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11 A possible mechanism for generating mixed mode oscillations is based on an appropriate S-shaped
12 structure, which graphs the relation between the parameter and the collection of periodic oscilla-
13 tions existing for a particular parameter value in the product of parameter and phase spaces. This
14 natural scenario should be supplemented by simple and constructive criteria of existence, and
15 methods of localization, of such S-shaped structures. These criteria are the main focus of the
16 paper. © 2007 American Institute of Physics. [DOI: 10.1063/1.2779847]

17

18 During the past decade, significant attention has been
19 paid to mixed mode oscillations (MMO), whose charac-
20 teristic feature is a regular alternation of large- and
21 small-magnitude oscillations in the observed time series.
22 This phenomenon plays an important role in chemical,
23 biological, and industrial applications. Identification and
24 a thorough investigation of general scenarios leading to
25 this phenomenon is important from both theoretical and
26 practical perspectives. One natural scenario may be in-
27 formally described as follows. The system is treated as a
28 parametric control system with an object and a feedback
29 loop. The object is a dynamical system with a finite-
30 dimensional state containing one parameter; the object’s
31 dynamics, for a given value of the parameter, are de-
32 scribed by a differential equation. The feedback adjusts
33 the value of the parameter in terms of the current value
34 of the state of the object. An essential feature of the object
35 is coexistence (for a range of parameter values) of two
36 different stable oscillatory modes; this situation is often
37 referred to as bi- or multistability. The role of the feed-
38 back is to ensure a regular, nearly periodic switching be-
39 tween the aforementioned periodic modes. The simplest
40 mechanism here is based on an appropriate S-shaped
41 structure, which graphs the relation between the param-
42 eter and the collection of periodic oscillations existing for
43 a particular parameter value in the product of parameter
44 and phase spaces. This scenario is natural and theoreti-
45 cally satisfactory. To be useful in practice, it should be
46 supplemented by simple and constructive criteria of exis-
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tence, and methods of localization, of such S-shaped 47

structures. These criteria are the main focus of the paper. 48
49

I. INTRODUCTION 50

In this paper, we make methodological remarks concern- 51
ing the existence of mixed mode oscillations (MMO). Our 52
starting point is a well known analogy between MMO and 53
relaxation oscillations. It is instructive to keep in mind a 54
specific example, 55

=y, ey=gxy), 56
where g has the totality of zeros as shown by the solid line in 57
Fig. 1, also indicating the sign of g. The solid line is thus the 58
slow manifold of the system. 59

This system exhibits a nearly periodic series of switch- 60
ings between two horizontal branches of the slow manifold. 61
The dynamics has thus two distinct phases: during one the 62
energy is stored up slowly; during the other the energy is 63
discharged much more quickly when one of the critical 64
thresholds, x=a or x=p, is attained. If switching between 65
two steady states, as in this example, is replaced by switch- 66
ings between two or more modes of stable periodic (or 67
nearly periodic) oscillations, then one observes the MMO- 68
like behavior: this simple mechanism is described, for ex- 69
ample, in Ref. 1. 70

The key feature of relaxation oscillations is the existence 71
of a nonlocal S-shaped slow manifold. It is therefore tempt- 72
ing to link MMO to the existence of a nonlocal S-shaped 73
“slow branch of self-oscillations.” To be more definite, let us 74
consider an autonomous equation with the scalar parameter 75
NE(N_,\,) of the form 76

L(d/dt)x = F(x,\), (1) 77

with a polynomial L(p)=ap’+a,;p*'+---+a, of degree ¢ 78
=3. Suppose that this equation has isolated cycles x(¢) de- 79
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FIG. 1. Relaxation oscillations in a singularly perturbed ordinary differential
equation.

80 pending on A, which we visualize as a curve in the plane
81 (\,|x|¢) with ||x||c=max|x(¢)|. Moreover, suppose that Eq.
82 (1) possesses an S-shaped branch of cycles, that is, the curve
83 obtained has the shape presented in Fig. 2. This curve con-
84 sists of three parts: the lower and the upper branches contain
85 stable cycles (they are drawn bold in Fig. 2), and the inter-
86 mediate part contains unstable cycles. Let the parameter A\
87 oscillate slowly between A_ and A, [say, put 2\=(A_+\,)
88 +(\,—\_)sin(et),  is small] and consider a solution x of the
89 resulting nonautonomous equation. Since cycles on the lower
90 branch of the curve I are stable, the solution x should follow
91 closely the cycle of the autonomous system, lying on this
92 branch, on the time scale 7. On the time scale e, the attract-
93 ing cycle will vary slowly, following the change of the pa-
94 rameter N\. As A=\(r) reaches the value \,, the solution x
95 switches to the stable cycle on the upper branch of the curve
96 I'. Then it slowly follows this branch until N\ reaches the
97 value Ay, where it switches back to the lower stable branch of
98 I', etc. The switches between the two stable branches of I'
99 account for the switches between the two oscillation regimes
100 with the sudden (on the &7 time scale) change of frequency
101 and amplitude. The slow forcing of \ can be replaced in this
102 scheme by a feedback, which couples Eq. (1) with another
103 equation, say of the form A=gg(x,\), ensuring that the pa-
104 rameter A oscillates slowly between A_ and A,. The actual
105 form of g does not matter in the context of this paper. It is
106 enough to ensure that

T_(\) T,(\)
f g(x_(t;N\),N)dt > 0, J g(x (1), N)dr <0,

107 0 0

108 where x_(,\) is the periodic solution of Eq. (1) on the lower
109 stable branch of I', x,(¢,\) is the periodic solution on the
110 upper stable branch, and T_(\),T,(\) are periods of these
111 solutions.

