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The paper deals with a family of jump Markov process defined in a
medium with a periodic or locally periodic microstructure. We assume that
the generator of the process is a zero order convolution type operator with
rapidly oscillating locally periodic coefficient and, under natural ellipticity
and localization conditions, show that the family satisfies the large deviation
principle in the path space equipped with Skorokhod topology. The corre-
sponding rate function is defined in terms of a family of auxiliary periodic
spectral problems. It is shown that the corresponding Lagrangian is a convex
function of velocity that has a superlinear growth at infinity. However, neither
the Lagrangian nor the corresponding Hamiltonian need not be strictly con-
vex, we only claim their strict convexity in some neighbourhood of infinity.
It then depends on the profile of the generator kernel whether the Lagrangian
is strictly convex everywhere or not.

1. Introduction. The goal of this work is to show that for a family of jump Markov
process defined in a d-dimensional medium with a (locally) periodic microstructure the large
deviation principle holds. We assume that the generators of these processes are of the form

1 —
(1) Afu(x) = Wfwa(x . y)Ag(x,y)(u(y) —u(x))dy,

where ¢ is a small positive parameter that characterizes the microscopic length scale, a(-) is
a nonnegative integrable convolution kernel that decays super exponentially at infinity, and a
positive bounded function A? represents the local characteristics of the medium. We consider
both the case of a periodic function A?, and the case of a locally periodic one. In the former
case, Aé(x,y) = A(;—C, %), where A (&, n) is a periodic function in R24 1n the latter case,
A8 (x,y)=A(x,y, %, %), where A(x, y, &, n) is periodic in £ and 7.

Previously, the large deviation principle for trajectories of a diffusion process with a small
diffusion coefficient has been justified in [10, 11]. It was shown that the large deviation prin-
ciple holds in the space of continuous functions and that the corresponding rate function
is defined as an integral along the curve of an appropriate Lagrangian. The Lagrangian is
explicitly given in terms of the coefficients of the process generator.

Large deviation problem for a diffusion in environments with a periodic microstructure
was studied for the first time in [1], where a pure diffusion without drift has been considered.
The case of a small diffusion with a drift in locally periodic media was studied in [9]. Here
the Lagrangian is defined in terms of an auxiliary PDE problem on the torus.

Large deviation problems for jump processes with independent increments have been in-
vestigated in [2, 16, 17, 19] and other works. In [2] the author considered the one-dimensional
case. The LDP was obtained in the Skorokhod space with a weak topology under the Cramer
condition on the convolution kernel. These results were improved in [16, 17], where the LDP
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was proved in the Skorokhod space with strong topology and the topology of uniform con-
vergence. In the multidimensional case similar results were obtained in [19].

A number of interesting results on large deviations for Markov processes that combine a
diffusive behaviour and many small jumps can be found in [20].

The monograph [6] focuses on LDP for rather general classes of Markov processes in met-
ric spaces. The approaches developed in this book rely on exponential tightness, convergence
of nonlinear contraction semigroups and theory of viscosity solutions of nonlinear equations.
In particular, this allows to consider the case of processes whose rate function might be finite
for sample paths with discontinuities.

A rather general approach to obtaining the LDP for Markov processes with a quasi-
compact Markov generator has been developed in [13]. This approach was developed further
in the works [7, 8], where the higher order large deviation asymptotics were obtained. Notice
however that, at least for a certain class of kernels, this approach does not apply to the pro-
cesses studied in the present paper. In particular, the operators obtained by the exponential
transformation need not be quasi-compact and might have only a continuous spectrum.

To our best knowledge, large deviation problems for jump Markov processes with convolu-
tion type generators in periodic environments have not been studied in the existing literature.

In the present paper we consider a family of jump Makov processes £°(r), 0 <t < T,
with the generator defined in (1). Under the assumptions that the convolution kernel a(-)
is integrable and decays super exponentially at infinity, and that the function A¢ is strictly
positive, bounded and has a periodic or locally periodic microstructure we prove that the
family {£°(r)} satisfies the large deviation principle in the Skorokhod space D([0, T']; R%)
equipped with the strong topology. The corresponding rate function is good, it is finite only
for absolutely continuous functions and is given by

T
1ro) = [ L. pw)ar

where the Lagrangian L(x, ¢) is convex and has a super linear growth as a function of ¢
while in x it is continuous. This Lagrangian is constructed in terms of a family of auxiliary
periodic spectral problems on the torus for operators which are derived from the generator of
the process by the exponential transformation.

Our strategy is natural for a family of Markov process. We approximate trajectories of the
process by piece-wise linear functions and, for each segment of this function, apply finite-
dimensional techniques. This leads to the said family of spectral problems which is of special
interest.

Let us recall that in the case of diffusion processes with a small diffusion in an environment
with a periodic microstructure the mentioned exponential transformation leads to a family of
elliptic operators with a compact resolvent defined on the torus. The Krein—Rutman theorem
applies to these operators, and the upper border of their spectrum coincides with the principal
eigenvalue. Then, using for example, the arguments of the homogenization theory, one can
show that this eigenvalue is a strictly convex function of the parameter. This implies that
the corresponding Lagrangian is strictly convex and the Girtner—Ellis theorem applies. In
contrast with the case of diffusion processes for the jump Markov processes considered in the
present paper the exponential transformation leads to a family of bounded operators which,
in a typical situation, have a nontrivial continuous spectrum. The essential spectrum of these
operators is real and does not depend on the transformation parameter. The Krein—Rutman
theorem in this case does not apply, at least directly, and we need more delicate techniques
to study the spectral properties of this family. It turns out that the discrete spectrum of these
operators need not be real and might be empty. However, the eigenvalue with the largest
real part, if it exists, is real and simple. It is shown that for large values of the parameter of
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exponential transformation the discrete spectrum is not empty and that the upper border of
the spectrum coincides with the principal eigenvalue. Using the arguments of homogenization
theory for jump Markov processes (see [18]) one can prove that this eigenvalue is a smooth
strictly convex function of the parameter. This implies that in the vicinity of infinity both the
Hamiltonian and the Lagrangian are strictly convex and smooth functions.

However, in the complement to the mentioned neighbourhood of infinity there might be a
region where the discrete spectrum is empty. In this region the upper bound of the spectrum
coincides with the border of the continuous spectrum. Then the Hamiltonian is equal to a
constant, while at the border of this region it need not be differentiable so that the graph of
the corresponding Lagrangian might belong to a conical surface in a neighbourhood of the
origin. This is one of the interesting features of the studied problem. The structure of the
Lagrangian is studied in detail in Sections 4.3—4.5.

A possible behaviour of the Hamiltonian and Lagrangian is illustrated with two examples.
The first one shows that the Hamiltonian indeed might have a flat area with a nonempty
interior.

In the second example we construct an operator for which the Hamiltonian is not C'
function, and the corresponding Lagrangian is not strictly convex.

Due to the lack of strict convexity the Gértner—Ellis theorem does not give a complete pic-
ture for finite-dimensional distributions. However, the results on the large deviations asymp-
totitcs remain valid. Our arguments rely on the particular structure of the Hamiltonian and
the Lagrangian and on the Markov property of the process.

The paper is organized as follows. In Section 2 we introduce the studied family of jump
Markov processes, provide all our assumptions and formulate the main result.

In Section 3 we recall some of the existing large deviation results for jump process with
independent increments.

The case of purely periodic environment is considered in Section 4. First we introduce a
family of auxiliary operators with periodic coefficients, consider the corresponding spectral
problems on the torus and study the structure of their spectrum. Then we define the Hamil-
tonian and the Lagrangian that are required for formulating the large deviation results, and
investigate their properties. In the last part of this section we formulate and prove the large
deviation theorems, first for the distribution of the process in R4 at a fixed time, and then in
the path space.

Section 5 deals with the media that do not depend on fast variables. Here we combine
the results obtained for the processes with independent increments and perturbation theory
arguments. Although this idea is very natural and not new, its realization requires a number
of quite delicate technical statements.

Finally, in Section 6 we consider the generic case of locally periodic media.

2. Problem setup and main result. We consider a family of continuous time jump
Markov processes & (1) in environments with locally periodic microstructure that depend
on a small parameter & > 0; the subindex xo indicates the starting point: &5 (0) = xo. The
generator of this process has the form

X —

1
(2) Agu(X)szRda( e y)A(xv )’»g»g)(u(y)—u(x))dy’

ue Lz(Rd). We call x, y slow variables and f, % fast variables.

