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Abstract

Families of binary low correlation sequences with high nonlinearity (in relation with
their Walsh Hadamard transform) are constructed by using the most significant bit of
linear recurrence sequences over the ring Zy, for [ > 3. The engineering motivation is
the design of a multicode CDMA scheme with a control of low peak to average power
ratio (PAPR). Proof techniques combine Galois Ring theory (local Weil bound) with
spectral analysis over the additive group of Zs: . New estimates on the size of weighted
degree trace codes are derived. The parameters of the sequences families constructed
are shown to lie above a modified Varshamov-Gilbert bound.
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1 Introduction

In a recent paper [8] a communication model for multi-code CDMA was introduced where
the Peak to Average Power Ratio (PAPR) of a binary word ¢ of length n = 2™ is computed
as )

PAPR(c) = =24 25*(0) iy
where d,(c) is the distance of ¢ to the first order Reed—Miiller code RM(1,m), a quantity
called nonlinearity in the cryptographic community [1]. (This situation should not be

confused with codes for OFDM where the crucial quantity to control is the DFT like in
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e.g. [9]). In that communication model words that are evaluations of bent functions have
PAPR = 1. Similarly, almost bent functions [1] correspond to PAPR = 2. A natural
question, then, is to construct binary codes that are both good for the Hamming distance
and the codewords of which have low largest PAPR.

In this correspondence, we construct families of binary low correlation sequences with
high nonlinearity, or, equivalently, binary codes with high minimum Hamming distance
and low largest PAPR. In [8] the constructions are for short lengths and small PAPR. In
constrast, in the present work, we are providing large infinite families of length 2™ of PAPR
arbitrary but parametrized by an integer [, thus achieving more design flexibility. Further,
the parameters of the sequence families constructed are shown to lie strictly above the
generalized Varshamov-Gilbert bound of [8, Lemma 2|. The technique employed uses the
most significant bit (MSB) of some linear recurrence sequence over the ring Zy, for [ > 4.
The linear recurrence is chosen, like in [10], in such a way as to optimize the use of the
local Weil bound. Like in [5] a Fourier transform on the additive group of the ring is used
to derive correlation estimates of the binary sequences from character sum estimates on the
ring sequences they are derived from. At a technical level an estimate of the size of weighted
degree trace codes is derived (Lemma 4.1) that corrects some estimates in [9].

The note is organized as follows. Section II is dedicated to definitions and notation.
Section III explains the spectral approach and the character sum bound employed. Section
IV studies the fine detail of the polynomials over the ring extension, that are used to define
the sequences in Section V. Section VI and VII contain the bounds on, respectively, the
nonlinearity and the correlation. In Section VIII, for concreteness, the special case of [ = 3
and polynomials whose weighted degree is at most three is considered. Section IX recapitu-
lates the parameters of the sequence families constructed in the previous section. The final
section (Section X) checks the statement about the generalized Varshamov-Gilbert bound
of [8, Lemma 2.

2 Preliminaries

Let R = GR(2!,m) denote the Galois ring of characteristic 2 with 2™ elements. Let & be
an element in GR(2',m) that generates the Teichmiiller set 7 of GR(2',m). Specifically,
let 7 ={0,1,&€%...,62" 2 and T = {1,£,€%,...,62"72}. We use the convention that
£ — .

The 2-adic expansion of x € GR(2',m) is given by

r = Zo+ 2.771 + -+ 2l71$l,1,
where g, x1,...,x;_1 € T. The Frobenius operator F' is defined for such an x as

F(og+2xy +--+27 ) = a2+ 222 +--- 25



and the trace Tr, from GR(2!,m) downto Zy, as

Throughout this note, we let n = 2™ and R* = R\2R. Let MSB : Z}, — Zj be the
most-significant-bit map, i.e.,

MSB(.CI?O + 25171 + ...+ Ql_l.ilfl,l) = Xj—1-

3 DFT and the local Weil bound

We assume henceforth in the whole paper that [ > 4. Let [ be a positive integer and
w = e2™/2' he a primitive 2!-th root of 1 in C. Let ¢ be the additive character of Zy such
that