FIG. 2. S-shaped continuous branch of cycles with twofold bifurcations at
N=Xg and A=\,; [[||=x||¢ is the amplitude of the cycle; stable parts of the
branch are shown in bold.
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The above link between MMO and S-shaped curves of 12
cycles is fruitful only if supplemented with robust and con- 113
structive criteria for the existence of those curves. Such cri- 114
teria are the focus of this paper. We combine a proper exten- 115
sion of our former results on continuous branches of cycles 116
born via Hopf bifurcations (the global branches connecting 117
an equilibrium and inﬁnityz) with theorems on the existence 118
of multiple cycles for a given parameter value. 119

Il. S-SHAPED BRANCHES OF CYCLES 120

A simple picture underpinning and illustrating the results 121
of this section is the following. Suppose that for A <\, Eq. 122
(1) has a globally stable equilibrium at zero, which, at \ 123
=\, loses stability via the supercritical Hopf bifurcation. 124
Hence, there is a branch of small stable cycles for A >\,. 125
Let, for some A.,>\,, the Hopf bifurcation at infinity occur, 126
and let the system be globally unstable for A >\, i.e., any 127
nonzero solutions tend to infinity. Under appropriate condi- 128
tions, in this situation, there is a continuous branch of cycles 129
connecting the Hopf bifurcation points at the zero equilib- 130
rium and infinity for Ny <<\ <. If, for some N+ E (Aj,\.,), 131
the equation has three cycles, then we may expect that this 132

branch is S-shaped. 133
We consider equations of the form 134
L(d/dt)x = gf(x) + \x. (2) 135

We consider Eq. (2) for a fixed value of the parameter 136
>0, while \ ranges over an interval [\_,\,]. Assume that f 137
satisfies f(0)=0, hence Eq. (2) has a zero solution for all \. 138
Furthermore, suppose that f is globally Lipschitz continuous, 139

[f(x)) = f(x2)] = Klx; - x,

and has finite derivatives at zero and at infinity, which are 141
different, 142

f(0)=ay, f(0):=limf(x)/x= 0, ayF* A, (4)
Aot 143

. xx ER, (3) 140

We assume that ay>a, and N_<O<N\,, [-ayq, 144
—a.q]C(\_,\,), and that the polynomial L has a pair of 145
pure imaginary eigenvalues +iw, with wy>0. Hence L may 146
be factorized as L(p):(p2+w(2))M (p), where M is a polyno- 147
mial of degree £—2. Let us also suppose that the nonreso- 148
nance and transversality conditions 149

M(inwy) #0, n€7Z; ImM(iwy) #0 (5) 150

hold. Relations (4) and (5) imply that A\j=—ayq is a point of 151
the Hopf bifurcation from the zero for Eq. (2), and \,= 152
—a,q is a point of the Hopf bifurcation from infinity as in 153
Refs. 3 and 4. If Im M(iw) # 0 for all w>0, then Ay and \., 154
are the only Hopf bifurcation points from zero and from 155
infinity, respectively. The main case of interest for us is when 156
M(p) is a Hurwitz polynomial and Im M(iw,) <0, which 157
implies that the zero equilibrium loses stability via the Hopf 158

bifurcation at the point A=—ayg while \ increases. 159
Set 160
1 2w
d(r)=— f(rsint)sintd:, r=0, (6)
mrJo 161
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min |L(nwi) — \|. (7)

m(N,w) =
162 n€Z.n#=1

163 Relations (4) imply ®(0):=lim,_,®(r)=ay, P(»):
164 =lim,_,,®(r) = a,, hence P(0) > D(0).

165 Theorem 1. Let for some NE(N_,\,) and some w,
166 >w_>0 [wyE (w_,w,)] the relations

min  u(\,w) > gk, (®)
167 wE[w_,w,]

252
169 for w=w_,w,, 9)
170 Im M(iw) # 0 for w € [w_,w.]. (10)

171 hold. Let, in addition,

lg7' N+ ®(r)] > max (1 M)

172 wE[w_w,] |Im M(IW)I
K2
X /q=
173 VAN w) - ¢°K*
174 forr=r_,r, (11)

175 for some r,>r_>0, and

176 [N+D(r) g N+ P(r,)] <O. (12)

177 Then for this particular value of N , Eq. (2) has a cycle x
178 =x(t) of a period 27/w with wE (w_,w,) satisfying

27w
w .

r.< —f x(t)e™dt| <r,.
179 ™Jo
180 The next corollary ensures the coexistence of multiple
181 cycles for a fixed A.
182 Corollary 1. Suppose that there exist numbers ry>r,,
183 >0 such that

®(r,)= min O(r), P(ry) = supd(r) (13)
184 r€[0.7y] r=r,

185 and that the values a,,=®(r,), ay=P(ry) of function (6)
186 satisfy
187 ay > Ay > @y, > . (14)

188 Let for some interval (w_,w,)Dw, with w_>0 and for \
189 =\.: =—q(a,,+ ay,) /2 relations (8)—(10) and

Ay — K,
M_Tm . max <1+

[Re M(iw)| ) gK?
2 wE[w_w,]

[Tm M (iw)| \’//.Lz()\c,w) - ¢’K?
190 (15)
191 hold. Then for each \ sufficiently close to \., Eq. (2) has at