Our goal is to show that, under proper ellipticity and exponential moment conditions,
the large deviation principle holds for this family of Markov processes. In this section we
introduce these conditions.
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For the function a(z) we assume that
3 a@eL'®RHNLORY). a@>0.  lallpig =/Rda<z)dz —1,

and the convolution kernel a(z) satisfies the following upper bound with some p > 1, k >
0,Cc>0:

“4) 0<a(z) < cekIzI”,

The latter condition implies in particular that all exponential moments are bounded.
We assume furthermore that for all o from the unit sphere S?~! we have

(5) / a(z)dz >0 withTly ={zeR? z-a > 0}.
Observe, that the integral || M, a(z) dz is a continuous function of & € S9! and, therefore,
(6) min / a(z)dz > Cy

aeSi-1 J1,

for some Cy > 0.
The function A(x, y, €, n) describes the locally periodic environment. We assume that the
function A is periodic in & and 7,

Alx,y,+j n+j")=Ax,y,5n)

(7
forall j/, j” € Z¢ and forall x, y, &, n € RY,
and that
Alx,y, & m)
8)

is uniformly continuous in x and yand measurable in (£, ) for each x and y.
We assume furthermore that A is bounded from above and from below:
9) 0<A” <A, y,E,n)<AT <o0.

At the end of this section we formulate our main result in a vague form, for the detailed
version of this theorem see Sections 4-6.

THEOREM 2.1. Under assumptions (3)—(5) and (7)—(9) for any T > 0 the family of pro-
cesses gjo(-) satisfies the large deviation principle in the Skorokhod space D[0, T'] with the
rate function

T
L(y(@®),y@))dt ifyis absolutely continuous, y (0) = xo,
tye) = L Lo 7@ ity y y () =0
+00 otherwise;
where the Lagrangian L(x, {) possesses the following properties:

o L(x,¢) is a continuous function of x and ¢

e for each x the function L(x, -) is convex;

o |7 L(x,¢) tends to oo as || — oo uniformly in x;

e there exists Ry > 0 such that in the set |{| > Rg the function L(x, ¢) is strictly convex in ¢.

Notice that the properties of the Lagrangian listed in the theorem ensure that the rate
function 7 (-) is good that is, for any 7 > 0 and any ¢ > O the sub-level set {y € D[0, T] :
I(y) <c} is compact.
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REMARK. The effective drift of the jump Markov process governed by the nonlocal op-
erator A? that was defined in (2) is of order one, while the asymptotic diffusion of this process
is small, of order e. Hence, this process can be interpreted as a small random perturbation of
a dynamical system.

REMARK. The key results of this work are those obtained for a periodic medium. Here
we introduce the corresponding Hamiltonian and Lagrangian and study their properties. In
particular we show that, in contrast with a homogeneous medium, both the Hamiltonian and
the Lagrangian need not be smooth, neither strictly convex. The locally periodic case is then
reduced to the periodic one with the help of perturbation theory arguments.

3. Processes with independent increments. We start with the case of constant A:
Af(x,y) = A. In this case ££(-) is a continuous time process with independent increments,
or equivalently a compound Poisson process. The results on large deviations under condition
(4) are well known; see for example, [2]. In [15-17] the authors considered a wider class of
the compound Poisson processes that have exponential moments only in a neighborhood of
zero. Let us shortly repeat the construction of the rate function and the Lagrangian for this
process.

In this section the dependence of A is indicated explicitly, §; 4 (¢) stands for a continuous
time process with independent increments whose generator is defined by

A _
(10) Sulx) = ) /ﬂ;d a(xTy)(u(y) —u(x))dy, ue LZ(Rd).

To apply the Girtner—Ellis theorem we consider the family of probability measures Mf\xt in

R4 defined as the law of the random variables i;‘)f’ A (). In what follows we assume with-
out loss of generality that x = 0 and drop the index x. We also consider the process & (¢)
generated by

(11) Apu(x) = A/Rd a(x —y)(u(y) —u(x))dy, ueL?*(RY).

It is worth noticing that

£5 (1) = ssA@.

We have
EeMn(T) — ,THAG)
with
(12) HA(,\)=A(fa(z)e—“dz— 1) =AHQ).
Representation (10) for the generator A% yields
(13) Eeth®) = o Ha®),
Thus, we get
(14) 1inbglnEe%fi<’> —tH\(L) =tAHQO).
e—

Relation (12) readily implies that the function Ha (A) is a smooth, strictly convex and of
super-linear growth at infinity. Denote by L(¢) the Legendre transform of H ():

(15) L&) =suplic = HO)}.
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Then the function tAL(%) is the Legendre transform of ¢t Hp (\):
sup{Al —tHA(L)} =1tA sup{ki - H(A)} = tAL(i)
A A tA tA

The function L(¢) is nonnegative, strictly convex and finite for any ¢ € R?. Consequently,
by the Girtner—Ellis theorem LDP holds in this case:
(1) for every closed set C C R4

(16) limsupeInP(§5(r) € C) < — 1nf tAL(ti\) ;
e—0 4

(2) for every open set O C R?

17) liggfelnﬂb(éi(t) €0)> —{igg _tAL<%)_.
REMARK. The case when a(z) is a symmetric kernel, that is, a(—z) = a(z), and A(:) =
1 has been studied in [12]. In particular, the large deviation result for the density v(x, )
of the transition probability Pr(&§(z) = x|£(0) = 0) has been proved with the rate function
D), x =¢t(1 +0(1)),t = o0; see Theorems 3.4 and 3.8, [12]. The rate function ®(¢)
possesses the following properties:
P(0) =0, P(¢) > 0for ¢ #0, ® is a convex function, and

(18) D) == (0—1; 2)(1+o(1)) as|¢|— 0,

where o is the covariance matrix, o;; = [pa X;xja(x) dx.
If the function a(x) satisfies a two-sided estimate

— 4 — 14
Coe "MV <a(x) < Cre™?H", p>1,

then the following asymptotics for the rate function ®(¢) holds:

(19) <b<;>=ﬁ(b(p—1))””|c|(ln|c|)"T( +o(1)) as|¢] — oo

Relation (19) has an important consequence that will be used in the following sections.
Namely, under condition (4), there exists a constant cg = co(C, p, d) such that for all suffi-
ciently large ¢ the inequality

p=1
P

(20) ®(¢) = col¢|(In]z])

holds true.
Finally, we turn to the sample path large deviations results. Denote by P? the distribution
of paths of the process £5(¢),0 <t < T, in the space D([0, T']; R?). This space is equipped

with the metric
(n(t) (s) )
log| ————
s

where the infimum is taken over all continuous strictly monotone functions 7 such that
7(0) =0 and n(T) = T. In what follows this set of functions is denoted by /C, and

€() = Supyg <7 | log(FU=ZE))|,

dist(f, g) = inf max{ sup
()

0<s<t<T

, sup | f() —g(ﬂ(t))i}’

0<t<T
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In the case of the studied process with independent increments the large deviation principle
(LDP) is valid for the family of probability measures {P?} in the Skorokhod space equipped
with topology generated by the above introduced metric, the rate function being given by

T 1
/ AL (X)}(t)) dt if y(-)is absolutely continuous,
0

IA(y()) =
+00 otherwise,

with L(-) defined in (15). This means that

(21 limsupeInP*(C) < — inf [IA(y)]
e—0 yeC

for every closed set C in D([0, T']; ]Rd), and

(22) liminfe InP*(0) > — inf [IA(y)]
e—0 ye0

for every open set O in D([0, T']; RY).
As a consequence, for a small neighbourhood U of a curve y we have

(23) eInP?(U) ~ —Ix(y) ase— 0.
In the one-dimensional case this result was proved, under slightly weaker assumptions, by A.

Mogulskii in [16, 17], and then in the multidimensional case by A. Pukhalskii in [19].

4. Environment with periodic microstructure A(%, %). In this section we consider
the process with generator given by (2) with A = A(z, %), where A(n, ¢) is a measurable
periodic function satisfying the lower and upper bounds in (9).

4.1. Skewed generator. Consider an operator
e A= [ ale=»AG Iy = [ al=)AGy) dyu)

where A(x, y) is a periodic function satisfying bound (9), and u € L?*(R%). Denote by S(¢) =
' 40 the Markov semigroup with generator Ao, and let & (¢) be the corresponding continuous
time jump Markov process starting at x. Then

(25) (S f)(x) =" f(x) =E f (£ (1)).

