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It is shown how known results for autonomous difference equations can be adapted to
definitions of semi-hyperbolicity and bi-shadowing generalized to nonautonomous difference
equations with Lipschitz continuous mappings. In particular, invertibility and smoothness of
the mappings are not required and, for greater applicability, the mappings are allowed to act
between possibly different Banach spaces.
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1. Introduction

The role of hyperbolicity and diffeomorphisms in smooth autonomous discrete systems, their
associated shadowing properties and formation of chaotic flows is well understood [13,14,19].
However, a significant practical problem with the hyperbolicity condition is the difficulty of
numerical verification, notably in computer-assisted proofs. Further problems arise if the system
is subject to nonsmooth perturbations, or if invertibility is lost. Recent progress has been made by
introducing semi-hyperbolic conditions. These are subject to direct numerical verification, share
much the same consequences as hyperbolicity, and yet perhaps be neither invertible nor smooth,
and are more robust to perturbation. See Refs. [1-9] and references therein for further details.

The concept of shadowing, where every pseudo-trajectory, for example one generated by a
computer simulation, is close to some true trajectory, has been seen as guaranteeing that computed
behaviour more or less reflects that of the original system. Of equal practical importance is inverse
shadowing, where every true orbit can be approximated by some pseudo-trajectory from a class of
such, typically generated by a computational method. This problem has been addressed and where
both are present, the term bi-shadowing is used. Explicit expressions for the bi-shadowing
parameters can be given in terms of the semi-hyperbolic quantities defining a split [1].

Despite all these results and advances in autonomous discrete systems, the nonautonomous
case is far less clarified. Only relatively recently have the concepts of cocycles and skew
products delivered a context within which powerful analytic techniques have been developed to
study such systems (see Refs. [10,16,17] and references therein).
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This paper uses the cocycle formalism to extend notions of semi-hyperbolicity and
bi-shadowing to nonautonomous systems. Section 2 briefly recalls cocycles and Section 3 uses
cocycles to define semi-hyperbolicity in a nonautonomous context. Section 4 defines
bi-shadowing in this formalism and contains the principal result. As in the autonomous case,
bi-shadowing parameters are expressed in terms of constants defining a split. Indeed, the
time-independent proof of Ref. [1], suitably modified for the different definitions, goes through
virtually identically in the nonautonomous case. The final section is devoted to a concrete
example of a nonsmooth, noninvertible system, to illustrate the techniques and concepts
involved.

2. Nonautonomous difference equations

Let P be a nonempty space and let #: P — P be mapping, so that {0",n € Z*} is a semi-group
under composition. No assumption is made about the domain P, nor properties of the mapping
p +— Op, but in applications P is often either a metric space (deterministic systems) or a measure
space (random systems), with p — 6p being continuous in the former and measurable in the
latter. In addition, let X = {(X,,, ||-||), p € P,} be a family of Banach spaces (possibly subspaces
of a common space) and let f = {(f(p,-), p € P,} be a family of mappings f(p,-): X, — Xy,
p € P, which are at least continuous in x.
Consider the nonautonomous difference equation

Xn+1 :f(enpvxn)v (1)

on X with x, € Xy, for each n € Z™*. This generates a discrete-time nonautonomous semi-
dynamical on X with the autonomous semi-dynamical system on P generated by 6 as its driving
system and the associated cocycle mapping on X defined by

d)(oapax) = {x} and 4)(”7]77)‘) ::f(enp7 ')°"'°f(l77x) foralln = 17

where ¢(n,p,-) 1 X, — Xy, see Refs. [14,15].
A simple example is a sequence of mappings f, on R? with P = Z, f(n,-) = f,(-), and 6 the
left shift on Z*. A nontrivial example arises when the sequence of mappings f, on R? is chosen

periodically or, perhaps less regularly, from a finite family of mappings {gy,...,g,}, i.e. with
fn = gi, where the i, € {1,...,r}. The nonautonomous difference equation

Xp4+1 = gi,,(—xn)7 (2)
on R? can be rewritten in the form (1) with the set P = {1, ...,r}Z+ of infinite sequences