192 least three cycles x;: these cycles and their periods 2/ w),
193 satisfy w, € (w_,w,) and
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2wy
w 4
Fon < —lf x(e™dt| <r,
7 ), 194
w 2wy )
< _zf xy(D)e™dt| <ry
m™Jo 195
2wy
w ,
<|= x3(0)e™dt| <7y, (16)
m™Jo 196
where the bounds 7y;>7,,>0 are defined by 197
>y, Py =a,; ®)=a, forr=ry, (17) 198
P <t ®F)=ay;, Pr)=ay forr=r,. (18) 199
If there exist \,,, \y; such that 200
> —qg N\, >y > a, > —q Ny >, (19) 201
and for some interval [w' ,w"]D[w_,w,] 202
w\,w) >gK  for N=N\,,N\y, wE[w W], (20) 203
Re M(iw
—(g7!\,, + ayy) > max (1 +—| ( )|>
wEw' W] |Im M(lW)| 204
K2
X (21)
\//“L ()\ma W) -q K 205
B |Re M(iw)]
q A\y+a,> max |l+ ——7
welw’ w"] |Im M(IW)| 206
K>
X (22)
VPN w) = °K 207
then for N=N\,, Eq. (2) does not have 21/w -periodic cycles 208
with 209
w 2m/w )
wE [w,w'"], —f x(t)e™dt| =7, (23)
T 210
and for N=N\,; it has no 21/ w-periodic cycles with 211
27/w )
weE [w' W], —J x(n)e™dt| =7y (24)
m™Jo 212

The existence of numbers 7,7, satisfying Eqs. (17) and 213
(18) follows from continuity of the function ® and relations 214
(14). 215

We say that Eq. (2) has a continuous curve of cycles if a 216
segment [w’,w"]C(0,%) and continuous functions A=\(r), 217
w=w(r) of a parameter r>0 with values in the intervals 218
[N\, ], [w',w"] exist, such that for each r>0, Eq. (2) with 219
A=\(r) has a nonstationary periodic solution x,=x,(f) with 220
the period 27/ w(r), the function x,(¢/w(r)) depends continu- 221
ously on r in the space C(0,27), and 222

= =00
fi’?é||xr(t/w(r))||C(0,2w) 0, rlini||xr(f/w(r))||c(o,zw) © og

We say that a continuous curve of cycles is S-shaped if 224
there are numbers 0<r,<r° such that 225

Nro) < N(r) for r>rg, Nr)<A(G®) for r<r® (25) 226
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227 and the function \(r) is not monotone on the segment r lll
228 =r=/". It Nin=N(7n), Nend=NFend)s and
229 [N (r9) ,A(r®)]C[Nin, Nena)» then relations (25) imply that
230 [r, 7’1 C[riys7ena]- Therefore, if N changes monotonically
231 from \;, to Agyq (or from Ay to ;) and the point (r,\) is
232 always on the graph of the continuous curve \(r), then r

233 must have jumps, because \(r) is nonmonotone on [ry,"]. ] . . : _
234 These jumps account for switching between oscillation —1% A A TG0 A
235 modes.
236 Set FIG. 3. S-shaped curve of cycles, connecting Hopf bifurcations at zero and
at infinity.
BT xEm=1+E+ 7+ (1= &= 7)*+4&, (26)
1 (Im L'(iw) —n Im L' (inw) n Re L’(inw)) lary 1 and Theorem 2 are satisfied, i.e., relations (13)—(15), 256
n?w = 9 9 — | |— |
v(n,w) 2X Re L' (iw) Re L' (iw) (19)—(22), and (30)—(33), and 267
238 27 2K2
239 where L'=L’(p) is the derivative of the polynomial L Vi (\e,w) —g°K
240 =L(p). For 0<w'<w", define for w=w_,w, (35) 269
p1= min IL(wi) = \], with N,.=—q(a,,+ ay) /2 and [w_,w,]C[w' ,w"] hold. Let 270
241 NEMNwelw’ w"]
ot 28) ILwi) =N <p for NE[NpNyl, wE [w_w,]. (36) 271
py= min |L(wi)=\|, p=min{p;,p,}, ] .
043 NED A Il ) Then Eq. (2) has an S-shaped continuous curve of cycles 272

with (N(r),w(r)) EQ,,. 273

Condition (36) implies [N,,,\y]X[w_,w,]CInt Q,, 274
hence, from Eq. (31) it follows that Eq. (8) holds in some 275
244 (29)  neighborhood of the segment [\,,,\y]S\,. Relation (30) 276

245 Theorem 2. Let the function o(w)=Im L(wi) have a and the second of relations (5) imply Im M(wi)#0 on 277
[w’,w"] and, hence, Eq. (10). Figure 3 illustrates the result 278

Q,={(\, 0):|L(wi) =N = px E[A_ N Jw € [w' W]}

246 nonzero derivative on some interval [w',w"] with w">w

247 >w' >0 and extends Fig. 2. If relations (13) and (14) hold for the 279
function @, then the conditions of Theorem 3 are satisfied for 280
248 Re L'(iw) #0, we&[w' W], (30)  any sufficiently small ¢. This implies the next corollary. 281

Corollary 2. Relations (13) and (14) imply that Eq. (2) 282
has an S-shaped continuous curve of cycles for each suffi- 283
250 m\,w)>gK for all (\,w) € Q,, (31) ciently small g>0. 284

Theorem 3 provides one with an algorithm to obtain a 285
lower bound for the range 0 <g=gq, of the values of the 286

249 and let the function (7) satisfy the estimate

251 where the set (), is defined by Eqgs. (28) and (29). Suppose

262 that parameter g for which an S-shaped curve of cycles exists. In 287
N 1 wq* K> u>(\,w) examples, such a bound is of the same order as coefficients 288

