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Abstract. A semigroup St of continuous operators in a Hilbert space H is considered. It is
shown that the fractal dimension of a compact strictly invariant set X (X b H, S X = X)
admits the same estimate as the Hausdorff dimension, namely, both are bounded from
above by the Lyapunov dimension calculated in terms of the global Lyapunov exponents.
Applications of the results so obtained to the two-dimensional Navier—Stokes equations are
given.

1. Introduction. Let X be a compact set in a Hilbert space H: X € H. We
recall the following definitions (see [1]).

Definition 1.1. The Hausdorff dimension of X in H is the number
dimy X = inf{d| py(X,d) = 0},

where pp(X,d) = lim._oq pp(X,d,¢), pa(X,d,e) = infxcy Vy(U). Here the
infimum is taken over all coverings U of the set X by balls B(z;,r;) with centres at

z; and radii r; < ¢, and
Va(U) =Y i

Definition 1.2. The fractal dimension of X in H is the number

1 N
dimp X = limsup M,
c—o0+ logy(1/e)

where Nx(¢) is the minimum number of balls of radius € which is necessary to
cover X.

The following definition of the fractal dimension is similar to Definition 1.1.

Definition 1.3. The fractal dimension of X in H is the number
dimp X = inf{d| pr(X,d) = 0},

where

pr(X,d) = limsupe? Ny (¢).
e—0+
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As easily seen, Definitions 1.2 and 1.3 are equivalent. Furthermore, if the cover-
ing U consists of Nx () balls of the same radius &, then

e¥Nx () = V4(U).

It is well known (and follows from Definitions 1.1 and 1.3) that dimpg(X) <

Suppose that a continuous map S acts in H and let a compact set X be strictly
invariant: SX =X, X € H.

It was shown in [2],[1] that if the differential DS uniformly contracts d-dimen-
sional volumes on X (the corresponding definitions are given in §2), then

dimyg X <d.

As for the fractal dimension, the following estimate was obtained in [1], [3], [4] (for
earlier work on the estimates of the fractal dimension see also [5], [6]):

dimp X < cd, c = const > 1.

Under an additional concavity condition (that is satisfied for the majority of the
maps S = S; defined by evolution equations) the estimate dimp X < d was proved
in [7]. Finally, for a diffeomorphism S the estimate dimp X < k was obtained for an
integer k in [8] (see also [9]) under the condition that the differential DS contracts
k-dimensional volumes.

The purpose of this work is to prove the estimate dimp X < d in the general
case. Our approach is similar to that of [8], however, our proof is aimed at and is
adjusted for the estimates of the fractal dimension of attractors of partial differential
equations.

The main estimate proved in the abstract setting is then applied to the two-
dimensional Navier—Stokes system. We obtain new estimates for the fractal dimen-
sion of the attractor that significantly improve (as far as the numerical values of
the constants are concerned) the estimates from [7] and [15]:

1
di < _
imp A < 2T )\1112 - 273/2 2

The improvement of the constants is due to the new recent results of [17], [1§]
combined with a more precise account of the non-divergence condition.

2. Main estimate. Suppose that the map S is uniformly quasidifferentiable on
X, that is, for any u € X there exists a linear operator DS(u) such that

15(u) = S(v) = DS(u)(u = )| < h(r)llu— vl (2.1)

for all u,v € X such that ||u — v|| < r, where h(r) — 0 as r — 0.

We also assume that the operator L(u) = DS(u) is compact (the non-compact
case reduces to the compact case by means of Proposition V.1.1. from [1]). Then
the unit ball B(0,1) in H is mapped by L into the ellipsoid £ = £(u) = L(u)B(0,1)
with semiaxes aq(u) > ag(u) > .... The o;(u) are the eigenvalues of the self-
adjoint positive operator (L*L)*/? and are called the s-numbers of the operator L:
a;(u) = s;(L(u)).
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For each k we define the numbers wy(u) = wi(€(u)):

wolu) =1,
wi(u) = o (w)az(u) - - ag(u),

W = sup wi(u).
ueX

For d of the form d =k + s, 0 < s <1 we set
wa(u) = wi(u)' w1 (0)® = wp(u)ag (u)®.

We note that wg(u) < wi(u)? = ai(u)? = ||L(u)||%(H7H). Furthermore,

wq = sup wi(u) " Swip (v)® < @y w5, (2.2)
ueX
Lemma 2.1. Let & be an ellipsoid in H with semiazes ay > ag > ... . Ifr > apy1,

then the minimum number of balls of radius rv/n + 1 which is necessary to cover &€
satisfies the estimate

Ne(rv/n 1) < 2““”;7(,@5), (2.3)

where apr1 <1 < ay and wi(E) = aq ... ag. In particular, if r = ap41, then

Ne(aniivn+1) < 2“2”7(5), (2.4)
n+1

Furthermore, for any n > 0 the following estimate holds:

rk

Neypom(rvn+1+n) < Ne(rv/n+1) <27

(2.5)

Proof. Estimate (2.3) is the well-known covering lemma [1], [2]. Estimate (2.5)
follows from the fact that if IV balls of radius € cover £, then N concentric ball of
radius € + 7 cover £ + B(0,7). The lemma is proved.