P={i,n€ Z" "} withi, € {1,...,r} and the left shift operator 6 defined on P by 6(i,,) = i, .
The space P here may be given the structure of a compact metric space with metric

d(p,p"y =Y r+ 1D Mi, i l. 3)
n=0

An important application is a variable time-step method for an autonomous differential equation
* = f (x), such as the Euler method

Xn1 = Xy + Iy f (X)),

where the variable time steps /,, > 0, in practice, come from a finite set, so g; (x) = x + h,f (x)
in (2) and the sequence space metric is as in (3). More generally, a variable parameter g € Q



10: 20 9 Cctober 2008

Downl oaded By: [Kloeden, P] At:

Journal of Difference Equations and Applications 1167
may be involved in a difference equation x,,,; = f(x,, ¢,.), where ¢,, € Q. For example, let

x| + g2
14+¢ ’

fx,q) = xER, 0=105,1].

Here, the sequence space is P = [0.5, 1]Z+ of infinite sequences p = {g,, n € Z"},q, € Q,
which is a compact metric space with the metric

d(p,p")=>_2""g, — q}|.
n=0

A simple example indicating the usefulness of different spaces X, is given in the next
section.

3. Semi-hyperbolicity

As in the autonomous case, a four-tuple of real numbers called a split measures the expansion,
contraction and other rates in the definition of a nonautonomous semi-hyperbolic system (1).

DEFINITION 1. A four-tuple s = (A, A, by, W) Of non-negative real numbers is called a split if
A <1< )\u; (I =2, -1 > Mo s -

The split s is called positive if all the values Ay, A, s and ., are positive.

Note that a four-tuple (A, A, g, i, is a split if and only if the eigenvalues A; and A, of
every matrix
s o1 On
o S|

with components satisfying |8, = A, |612] = iy, 16211 = s [820] = A, are real and satisfy
[A] <1 <A,

Clearly, for any given A, and A, satisfying A, <1 < A,, a four-tuple of non-negative
numbers s = (A, A, s, i) Will be a split if the product w,u, is small enough. The following
lemma from Ref. [4], Lemma 3.1.3, illustrates the degree to which the elements of a split can be
perturbed while leaving the resulting four-tuple of perturbed numbers a split.

LEMMA 1. Let s = (A, Ay, (g, ) be a split. Define where

— (1 B )\S)()\u - 1) — Mg My
us) = A — As + s + 4)

and note that

WS)S%Smin{l—/\s,)\u—l}, (5)
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so u(s) < 1. Then, for

Xs = A +dy, Xu = A — da, s = phs + ds, Ky = oy + dy,

and real d; satisfying 0 = d;, < v(s) fori =1, ..., 4, the four-tuple § = ():s, Xu, s, L) 1s also a
split.

Let f = {(f(p,), p € P} a family of mappings with f(p,-):X, — Xg, for p € P and let
K= {K,, p € P} be a family of closed and bounded subsets with K, C X, and f(p,K,) N
Ky, # 0 for each p € P.

DEFINITION 2. A splitting X, = E3(p)® E%(p) of a family of Banach spaces X = {(X,,||l,),
p € P,} with projectors Pi(p) : X, — E}(p) and Pi(p) : X, — E{(p) for each x € X,, such
that

Py(p)X, = E(p), PUpE(p) =0, (6)
Pi(p)X, = EX(p), PUpE(p) =0, @)

is said to be uniform on the family ] = {K,, p € P} of closed and bounded subsets with respect
to the family of mappings T = {(f(p,-),p € P,} on X with f(p, K,) N K¢, # 0 for each p € P if
there exist positive real numbers d, h such that

SHO: dim EY(6p) = dim E(p) for all x € K, andy € Kg, such that || f(p, x) — y)llg, = & for
everyp € P;
SHI: sup,ep sup.ek, {HIPY(P)Ip, IPY(P)I,} = h for every p € P.

The continuity in x of the splitting subspaces E}(p), E%(p) or of the projectors P}(p), Pi(p)
is not assumed in the above definition, nor is the invariance of the subsets K, € & = {K),,
p € P} with respect to the corresponding mappings f(p,-) € & = {(f(p,-), p € P,}. That is,
neither Ky, = f (p, K),) nor Ky, C f (p, K),) has to hold for any p € P. This allows considerably

more flexibility in applications, see for example Refs. [6,8].

