by

S ) 0 -~ Yep
Y= , B=|<= . 5.46
(o 1+E(f)> (F(f)> 640
Proof. From Proposition 2.7 we get the convergence in law of ()»Xé’w(k’zo), A
AS:;‘?()\_z-)), under the annealed measure P x Q. Since W! is an independent
Brownian motion, then the process ()LX())"“)()L_2~), AA%”?(X‘Z-), AWl (k‘z-)) also
converges in law. Since (AZ())"“)()L_Z-)) is a linear function of (AXS’M(A_Z-), AAL

0.f
(A2, aw! (A‘2~)), then it also converges in law.
We have already computed the limit covariance and drift in Proposition 2.7. O

5.3. Continuity Lemma

Let P be the law of a Brownian motion with covariance and drift given by
(5.46) on the canonical space C ([0, 00); R4+1) and let € be the correﬁponding
expectation. In the same way as in Section 4.1, we introduce the measure P defined
on the extended path space that includes the sequence of Bernoulli random variables

(Yx)>0- Choosing A = 1, denote S’k = S,i‘zl, T = rl}‘zl and the corresponding

random variable D.
Letp =¢p(z,5,1),2 € Rt s eR, A € (0, 1), be a continuous function such
that

lp(z, 5, )] = C(A+ |z + [sDI"
for some C > 0 and m > 0.

Lemma 5.8. The following continuity relation holds:

. B} (p(Z (1) W20, 1) Lpaoe) € (9(Z(R). 61,00 1)
A=0 E§ (Wt} 1{p=oc)) g (%11

{b=oo}>
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Proof. By Lemma 4.8 with H(n) = ¢>(AZ()L_2n), n,A)) we get

o0
o7y (d)(kZ(r]}‘), 32tk A)|D = oo) =Y B} (¢(,\Z(S,§), 228k A))1{5£<D}) .
k=1
R (5.47)
For each k, the functions Sk, Z(Sk) and 1,¢ (S <p) are P-a.s. continuous func-
tions on path space. By Theorem 5.7 and the continuity of ¢, then the law of
¢(AZ(Sk) Asz, A)) I{SA<D} under IF’O converges to the law of ¢(Z(Sk) Sk, 0))
1, ($e<D) under &. Combining the inequality Sk 1 (8} <00} < 71 with Lemma 5.6 and
Proposition 5.3, we deduce uniform in A exponential tail estimates for szk and for
MMZ (SA)| Under our standing growth condition on ¢, then ¢ (AZ (S)‘) A28H 0 M)
satisfies uniform in A stretched exponential tail estimates. This implies that

Bj (60-2(59). 2288 m)|D = 00) — E (6250, S O 5, _p)

for each k. It remains to bound the tail of the series on the right-hand side of (5.47).
By the Cauchy-Schwartz inequality we have

'~ 2 —~ 27
[Eg <¢(AZ(S,§),AZS,§, A))1(5£<D})] < B} |:<¢()LZ(S,’(\),AZS,?,A))I(S£<D}) ]Pg (S} < D).

As in the preceding discussion, Proposition 5.3 and Lemma 5.6 imply that the first
term on the right-hand side is bounded uniformly in A and k. On the other hand,

Bj (5} < D) By (St < 00) S By (e 227%).

The term on the right-hand side here converges to zero uniformly in A at exponential
speed. Therefore, we can pass to the limit in (5.47). O

Proof of Theorem 5.1. Denote by Z;1(¢) the (d + 1)-st component of Z(¢). We
read from (4.44) that

E) [Af(rf) —i—WllAlD = oo:| )\ﬂﬁg[zﬂl(rﬁ)m = ooi|

1
~u(f) = =
* MBS [sz = ooi| AR} [rﬁD = oo]

By Lemma 5.8 we have

AE} [derﬁ)m = oo] ?[Zd+1(f1>| D= oo}

0
o~ A—> ~J 1%
/\Z]Eg[rﬁz):oo] 5|:f1|D:ooi|

As a special case of (4.44) with a constant o and A = 1, we know that

&l Z 1D = o
A[ a1 )] } o Zan @)
= lim P-as..