Lemma 2.2. Letd = n+s, 0 < s < 1. Then in the notation of the previous
lemma there exists a covering U of the set €+ B(0,v/n + 1 a,q1) by balls of radius
20n+1vVn + 1 such that

Vd(U) < ﬂdwd(f,’), 6d = 2”+d(n + 1)d/2. (26)

Proof. Using estimate (2.5) with n = +v/n 4+ 1 a,41 and 7 = a1 we obtain for the
covering U from (2.5) the following inequality:

Va(U) = Neypo,yafTan, ) (VR + Lant +Vn+ Lan)(2vVn + Lay)? <
wn(€)

an+1

2" 24(n + 1)2 ol f5 = 2" (n + 1) 2wy (E).

The lemma is proved.
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Theorem 2.1. Suppose that the map S is uniformly quasidifferentiable on X and
SX =X. Letd=n+s,0 < s <1. Suppose that L(u) = DS(u) is norm-continuous
with respect to u € X :

| L(u) — L(uo)ll )y — 0, as [Jlu—wugl| — 0, u,up € X.

Suppose further that the quasidifferential DS(u) contracts d-dimensional volumes
uniformly for uw € X, that is, the following inequality holds:

wg = sup wg(u) < 1.
ueX

Then

Proof. Replacing S by S™, where m is sufficiently large, we can assume that the
number @y is arbitrarily small (see [1]).
Since X is compact and L(u) is norm-continuous, we have

[ L(ur) = L(u) || e,y < 0(llur —uzl)),  6(r) =0, r— 0.
In view of the inequality
sj(A) = s;(B)] < A= Bllearmy, j=1..-,

see [21], Ch.II, Corollary 2.3, the numbers «;(u) = s;(L(u)) are uniformly contin-
uous on X and the following inequality holds:

laj(u1) — aj(uz)| < 8([lur —uzll), d(r) =0, 7 —0.
Hence for each € > 0 we have

(1) +
a;(ug) + ¢

Since the numbers «;(u) are non-negative and monotone decreasing, we have

< 14+ 6(|Jug —ugl)e™t, o(r)e”t =0, r—0. (2.7)

g1 (1) < Wy (W) OFD < () < )/
Similarly, all the a;(u) are bounded uniformly for u € X:

aj(u) <@, < an = wex L) 2a,my < 00
u

(Recall that X is compact and L(u) is norm-continuous). Therefore by the mean
value formula we have for small € > 0 the inequality:

[(aq(u) +€) ... (an(u) +&)(ant1(u) +e)° —aq(u)...an(w)a,r1(w)’| < Ce (2.8)

holding uniformly for v € X with C = C(a;) for 0 < € < 1. Therefore for e > 0 we

have
L(u)B(0,1) C &,
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where &’ is the ellipsoid with semiaxes o;(u) = a;(u) + ¢, j = 1,... . Taking m in
S™ sufficiently large and then fixing ¢ sufficiently small we see from (2.8) that the
corresponding number @) = sup,¢y o (u)---a; (u)a;, 1 (u)®, along with wg, can
be chosen arbitrarily small. Precise conditions are as follows: 2913,/ < 1 and
4yn+1 (@) <1 (see (2.11) and (2.12)). In addition, the (n + 1)th semiaxis

o}, 1 (u) is bounded from above and, thanks to ¢, is bounded away from zero uni-
formly for u € X. Omitting the primes we rewrite this property and (2.7) in the
form

0<a<4vn+lapti(u) <b, wvelX,

Oén+1(U1) (29)
—————= < 1+6(||lug —usl|), d1(r) — 0, r—0,
(1) = 1([lur —uzl)),  01(r)

where 01(r) = &(r)/e and b can be arbitrary small because a1 (u) < (0g)'/%.

We now proceed with the proof. There exists a finite covering Uy of the set X
by balls of radius g and without loss of generality we can assume that their centres
belong to X:

No
X = U B(u?o,ro) Nnx, u?o € X, No= Nx(ro).
io=1

Then
No

SXXUS

’Lol

ro) N X). (2.10)

10 7
By quasidifferentiability for any v € B (u?o, r0) N X we have

1S (v) = S(ug,) = L(ug,) (v = uf) || < h(ro)|lv —

u°
’io ||'
Hence, if 7 is so small that h(rg) < a/4 < v/n+ la,11(u) for all uw € X, then

S(B(ufy,r0) N X) = S((uf, + B(0,70)) N X) C S(ug,) +10(Eiy + B(0, h(ro))) C
S(ug ) 4+ 1o(Eip + B0, VR + T (uf)))),
where &, = L(uf,)B(0,1).