DErFINITION 3. A family of mappingss = {f(p,-),p € P} on a family of Banach spaces
X = {X,, p € P} is said to be uniformly s-semi-hyperbolic with a split s = (Ag A, s L) O @
Sfamily & = {K,,, p € P} of nonempty closed and bounded subsets of X such that f (p,K,) N
Ky, # 0 for all p € P, if there exists a uniform splitting X, = E(p)DE{(p) of X with
projectors P5(p) and Py(p) for each x € K, and p € P (i.e. satisfying conditions SHO and SH1)
such that

SH2 for each p € P the inclusion x + u + v € X,, and the inequalities

Py (Op)Lf (p,x +u+v) = f(p,x+ i+ Wllg = Allu — all,,
P Bp)LSf (px+u+v) = f(p,x+u+D)llg = pllv = ll,,
IPY(OpLf (pyx +u+v) = f(p,x+ i+ llg = pllu = all,,
IPOPILS (p,x+u+v) = f (px+u+D)llg = Adllv = ¥,

hold for all x € K, and y € Kg, with ||f(p, x) — y)llg, = 8 and all u,it € Ei(p) and v, €
EY(p) with llull,, llall,, vl V], = 8.
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A simple example can be constructed in terms of a sequence of linear mappings f,,(x) = A,x
in R? with hyperbolic matrices A, for which the unstable linear spaces all have the same
dimension. This can be put into formalism with P = Z and 6 the left shift on Z" with all
X, =R If the unstable subspaces are each mapped onto their successor, a split with
s = W, = 0 can be used.

To see why it may be convenient to distinguish the elements X, of X, consider a real symmetric
2 X 2 hyperbolic matrix Ap and a 2 X 2 rotation matrix R by 7/2 and consider a nonautonomous
linear difference equation with matrices A, = R"A, for n € Z*, so P =Z". Suppose that the
space R? has a fixed coordinate system and define X,, := R "R? so0 X,..; = RX,.. Note that the stable
and unstable manifolds would be mapped one into the other if the spaces were not also rotated.
Here a split with w; = w,, = 0 is also appropriate. This example is, of course, trivial — one could
avoid the rotations altogether and consider simply the autonomous linear difference equation with
matrix Ag. A less trivial example will be given in Section 5. Discrete time random dynamical
systems also provide another important class of such examples, see Imkeller and Kloeden [12].

4. Shadowing

The relationship between the behaviour of a given dynamical system and its perturbed
counterparts is also important for nonsmooth and noninvertible systems. For example, a
computer simulation of a specific dynamical system is really only an approximation of the given
system because of the finiteness of computer arithmetic and subsequent round off error.
In particular, computed trajectories are only pseudo-trajectories of the original system. This
relationship is, however, difficult to express in terms of conjugacy, as is possible for
diffeomorphic systems. A convenient and fruitful substitute for a conjugacy relationship in such
a situation is provided by the notion of bi-shadowing, in which trajectories and pseudo-
trajectories are compared rather than the mappings themselves. The concept of bi-shadowing
was introduced in Refs. [5,6], see also the forthcoming monograph [4]. It combines the usual
concept of direct shadowing with a newer concept of inverse shadowing.

A typical statement of such problems can be formulated in the following general, if
somewhat vague form. Given a dynamical system, assumed autonomous for simplicity,
X1 = f(x,) generated by a mapping f on a metric or topological space X, suppose that the
function f can be perturbed at any instant n so that another system y,,; = g(n,y,) is in fact
observed, where g is close to fin some sense and can possibly also vary with n. The following
Direct Shadowing Problem can be posed: for every trajectory of every small perturbation g of a
given mapping f does there exists a close trajectory of f? Allowing nonautonomous perturbations
g of the mapping f provides considerably more generality and applicability. The Direct
Shadowing Problem is usually formulated in terms of relationships between true trajectories and
the pseudo-trajectories of the original system f.