DU 1—00 t
5|:‘L'1|D = OO]

Obviously, the last limit is equal to T(f), see (5.46). O
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6. Continuity of Variance and Einstein Relation

We assume Assumptions 1-4 are fulfilled.

6.1. Einstein Relation

In this section we obtain the Einstein relation as a consequence of the results of
the previous Section. This proof differs from that given in [7]. We refer to [5] for
the original physical intuition.

It follows from Theorem 4.7 and Proposition 4.9, taking f = 0, that for any
fixed A € (0, 1), X satisfies the law of large numbers under IP%. Equivalently, there
exists a vector £(A) € R? such that

1
lim ~X}“(t) = £(0)
t—>o00 t
for Q almost all w and P-a.s.
Theorem 6.1. (Einstein relation) As .. — 0, then
1
XE()\) —> Yej.

Proof. Using the regeneration structure as in the proof of (4.44), we can represent
£(M) as follows:

E} [X(rMD = oo]
(L) =

IES |:1:1A|D = ooi|
Therefore,

AED [X(rmD = oo:|

1
b =
A2ES |:‘L'1)“ |D = oo]

It follows from the continuity Lemma 5.8 that

E[X(%mb = oo}

g|:ﬁ|b = OO]

~L0) —

The expression on the right-hand side is the drift of the X -components of the process
Z under P; by (5.46), itis equal to Xey. O
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6.2. Continuity of Variance
This section deals with the continuity of the effective variance of X 3 “as A — 0.

It follows from Theorem 4.7 and Proposition 4.9, taking f = 0, that for any
fixedd € (0,1), X satisﬁes the central limit theorem under ]P’)‘ there exists a matrix

¥, such that the law of L (X0 “(t) — £(0)t) under the annealed measure P x Q
converges to the centered Gauss1an law with covariance matrix X, .

Theorem 6.2. (Continuity of variance) As .. — 0, we have
Z)L — 2.

Proof. Using the regeneration structure, as in the proof of (4.44), we can represent
%, as follows: for any e € R4,

Eg[(X(rlk) ce— () - e)?|D = oo]

e- e =
Eg[zﬁm:oo}

ES[(U((r%) ce—ArttaTle) - e)? D = oo}

Ej [/\ZrmD = oo:|

We apply the continuity Lemma 5.8 to the function ¢ (z, s, A) = (e-x—sA™ Le(n) -6)2
forx # 0,and ¢ (z, s, 0) = (¢-x —sZey - e)%. Observe that according to Theorem
6.1 (Einstein relation), ¢ is continuous. Then we get

5[()((%1) ce—#H e -e)?|D = ooi|

g[f”b = OO]

The expression on the right-hand side is the diffusion matrix of the X-components
of the process Z under P. By (5.46), itis equal to Xe-e. O

e-X)e —

It follows from Theorem 4.7 and Proposition 4.9 that for any f, a local element
in H_ 1(Q) and any fixed A € (0, 1), A satisfies the central limit theorem under
]P’)‘ there exists a matrix X ( f) such that the law of L (A () —u(f )t) under the

annealed measure P x QQ converges to the centered Gau551an law with covariance
matrix X, (f).

Theorem 6.3. As . — 0, we have ) (f) — Z(f).

The proof is the same as above. We leave the details to the reader.
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7. Appendix A

Although our main interest in this paper pertains to diffusions in a random
environment, in order to better explain our results, we now briefly discuss the
easier case of diffusions in a periodic environment.

In the periodic setting, the role of the dynamics of the environment viewed from
the particle is now played by the projection of the diffusion X é on the torus.

In the case A = 0, we will get a stationary corrector xi, see Equation (7.51).

When A # 0, the process of the environment seen from the particle has an
absolutely continuous invariant measure - the steady state - whose density is given
by Equation (7.49). The fluctuation—dissipation relation follows from a direct com-
parison of both Equations (7.51) and (7.49). There is no need to go through the
interpretation of the derivative as a correlation as we did in the random environment
case.