LEMMA 4.1. Forany » € R? and x € R¢
(26) Ee'5:(®) = Mol 01,

where A;, is the operator acting in the space of periodic functions L>(T?) and defined by

27 A= A‘Wa(x = YA, Yy dy — fRdau — VA, y)dyv(x).

PROOF. Substitute f(z) = €* in (25) and denote u(x, t) = Ee*<(®) Under our standing
assumptions on a(-) the function u(-) is well defined. Indeed, denoting
o (AT)"r"

" (x =)

Py =e " 8 (y) +e N

n=1

with A~ and AT defined in (9) we have
() < pL(y),
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where pl(-) =¢' 408,.(-) is the distribution of the process &, (r). Considering (20), in the same

. i _ bl g ool B
way as in [21], one can show that p’ (y) does not exceed e~¢ W5 7 for some ¢ > 0

and for all y such that |x — y| > (1 V). Consequently, the integral [pa e™ p' (y) dy converges
for any 7 > 0 and A € R?, and the function

(28) ue.n) = [ pLo)dy.
is well defined. Moreover, due to periodicity of A (x, y),
(29) v =eMuten = [ EOpl)dy = BB,

is a periodic function of x, thatis, v(-, 1) € L2(T%) for any ¢t > 0; here B, g(x) = e“g(x). In
fact, under our assumptions v(-,t) € L% (T%). Since A, = B;IAOBA, where A is defined
by (27), we have B; '¢'40B; = ¢!+, This yields (26). [

Consequently, for any ¢ > 0, we have

: ‘ 1
(30) lim elnEe: % = lim e In([e'+1](0)) = lim - In([e"***1](0)).
£—

c—0 s—>+400 §

where A, = B;/LAgBA Je- It is straightforward to check that for any A € R the skewed

operator A, is bounded in L3(T9). Denote by o (A;) the spectrum of this operator in L2(T9),
and by s(A;) the maximum of the real parts of the elements of o (A;):

(31) s(A;) =max{Re(0):0 € o (A,)}.

In the next subsection we will show that the limit on the right-hand side of (30) exists and is
equal to s(A;) multiplied by 7. Our goal is to study the properties of s(A,) as a function of
A.

4.2. The spectral properties of the operator A). The operator A, defined by (27) has a
continuous spectrum

Ocont = [—&max> —&min] := Im{—G(x)}, X € Td»

if the function
G(x) =f a(x — YA, y)dy
Rd

is not a constant. Letting

gmax = max G (x), gmin = min G(x),
xeTd xeTd
we have 0 < gmin < gmax < 00. The continuous spectrum, if it exists, does not depend on A.
In addition, depending on the value of A, A, might have a discrete spectrum ogisc(1).
Adding to both sides of the spectral problem A,v = 6v the constant gpax We obtain an
equivalent spectral problem that reads (A) + gmax)V = (0 + gmax) V- We denote the new spec-
tral parameter (6 4+ gmax) by ¥*. The operator on the left-hand side of the latter spectral prob-
lem is positive, its essential spectrum coincides with its continuous spectrum and is equal to
the real interval [0, gmax — gmin]- According to [4], Theorem 1, there are only two options.
Namely, either for any ¢ € 0 (A; + gmax) We have || < gmax — &min, OF there exists a real
positive eigenvalue ¥ (1) of A + gmax such that § (1) > |1§| for any Deo (Ap =+ gmax) \ U (A).
In particular, in the latter case, (LX) > gmax — &min. Furthermore, there is a positive eigen-
function u, that corresponds to o+()).
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As a consequence, either the element of o (A, ) with the largest real part coincides with
— gmin, OF it is equal to ¥ (L) — gmax. The latter case takes place if and only if 6(1) := 9 (1) —
Zmax > —&min, iN this case the real part of 8 is less than 6()) for any feco (A)\O(A). The set
of » € R? such that 6 (L) > — gmin 1s denoted by I', and 6 (1) is called the principal eigenvalue
of A A

REMARK. Notice that 8(0) = 0, that is, 8(0) > —gmnin. Furthermore, (1) — oo as
|[A] = oo. Thus, 0 € T", and R4 \ I is a bounded set.

Assume that A € I'. The spectral problem for A, reads

/ Mx—wA@JWM%”M@ﬁW—/‘MX—WA@JNWM&)
R4 R4

=0 (Mux.(x),

(32)

where u; (x) is the principal eigenfunction. Denote by u} (x) the principal eigenfunction of
the adjoint operator A%. For 6(X) > —gmin, the spectral problem (32) is equivalent to the
following problem:

Do) = (G +60) " [ atx = )AL ), () dy =3 (0)

for the compact positive operator D; in L2(T¢). Since (1) is an eigenvalue for A;, 1 is an
eigenvalue for D;.
For an arbitrary N € Z™* denote by By (x, y) the kernel of the operator Div :

(33) DYo) = [ Butx. vy dy.
Then

Pr(x.y) = (G@) +00)) ™" 3 ale —y+ A e,
jezd

and
prnceon) = [ Bt Dy dz.

We claim that there exist N € Z" and constants 8~ > 0 and 87 such that
(34) B~ <Bn(x,y) <p* forallx,yeT”

The upper bound is evident, it is a direct consequence of our assumptions and holds for
any N > 0; of course, + might depend on N. The lower bound is less evident. The function
> jezda (x —y-+ j) might be equal to zero for all x from a set of positive measure on the torus.
Thus, the lower bound in (33) need not hold for N = 1. However, as was proved for instance,
in [18], Lemma 4.1, there exists N € Z™ such that the Nth convolution of a denoted by a*N
satisfies the estimate a*V > B~ for some S~ > 0. Since under our assumptions By (x, y) >
cya*N (x — y) with ¢y > 0, the desired lower bound follows.

Recalling that u, is positive, by the Krein—Rutman theorem (see, e.g., [14], Section 6,
Proposition ), 1 is the principal eigenvalue of D, and this eigenvalue is simple. Then 6 (1)
is also simple.

From (34) it readily follows that both for u; (x) and for u3 (x) the following bounds hold:

(35) c<up(x)<ct and ¢ <ui(x)<ct forallx e T¢
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for some constants ¢~ > 0 and ¢*. In what follows we assume the following normalization
conditions to hold:

(36) / up(x)dx =1, / u (x)uy (x)dx = 1.
Td Td
We now turn to relation (30).
LEMMA 4.2. The limit on the right-hand side of (30) exists and is equal to ts(Aj).
PROOF. According to [5], Corollary 1V.2.4, the following relation holds:
lim et =ts(A
S_}EPOO; nje ”L(Lz(Td),Lz('Jl’d)) =1s(45).
This readily yields an upper bound
1
limsup — In([¢*4*1](0)) < rs(A;).

s—>—4o00 §

To obtain the lower bound we consider separately the cases A € ' and A e R\ T.If A € T,
then s(A;) = 60()), and the inequality
. 154y,
ill)nllggln([e 1](0)) > s(A,)
follows from the fact that u; is positive and that e’*4* is a positive operator.
If A € R\ T then s(A;) = —gmin. Consider an auxiliary semigroup with the generator
(Gu)(x) = =G (x)u(x). It is straightforward to check that

lim < In([e"91](0)) = —tgmin-

s—>—4+00 §

Since the operator A; — G = (A;, + gmax) — (G + gmax) is positive, the operator e5'4* — ¢5'9

is also positive, and we conclude that

1
liminf — In([e"*4*1](0)) > —tgmin-

s—>4+00 §

This completes the proof. [
Our next statement describes the behaviour of () at infinity.

LEMMA 4.3. There exists Ry > 0 such that s(A)) > —gmin for all ) with |A| > Ry.
Moreover, there exist constants ¢, > 0, ¢, > 0 and Cy such that

O(1) = cee - Cy
forall » € {» e R?:|A| > Rg}.

PROOF. It follows from (3) and (6) that for any o € $9-1 there exist a ball 0% C I,
such that

¢ :=dist(Q*,9Iy) >0 and ¢ := /QO‘ a(—z)dz > 0.
Then, for A = ra with r > 0 we have

/d a(x — ) TIA(x, y)dy > A_cgec?r = A_cgectlxw.
R
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By the continuity argument,
/d a(x — y)e YA (x, y)dy > A_cg‘e%c(lXIM
R

if &—| belongs to a sufficiently small neighbourhood of «. Due to the compactness of S¢~!
this implies that for some ¢, > 0 and ¢, > 0 the inequality

fd a(x — )T A(x, y)dy > cpe
R
holds for all A € R?. Therefore, [(Ax + gmax) 1]1(x) = cqee™ . Since the operator A) + gmax

is positive, this yields [(Aj 4+ gmax)" 1](x) > cZe”CeIM for any n € Z*, and we conclude that
v(A) > CaeCeMl’ and 6(1) > Caecel)hl — gmax- U

4.3. Strict convexity of the principal eigenvalue 6 ().) of the operator A;,.

THEOREM 4.4. The function 6 (A) is strictly convex on T, that is, %(A) is a positive
i OAj
definite matrix for all . € T.