The Inverse Shadowing Problem is also of interest: can every trajectory of a mapping f be
approximated, or shadowed by a trajectory of any perturbation g of f from a predefined class F?
Here the class of perturbations F is usually restricted to a rather small class of mappings, in some
sense, to obtain strong and significant results. For example, the class F may consist of all
continuous autonomous mappings g or, of all mappings, possibly discontinuous, arising in some
approximation problem or numerical method.

Bi-shadowing conceptualizes the robustness to perturbations of observed dynamical
behaviour of a dynamical system, such as those appearing in computer simulations. It can also be
interpreted as a form of dynamical structural stability when restricted to specific classes of
mappings, such as continuous mappings. Moreover, it implies both the direct shadowing and the
inverse shadowing properties.
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4.1 Definitions

As above, let & = {K,, p € P} be a family of nonempty closed and bounded subsets with
K, C X, for each p € P such that f(p,K,) N Ky, # 0, p € P, for a family of mappings
f={f(p.).p €P.} withf(p,):X, — Xg,, p E P.

DEFINITION 4. A trajectory of a family of mappings | on X is a sequence x = {x,,} withx, € Xgn)
satisfying

Xn+1 :f(gnpaxn)-

A y-pseudo-trajectory of a family of mappings T on X is a sequence y = {y,} with y, € Xy,
satisfying

”yn-H _](.(0’177}%)”0’”rl = Y y> 07 (8)

forn=—n_, ...,0,...,n, where n. = 0. The qualifier finite may be used when n+ < oo and
infinite otherwise.

Given a finite or infinite interval [ of integers Z, let Tn(f, K&, y) denotes the totality of
corresponding y-pseudo-trajectories of f in K. Since a true trajectory can be regarded as a
y-pseudo-trajectory for any y = 0, in particular with y = 0, denotes the corresponding set of
true trajectories by Try(f, ], 0) or simply by Try(f, &). Obviously Try(f, }) C Tr(f, K&, y), with
strict inclusion since there are y-pseudo-trajectories which are not trajectories.

Let g = {g(p,-), p € P,} with g(p,-): X, = Xg, for each p € P. The semi-norm

llg — flleo = sup supllg(p,x) — f (p,2)llg
p

€P xEX),

gives a notion of distance between families g and f on X.

DEFINITION 5. A nonautonomous semi-dynamical system generated by a family of Lipschitz
mappings T = {f(p,-), p € P,} with f(p,-) : X,, = X¢p, such that f(p,-) : X, — X for a family
K = {K,,p € P} of nonempty closed and bounded subsets with K, C X,, and f (p,K),) N K¢, #
0, p € P, is said to be bi-shadowing with respect to completely continuous perturbations on &
with positive parameters o and B, if for any given finite pseudo-trajectory X = {x,} €
Tr(f, ], y) with 0=y =B and any family of completely continuous mappings
g={g(p,-)p € P} withg(p,-) : X,— Xg,, p € P, satisfying

g = fllo = B—, 9

there exists a trajectory y = {y,} € Try(qg, X) such that

I, = yull, = ey +1lg = fllo) = ap, (10)

for all n for which y is defined.

If the spaces X,, are finite-dimensional of like dimension, then the requirement that the sets
K, are closed and bounded is equivalent to compactness. The condition that the perturbed
mappings g are completely continuous, appearing in the definition of bi-shadowing is then
equivalent to continuity.
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4.2 Semi-hyperbolicity implies bi-shadowing

The main result of the paper is that semi-hyperbolicity is sufficient to ensure bi-shadowing of a
nonautonomous semi-dynamical system generated by a family f of Lipschitz mapping with
respect to a class of perturbed systems generated by families g of continuous mappings. As with
the corresponding result for autonomous systems, which it generalizes, it also provides explicit
values of the shadowing parameters.

THEOREM 1. Let & = {K,, p € P} be a family of closed and bounded subsets of X = {X,, p € P}
fora family § = { f(p,-), p € P} of Lipschitz mappings with f(p,-) : X, — Xg,, p € P, which is
semi-hyperbolic on & with a uniform split s and constants h, 8. Then, the nonautonomous semi-
dynamical system generated by { is bi-shadowing on K with respect to any family
a=1{g(p,-),p € P} of completely continuous mappings g(p,-) : X, — Xg, p € P, with
parameters o = a(s, h) and B = B(s, h, d) defined by

/\u - A.v + Ms + Mu

A = D 0= D) =

(11)
and

(1 - )\s)()\u - 1) — s My
max{/\u -1 +/~LS71 - At /~Lu} '

B(s, h, 8) == 8h ™! (12)

Moreover, if each set K, is compact, then the bi-shadowing holds with respect to trajectories on
infinite intervals.