In view of Lemma 2.2 for each set 79(E;, + B(0, v + Lani1(uf)))
covering U of this set made up of balls of radius r¢2v/n + 1 an+1( ?

ere exists a

thi
))) such that
Va(UP*) < r§Bawa(Eiy) < 18 Bawa.

The set S(uf)) + ro(Ei, + B(0,vVn+ Lany1(ul)))) is covered by the family Ul =
S(ul)) + Ufo, and clearly
Va(U;") = Va(Ur").

We now throw out from U the balls which do not intersect X. The remaining
balls containing some points ul € X we replace by balls of twice the radius (that is,
of radius ro 4v/n + 1 ay 1 (u? )) with centres at these points. As a result we obtain

the covering U of the set S( (ud ;r0) N X) = X NS(B(Y,re) N X) containing

Zo’ 107
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the same number of balls or fewer of twice the radius, whose centres belong to X.
Then we see that

. y 1
Va(U1?) < 27Va(U1?) < 162" Baisa < 575,
provided that w4 has been chosen so that following inequality holds:
213,04 < 1. (2.11)

We denote by U; the covering of the set X which is the union of the coverings U{”
fori =1,..., Ng and write this in the form

Ny
XcC LJB(u1 i), ui €X,

1041/ 71
i1=1

where the radii rj, are of the form r} = ro4v/n + Lan41(uf,) for some points uf
each u?o € X being the centre of a ball from the previous covering Uy. It follows
from (2.9) that
roa < rill < rob.
Then we find that ) )
Va(Uy) < 5Norg = 5 Va(Uo)-

We now return to step (2.10):

SX =X = U S(B(u},,ri)NX).

(EREEY
i1=1

If @4 is so small that

Avn+iay? <1, (2.12)

(in fact, (2.12) follows from (2.11)), then 4 v/n + 1 a1 (v) < 1 uniformly for v € X
and we can repeat our construction and as a result obtain the covering Us. After k
steps we obtain the covering Uy:

Ny,
X c | B, ri), vk =ro@Vn+DFan(ul) . anga(ui ")),
ip=1
where uﬁj € X, j=0,...,k are the centres of balls from the coverings Uy, ..., Uy.
The following inequality holds for Uy:
Va(Up) < 27FV4(Uy). (2.13)

Moreover, in view of the first inequality in (2.9) for an arbitrary collection of k
points ug,...,ur_1 € X we have

Toak S 7'0(4\/ n—+ 1)kan+1(u0) e Oén+1(’u,k_1) S ’I"obk. (214)
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In particular, the radii rfk of the balls of the covering Uy, satisfy the above inequality:

roa® < Tfk_ < robk.

We fix an arbitrary small 7, 0 < < 1 and construct a covering U(n). We fix a
point u € X. By the strict invariance of X there exists a sequence u(i) € X such
that

Su(l)=u, Su(i)=u(i—1), i=1,....

We define the functions
Ry = Ri(u(1),...,u(k)) = ro(4vn + DFan 1 (uw(1)) ... appr (u(k)).

Since a < Ry /Rr—1 < b (see the first inequality in (2.9)), it follows that there exists
a number k = k(u) such that Ry gets into the interval roan < r < ron:

roan < Ry < ron. (2.15)

For a given u we fix such a k = k(u). In view of (2.14) the number k so obtained
cannot satisfy the inequality n < a”, that is, the inequality k& < log,n/log, a.
Analogously, such a k cannot satisfy the inequality b* < an, that is, the inequality
k > (logy a +log, 1)/ logy b. Thus, all such numbers k& satisfy the inequality

logs m logy a + logs n
K =gk 22 Pr L K . 2.1
a() 1= ol < < O (1) (216)

We introduce the notation

Accordingly,
Sul =t Sut =it SuF T =Wk =

The point u° belongs to a ball from the covering Uy:

u’ e B(u?o,ro), ||u0 — u?0|| < ryp.

Next, the point u' pelongs to a ball from the covering U;. This ball is a member
of the subcovering U1° that covers the set S(B(uf ,r9) N X). Since u® € B(uf ,ro),
it follows that u' = Su® € S(B(u},,ro) N X) and belongs to a ball from U of the
form

ul e B(u%l,roélx/n + 1an+1(u?0)), ||u1 — u}l | <rodvn+ 1an+1(u?0)) <rg.