Thus let a = (a(x), x € T) be a smooth field of symmetric positive definite
matrices defined on the unit d-dimensional torus T = R? / 74 Let A be a scalar, el
be a vector in RY and define A = Aep. Let (X Q (t); t > 0) be the solution of the
stochastic differential equation

dX2(t) = b(X2(1))dt + ra(X2(1)er + o (X)W, ; X2(0) = x, (7.48)

where we periodically extended a to R and defined b = %diva, o = /a and
(Wy; t = 0) is a d-dimensional Brownian motion defined on some probability
space W, F, P).

Then (Xj}(t); t > 0,x € T) is a Markov process with generator £* =
%div(aV) +A-aV. Its projection on T is a Markov process with generator L=
%div(aV) + - aV. This admits a unique absolutely invariant measure (steady
state), say vy, with some density f* with respect to the Lebesgue measure on T
and f* is a solution of the equation

div(a(Vf* —2f*3) =0. (7.49)

Observe that £ is constant.

Let us now derive a first order expansion of f* similar to what we did in
Section 5.

Given the form of Equation (7.49), one observes that f* smoothly depends on
. Besides the successive derivatives of f* (as a function of 1) can be expressed
as solutions of the partial differential equations obtained by differentiating (7.49)
with respect to A. Let us write f’ for the first derivative of f* at A = 0. Using the
fact that f© = 1, we thus get that f’ solves the equation

div(a(Vf —2e1)) =0. (7.50)
Define x1 = —% f'. Then (7.50) implies that x; is the solution of the equation
L% =—b-e. (7.51)

Equation (7.51) is the corrector equation for the operator £° in the direction ey, see
(1.6).
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Thus we have indeed checked that the derivative at A = 0 of the steady state
of the operator £* (symmetric diffusion operator perturbed by a constant drift of
strength A in the direction e1) coincides up to multiplication by a factor —% with
the corrector of the symmetric drift-less operator £ in the direction e;.

Remark 7.1. The Einstein relation, in our context, is the equality between the so-
called mobility (the derivative at A = 0 of the effective drift) and the diffusion
matrix for the drift-less operator L0, see [7].

One may observe that the Einstein relation in the periodic setting directly follows
from the discussion at the beginning of this introduction. Indeed, one deduces from
the ergodic theorem that the process Xé satisfies a law of large numbers: %Xé (t)
P-almost surely converges to the effective drift

L) = /(b(i) + ra(i)er) f*(H)dx,
T
and therefore
d
ﬁﬁ(k) cerla=0 = /(61 () f1(%) +er -alb)er fO1)) di.
T

Recall that fO = 1. Thus,

/el-aelf0:/61~ael.
T T

We recall that X(¢) - e; satisfies the Central Limit Theorem with asymptotic
variance

T = /T(el + VX1 (1) -ax)(e1 + Vx1(x)) dx. (7.52)

On the one hand, integration by parts, Equations (7.51) and the definition of b imply

that
1 .
5/ Vxi-aVy Z—/(ﬁo)(l))(l Z/b~€1 X1
T T T

1 1
=§/rdiva~e1)(1=—§[re1'av;(1,

so that (7.52) also reads
¥ = /r(el -ae; —Vyx1-aVyy). (7.53)

Use the equation satisfied by f’, see (7.50) and (7.51), to get that

/el'bf’z—Z/elobm=—/e1'diva)(1
T T T

2/61 ~aVyxi :_/ Vxi-aVx.
T T
Thus we obtain that

d
—L(A) - eql|p=0 = /(—V)(] -aVy) +ep-ae)) =X (7.54)
di T
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Remark 7.2. Let us further comment on the main differences between the periodic
and random cases.

The first difficulty one would face if trying to follow the PDE approach in the
random environment setting is the necessity to solve Equation (7.49) (which is
now an equation in the space of environments €2). This is because we do not even
know how to make sense of Equation (7.49) on €2, that we used the construction of
regeneration times from Sect. 4.1. The price we pay is Assumption 4.