PROOF. We are going to show that the matrix VV6 (1) coincides with an effective dif-
fusion matrix for a family of convolution type operators with periodic coefficients.

Let us start with the case A9 = 0. Then 6(0) = 0, and the principal eigenfunction ug(x) = 1.
Differentiating equality (32) in A;, i =1, ..., d, yields

[ a6 = DAG D01 =500 D) dy

6N+ [ al = DA D0 dy
- /Rd a(x — y)A(x, y) dyds,u (x) = (35,0 (L)) (x) + 0 (A) (83,15 (x)).
Relation (37) can be rearranged as follows:
[ a6 =) AG 8,0 dy
(38) — [ @l =) ACE )y () 0G0 (x)
=- fR ale =A@ )G = x0T ur () dy + (8,0 ()us ().

The solvability condition for (38) reads

/Td /Rd a(x — Y)ACx, )i — x)e™ ™ u; (yuf(x) dy dx
(39)

=9,,0() /;rd up(x)uy(x)dx = 3,,0(1).
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Differentiating (37) one more time in A ; yields

| a6 = )AG )G =005 =20 (y) dy
+ f a(x — YA, )i — )09, w5 (v) dy
]Rd

(40) + /Rd a(x = Y)AG, ) (yj = x)e ™ 05,15(y) dy

+ [ at = A0, 0,0 dy
= [0l = DA )y, 80,10) = 8, 81,6 G ()

+ 03,0 (A) 9y us (x) + 93,0 (A) 9y, up (x) + O (1) 05,0 ;up (x).
After rearranging (40) in the same way as (38) the solvability condition for (40) reads

/Td /Rda(x — MAC, )i —xi)(y; —xj-)ek(yfx)uk(y)ui(x) dydx
+/w /Rda(x — WA, ) (3 — x)e* V0 w5 (y)uf (x) dy dx
(41) +/Ed A;da(x —y)A(x,y)(yj _xj)e)h(y_X)a)»iu)\(y)u;:(X)dydx

—8,,0(0) /Td B;Ljux(x)uz(x) dx — 95,;0(%) /Td 0wy (X)u (x)dx
= 0y, axje()»).

At A =0 relation (41) takes the form

0,0,60) = [ [ ate= A0 =200y =i dy d

- + [, [ at = »AG 01 = 58, 0w dy dx

+/Td fRda(x — WA, Y)(yj — xj)0uo(y)ug(x)dy dx
= 3,000 [0 0@ dx = 5,60 [ b0 dx.

LEMMA 4.5. The matrix VVO(0) is positive definite.

PROOF. Notice that the matrix defined on the right-hand side of (42) coincides with the
symmetric part of the effective diffusion matrix

ij 1 *
W 3 | [ ate =)A= () = s dyda

— [, [ at = »AG = 30z dy i+ b [ ey .

that was constructed in [18] for the convolution type operator Ay.
Indeed, at A = 0 relation (39) takes the form

(44) 3,60 = [ [ ate = AG 0 — o dy d,
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where u; is the eigenfunction of the adjoint operator Aj corresponding to the principal eigen-
value 6(0) = 0. Observe that the expression on the right-hand side of (44) taken with the neg-
ative sign, coincides with that for the ith coordinate of the effective drift b; of the operator
Aop; see [18]. That is,

(45) 3,.6(0) = —b;.

Letting A = 0 in (38), substituting (45) into (38), considering the relation ug(x) = 1 and
recalling the equation for the corrector s (see [18]), we conclude that

(46) O 5. (X) =0 = 26 (x).
Finally, by (45) and (46) we obtain 0, d;, J.H(O) = @Y 4+ ©/. Then positive definiteness of the
matrix VV6(0) follows from [18], Proposition 6.1. [

We turn to the case A = Ao + 7 with A9 # 0, Ao € I" and r belonging to a small neighbour-
hood of the origin. Then

Au(x) = /da(x — MA@, )TV U0y (y) dy
(47) .
= [ atc = Ac v dyuto).
R4
Let us consider the operator Ak = R;OIA;\R;\O, where R;,, f(x) = ug,) (x) f (x) is the opera-
tor of multiplication by the principal eigenfunction ug ;) of the operator A;,.

The operators A, and A, are similar, thus they have the same spectrum. In particular, the
spectral problem for A, reads

[t = A g oy ()90 (y) dy
(48) 8
— [ at = A dyoi) =600,

where 6 () is the principal eigenvalue of Aj. Denote
49) 050(r) =60(A) —0(ko) withr =1 — Ap.
For A = A9 we have, from (47),

AnoUo(20) (X) = / a(x = YA, 1) ug () dy
R4
(50)
— [ @l = )AGE ) dyitng () = 0Goluaug ().

Dividing this equation by ug ;) (x) we get

/ ax = YYACE Yty (Dt (e ™ dy
R4
(51

= /Rda(x — A, y)dy +6(Ag).

Thus (48), (49) and (51) imply

[ 4 = 9 AC Ytz @it (9900 D0y dy
62 =| [t - »Ady+000 |ux) + 6,00

= /R LA = MAG, Vg gy (0™ dyv(e) + 03, (r)o(x).
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This spectral problem is similar to that in (27), if we replace the kernel a(x — y) A(x, y) with
the kernel

a0 (x — y) AR (x, y) =a(x — )TN, Vgl ugee) ()-
According to (49),
9%0(Lo) _ 0%6,,(0)
OA; 0L or; ar; ’

and the desired positive definiteness follows. [J

REMARK. The structure of the set I' = {A € R4 6(\) > —gmin} depends on the kernel
a(x —y)A(x, y) of the operator Ag. For example, if a(—z) = a(z) and A(x, y) is a symmetric
periodic function, then 8(—A) = 6(A) and 6(0) = 0 is the minimum of 6 (X) (as a function of
A). Consequently, in this case I' = R? and O(A) > 0 for all A.

Also, I = R? if A(x,y) = A(x — y). In this case gmin = gmax, and the spectrum of A,
coincides with the spectrum of the operator

U /d a(x = YA — Y Pu(y)ydy, ue Lz("JI‘d),
R

shifted by —gmin. The latter operator is compact and maps positive functions to positive
functions. One can show that the Krein—Rutman theorem applies, and thus this operator has
a positive real eigenvalue. This implies the claim.

The following example illustrates that in general the set I' need not coincide with R?.

EXAMPLE 1. Take a(z) = 1[_ 11y equal to the characteristic function of the period, and
2°2

A(x,y) =b(x)Ao(x — y). We assume that Ag(z) is a smooth periodic function, 0 < o1 <
Ap(z) < ap < 00, and Ag has the form of a single peak:

C

a, |z—2zol <=,

Ao(z) = 2
a, |z—2zo0l>c.

Here zg # 0,z € T¢, and we choose sufficiently small constants «; and ¢ and sufficiently
large constant oy so that the following normalization condition holds:

/ a(z)Ao(z)dz = / a(z)Ao(z)dz=1.
Rd Td
Then the spectral problem (32) for A, reads

b) [ ate = »)Rox = e s () dy

=b0) [ ale =) Ao = ) dys (6) +6 (s x),
and, after straightforward rearrangements,

b(x) A(y—
53 — 7 | a(x— y)Aglx — y)etO™
(53) b0+ 80 (x —y)Aox —y)
where u; > 0 is the principal eigenfunction.
We now take a periodic continuous positive function b(x),0 < bpin = min, a b(x) <

b(x) < 1, such that for some s € (0, %) it holds

e
b(x) — bmin

uy(y)dy = u; (x),

<14 3.
L2(T4)

(54)
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Obviously, inequality (54) remains valid for % with any 6(X) > —bpin. Then the op-
erator on the left-hand side of equation (53) is positive and compact in L?(T9). Observe that
in this example gmin = bmin-

Assuming that ¢ is small enough we conclude that there exists Ag such that Agzg > 0 and

1
(55) 0 < a(z)Ao(z)e % < 5 for all z € T¢.

Then from (54), (55) it follows that the L?(T¢) norm of the left-hand side in (53) is strictly
less than ||uy, || L2(Td)- Therefore, equation (53) has no positive solution u(x) € L?(T%), and
there are no points of the discrete spectrum of Aj, located above the continuous spectrum,
that is,

Udisc(AAO) N (—gmin, +00) = J.

Observe that in this example equation (53) has no positive solutions for all A situated in a
sufficiently small neighbourhood of A, thus A is an interior point of R \ T.