Here we have used (2.12).
In a similar way we see that u/ is covered by a ball from U; of the form

Wl € Blud, ro(4vin+ Dot (u)) . ansr (@ 2)), [ =l || < ro.
Finally, u* belongs to a ball from Uy:

u=u" ¢ B(ufk,rk), re = rg(u) =ro(dvn + l)kan+1(u?0) e (uFT1).

Th—1
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We include this ball in the covering U(n). Since we can carry out this procedure
for each point © € X including every time only new balls and since all the balls
being included in the family U(n) belong to the union of K;(n) — Ka(n) < K1(n)
(finite) coverings Uy, it follows that U(n) is a finite covering of X. In view of (2.13)
and (2.16) for each covering Uy, whose balls are included in U(n), we have

Va(Uk) < 27%Vy(Uo) < 2752V ().

Therefore
Va(U(n)) < K1 ()2~ "2 V,(Uo). (2.17)

We now estimate the radii 7, = r(u) of the balls of U(n) by comparing them with
Ry = Ri(u°,...,u*"1). In view of the inequalities ||u/ — uzj |<ro,j=0,....,k—1
we can use the second inequality in (2.9). With (2.15) and (2.16) taken into account
this gives

P < (14 61(r0) < (14 61(r0) S, ma(ru(u) < ron(1 -+ 61 (r) -
k u
and

Ry,

< (14 61(r0)* < (14 61(r0)) * ™ min(ry(u)) > rona(l + 6 (ro)) K1,
7 () ueX

Hence, we have
maxye x (7% (u)) -1 2K (n)
— e P < a1+ Sy (r .
minge x (rx(u)) ( 1(ro))

We now replace each ball in U(n) by a concentric ball of radius

ry = max(ri(u)

and denote the covering so obtained by U (7). Then by the above inequality we see
that

Va(U(m) < a™*(1+61(ro))** 1DV (U (n)).

<a
All the balls of the covering U(n) have the same radius 7,,. With (2.17) taken into
account this gives

Va(U () < a= (1 + 61(ro)) 2 K1 Ky ()27 K2V (U). (2.18)

We now recall that

_ logy(1/(an)) _ log,(1/m)
Ki(n) = 102g2(1/b) §2logZ(l/b)

and that d1(r9) — 0 as 1o — 0. Hence

ifn<a

(1+ 51(T0))2dK1(77) < 9idlog, (1481 (r0)) log, (1/m)/ log,(1/b)

(1)4d10g(1+51(ro))/10g(1/b) _ <1>4d51(ro)/10g(1/b) B <1>52(T’o) (2.19)

n n

Ui
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where d2(rg) = 4dd1(r9)/log(1/b) — 0 as rg — 0.
Finally, Ko = log,(1/n)/log,(1/a) and

9—Ka(n) — 771/108;2(1/0).

Therefore for n < a we obtain from (2.18) the inequality
< 201
~ logy(1/0)

where s = 1/log,(1/a) — d2(r0).
If we now take (and fix) the radius ro of the balls of the initial covering Uy so
small that d3(rg) < 1/logy(1/a), i.e., 3¢ > 0, then

Va(U(n)) Va(Uo) logy (1 /)0, (2.20)

Va(U(n)) — 0 as n — 0.
Recall that the covering U (n) consists of the balls having the same radius 7,

which clearly tends to zero as n — 0. Therefore (see Definition 1.3) up(X,d) =0
and, hence, dimp(X) < d. The theorem is proved.

Remark 2.1. We have proved a slightly stronger result than Theorem 2.1. Notice
that the radius r,, of the covering U(n) satisfies the inequality

roan(1 4 01(ro)) 51 < ry < ron(1 + 61(rg)) .
Using inequality (2.19) we find that
roan' 92/ G <y < popt02/ G 5y — 5, (rg).
It follows from (2.20) that
Nx(ry) < CVd(UO)T;d 10%2(1/77)771/ lOgZ(l/a)ﬂba
where C' = 2a=%/log,(1/b). Therefore

N (ron' =/ < Nx(ry) < CiNx(ro) logy(1/m)y =1/ 10820/ =352/,

where C; = 2a=24/log,(1/b). This gives that

d—1/logy(1/a) + 3d2/2

i X <
dimp X < 1 0,/(2d)

Since d2(rg) — 0 as rg — 0 we obtain that

dimp X <d—1/logy(1/a) < d.