253 g°K| max ————+ max — ————5 5 . . . )
e, LEOw)  unen, 2\ w) — ¢2K? of the polynomial L and the value of the Lipschitz coefficient 289
’ ’ K of the nonlinearity f. 290
254 % max v (n,w) ) 1 (32) An example of an equation to which Theorem 3 can be 291
n#21,00meQ, |L(nwi) — A | applied is —x"—x"—x"—x=¢qf(x)+\x with wy=1 and M(p) 292
=-p—1. Figure 4 shows a typical graph of the function ® 293
- w2\, w) 5 satisfying conditions (13) and (14) of Theorem 3. This par- 294
- 7K ()\val)aexn LO0ow) - 2K =p (33)  icular function @ is generated by the nonlinearity f(x) 295

) p b

=x(1-|x)(3=|x|)(20-|x|)/(40+|x|*) with ay=1.5 and 296
256 with v(-,-) defined by Egs. (26) and (27). Then Eq. (2) has a

257 continuous curve of cycles with (N(r),w(r)) € Q, for all r>0

258 and with 42(r)

Qg

NO): = limA(r) == apg, N(®):= lim N(r)=— ang. (34)
259

r—+0 r—+% ol

260 Moreover, all cycles of Eq. (2) with (\,w) EQ,, belong to

261 this curve. O

262 Relations A_<0<A,, w' <wg<w” and Eq. (30) imply -

263 that p>0, and the set (), is nonempty. Therefore, combining

264 Corollary 1 and Theorem 2, we obtain the following result. FIG. 4. Function ® generated by f(x)=x(1—|x|)(3 = |x|)(20=|x|)/ (40 +|x[?)

265 Theorem 3. Suppose that all the assumptions of Corol- with @y=1.5, ay;~0.74, a,,~-0.31, and a,,=—1.
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500 — —

400 [~ -

300 —

200 — —

100 — =

-1.5 -1 -0.5 0 0.5 1

FIG. 5. S-shaped curve of cycles for the equation —x"”—x"—x"—x=f(x)
+\x with f as in Fig. 4 and \ ranging over [-ay,-a..]=[-1.5,1]. The
vertical coordinate shows the maximum of x. The lower part of the picture is
zoomed.

297 o, =—1. Figure 5 draws the corresponding curve of cycles

298 obtained numerically for the equation —x""—x"—x'—x=f(x)
299 +\x with this f and g=1. Figure 6 presents stable oscilla-
300 tions for the equation —x” —x"—x'—x=f(x)+\(et)x, where
301 the parameter N varies slowly back and forth between the
302 folds of the curve of cycles shown in Fig. 5 [the range of
303 N\(&1) is a little bit larger than the interval between the pro-
304 jections of the fold points on the \ axis]. The solution fol-
305 lows closely the stable branches of the curve of cycles and
306 switches from one branch to another at the fold points, gen-
307 erating the MMO-type pattern.

308 Generically, the function ® is S-shaped whenever the
309 function f(x)/x is, provided that the two humps of f(x)/x are
310 wide and large enough; then this shape is inherited by the
311 curve of cycles, for some range of g at least, according to
312 Theorem 3 and Corollary 2. Natural simple examples are
313 delivered by piecewise linear continuous functions f.

314 The graphs of f and ® can have more than two “U-
315 turns,” in which case the coexistence of more than two stable
316 cycles of Eq. (2) is possible for some range of \: this can
317 lead to switching between multiple oscillation modes when A
318 changes slowly to and fro as a function of 7 or x, as discussed
319 in the Introduction. We consider the simplest mechanism of
320 such switching, requiring further assumptions to make it
321 work, which basically means that the dynamics of the system

x(1)

’ H I " HU I
H N‘ i ‘I i

FIG. 6. A solution of the equation —x"”—x"—x"—x=f(x)-[a cos (gt)+b]x
with f as in Fig. 4, a=0.6, b=0.25, and £=0.01. Blocks of small oscillations
(stipe of the “mushroom™) and large oscillations (the “mushroom” cap) cor-
respond to the motion along the two stable branches of cycles shown in Fig.
5.
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is simple. In this way, we assume that the fold bifurcation is 822
the only scenario responsible for the change of stability of 323
the cycle on the S-shaped curve and that basins of attraction 324
of the stable branches of this curve stretch to the fold points 325
to ensure switching between these branches (for example, the 326
cycle on the stable branches is globally stable to the left from 327
\¢ and to the right from \, in Fig. 3). The above theorems do 328
not imply this: the cycle can possibly change stability via 329
period-doubling bifurcation, Neimark-Sacker bifurcation, 330
etc. If a stable object, say an invariant torus, is born in such 331
a bifurcation, then the system may switch to it. Alternatively, 332
the system can switch to a stable cycle separated from the 333
S-shaped curve, or to another attracting object in the phase 334
space, or behave in a more complicated manner. However, 335
the above simple scenario is easily observed in examples. 336
The results of this section can be extended to equations 337

of the type (2) with the left-hand part, the nonlinearity f, and 338
the equilibrium depending on the parameter A, nonlinearities 339
containing derivatives of x, and more general systems of dif- 340

ferential equations. 341

lll. PROOFS 342

A. Proof of Theorem 1 343

We scale the time in the system using the transformation 344

t—>wt to obtain 345
()= arto ()