REMARK. In the above example in dimensions 3 and more one can choose C? smooth
functions b(-) and Ag(-) so that A(x, y) = b(x)Ag(x — y) is also a C? function. Clearly, a
small C? perturbation of the kernel A(-) does not change the structure of the Hamiltonian.
Thus, in the class of C? coefficients A, the presence of a nonempty set R? \ " (the flat area
of the Hamiltonian) is one of the cases of the general position.

It is also important to note that the gradient of 6(}) need not be equal to zero at the
boundary d(R¢ \ T'). This is demonstrated in the second example.

EXAMPLE 2. Indimension 1 we consider the following functions:

@) 1 ifze[-1,38],
a(z) =
0 otherwise,
3 3
— ifze[—1+8,——+8],
Ao(z) = I+ ‘;’8 3 Ao (+)is 1-periodic,
. ifze (—— +5,5>,
3(1 4 36) 4
! 1 0.1 1
b(x)=minjl, (6~ — — |,
(x) mln{ < X+ > + 10)}

and, as in the previous example, define A(x,y) = Ao(x — y)b(x); here § > 0 is a small
parameter that will be chosen later on. Notice that gni, = 0.1.

For A = —2 and for sufficiently small § > O straightforward computations yield
Za(x —y— DAglx — )2Vt < 0.7.
JjEeZ

Using the same arguments as in the previous example we conclude that for sufficiently small
6 > 0 the point A = —2 does not belong to I". We recall that the function s(A;) introduced
in (31) is convex. Since 0 € I', then s(A;) is an increasing function of A on the segment
[—2, 0]. Consequently, there exists Ag € (—2,0) such that s(A4,) =6(A) > —11—0 if A > Ao,
and s(A;) = —15 if =2 <1 < Aq.

For any X € [0, A9] we have

1 .
(56) 56_2 < Za(x —y— DAgx — y)UTYV <6,
JEZ

2

Recalling (53) and the normalization [[u; || 1 (1) = 1 we obtain %e* <uy(x) < m.
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We turn to . It is straightforward to check that the function U} (x) = b(x)uj (x) satisfies
the equation

b(x)
b(x) +0(X)
Then, by the same arguments as above we obtain

I, Ui _ 6

/R a(y — x)Ao(y — )UK (y) dy = U (x).

—e "< — < .
6 ”U)L“LI(TI) b(x)—()l

Therefore,
e b [ st [ o :
—e < — u) (x x)dx < ———— up(xu; (x)dx = ——
6 U3 ey J-1 * WU L1y -1 g I Ly
and for sufficiently small §

1 10 0 0 360d

- < — f w(OUF@) dx < [ ——2 < 400.

1U;; ”Ll(’]I‘l) 1U; ||L1(1r1) -1 -1 (b(x) = 0.1)

2 . o
Thus, ﬁ <INy < 6e2, and ﬁe‘z < Uj(x) < %. This, in turn, implies the

2 360¢2

estimate Tlooe_ <uj(x) < i) —01 According to (39) we have

d
2000 = [ [ ate =300 = 9be (= 00y () dy d

1
> e

22,000
for all A € [A9, 0). If § is small enough then £-6(1) > 10~5¢~5, and the derivative -s(A;)

has a jump at .
Then the Legendre transform of s(A,) is a linear function on an interval [0, j_x (o))

6 _ 1500e*s

4.4. Properties of the Hamiltonian. Denote

o(x rerl,
(57) H) :=s(A)) = * .
—gmin Otherwise.

As a consequence of Theorem 4.4 we have

PROPOSITION 4.6. The function H (-) is convex. It is strictly convex on the set I". More-
over,

HO)

PROOF. The convexity and the strict convexity on I" have been proved in Theorem 4.4.
The relation in (58) follows from Lemma 4.3. [

By Lemma 4.2 we have
(59) lim & InEet5® =t H (),
e—0

with H (1) defined in (57).
Concluding this subsection we summarize the properties of the function H (1):
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F1G. 1. Possible graphs of the functions H(-) and L(-).

(1) H(A) is convex, it is strictly convex for A € ',
(2) H(0) =0and H (A) is strictly convex at A =0,

(3) I3 — +o0 as 2| — oo,

(4) the function H (1) equals a constant on the set A € Y = R4 \T:
H()\) = —gmin, LeYT=RI\T;

if the set Y is not empty, then it is bounded and convex. If the interior of Y is not empty, then
the boundary dY is Lipschitz continuous. A typical example of one-dimensional Hamiltonian
H (-) with a nontrivial Y and the corresponding Lagrangian are shown on Figure 1.

4.5. The Legendre transform of H()\) and the Gdrtner—Ellis theorem. Let L and L; be
the Legendre transform of H(-) and H; :=t H, respectively, that is,

(60 L@ =sup(ic —HG). L) =sup(hc —rHG) =L (). ¢ <.

We recall (see, for instance, [3]) that ¢’ € R is an exposed point of L if for some 6 € R4 and

all ¢ #¢/,
0-¢—LQ)>6-¢ —L(¢).

The properties of H()\) imply the following properties of L(¢):

(1) L(¢) is a convex function, L({) < 400 for any ¢ € RY. 1t is strictly convex in the
neighbourhood of infinity, that is, there exists Ry such that L(¢) is strictly convex for all ¢
such that |¢| > Ry,

(2) L(¢) is nonnegative: L(¢) >0,

(3)min L(¢) = L(¢*) =0 and L is strictly convex at ¢*,

4 % — +00 as |¢| — +o00, in particular, L(¢) has compact sub-level sets,

(5) The complement to the set of exposed points of L, if not empty, consists of segments
of bounded length with one end at 0, the restriction of L on each such segment is a linear
function. The part of the graph of L over the set of points where L is not strictly convex is a
bounded subset of a conical hypersurface centered at the origin.

Denote the set of exposed points of L by 2. It should be emphasized that the origin need
not be an exposed point of L(-). In particular, the restriction of L on two segments going from
the origin in the opposite directions can form the same linear function. However, if R? \ T
has a nontrivial interior, then O € 2. This can be justified by the convex analysis arguments if
we take into account the properties of H (-).
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THEOREM 4.7. For any t > 0 and any x° € R¢ the random vector & jo (t) — xq satisfies
the large deviation principle with the rate function L;(x) = tL(%).

PROOF. As an immediate consequence of formula (59) we obtain

Acge _ 0
61) lim & InEe &0 O™ — 1 ().

e—>0

Then the upper large deviation bound follows from the Girtner—Ellis theorem. We have

gin}) lin})slog[PH(Sfo(t) —x%) - x| <8} < —Li(x).

The lower bound is slightly more tricky. By the Gértner—Ellis theorem for any ¢ > 0 and
any x € R? such that 7 is an exposed point of L(-) the inequality

lim Tim & log[P{| (£ (1) — x%) —x|<8)]= -Li(x)

holds. Without loss of generality we assume that x* = 0. We first assume that 0 € 2. Consider
x € R? which is a nonexposed point of L,(-) and represent it as x = r¢ with ¢ € S¢~! and
r > 0. Since &(-) is a Markov process, for any « € (0, 1) and for any § > 0 we have

P{l5 () — x| <25)
=P{|g5 (1) — r¢| < 25)
= B{{[&5 0en)| =8} 0 {|&5 () — & 6er) — rg| <5}
> ({65 (en)| < 8 min B{Je5 (1 1) —y —ro| <25).

(62)

Denote by R the length of the segment (0, Rg) = (R? \ Q) N {(0, s¢) : s > 0}. Then, for
any hg > 0, the point (R 4+ hg)¢ is exposed for L;. Therefore, choosing « in (62) so that
= = R+ ho, thatis, k = R;ﬁ‘%r , and applying the Géartner—Ellis theorem, we arrive for all
sufficiently small § > 0 and h¢ > O at the following lower bound:

P{|&; (1) — x| <28}

> exp[_(%"h;rmm - w(5)>(1 + 0(1))}

X exp[—(R _: hOLz((R + ho)¢) — KZ’(CS))(] =+ 0(1))}

R
= exp[—(L:(r¢) — Crho — 2¢(8)) (1 + o(1))],

where o(1) tends to zero as € — 0, ¥ (6) — 0 as § — 0, and C, is a constant which only
depends on L(-); we have used here the fact that L,(-) is linear on the segment [0, R¢]. This
implies the desired lower bound.

If 0 is not an exposed point then there is a segment that passes through 0, such that L, is
linear on this segment, and there are exposed points of L; in the intersections of any neigh-
bourhoods of the end points of this segment with the straight line that contains the segment.
In this case in the same way as above one can show that

lim lim & log[P{{|£5 ()| < 6}] = —L+(0).