3. Applications to semigroups and differential equations. We now consider
applications of the results of §2 to semigroups of continuous operators S; acting in
a Hilbert space H. Let X be a compact strictly invariant set for Sy: S X = X,
X € H. We assume that the map S; is uniformly quasidifferentiable on X for each
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t. In other words, (2.1) holds, where S is replaced by S;. We assume, in addition,
that for a fixed ¢ the operator L = L(¢,u) = DS¢(u) is norm-continuous with respect
tou € X,

The eigenvalues of the self-adjoint positive (compact) operator(L*L)/? are de-
noted by «aq(t,u) > as(t,u) > ..., and similarly to §2 we set

Ju) = ap(t,u)as(t,u) - - - ag(t, u),

Then there exists a limit lim; o 7' Inwk(t) = g(k) (see[l], Section V.2.3) and
hence for any € > 0 we have for ¢ large enough

@ (t) < ela®)Fet, (3.1)

The numbers ¢(k) are called the sums of the first k& global Lyapunov exponents.
For an arbitrary d =k + s, 0 < s <1, we set as in §2

wa(t,u) = wi(t,u) " Swpp(t, u).
By (3.1) we have the estimate

wq(t) = sgg wi (b, u) Wy (tu)® < eld(dFet (3.2)
u

for large t, where
q(d) = q(k +s) = (1 = s)q(k) + sq(k + 1).

Theorem 3.1. Suppose that for an integer n > 0 the inequalities g(n) > 0 and
g(n+1) <0 hold. Then

dimp X <do =n+ (3.3)
qn

Proof. If d > dy, then ¢(d) < 0. Therefore inequality (3.2) gives that wg(t) — 0 as
t — oco. Applying Theorem 2.1 to S = Sy, where ¢ is sufficiently large, we find that
dimp X < d. The proof is complete.

Remark 8.1. The number dj is called the Lyapunov dimension of X, dy = dim X.
It has a clear geometrical meaning. It is the point of intersection of the straight
line joining the points (n,¢(n)) and (n + 1,¢(n + 1)) with the horizontal axis.

Remark 3.2. The estimate (3.3) was proved in [7] under the following additional
condition. It is required that the graph of the piecewise linear function g(d) lies
below the straight line described in the previous remark.

In conclusion we give a result useful for practical applications (especially for
partial differential equations).
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Corollary 3.1. Suppose that q(m) < f(m), where f(d) is a (continuous) function
of the continuous variable d, and let f(d.) = 0. Then if f is concave (at least in
the interval d, — 1 < d < d. + 1), then

dimp X < d,. (3.4)

In the general case
dimp X <d, + 1. (3.5)

4. Navier—Stokes system. We illustrate the above results using the two-dimen-
sional Navier—Stokes system:

2
Owu + Zuiaiu =vAu — Vp + f,
i=1

divu = 0, ulpa = 0, u(0) = uo, Qe R%

We denote by P the orthogonal projection in L(£2)? onto the Hilbert space H
which is the closure in Ly(2)? of the set of smooth solenoidal vector functions with
compact supports in 2. Applying P we obtain

Ou + vAu + B(u,u) = f,  u(0) = uo, (4.1)

where A = —PA and B(u,v) = P(Z?Zl u'd;v). We denote by A\ < X\g < ... the
eigenvalues of the Stokes operator A.

The equation (4.1) generates the semigroup S; : H — H, Siug = u(t), which is
uniformly differentiable in H and has a compact global attractor A € H (see, for
instance, [1], [11]). The attractor A is the maximal strictly invariant compact set.

Theorem 4.1. The fractal dimension of A satisfies the following estimate in terms
of dimensionless numbers G = || f|/(AMv?) and G' = || f||||/v? (where || denotes
the area of Q):

: 1 2 I£l 1[Il
dlmF.A S 771_()\1‘9|) )\11/2 S 271_3/2 1/2 . (42)
In addition, dimp A =0 of
0
11 < (3/2)%%71/2 =3.2562... or 7111 < (3m)*/?271/2 = 20.4593. .. .
A2 V2

(4.3)

Proof. We estimate the numbers g(m). Taking the scalar product of (4.1) with u
and integrating in ¢ we obtain the well-known estimate

1 t
lim sup sup E/o || rot u(T)||Pdr < (Av?) 7| £ (4.4)

t—oo wup€A

The semigroup S; is uniformly differentiable in H and the differential is the
linear operator L(t,ug) : £ € H — U(t) € H, where U(t) is the solution of the first
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variation equation (see [10], where it is also shown that L(¢, ug) is Holder continuous
with respect to the initial point ug):