w— |x=qf(x) + \x,
dt 4 346

where the new parameter w >0 is the unknown frequency of 347
the cycle. We now look for 27r-periodic solutions x(z) of Eq. 348
(37): if such a solution exists for some w>0, then Eq. (2) 349
has a cycle of the period 27/w. Because in our setting the 350
linear term of Eq. (37) dominates the nonlinearity, the first 351
harmonics of x play a special role. Consequently, we con- 352
sider the orthogonal projections of a solution x of Eq. (37) on 353

sin t, cos t, and on the orthogonal complement 354
E={h € L*(0,27):{h,sin t);2 = {h,cos 1);2 = 0} 355
to these functions in the space 1>=1%(0,2m), 356

x(f)=rsint+7cost+h(r), heL. (38) 357

Here {-,-);2 is the usual scalar product in 1.%. Since any time 358
shift x(r+ ¢) of a solution x(z) is a solution of Eq. (37) too, 359
the phase can be chosen arbitrarily. Hence, we set 7 to zero in 360
representation (38), thus extracting one particular periodic 361
solution from the continuum of time shifts. Thus, given A\, 362
we are going to prove the existence of a 2m-periodic solution 363
of the form x(f)=r sin t+h(f) with >0, h€L for at least 364
one w=>0. 365

Consider the orthogonal projections of Eq. (37) on sin 7, 366
cost, and E in 1.2, 367

T (W§ = WM eyen(iw) — N = g(sin ¢,f(r sin 1+ h(z)));2,

(39) 368

w2)iM ogq(iw) = g{cos t,f(r sin t + h(1))); 2,

— ar(wi - (40) 369
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870 p = g(L,,— N)"'Pf(r sin t + h(7)), (41)
371 where

372 2Meven(p):M(p)+M(_p)’ 2Modd(P):M(P)_M(_P),

373 by P we denote the orthogonal projector onto the subspace [
374 in L%, and (L,,—\)~! denotes the inverse of the differential
375 operator L(wd/dt)—\ with the 27-periodic boundary condi-
376 tions in K. Condition (8) implies w(\,w)# 0 and thus en-
377 sures that the operator (L,,—\)~!, which sends any function
378 u€ to a unique 2-periodic solution & of the equation
379 L(wd/df)h—Nh=u satisfying h € E, is bounded on the whole
380 subspace E of 1.2, and moreover its norm

381 Ly =Nl =Ly = M) Pllay2

= max |L(nwi) - )| (42)
382 n€Z.n#=+1
383 is uniformly bounded for all w&[w_,w,] [however, the
384 norm of the operator (L,,—\)~! on the whole space L. goes to
385 infinity as A—0 and w—w,, because L(iw,)=0]. Conse-
386 quently, the system of Egs. (39)—(41) with the unknowns r,
387 w>0, and h €K is equivalent to the 2r-periodic problem for
388 Eq. (37). We note that both the functions M ,.,(iw) and
389 iM 44(iw) that enter this system are real-valued polynomials
390 of w.
391 Consider an a priori bound of solutions (r,w,h) of Egs.
392 (39)—(41). From the relations f(0)=0 and Eq. (3) it follows
393 that |f(x)| = K|x|, hence

394 If(r sin £+ h(2)||;2 < K]|r sin 1+ h(2)|;2

395 = K\7r? + |||} (43)

396 Consequently, Eq. (41) implies

397 2 = gKIL, =N Pliaioy [ + [,

398 which, due to Eq. (42), is equivalent to the following a priori
399 bound for A:

—
rqK\

hj2=
s = T

400

401 with u defined by Eq. (7). Now, because {(cos ,f(r sin 1)) 2
402 =0, Eq. (40) can be rewritten as

03— 7wy = w)iMogg(iw)

404 = g({cos t,f(r sin t + h(t)) — f(r sin 1)) 2.
405 Combining this with the estimate

a0 |f(rsint+h(z)) = f(r sin 0)||;2 = K]|A|; 2, (45)
407 which follows from the Lipschitz condition (3), we obtain
408 TrIwg = w3|Mqqiw)] = galf(r sin £+ h(2) = f(r sin D)),z
409 = gK\ ] 2.

410 Together with Eq. (44), this implies a bound for w—w,,
7K

2_ 2 -
Wi — WM gq(iw)| = ——m.
| 0 || odd | V’,blzz()\,W)—quz

41 (46)
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Finally, from Eq. (39) it follows that 412
WV[(W% - WZ)Meven(iw) -N- CICI)(’”)] 413
= q(sin t,f(r sin t + h(t)) — f(r sin 1))} 2, 414

hence Eq. (45)
+ 7Tr| (W%_ Wz)Meven(iW)

implies  7r|\+q®(r)| = gK\7|h||;2 415
, and relations (44) and (46) yield an 416

estimate for r, 417
Mo (iw K>
|C]_l)\+q)(}")|5(l+| even(. )|> — q —. (47)
IMoaa(iw)] /) N\ w) - *K 418
Let us consider the continuous deformation 419
Wr[g(wé - Wz)Meven(iw) -A- CICD(”)] 420
= &q(sin t,f(r sin 1+ h(t)) — f(r sin 1)) 2, (48) 421

- 7Tr(w(2) — WM 4q(iw) = Eg{cos t,f(r sin t + h(1)))12,  (49) 422

h= &L, —N)"'Pf(r sin t + h(1)) (50) 423
that transforms Eqs. (39)—(41) to the equations 424
- arg(\g”" + ®(r)) =0, 425
(51) 426