A possible approach to Equation (7.49) could be to try to express its solution
as a power series in A. This may not be sufficient to solve (7.49) for all values of A
but could be good enough to get a solution for small A’s and, provided the power
series nicely converges, one would even get the fluctuation—dissipation relation by
looking at the first term of the expansion. Indeed the linear term of the expansion
should be given by the equation for the corrector. However already the equation
that the quadratic term should satisfy is problematic.

To the best of our knowledge, this ‘expansion approach’ to construct steady
states only works for dynamics satisfying a spectral gap assumption. Then all
square-integrable functions belong to H~! and this opens the way to iterate the
corrector equation to build the different terms of the expansion. This approach is
detailed in [19] where the authors prove a power series expansion of the density of vy,
for small A and obtain some version of the Einstein relation. Under the spectral gap
assumption for the un-perturbed dynamics, the perturbed dynamics with a small but
positive A also satisfy the spectral gap inequality uniformly in A. Therefore the time
it takes for the process to equilibrate stays of order 1 as A tends to 0. This is a major
difference with the situation of diffusions in a random environment as discussed
in the paper at hands where the time it takes for the perturbed process to reach
equilibrium - understood as the regeneration time - is of order A~2. In other words,
the approach through regeneration times shows that the fluctuation—dissipation re-
lations are much much more general than what purely analytic arguments based
on computations of spectral gaps and perturbation methods would a priori suggest.
How general they are is an open problem.

8. Appendix B: Alternative Proof of Theorem 1.3

In this part of the paper, we give an alternative proof of Theorem 1.3 based
on a spectral gap argument. Recall we are assuming Assumptions 1-3. We use the
notation from Section 2.4.

In the sequel, we fix an element f in the space Ho_o1 (£2). To obtain an explicit
bound in the next lemma, we introduce a new norm on HO_O1 (€2), that we denote
with ||f||1_?o—cl(g) and define as

£l gt = min{llo ™ Flloo s divF = f}.

Clearly, due to Assumption 2, the two norms || f || A=) and || f| HIl (@) e equiv-
alent.
Theorem 1.3 follows at once from the following Lemma:
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Lemma 8.1. Let p = 1. Then, for all . > 0 and t > 0, we have

/E[IASj}”(t)I”] dQ(w) = (4rn)? (IIGIIgo «/’) IIfIIH B (8.55)

2
S
where yp = [;° psP"le” 7 ds.

Remark 8.2. Lemma 8.1 should be compared to Lemma 3.1. On the one hand,
estimate (3.24) in Lemma 3.1 gives a uniform upper bound that does not depend on
o, unlike (8.55) where we average with respect to Q. On the other hand, the upper
bound (8.55) is more explicit than (3.24). Observe in particular that the only way
the value of o enters in (8.55) is through the value of |0 || and, implicitly, in the
definition of the norm ||f||go_o1 @

A,®
Proof. Letusderive anupper bound on the Laplace transform [ E |:e'7A0,f @ )j| dQ(w).
Using the Girsanov transform (2.18), we get that

/E[enAé;;J(r)} d@(w)Z/E[enAS;”;a)exé(z)f(é)(z)} 10()
§\/Eo 2nAf (D) \// 2 B(1)—12(B (z)] dQ(w).

We have

[2,\3(;) —\2(B (r)i| E|: 2B (1)—22%(B)(1)+ 2 (B >(z)}
< e

2o, ’E|: 2B)-2:2(B >(,)} _ Mol

/ E[e"f‘éf?(”— dQ(w) < /Eo[e%/*f(l)]e*zz'“'io’. (8.56)

We claim that for all F € (LOO(Q))d such that f = div(o F),

Therefore

E, eZnAf(t)] < SPIFI, (8.57)

Let us prove (8.57). First we assume that there exists a smooth function F €
(L%°(2))? such that f = div(c F).

We use a spectral gap argument: since we are assuming that F is smooth, then
f is a bounded function and we have |[A ¢ ()| < || flloot, for all # and Q almost

surely. In particular the Laplace transform Eg |:e2”Af (’):| is finite.