U = —vAU — B(U,u(t)) — B(u(t),U) =: L(t,uo)U, U(0)=¢. (4.5)
Following [1],[4] we have for ¢(m) the estimate
1t
g(m) < limsup sup sup (/ Tr L(7,ug) 0 Qm(T)dT) , (4.6)
t—oo wupgeA _E?LEH t 0

where @, (7) is the orthogonal projection in H onto Span(Ui(7),...,Un (7)) and
U; is the solution of the problem (4.5) with Ug(0) = &. Suppose that vec-
tor functions vy (t) ...,v,(t) € H N HE(Q)? make up an orthonormal basis in
Span {Ui(t),...,Un(t)} = Qm(t)H. Then using the well-known orthogonality re-
lation (B(u,v),v) =0 and Lemma 4.1 below we obtain

m
Tr L(t, up) Z (t,up)vj,v5) =
Jj=1
m
v(Avj,v;) + (B(g, u(t)),v;) + (B(u(t),vs),v5)) =
j=1
—Z/ZHrothHQ /Z Z kaku tdr <
j=1k,i=1
v lrotl + 27 [ p|Vute)dr <
j=1
m m
—vy_llrotv > + 272 |p)l[|Vul = —v Y [[rot v > + 272 p] || rot ul,
J=1 j=1

where p(x) = Z;”:l lv;(z)]?, |Vu(z)]? = Eik:l(akui(x))z. Using the following
lower bound for the spectrum of the Stokes operator (see [15])

m 2

™m
g [rotv;]|? > Ay 4. 4+ A > Q)
i=1

and the Lieb—Thirring inequality (see Appendix)

ol = [ Zm Vo < fZHrotvjll (47)

we find that
Tr L(t, up) 0 Qm(t) <

1/2
m

m
v |rotv|? + 271/ fzurotvjn ot u(t)] <
j=1
”in bosl2 + = rotu®l? < ~2 1 L ot
—_ = Irot v; — || TOT U _— —l T .
23‘:1 / 4y 119] 4y
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Using in (4.6) the last estimate and (4.4), we finally obtain

R
2|Q‘ 47T)\1V3 '

g(m) < (4.8)

Using Corollary 3.1 (estimate (3.4)) we find that
. 1 1/l
dimp A < M|V
1 F.A = \/§7T ( 1| |) )\11/2

The second inequality in (4.2) follows from the estimate Ay > 27/|Q| (see [15]).

It was shown in [15] that dimpg A = 0 if % < 1, where c is the constant in the
estimate |(B(u,u),v)| < c||ul||| rot u||||rot v]|. In the following Lemma 4.2 we prove
that we can take in this inequality ¢ = (3/2)73/27~1/2. This proves that if the
first inequality in (4.3) holds, then the dynamics is trivial. The second inequality
in (4.3) implies the first since Ay > 27/|€?|. The theorem is proved.

Lemma 4.1. If divu(z) = 0, then the following inequality holds:

’Zi’i_l vk (2)Opu’ (x)v" (2)

1
< EIVU(@HU(OS)\Q,

N1/2
where |Vu| = (zi’izl(a,ﬁw)Q) .

Proof. We have

2 ko i
g vV Ooputv
kyi=1

_ Out Oqu? . Out Osul
Vu = <(‘32u1 82’&2 ’ Vu' = 81’11,2 82u2 ’
and A is the maximum (in absolute value) eigenvalue of the matrix 1(Vu + Vu*).

From the characteristic polynomial with the condition divu = 0 taken into account
we see that the eigenvalues of this matrix are A > 0 and —\, where

< Allf?,

1
= |Vuv-v| = ‘2(Vu+Vu*)v-v

where

1 1
A= (0uh)? + 1(81u2 + dout)? < 3 |Vul?.
The lemma is proved.

This lemma makes it possible to estimate the non-linear term B(v,v) with a
smaller constant than previously known.

Lemma 4.2. Foru,v € H}(Q)2N H the following estimate holds:

8

1/2
(Bl < (52) Iolliroto] ot (4.9)
m

Proof. We have

(B0 0] = (B0 = | [ 35 otowtet e <
’ (4.10)

1 1 ¢z
— [ |Vullv]?de < —||Vul|||v]|2, < =i ||v|||| rot v]||| rot u]|,
7 [ VulloPds < <Vl < S olrot ol rotul
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where ¢ is the (sharp) constant in the vector Gagliardo—Nirenberg inequality
[vllz, < @llol?[VollV/?, ve H5(Q)?, QC R

In fact, ¢; = ¢4 (in other words, the constants in multiplicative inequalities do
not increase in going over from scalars to vectors). To see this we use the scalar
Gagliardo—Nirenberg inequality

lellz, < cllel®IVell' =4, ¢ e H5(Q), QCR? ¢>2
and Young’s inequality with parameter £ > 0 in the form
a??v?=20 < fa® + (1- 0)59/(‘9—1)1727 0<0<1.

Then we have

loliz, = 1@ + @*)llz, . < 1@, + 102, = T, + 1077, <
cg (I IPPIwoH 2720 + [l V02| 72) <

2 (0002 + [021) + (1 = 0)/ OV (V! | + Vo2 |?)) =

&2 (<Bllo]> + (1 - 0)=”/ V| Tu|?), 0=2/g.
Minimizing the right-hand side in € we obtain
Iollz, < cqllol® 2| Voll*=2/2.
This shows that ¢; < ¢q. Since clearly ¢; > ¢4, we have ¢; = ¢q.