- Wr(wé — WM gq(iw) =0, h=0 427

as the parameter ¢ ranges over the segment [0,1] (from 1 to 428
0). The same argument as above shows that the a priori 429
bounds (44), (46), and (47) we obtained for solutions of sys- 430
tem (39)—(41) hold for all the solutions of system (48) and 431
(49) for all 0= &= 1. Therefore, relations (9) and (11), where 432
Im M(iw)=—iM 4q(iw), Re M(iw)=M . (iw) ensure that 433
system (48)—(50) does not have solutions (r,w,h) on the 434

boundary of the domain, 435
G={(r,w,h):r € [r_,r,],w € [w_w, ]|kl 2 = d} 436
CRXRXE 437

with a sufficiently large d > 0. Consequently, from the topo- 438
logical degree theory it follows that system (39)—(41) has a 439
solution in the domain G if the rotation y(W,G) of 440
the vector field \I’(r,w,h):(—ﬂ'rq()\q"1+(1)(r)),—Wr(w(z) 441
—w?)iM ,44(iw) ,h) on the boundary of G is nonzero: here the 442
components of W are the left-hand parts of Egs. (51). The 443
rotation product formula (see, e.g., Ref. 5) implies the rela- 444
tion Y(V,G)="7v,v, ¥, where v, and v,, are the rotations of 445
the first and the second scalar components of the vector field 446
V¥ on the boundaries of the segments [r_,r,]2r and 447
[w_,w,]2w, respectively, and 1y, is the rotation of the last 448
component i of ¥ on the sphere ||A; 2=d, which equals 1 by 449
definition. Relation (12) implies that the first component of 450
W has different signs at the ends of the segment [r_,r.]; 451
similarly, relations (10) and w_<wy<w, imply that the sec- 452
ond component of W has different signs at the ends of the 453
segment [w_,w,] for each r>0. Hence |y,|=|y,|=1 and thus 454
|Y(¥,G)|=1, which completes the proof. 455
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456 B, Proof of Corollary 1

457 Since relations (8)—(10) hold for N\.=—¢(a,,+ay)/2, by
458 continuity they also hold for all the nearby values of \. Fur-
459 thermore, from Eq. (15) it follows that relations (11) and (12)
460 hold at the ends of each of the segments [7,,,7,], [7»"ul,
461 and [ry,, 7] for any \ close to \.. Hence, Theorem 1 implies
462 the existence of three cycles satisfying estimates (16) for
463 such \.

464 The last statement of the corollary follows from the a
465 priori estimate (47) of the cycles: for N=\,,,\,,, this esti-
466 mate holds for all cycles with w&[w’,w"] due to Eq. (20).
467 Indeed, combining Eq. (47) with N\=\,, wE&E[w’,w"] and
468 relation (22), we obtain

469 Il Ny + O < g Ny + . (52)

470 But for r=7),, relations (17) imply ¢ '\y+®(r)
471 =q '\ +a,,>0, which is opposite to Eq. (52). Conse-
472 quently, the bound r> 7, holds for all 277/ w-periodic cycles
473 of Eq. (2) with A=X\,;, wE[w',w"]. Similarly, estimate (21)
474 combined with the a priori bound (47) implies |g~'\,,
475 +®(r)| <—(¢"'\,,+ay,) for each cycle of Eq. (2) with
476 wE[w' ,w"], A=N\,,, while from relations (18) it follows that
477 if r=7,, then —[¢~'\,,+P(r)]=—-(g"'\,,+ a;;) >0. Conse-
478 quently, r<7,, for all such cycles, hence the proof is com-
479 plete.

480 C. Proof of Theorem 2

481 By assumption, the function ¢(w):=Im L(iw) has a non-
482 zero derivative on the interval [w’,w"”]. Hence, the inverse
483 smooth function ¢! is defined on the segment J
484 =@([w’,w"]). Furthermore, the real planar map

485 0:(\,w) — (Re L(wi) = \,dm L(wi)) = :(uy,uy) (53)
486 from the rectangle NE[\_,\.], wE[w’,w"] to the domain
487 D ={(uy,uy):uy € J,Re L[ig  (uy)]—u; € [A_, N1}

488 of the plane (u;,u,) is a diffeomorphism. This diffeomor-
489 phism maps the set (1, onto the disk D:{(u,,uz):u%+u%
490 =p’}CD. Now, we introduce the new variables u
491 =(u;,u,) €D and y=y(r) EE related to \, w, and h by the
492 one-to-one relations (53) and [L(wd/dt)—N]h(t)=ry(z) or,
493 equivalently,

494 \w) =0 uy,uy), h=r(L,-N\)"y, (54)

495 where the existence of the bounded operator (L,,—\)~! for
496 any (u,,u,) €D follows from assumption (31), and Q! de-
497 notes the inverse of map (53). With this notation, system
498 (39)—(41) can be rewritten equivalently as

(uy,t43,y) = §<w-1<sin L)) 27!

499
500 (cos 1, f(x(2)))12. Pf(x(1)))
501 ::Ar(ul’uZ’y)’

502 where x(f)=r sin t+h(z) is assigned to u;, u,, and y by for-
503 mulas (54) and the operator A, for every r>0 acts in the
504 space RXRXE of triples z=(u;,u,,y) with the norm
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|ello=\/ mu?+md+[ly|?>, and is defined on the domain 505

DX . We shall show that the cylinder 506
B={z=(u;,uy,y): (uy,u,) €D, |y|;2=b} with 507

K 0\ w)

b*= max
2 212
oamea,u (N w) —q°K 508
is invariant for the operator A,, and A, is a contraction on this 509
cylinder. 510
1. Contracting property of A, 511

Conside.r two points z;=(u;1,uj,y;) EB, j=.1,2, 71 F 25. 512
Let us estimate the norm ||, of the difference A 513