The proof follows very closely those given in Refs. [6,7] for the autonomous case, noting
only that all estimates hold uniformly in p € P, and will not be repeated here. See in particular
the proofs of Theorems 6.3.3 and 6.3.9 in the forthcoming monograph [4].

A particular strength of the result is that it does not require smooth perturbations and is thus
applicable to, for example, perturbations due to hysteresis effects [8]. It also provides explicit
error bounds. An important application is when a variable time-step numerical method such as
the Euler method is applied to an autonomous differential equation. Due to the discreteness of
computer arithmetic, which causes round-off error, an approximation of the Euler mapping is in
fact computed [3,6]. The bi-shadowing result ensures that the computed dynamics reflects that of
the Euler method.

5. Twisted horseshoe mapping
The twisted horseshoe mapping f = (fi,/>) on I? = [0, 1] X [0, 1] defined by

_ S
NEN=320x for Lex=1, OV =3+75F0

has been investigated by Guckenheimer et al. [11]. It has a fixed point (%,¥) = (2/3,35/54),
which is a saddle point with eigenvalues —2 and 1/10. All the conditions of a theorem in Ref.
[15] which generalizes Marotto’s snap-back repeller result to saddle points are thus satisfied, so
the twisted horseshoe mapping behaves chaotically in a slight generalization of the sense of
Li and Yorke (see [18]). In fact, the twisted-horseshoe mapping also satisfies the Sharkovsky
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cycle coexistence ordering, due to a generalization in Ref. [14] of Sharkovsky’s theorem to
triangular shaped mappings like the twisted horseshoe mapping.

The autonomous difference equation generated by the twisted horseshoe mapping can be
interpreted as a nonautonomous difference equation

o1 = Py (13)

driven by the semi-dynamical system on [0, 1]

2%, for 0=p, =1,

2-2p, for L<p,=1. (14

Pn+1 =

Note that any trajectory of the driving system can be extended backwards indefinitely,
though typically not uniquely. Let p = {p,: n € Z} be such an entire trajectory and hold it fixed.
Then the explicit solution of (13) given by

1 n—1 ) 1 n—1 )
Xy = 107" x, + EZ 107717 p + ZZ 10717,
J=no J=no

Let n fixed and let the x,,, take values in a fixed bounded subset of R. Then, taking the pullback
limit as np — — oo (see [16,17]), gives

1 n—1 ) 1 n—1 )
¥ = _ Jjtl—-n . - Jjt+1—n
%, = 2,;_00 1077177 p + 4];_00 10/t1n,

that is,

[ [
X”=—Zl(y+l pj+%.

In particular, for two different initial values x,, and x’no, with the same driving sequence p, it is
easily shown that

bey = x5 ] = Iy = 2, [10770 =0 as n— oo,
and hence, with x/ = %,,
lx, =%,/ —0 as n— oo.

Thus all solutions of (13) with different starting points converge to the same limit if they
correspond to the same driving sequence.

Define x(p) := X and let 6 be the shift operator on the space of sequences P = [0, 1]Z+. Then
X, = X(6,p) and the singleton subsets Ap := {X(p)} for the pullback attractor (which is also
forwards attracting) of the nonautonomous dynamical system generated by the twisted
horseshoe system. Let X, be the space R with the origin shifted to X(p). With the change
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of coordinates z, := x, — X(p) the mapping (13) simplifies to

1
n = < Zn, 15
1 = 5% (15)

with z, € X¢»p and  z,41 € Xgewr1p.  Semi-hyperbolicity on K, =X, for the split
s=(10"",0,0,0) and trivial unstable subspaces follows immediately. The bi-shadowing
Theorem 1 is applicable to this NDS with continuous perturbations of the linear mapping (13).

Notes

1. Email: pmd @maths.uq.edu.au
2. Email: kozyakin@iitp.ru
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