To complete the proof of (4.9) we recall the best to date closed form estimate of
the constant ¢4 from [22]:

1 1/4
cr < (276) =0.6590.... .
™

Remark 4.1. The sharp value of the constant ¢, was obtained numerically in [23]:
cg = (m-1.8622...)"Y* =0.6429. ...

Using this in Lemma 4.2 we can slightly improve (4.3). Namely, dimp A = 0 if

PO 4 (0

N2 2 < 21.4925....
1

Remark 4.2. Important contributions to the construction of the set which is now
called the global attractor of the Navier—Stokes system have been made in [12], [10],
[13]. The estimates of the Hausdorff and fractal dimension of the attractor of the
Navier—Stokes system of the form

1/

I L]
Alyz’

Alyz

dimg A < ¢(Q) dimp A < 2¢(Q)
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were obtained for in [4], [19] (see also [1]). Here ¢(Q) is a dimensionless constant
depending on the shape of the domain €: ¢(AQ) = ¢(2). The Lieb-Thirring in-
equalities [16], [20] were essential in the proof.

Remark 4.3. Using the results of [14] one can show as in [15] that Theorem 4.1
holds for an arbitrary open domain ) with finite area.

Remark 4.4. The function ¢(m) is concave (see (4.8)). In this case the estimate
dimp A < d,, where ¢(d.) = 0, also follows from [7].

5. Appendix. Lieb—Thirring inequalities for solenoidal vector functions.
We consider a Schrodinger operator in Lg(R™)

A -V, (5.1)

where V' > 0 is a scalar function (which is sufficiently smooth and sufficiently rapidly
decays at infinity). Then this operator is self-adjoint and bounded from below in
Ly(R™). We denote by p; = p;(V) the negative eigenvalues of the operator (5.1)
(each negative eigenvalue repeated according to its multiplicity). The following
estimates were obtained in [16]:

> il <Ly /R V2. (5.2)

n;i<0

Here v > max(0,1 — n/2). Furthermore, by notational definition L, ,, is the best
constant in (5.2). Explicit majorants for the Lieb-Thirring constants L., were
found in [16] and it was also shown that

I'(v+1)
(4m)"/2T(y+n/2+1)°

Ly >L, = (5.3)

Having in mind applications to the two-dimensional Navier—Stokes system we set

n = 2 and consider the operator (5.1) acting on vector functions u = (u!,u?)T as

follows: Al )
u Vu

For an eigenvalue p of the operator (5.1) with eigenfunction ¢ there clearly corre-
sponds the repeated eigenvalue p with eigenfunctions (¢, 0)7 and (0, ¢)?. Therefore
the following estimate holds for negative eigenvalues v; of the operator (5.4):

S < L / VIdr >0, (5.5)
v; <0 R

where the best constant L% here satisfies the equality

L5 =2L,2. (5.6)
The following theorem on estimates for orthonormal families of functions is proved

in [16]. For reader’s convenience we reproduce the proof from [16] for the vector
case.
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Theorem 5.1. Suppose that vector functions uy,...,u, € Hg(2)? make up an
orthonormal family in Ly(Q)?, Q C R?:

/Qul(x) cuj(z)de = §;;.

Then the following inequality holds:
m m
/ p(r)%dz <k > | Vuy|* = ko > (|| rot ;|| + || divu,|?), (5.7)
Q j=1 J=1
where p(x) = Z;”:l |u;(z)|* and the sharp constant ko satisfies the equality
ky =4L7% =8L1 5.
Proof. Extending the vector functions w; by zero outside € we can assume that
u; € H}(R?)2%. We furthermore suppose that u; € C5°(R?)?. Having proved (5.7)
for smooth functions we then apply the standard closure procedure. We consider

the vector Schrédinger operator (5.4) with potential V(z) = ap(z), where o > 0 is
a positive parameter. We denote this operator by A:

Au:—A(Zi)—V(Z;). (5.8)

We set H = Ly(R™)? and denote by A\™ H the m exterior product of H which is a
Hilbert space whose elements are linear combinations of the products vi A+ Avp,.
The scalar product of v1 A -+- Avy, and wy A -+ A wy, is defined as follows

(W1 A AW, v1 A= Avpy,) = det{(w;,v;)}, 1<i,j<m

and then is extended to A™ H by linearity. We define the operator A, : A" H —
A" H by the equality

Ap(Ui A Avp) = (AvL A AU+ + 01 Ao A Avp).
Corresponding to A,, is the quadratic form
A (V1 A A, 1 Ao Av) = (A (01 Ao AU ), 01 A Avg).