=A(u11,u15,y1) =A(y1, U, y,). Set 514
()\jawj)=Q_l(ujl’uj2)v hj=r(ij_)\j)_1yj’ 515
x(t) =rsin t+h(t). 516
From the definition of A, and the equality 517
(7~ sin £,0)12, 7™ cos 1,v)12, Po)lly =lo]],2, (55) 518

it follows that ||Aljg=gr~!|[f(x;(£)) = f(x,(2))||;.2. The Lipschitz 519

condition (3) implies 520
[1FCer (1)) = fOea ()2 = Ky = xal2 = Ky = Ral 2, 521
hence ||Al|, = gKr~!||h; —h,|; 2. Consequently, using the repre- 522
sentation 523
hy =y =1Ly, = N) ™' (1 = ) 524

+ r[(Lwl - )\1)_1 - (Lw2 - )\2)_1]}}17 525

the explicit expressions for the norms of the operators 526
(L,,,~\)™" and (L,, =\))~'=(L,,,~\y)™" that act in the sub- 527

space | of 1.2, 528
L, —N) 7 i2o12= max  |L(nwyi) — \y|™!
=0 g max (L) - o
=1/ Ny, w), (56) 530
”(Lw1 - )\1)_] - (Lw2 - )\2)_1”LZHL2 531
= max |[L(nwi) =N ] = [Lnwyi) = N7,
n€zZn#=+1 532
and the estimate ||y|;2=b, we obtain 533
qKlly, = yalli2
Al = —————
(g, w3) 534
gKb|L(nw i) — L(nwyi) — (\; = \)|
+ max - - . (57
nezarst |L(nwyi) = M| |[L(nwsi) = Ny 535

Here the quantity |L(nwi)—L(nw,i)—(\;=\,)| is the 536
Euclidean distance |-|, between the points Q(\,,nw;) and 537
Q(\,,nw,). Because the Jacobi matrix of the composition of 538
the maps (g, 1)~ O (g, up) =\, w) and 539
(N, w)—>Q(\,nw) equals DQ(\,nw)I,(DQ)~'(\,w), where 540
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541 DO(-,-) is the Jacobi matrix of map (53) and I, =diag{1,n}, it
542 follows that

543 |Q(\j,nwy) — O(\g,nwy)|,

=6 max |[DONaw)(DO)'(\,w)l,,

544 Aw)eo M)

545 where |-|, on the right-hand side denotes the Euclidean norm
546 of the matrix,

547 o= \/(u11—1421)2+(1412—’422)2,

548 and Q7 !(I') is the image of the segment I'={(u;,u,)
549 =s(uyy,u;)+(1=5)(tty),up) :0=s=1} under the inverse of
550 map (53). By direct calculation, we see that

DOOW) (—q —Im L’(iw))
551 Q. w) = 0 RelL(iw)
564 |
565

Chaos 18, 1 (2007)

DO(\,nw)I,(DQ)™' (\,w) %52
Im L' (iw) —n Im L' (inw)
Re L'(iw)
a 0 n Re L'(inw) ’
Re L'(iw) 553
and |DQ(\,nw)L(DQ)~'(\,w)|,=v(n,w) with v defined by 554
Egs. (26) and (27). Consequently, 555
|L(nwyi) — L(nw,i) — (N} = \y)| 556
=0\, nwy) = O\, nwy)|, 557
f=6 max v(n,w).
(e () 558
Combining these relations with Eq. (57), we arrive at the 559
bound 560
K|y = yalli2
[Aflg= ——————
(N, wr) 561
SqKbv(n,w)

+max max
n#Fx1(\ w)eo~I(I) |L(nw1i) = N || L(nwsi) = Ny’ 562

which, due to [|z;~zy]lo= /6> +|ly; —y,||} >, implies 563

b* 1 (n,w)

+ max max

AV ( )”2
566 =dq .
llz1 = zallo W Naaws) w1y e o'y [L(wii) = Ny P|L(nwai) = N,

567
568
569

570 If we consider any partition of the segment connecting
571 the points z; and z,, then a similar bound holds for any
572 element of the partition. Hence, sending the partition mesh to
573 zero and using the fact that Q~'(I') C 1, we obtain

574 ﬂ = qK( max ;
llz1 = zallo (e, W (N, w)
crs o max M)m
n¢¢1,(x,w)eQP|L(nwi) -\

576 This bound, the definition of b, and relation (32) imply
577 that the operator A, is a contraction on the cylinder B with a
578 contraction coefficient a <1 independent of r.

579 2. Invariance of the cylinder B

580 Consider a point z=(u;,u,,y) €B. Let w,\,h=h(r) and
581 x=x(t)=r sin t+h(f) be defined by Eq. (54). From the defi-
582 nition of A, and relation (55), it follows that ||A,(u;,u,,y)|o
583 =< gr !||f(x(¢))||;2. This, when combined with Eq. (43), im-
584 plies

585 ||A,(u1,u2,y)||0 = r_lqK\ Wrz + ”h”i2

586 = gk 7+ (L, - NP, (58)

587 and with the use of Eq. (56) and |y[;2=b,
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||Ar(“1,142’Y)||0 = qK T+ 2 . 588
Voo wt(\w)