R —
> exp[—( "L (0) 4 = Li(R) — Cui 2w<6>)(1 4 o(l))]

It remains to use one more time the same arguments as in the previous case to obtain the
required lower bound for any x € R¢. This completes the proof of Theorem. [J
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4.6. Large deviation principle in the paths space. The goal of this section is to show that
the process &£ (-) satisfies on any time interval [0, 7] the large deviation principle in the paths
space D([0, T]; RY) with the rate function defined by

T
L(y(t))dt if yis absolutely continuous and y (0) = x,

+00 otherwise,

where L(-) is introduced in (60). An important property of [(-) is the compactness of its
sublevel sets in the topology of uniform convergence in C ([0, T']; R%).

LEMMA 4.8. The set {y € C([0,T]; ]Rd) I(y) <s,y(0) =x}is compactin C([0,T];
R?) for any s € R and any x € R¢.

PROOF. This statement is an immediate consequence of the Arzela—Ascoli theorem and
the relation limyz|— oo % —o00. O

The next statement is also important for the further analysis.

PROPOSITION 4.9.  Let & be a Markov process with the generator A® that satisfies con-
ditions (3)—(9), and assume that y (-) is an absolutely continuous function, y (0) = x. Then
for any M > 0 there exists a function 8y(8), 8¢ : (0, 1]+ R™ such that 8,(8) — 0 as § — 0,
and for any w € K with €() < & we have

P{{ sup 650 = ()] = ao} {6659 — v (o) <57 =0, )

O<r=<
-
=expy——
e
for all sufficiently small ¢ > 0. Moreover, for any s > 0 and for all sufficiently small ¢ > 0,
. : . T
sup P{{ sup [££(1) — v (7())] = 8o} 0 {|sj(J3) —y(n(j8)| <8, j=0,..., 5”
yed(s) 0<t<T
-
<expy——i,
€

where ®(s) ={y € D([0, T], }Rd) I (y) <s,y(0)=x}.

PROOF. Consider an auxiliary process n°(-) with generator

1
Aime(X) = gdﬁ/;gd as(

X —

y
)woo—v@»d»
where
as(z) = Coe A" cp = Atc,

with the same p, k, C and A" as those in (4) and (9). For the transition densities of the
processes ££(-) and 7%(-) we use the notation ¢°(x, y,?) and ¢ (x, y,t), respectively. We
also define a function ¢ (x, y, ) as the solution of the following problem:

1 -z
qu(x,y,t)=—d+1f as(—y )q(x,z,t)dz, q(0,x,y) =8(y —x).
& R4 &
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By the maximum principle we have
(64) q°(x,y,1) <q(x,y,t) forallx,ye R%nd all t > 0.
It is also clear that

g5 (x,y, t)—exp( )q3 (x,y,t) withCc) = /]Rd Coexp(—k|z|?) dz.

The Hamiltonian and the Lagrangian that correspond to the process n® are defined in the
same way as in the previous section. Namely,

HS(A):/ Coexp(—A -z —k|z|’)dz —Cy, L°(¢) =max(¢ -2 — H' (V).
R? reRd
One can easily check that both H® and L* are smooth strictly convex functions and, moreover,

L|§(|§) — 400 as || — oo.

Considering the continuity of y (-) we can construct a function §o(8) such that:
. 80(6)—>Oas<3—>0.
o ly(t)—y")| < gdif |t —1"] <38
o min,gi1{SL° (50"’)} — +00asd — 0.

LEMMA 4.10. For any 8o and any T > 0 we have

IP’{ sup |ns(t) — x| 280} <2P{|n%(r) — x| > 8o}.

0<tr<rt
PROOF. Denote by & and & the events

€o={ sup [n5()) = x| 2 8o} &1 = {[nf(¥) — x| < o}

0<t<t

Both &) and &; depend on &, however, we do not indicate this dependence explicitly. Due to
the symmetry of a;(-) by the Markov property we have

P(€ N E1) = (&1 €0)P(ED) < 5P (E0)
Therefore,
P(ES) = P& N &) > SPED,
and the desired statement follows. [J
By the Girtner—Ellis theorem for all sufficiently small ¢ > 0 we have

et i ()

For arbitrary M > 0 we choose small enough § > 0 such that mingga-1 §L* (%) >2M.
Then, for sufficiently small ¢ > 0 and for any 7 € IC with £(;r) <3,

]P’{[

e - e, 50(3) . T
(65) <P{ sup |n5@+j8) —ni(jd)| > — for some j < n

0<t<$§

ronl i v (57)) = gool= " sl -2
S_exp —— mn L <—e p R — Sexp —— Y.
8 & pesd-1 26 8 & €

) ) . T
sup |n5(t) —y(m(1))] 250(5)] N {\ni(ﬁ?) —y(r(j®)| <8,j=0,..., —”

0<t<T )
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Next, for any partition of the interval [0, T],0 <#; <--- <ty, < T, and for any collection
of domains By, ..., By, the following inequality holds:

Ny

Pl &0y e 5}

j=1
=/ qe(X»yl,fl)dy'/ * (O Yy —n)dy? ...
B By

Ni—1 N1

q°(y Nt =ty 1) dy

S/BCIi(x vy, )dy / Cli(yl,yz,tz—tl)dyz...
1 2

f gs (M YN ey, — vy 1) dy™

()
<exp| —
&
< [ gttt mat [ g0l n—n)a?.
B B,

/ gs (M Mty — tyv—1) dy™
By,

Ny
=exp< ) ﬂ nx(tJ)EB

Combining this inequality with (65) ylelds the first inequality stated in the Proposition.

In order to prove the second one it suffices to observe that, due to the compactness of the set
®(s) in C([0, T1; R?), the function 8¢(8) can be chosen in such a way that |y (t') — y (t")| <
180 if |t —1"| <38 forally € d(s). O

PROPOSITION 4.11.  Forany y € D([0, T]; RY), y(0) = x, that is not absolutely contin-
uous we have

lim limsup ¢ log(P{dist(§£ (-), ¥ (1)) < é&}) =

=0 -0
PROOF. Consider auxiliary operators defined by

A0 = [ Atate—y)u()dy = Ao [ ate=y)dy

and
Ato = [ Aate= oy = a*ow) [ at=y)ay.

and the corresponding scaled operators

1
Ao = [ ata( 2o ay - e [ a(*E)ay

1 X —
AT fu(x) = sl A+a< . y)v(y) dy — d—HAJrv(x)/ (

and

'\<
\_/



4632 A. PIATNITSKI, S. PIROGOV AND E. ZHIZHINA

Denote by g™ (x, y,t), g"¢(x, y,t) and ¢°(x, y, t) the solutions of the equations
d,q = A%%q, 0qg=A"%q and 98q =A%,

respectively, with the common initial condition ¢ (x, y, 0) =§(y — x).
Since AT > A(x, y)and A~ < A(x, y) forall x and y from R4, by the maximum principle
we have

(66) q°(x,y,1) <q"%(x,y,t) forallx,ye R? and ¢ > 0.

It is also clear that

AT — A7)t
g (x,y, 1) = exp<%>q+’e(x, y,1).

For an arbitrary partition 0 <#; <t < --- <ty < T of the interval [0, T], an arbitrary set

xb o xN xJ eRe and any § > 0 we have

{D }Sg(t')—x,-|<8}}

d f eyl yi i —1)dy?. ..
1) dy! oy VY n)dy

N

/a(X)
J

“LyN iy —ty_1)dy

5(XN)

/ fl)dylf g™ (v Yy n—n)dy* ...
QB(XI) Q05(x2)
/Q ( N)qu,e(yN—l’yN,tN —iyr)dy™

5(x

((A+—A)T>
=exp| ————— | x
&
X/ q+’8(0,y1,t1)dy1/ gty n—n)dy? ...
05(x1) 05(x2)

/ gTEON T YN ey —tv—1) dyV
Qs5(xN)

Let y be an arbitrary curve in D([0, T']; R?) which is not absolutely continuous. Setting
x/ = y(t;), taking uniform partitions of the interval [0, T'] and sending N to infinity, from
the last relation we deduce

At — AT
P{ sup [&°() =y (w (1) |<8}<exp<%)ﬁ”{ sup [+ — y (1) < 8;

0<t<T 0<t<T

here £ ¢ (t) is a process with independent increments whose generator is A™¢,
Due to [19], for any y that is not absolutely continuous this yields

(67) slirr%)lim sup P{dist(§°(-), ¥ () <8} = —oo = —Ix(y).
—U =0
This implies the desired statement. [

The main result of this section reads as follows.
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THEOREM 4.12. Let A(x,y,&,n) = A&, n), and assume that A&, n) is a measurable
Sfunction for which conditions (3)—(7) and (9) are fulfilled. Then the process £(t),0 <t <T,
satisfies in D([0, T']; RY) the large deviation principle with the rate function I (-) introduced
in (63).