Let

Quu(w) = E[u(xg(t).w)e2"f‘31”f’<f>],
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Then (Q; ; t = 0) defines a strongly continuous symmetric semigroup on L?(£2)
with Dirichlet form —27 [ fu? dQ + €(u, u).
Let

A(n) = sup{2n/fu2d(@— Eu,u) : /uzd(@z 1}

be the largesteigenvalue of the generator of (Q; ; ¢ = 0).
Then

E, [eznAf(z)} < A1 (8.58)

We now estimate A (1). Let u be a bounded function in D. Then u? belongs to
D and we have

/fude = —/2uaDu - FdQ.
Therefore

| / fu?dQ| £ 2| Fllcoy/2€(u, 1) / u? dQ. (8.59)

Clearly inequality (8.59) extends by continuity to all functions « in D. In particular
the expression | f u* dQ appearing in the definition of A (1) defines a quadratic
form on D.

It follows from (8.59) that, for a function u in D such that f u2dQ = 1, then

21 / fu?dQ — €(u, u) < 4| Fllooy/2€(u, u) — E(u, u) < 87°||F||2,
So that
A £ 872 |IFI1%

and
E, [6277/4./(!)} < SPIFI,

This ends the proof of (8.57) if the function f is of the form f = div(c F) for
a smooth F.

Our goal now is to show that (8.57) holds for f in Hozl (R2) of the form
f = div(o F) with an arbitrary bounded function F € (L®(Q))?. We proceed by
approximation: let F” be a sequence of smooth functions in (L*(£2))¢ that con-
verges to F in (L*($2))? and such that sup,, || F"[|co < || F [|eo. Let " = div(o F").
Then the sequence f" converges to f in H~ ().

We proved, in the discussion after Lemma 2.2, that, for any ¢ > 0, A ¢ () con-
verges towards A ¢ (¢) in L?(2). We may then extract a subsequence that converges
almost surely and apply Fatou’s Lemma to get (8.57).

We conclude from (8.56) and (8.57) that

/ E [J%j?(l)] dQ(w) < APIF IRt +5 01 1
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If we now optimize on the choice of F, we obtain

Ao BRIFI2 o2 1
f E|:e”A0~f(l)]dQ(a)) <o At (8.60)

We now deduce (8.55) from (8.60). To make the formula more readable, we
use the shorthand notation || f|| = || fl g-1-
By Markov’s inequality, we have

N0
/ P[Aé;‘;(t) > AM} dQ(w) < e~ 1AM f E[e"AO-f(’)] dQ(w).
By symmetry, the same holds for —Ag:‘;’(z), and using (8.60), we get that
ho —nAnt A2 FIPE o 12, 1
P|IAGS(0] Z Art | dQ(w) < 2¢7 1AM M TS ol
We choose n = %A)»||f||_1 and get that
A _lahZ o
fP[|A0"Ji’(t)| > AM} dQ(w) <2 B ez lolt,
Therefore
/ E[\Aé;;‘:(rﬂ 4Q(w)
o Py
= (At)l’/ psP—l /P[|A0";(z)| > sAt] dQ(w) ds
0 .

22 ) 00 _Lﬁt
< (AP +2e7\|olloot(,\t>f’f psPle U7
A

2 N P o0
= (Axr)P t 2o lol (M) ()»l)p/ 17sp_le_s2 ds
At Larva !
< (AP + 267 It (‘LV”)pe*T'zAzlz"'f”fz(xz)P /OO psPle= % ds.
i Larvanfi
Choose A% = l6||f||2||o||C2>o to get the upper bound
4 P 0 52
§ (A)\_[)p+2(M> ()»t)p/ psp_lg_T ds
i LA £1!
£ R
SAAtP—}—z(— A;P/ P 1= ds
S (AAr) Wi (A1) A p
41V
= (4xrt 0lloo)? + 2y,(A1)? <_ .
@l filllolloo) Yp (A1) W
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