Since (\,w)E ), for each zEB, it follows that 589

bZ

A (uy,uny)| SqK max |7+,
b 0 :U«ZO\,W) 590

W)EQ
where the right-hand part equals b, as the definition of b 591
implies. Hence [|A,(u1,u5,y)[ly=b. Relation (33) ensures that 592
b=\mp, consequently the ball ||z]l,=b is contained in the 593
cylinder B, and thus A,(u;,u,,y) €B for each (u;,u,,y) EB, 594
i.e., the cylinder B is invariant for the operator A, for each 595
r>0. Therefore, from the contraction mapping principle, it 596
follows that A, has a unique fixed point z, 597
=(u\(r),u5(r),y;) in B for every r>0. Hence, for each posi- 598
tive r, Eq. (2) has a cycle x;=x(t)=r sin 7+h,(t) of the fre- 599
quency w, for A=\, with (\,w;) EQ,,, where N\, w),h; are 600
related with the components of z* by formulas (54). 601

3. Lipschitz continuity of the branch of cycles 602

The local Lipschitz continuity of the curve z, 0<r 603
<, and consequently of the branch of cycles, follows from 604
Eq. (3) by the standard argument. Namely, consider the fixed 605
points z;,7, E]B of A ,A for any r>s>0. Since A, is a con- 606
traction, =allz;-zjy with a<1, hence 607
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608 iz, -z llo=1l4,(z;) - As(zllo
609 = dllz; - Z{llo + 1A, (z9) - Azl
610 and thus
611 Il =zl = (1 =)A= = Alz)ll- (59)
612 The definition of A, and relation (55) imply
o A — A=l rTsing + (L~ )17
: sy ] %
614 — f(s[sin t + (L =N yiDlliz,

615 hence we see from Eq. (3) that

616 [, (2}) —sA, (D)o = gK(r = )\ + (L = NI
617 and therefore
618 TA(Z) —Az)lo = (r=9)llA )]0 + gK(r

619 — 7+ Ly =NV

620 Here A (z)=2, ||z}]lo= Vmp*+b* and, due to Eq. (56),

2
T+ (L *—)\f)_l 12 =T+
621 IEw; =273l AN wy)
622 = 7+ b2q K2,

623 Consequently, rl|A,(z))-A(Z)|o=(r-s)c, and c¢;:
624 =\ wp’>+b*+\mg’K*>+b*. This estimate and estimate (59)
625 imply

r>s>0,

® * (I" - S)CO
Iz,

626 ~alo= r(l-a)’

627 which proves local Lipschitz continuity of the curve z, r
628 >0, and completes the proof of the existence of a continuous
629 branch of cycles with (\,w) €, for Eq. (2).

630 Now, linearizing Eq. (2) at zero, we obtain

631 L(d/dt)x — (gag + N)x =0. (60)

632 The assumption that function @(w)=Im L(iw) is strictly
633 monotone on the segment [w’,w”] ensures that equation
634 L(iw)—(qgap+\)=0 has the only solution (w,\) in the rect-
635 angle [A_, A\, ]X[w’,w"]DQ,, namely w=w,, A=—qyq. In
636 other words, the characteristic equation L(p) —(gay+\)=0 of
637 Eq. (60) has an imaginary root p=iw with wE[w’,w"] only
638 for A=—aq. Since the presence of an imaginary root is a
639 necessary condition for the Hopf bifurcation, we conclude
640 that the first of relations (34) holds for our branch of cycles.
641 Similarly, the fact that the characteristic equation L(p)
642 —(qa,,+N)=0 of the linearization of Eq. (2) at infinity has a
643 root p=iw with w&[w’,w"] for a unique N\=—a,.,¢ implies
644 the second relation of (34).
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Finally, if (u;,u,) €D, i.e., 07 (u;,u)=(\,w) EQ,, and 84
z=(u,,u,,y) is a fixed point of A,, then Eq. (58) implies the 646
relation 647

V2 = @KL+ ]2/ > w)] 648

and hence ||y||; 2= b. Therefore, the fixed point z of A, lies in 649
the cylinder B where A, is a contraction. Thus A, has a 650
unique fixed point with (u,,u,) €D and consequently Eq. (2) 651
has a unique periodic solution x=rsin¢+h(f) with 652
(N, w) €Q,, hek for each r, ie., all the cycles with 653
(N, w) €Q,, are included in the above continuous curve. This 654
completes the proof. 655

D. Proof of Theorem 3 656

Consider the continuous curve of cycles with 657
(N(),w(r) EQ,C[A_,\]X[w',w"], which exists by 658
Theorem 2. Consider numbers 7,/ such that \(rg)=X\,,, 659
M%) =\, and relations (25) hold. The existence of such 660
numbers follows from the continuity of \(r) and the relations 661
N0)=—ayg<\,, and N(®°)=—a,g>N\,. According to the 662
last conclusion of Corollary 1, Eq. (2) does not have cycles 663
satisfying Eq. (23) for A=\, and Eq. (24) for A=\, conse- 664
quently the equalities N(ry)=\,, and A(*°)=\,, imply r, 665
<7, and 7, <7, i.e., 666

(7 Faa] C (rg,7°). (61) 667

Also, the corollary states that for each N\ sufficiently 668
close to A.=—q(a,,+ay)/2E (N\,,;,N\p), Eq. (2) has two dif- 669
ferent cycles: one with r&(7,,r,), the other with 670
r&(ry,7y), and both with wE[w_,w,]. Because [\,,,\,,] 671
X[w_,w,]CQ, according to condition (36) and all cycles 672
with (\,w) € ), belong to the continuous curve by Theorem 673
2, we conclude that the function \(r) takes all values from 674
some nonempty interval (\.— &8, \.+ 6) on each of the nonin- 675
tersecting intervals (7,,,r,,) and (r);,7,). Hence, \(r) is non- 676
monotone on the segment (61), which completes the proof. 677
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