In particular, for any y € D([0, T1; RY), y (0) = x, the following relation holds:
(68) lim lim e log P{dist(§ (), y () <8} =—1(p).
§—>0e—0

PROOF. For any y (-) that is not absolutely continuous the relation

(Slin%)limsupslog[P{{diSt(Sf('), y()) <8}]=—o0
-V =0

follows from Proposition 4.11.

Assume that ¢ (-) is absolutely continuous, and [OT L(y)dt < +00. We consider a piece-
wise linear approximation of y defined by

) 1 2
y(t) ift=0
yn (1) =

9 219 A e T?
R N N
y(t) + (y(tjs1) —y () ——— ifr e @), tj41).
JHL =
For any s > 0 there exists No = No(s¢) such that for any N > Ny

T T
05/0 L(;P(t))dt—/o L(yn(1))dt < 5.

Denote § = % Then, by Proposition 4.9 there exists a function §y(8), 8y : (0, 1]+~ R™, such
that §9(8) — 0 as § — 0, and for any 7 € K with £(7r) <§

P{{[55G) — v (rt)| <8.j=0..... N} | sup [££() =y ()| = b0}
0<t=<T
(69) "
< exp(—?(l + 0(1))),

where M =1(y)+ 1 and o(1) - O as ¢ — 0.
In order to achieve the upper bound we fix N > Ny and choose §; > 0 in such a way that
for any 7w € K with £() < §;
PUES r — 1) = (v (w (tj40)) — v ()] < 81}

70 Eexp[_tj+18_fj {L<V(fj+1)_y(fj)>_%}:|

lj+1=1j

tiv1 — 1 .
= CXP(—% {L(VN(t))[E(fj,tj+1) - %})
for all y such that |y — y (7 (¢;))| < 6; and for all sufficiently small . This choice is possible

due to Theorem 4.7. Considering the Markov property of the process £¢(¢) we deduce from
(70) that for all sufficiently small ¢ > O the following inequalities hold:

P{ sup &) =y (r()| < 1)

0<t<T

<P{lE5(t)) — y(w(tp)] <61,/ =0,..., N}

N—-1
tiv 1 —t; .
< l_[ exp<—%{L(VN(I))te(t_,-,le) o %}>
j=0
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= exp(—é{/oT L(yn(1))dt — T%})

< eXp(_é{/OT L(y())dt — (T + 1)%}).

This yields the desired upper bound in (68).

The lower bound can be obtained in a similar way. It suffices to combine the statement
of Theorem 4.7 with (69) and use the Markov property of £°(-). Indeed, for any §yp > O and
2 > 0 we choose the corresponding § > 0 and §; > 0 so that (69) holds and

P{IEy (141 — 1) — (v (tj41) — v ()| < 81}

o zexp[—”“g_ lj {L(V(tj+1)—)/(tj)>+%”

lj+1 =)

= eXp(—JTJ{L(VN(I))te(tj,th) + %}>

for all y such that |y — y(#;)| < &, and all sufficiently small & > 0. Then considering the
statement of Proposition 4.9 we have

B{ sup (1) — y ()] < o)

0<t<T

EP{HS;(U) —y@j)|<8,j=0,...,N} ﬂ{ supT|§)f(t) —y ()] 550}}

0<r=<

M
(72) >P{{|§:@tj) —y(t))| <81,j=0,...,N} —eXp(—;)

Nl tiv1 —tj ) M
> [] exp — {L()/N(l))te(tj,tjﬂ)—i-%} —exp|l ——

> exp(—é{/oTL()'/N(t))dt—l- T%}) > exp(—é{/oTL()'/(t))dt + T%});

here we have also used that fact that M = I (y) + 1. This completes the proof of the lower
bound in (68).

In order to justify the large deviation principle we need one more estimate. Recall that
for any s € R the symbol ®(s) denotes ®(s) = {y(-) € D([0, T]; RY) : I(y) <s,y(0) =
x}. Observe that the set ®(s) consists of absolutely continuous curves and, according to
Lemma 4.8, this set is compact.

LEMMA 4.13. Forany s € R, any » > 0 and any §y > 0 for all sufficiently small ¢ > 0
the following inequality holds:

(73) P{dist(éf('), (I)(s)) > 80} =< CXP{_S —8 %},

PROOF. For any trajectory ££(-) and any § = %, N € Z* denote by Vs (1) a piece-wise
linear function such that

Vsow(i®) =&E5(j8), j=0,1...,N;

the argument o indicates that y; (-) is a random function, in what follows the dependence on
w is not indicated explicitly. We choose § > 0 such that

1
ly (") —y (") < 150 if | —¢"|<§and I(y()) <s,
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min {8L< O¢>} >s+1.
pesd-1 26

Denote by £_ and & the events
E-={81C) ¢ P (5), I(r5) <5}, €4 ={&() & sy (5), 1(v5) = s},

where ®s,(s) = {y(-) e D([0, T']; R7) : dist(y, ®(s)) < 8p}. By Proposition 4.9 for all suffi-
ciently small ¢ > O we have

and

s+1
(74) P(E-) <P| sup [££() =y ()] = b0} <exp(——>.
0<t<T &

Consider a (Nd)-dimensional vector {£5((j 4+ 1)8) — &7 (j 8)} By Theorem 4.7 taking
into account Markov property of £¢(-) we deduce that the famlly of random vectors {&5 ((j +

1)) — & (j8)}§y=7)1 satisfies for any Ag, ..., An_1 € R the following relation:

N-1 N-1
hm 8logE{exp[Z A (EL((G+D3S) — ‘5)?(]'5)):” = Z Sh(Aj).
j=0 Jj=0

By the Gértner—Ellis theorem this implies the upper large deviation bound with the rate func-
tion

Ls(p1) + Ls(p2) +---+ Ls(pn), p; eRY,
where Ls(p) =46 L(%), as was defined in (60). For an arbitrary piece-wise linear function y
corresponding to the partition { j5}§\7:0 we have

N—-1

I(y)= > Ls(y((j + D3) — y(j$)).

j=0
Therefore, by the Gértner—Ellis theorem, for sufficiently small ¢ > 0 we have

P(E) <P{I(ys5) = 5}

=P ZL5 (G +Ds) — 5§(j5))25}§exp(—s_%>.

&

Combining this estimate with (74) yields the desired statement. []

From the proof of Lemma 4.13 it follows that for any sg > O inequality (73) holds uni-
formly in s € [0, so], that is, for any s« > 0 and §p > O there exists g9 > 0 such that (73) holds
for all € < gg and all s < 5.

It is then well known (see, for instance, [11]) that the lower bound in (72) and Lemma 4.13
imply the large deviation principle stated in Theorem. [J

5. Environments with slowly varying characteristics. In this section we consider the
case of environments whose characteristics A(x, y) do not depend on the fast variables that
is, A is a continuous function on R?? for which condition (9) is fulfilled. Our approach in
this section is somehow inspired by the small perturbations arguments used in the previous
works, in particular in the Wentzell-Freidlin theory; see [11]. However, the results from these
works do not apply directly to the operators considered in the present paper and require some
adaptation.
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Under the assumptions of this section the generator of £°(¢) takes the form

1 —
T5) A= /Rd“<x - y)A(x, V() —u@)dy, ueL*(RY),

& > 0 is a small parameter and the convolution kernel a(z) in (75) satisfies conditions (3)—(5)
introduced in the previous section.

REMARK. According to Corollary 5.2 below the Markov jump process £¢(¢) is a small
random perturbation of a deterministic trajectory determined by an ordinary differential equa-
tion X = b(x) with

b(x) = —A(x,x)/a(z)zdz.

5.1. Markov process with slow variables. We turn now to the case of nonconstant
A(x,y) that does not depend on the fast variables and recall that the function A(x,y) is
continuous in both variables and satisfies condition (9). Since A does not depend on the fast
variables, condition (8) can be replaced with the following continuity condition:

(76) A(x,y) iscontinuous on R? x RY.

After changing variables X = = the operator A® in (75) takes the form

~ 1
(77) Au@ == [ a = HAEE )@ - u(D) dj.
& JRd
The Hamiltonian H (x, A) and the Lagrangian L(x, ¢) are introduced in this case as follows:
(78) H(x,\) = A(x,x)(/a(z)e_)‘Z dz — 1) =Ax,x)H(A),
_ _ _ ¢
(79) L(x,0)= sgp{k{ A(x,x)HX)} = Alx, x)L<A(x, x)>'

Observe that the function L(x, ¢) is continuous and nonnegative on R x RY. Moreover,
it is smooth and strictly convex in ¢ € R¥. The corresponding rate function I, is defined by

T
L(y(t),v(@))dt if yis absolutely continuous,
Lay() = | L.y ity y

+00 otherwise.