If the family vy, ..., v,, is orthonormal, then the following equality holds:
(0 A vt Ao A o) = S = Yoo [ plalloy(@)Pde. (59)
j=1 j=1

We set E = info(A,,), where o(4,,) is the spectrum of A4,,. Two cases are
possible.
1. The operator A has k > 1 negative eigenvalues. Then E = > v; if m < k,

and F = Zle v; if m > k. In any case we have

Ex Y u() = -Lige [ ol (5.10)

vi(£)<0
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where in the second inequality we used (5.5).
2. The operator A has no negative eigenvalues. Then since u; € C§°(R?)? it
follows that p € C§°(R?). Therefore o(A) = 0.(A) = [0,00), where o.(-) denotes
the continuous spectrum. Hence, 0(A4,,) = 0.(A) = [0,00) and E = 0. This shows
that (5.10) also formally holds.

On the other hand, by the variational principle and (5.9)

E < am(un A Aumyur A Aug) = Y [V |2 — a/p(a:)2dac. (5.11)
Jj=1

Combining (5.10) and (5.11) and setting o = (2LY%) ™! in the resulting inequality
we obtain .
[olars < 4115 Y- [Vul (512)
j=1

which gives (5.7) with ko < 4LY%. Let us prove the reverse inequality.

We consider the operator (5.8) with some non-negative potential V' € C§°(R?).
Let vj, j = 1,..., N be the negative eigenvalues of it with the corresponding or-
thonormal eigenfunctions v;. Then

vi= [ IVo@Pda~ [ Vi)

Therefore setting p(z) = Zjvzl |vj(z)]? and using (5.7), we obtain

N N
> lvil= /V(w)p(:v)dw =D IVl < IVIllell =D IVos)1? <
j=1 j=1

v; <0

_ - ko
IVIHloll = (e2)~Hlpl? < max([V|y — (ko) ~'y?) = */Vzdfﬂ'
y>0 4
Combining this with (5.5) we find that ko /4 > L1%. The theorem is proved.

We now observe that in the case of Navier—Stokes system we are dealing with
families of orthonormal systems of solenoidal vector functions. If we take this into
account, we can reduce the constant ko in Theorem 5.1 at least by a factor of two.
Namely, the following theorem holds.

Theorem 5.2. Suppose that vector functions ui,...,u, € Hg(2)? make up an
orthonormal family in Lo(Q2)?, Q C R2:

/Qul(x) ~uj(x) de = 6.

Suppose that divu; = 0 (or rotu; = 0) for j = 1,...,m. Then the following
inequalities hold:

—
=
—
8
S~—"
[ V)
U
5
N

m
< k;OIZHrotujHQ, divu; =0,
j=1
- (5.13)
< kb Z | divu,||?,  rotu; =0,

=1

—
=
—
8
S~—
[ V)
U
8
A
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where p(x) = 371, |u; (z)|? and the best constants k5*' and k5°" satisfy the relation

k
K = kB < ?2 =4L,. (5.14)

Proof. Obviously, we have to prove only (5.14). We use here the method specific
to the two-dimensional case. Given a vector function u(x) = (u'(z),u?(z))? we
consider the vector function 4(x): 4(z) = (—u?(z),u!(x))T. It easy to see that

lu(z)| = |a(z)], divu(z) =rota(x), rotu(x)= —diva(z).
Furthermore, if uy, . . ., u,, are orthonormal in Ly(£2)2, then @y, . . . , @, are orthonor-
mal and vice versa. This immediately shows that ki = kb°*. Let us prove the
inequality contained in (5.14). Suppose that the family wg, ..., u,, is orthonormal
in Ly(Q)? and let divu; = 0, j = 1,...,m. We set p(z) = Z;”:l |uj(x)|? and
consider the family of 2m vector functions w1, ..., Um, U1, .., Um. Since rota; =0,

j=1,...m, it follows that (u;, ;) =0 for 1 <i,j < m and this family is orthonor-
mal. Applying Theorem 5.1 to this family of 2m functions we obtain

4/ dm—/(; (@) + |8y ()] )>2dx <

ko > (vt |2 + [ divay %) = 2ke Y | rotuy .
j=1

j=1

Therefore k5 < ko /2. The proof is complete.

Important results in finding the constants L, , have been obtained recently. It
was shown in [17] that L, , = Lfrl’n (see (5.3)) for v > 2 and all n > 1. On this
basis the best to date estimates of the Lieb—Thirring constants for v < 5 were found
n [18]. In particular, it was shown that

3
L%n§2Lfyl’n for 1§Ay<§7 and n > 1.

Thus,

1
L, < 2L, = =

In view of (5.14), and using the lower bound for ki from [15], we finally obtain

1 1
27 < ksol kgot < 4L1’2 < =

3

This completes the proof of the estimate (4.7).
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