THEOREM 5.1. Under assumptions (3)—(6), (9) and (76) the family of processes
{£8(1), 0 <t < T} satisfies, as ¢ — 0, the large deviation principle in the Skorokhod space
D([0, T1; R?) with the rate function 1 (-).

The proof of this Theorem is based on the large deviations results obtained for processes
with independent increments and the arguments of perturbation theory. Since, in contrast with
the case of diffusion processes, in our case the coefficient A (x, y) depends on two variables,
x and y, the results of the previous works do not apply directly and require some adaptation.
The detailed proof of Theorem 5.1 is provided in the Appendix.

Denote

£(x) =argmin L (x, p).

It is straightforward to check that

(80) Z(x)=—A(x,x) /Rda(z)ZdZZA(x,x)VH(k)h:o.
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Letting y)? () be the solution of the ODE

v =¢(r®). rO)=nx,

one can deduce from the last theorem the following.

COROLLARY 5.2. Forany x € R?

lim E( sup [67(1) - o)) =o0.

—0 0<t<

6. The general case of locally periodic environment A (x, y, f, %). In this section we

consider the case of the most general locally periodic media. Here we assume that A®(x, y) =
Ax,y, % %), where A(x, y, &, ) satisfies conditions (7)—(9).

Here for each x € R? we introduce a Hamiltonian H = H(x, A) in the same way as in
(57), x being a parameter. Namely, we set

O(x,A), rel(x),

81 H(x,)):=s(A,;) =
1) (. 2) 1= s(Ax2) {—gmin(x), otherwise;

here
Axu(z) = fRd A(x,x, 7, y)az — et u(y)dy — /Rd A(x,x,z,y)a(z —y)dyu(z),

and, for each x, we define I'(x), 6(x, A) and gmin(x) in the same way as in Section 4. Then
we introduce the corresponding Lagrangian L (x, ¢). The main result of this section reads:

THEOREM 6.1. Let conditions (3)—(9) be fulfilled. Then the family of processes & (-)
with the generators A? defined in (2) satisfies, as ¢ — 0, the large deviation principle in the
path space D([0, T1; RY); the corresponding rate function is given by

T
L(y @),y @®))dt ifyis absolutely continuous and y (0) = x,
I(y()) = /0 (v®.y@®)dt ify y v (0)

+o00 otherwise.

PROOF. The proof relies on combining the statement of Theorem 4.7 and the arguments
used in the proof of Theorem 5.1. We leave the details to the reader. [J

It is interesting to observe that for small ¢ > 0 the process £ (-) can be interpreted as a
small random perturbation of a deterministic dynamical system defined by the ODE

(82) y(®) =ViH(y(),0), y(0)=x.
COROLLARY 6.2. Forany x € R?

lim E{ sup [££(1) = (0]} =0,

-0 Yo<<r

where yy(-) is a solution of (82).
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APPENDIX

PROOF OF THEOREM 5.1. Consider an absolutely continuous curve y (-) such that

T
Ia(y) =/O LG @.yan (v (D) dt < +oo.

We first justify the upper bound. For any N > 2 denote by yn a piece-wise linear interpolation
of y such that yy(¢;) = y(¢;) with ; = j%, j=0,1,..., N, and by Py the corresponding
piece-wise constant interpolation, yy (t) = y (¢;) for t € [tj,t; + %). For any 3¢ > 0 there
exists 8§ > 0 such that for all N > §~! we have

T
fo La@y.oney (v @) dt > Ix(y) — .

Denote by v(s) the modulus of continuity of L(x, y) in 1-neighbourhood of the curve y.
Since min¢,€ gd—1 r~1L(r¢) tends to infinity as r — o0, there exists a function §g(§) > 0 such

that §3(8) — 0 as § — 0, and min¢eS(z_1{8L(%) :r > 8o} — oo. It is then clear that for any
sufficiently small § > O there exists 6;(6) > 0 such that
N-1

Xj4l = Xj g -
D SL(AG )y +0(0)) s )7/ L@y ovay(vn @) dt
j=0

=,

if [xj —y ()l <81, j=0,...,N.
Consider a Markov process £5V (1), 0 < ¢ < T, whose generator on the interval [, 7, + 1)

is

x f—

1
Ay = oy /Rd(A(Wj), y(t)) + V((So))a(

j=0,1,...,N.

y)(v(y) —v(x))dy,

We also define a Markov process ng (t), 0 <t < T such that its generator on the interval
[tj,t; + %) reads

~ 1
Ao = [ (A ema(
i=0,1,....N,

with Ay (x, y) = Ay 1)), y (1)) + v (o) if |x]| + [y[ = 8o, and A;(x, y) = A(x, y) other-
wise.

Using the inequality similar to that in (66) we conclude that for any x such that |x —
y(tj)] <& the density g5N(t, x, y) of the process gf’N(t), gj’N(tj) = x, on the set {(y, 1) :
tj <t =<tj+4,|y—y(t;)| > 280} does not exceed exp(—%LM(%—o)). Denote by qg’N(t, X,y)
the density of the process & f’N (1), ";‘)f*N (tj) = x. Straightforward computations show that the
difference B¢(¢,x,y) =g (t,x,y) — ¢>N(t, x, y) satisfies on the interval (tj,tj + 6) the
equation

9, ¢ :A;d[/\(}/(tj),)’(tj))+V(80)]a<

T - 28 8

X —

y)(v(y) —v(x))dy,

y—2

)(Eg(t, x,2) = (E°(t, x, ) dz + R°(1. %, y)

and E°(tj,x,y) =0.
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With the help of the standard a priori estimates this yields

17" % y) = gV x| gy < eXp<_5LA+ (g))

We choose 6 > 0 in such a way that %LA+(%°) > M with M = I5(y) + 1. Combining the
above estimates we obtain

P{dist(5°(-), ¥ () <81}

2v(80)T -
< xp( v(o) )P{dist(s”(-),y(-))561}

&
2v(60)T
§exp< v(80)

>[P{{}58’N<rj>—y(n<tj>)| 561vf=0’~--vN”+e"p<‘%>]

Eexp<2v(io)T>eXp[(l +:(1)) (_ foT LA(?NU)’?N([))();NO))&+%>}

< exp(z”(iO)T) exp[(1 +8"(1)) (—In(¥) + 2%)}

where o(1) tends to zero as ¢ — 0. This implies the desired upper bound.
We turn to the lower bound. Here we introduce §; = §1(8) and §o = 80(8) in such a way
that

(83)

N—-1

Xj+1 —Xj ! ;
D SL(AG )y ) —v(0)) 5 =/, Lagya.ov@)(¥n (@) dt
Jj=0

< .

Define Markov processes éf’ﬁ/ (¢) and Ei’)f (1), 0 <t < T, whose generators on the interval
[tj,t; + %) read, respectively,

X —

1
A% v = [ [AG .y p) - V(50)]a<

j=0,1,....N

Y )(v(y) —v(0)dy.

and
¥ —

~ 1
A‘g_’tjv(x) = W./Rd(l\_’tj(x’ y)a( y)(v(y) —v(x))dy, j=0,1,...,N,

with A_;; (x, y) = A(y (1)), y () — v(So) if |x| + |y| <o, and Ay, (x, y) = A(x, y) other-
wise.

By comparison with the process £ ¢ () one can show that for any M > 0 for sufficiently
small § > 0 we have

&

Pl swp 60— ) = o} <exp( 1 ).

t; StfthrS

Using this inequality and choosing M = I5 (y) + 2, in the same way as in the proof of the
upper bound we obtain

IP){ sup [£°(r) — v (1) 550}
T

O<r<
. M -1
> P{max|$ (t) —y)| < 51} - exp(——)
J €
2v(60)T ~ M—1
> exp( 22 e fmax BV 1)) — 1) <81 - exp(- )
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2v(80)T 1+o0(1 T
ZeXP<——B%£l—)eXP[£4t§£22<—1A Lmﬁmaxﬁwnﬂyw(ﬂ)df—-%)]

> exp(—%) exp[(l—:ﬂ(—h (y)— 2%)],

where o(1) tends to zero as ¢ — 0. This yields the lower bound.
We should also show that for any s > 0, any §o > 0 and any » > 0

(84)

P{dist(gf(-), cI>(s)) > 50} < exp{—s ; %}

for all sufficiently small €. The proof of this inequality relies on the arguments from the

proo

f of Lemma 4.13 and that of inequality (83). One should combine these arguments in a

straightforward way. We skip the details. [J
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