Up(z) = W
Let p : Zy — {£1} be the be the mapping u(t) = (—1)¢, where ¢ is the most significant bit
of t € Zyie. it maps 0,1,...,2"1 —1to +1 and 271,271 + 1, ...,2 — 1 to —1. Our goal is
to express this map as a linear combination of characters. Recall the Fourier transformation

formula on Z:
2l—1 2l—1

b= Sy, where py = 3 ()i (—x). M
=0

=0
For all 3 in the ring R := GR(2!,m), we denote by ¥y the character

VUsg:R—C'z— w 1),
Note that for the defined above v, and ¥g, we have:
Ur(Tr(Bz)) = War(z). (2)
Let f(X) denote a polynomial in R[X] and let
f(2) = Fy(x) +2F (v) + ...+ 27 Fy (2)

denote its 2-adic expansion. Let d; be the degree in x of F;. Let x be an arbitrary additive
character of R, and set Dy to be the weighted degree of f, defined as

Df = max {d02l_1, d12l_2, e ,dl_l}.
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With the above notation, we have (under mild technical conditions) the bound

D x(f@)l < (D —1)2m2. (3)

€T

See [4] for details. We will need the following property of the weighted degree:

Lemma 3.1 Let f(z) € R[z] and a € R* = R\2R is a unit of R and let g(x) = f(ax) €
R[z]. Then
Dy = Dy,

where D¢, D, are respectively the weighted degrees of the polynomials f(x) and g(x).

Proof. Due to the linearity, we can assume that f(x) is of the form 2'F(z), where F'(z) € T
is of degree d. Thus
F(x) = co+cx+...+ceat,

where ¢; € T, j =0,1,...,d and the weighted degree D of f is equal to 2'~'~'d. Suppose

that
-1
C(k = Z 04ij3 .
j=0

Substituting ax into F'(x), and using the above expansion we obtain that F'(ax) equals

-1 d -1
223 Z&jkxk = ZQJFJ(.%'),
j=0 k=0 7=0

where Fj(z) are polynomials in 7 [z] of degree at most d. Since « is a unit and ag, # 0
(k=0,...d), the polynomial

d
Fo(z) = ZQOkckajk,
k=0

is of degree d. Thus the weighted degree of f(ax) equals 2'=*7id. O

4 Polynomials over the Galois ring GR(2, m).

Recall that R = GR(2!,m). A polynomial

d

flx) = > cja’ € Rla

J=0
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is called canonical if ¢; = 0 for all even j.
Given an integer D > 4, define

Sp = {f(z) € Rlz] | Dy < D, fis canonical},

where Dy is the weighted degree of f. Observe that Sp is an GR(2!, m)—module. The main
result of this section is:

Lemma 4.1 For any integer D > 4, we have:
1Sp| = 2P-Lp/2hm,
where | x| is the largest integer < x.

Proof. By definition of the weighted degree, we have
max {d2' ™, d,2'72,. .., di_} < D,
and in particular:
dp2"' < D, di2"2< D, ..., d_, <D.
Since d;_; is odd, it follows that:

D—-1
di—1 <Dy =2 {TJ + L.

Similarly, for any 0 < j <1 — 1, we have that d;:

D — 21—]‘—1
Thus for the fixed set of [ — 1 odd numbers Dy, D+, ..., D;_;, we have:

Dg+1 D1+1 Dl_1+1)

{f(z) € Rlz]|d; < Dj,j=0,1,...,l — 1, fis canonical}| = gm( 25+ 25+ 2

Furthermore, we obtain

-1
Do+1 Di+1 D -+1 —%Jl
or-, AT s T =) { J+Z—L

2 2

(4)

Jj=0

Since for any real x and integer k we have that |z + k| = [z] + k, the right hand side of

(4) is equal to
| D2l | D+
2l—j Z 2]+1 :
Jj=

1M



There exist integer numbers 7, and k such that D = 2!k +r, where 0 < r < 2! — 1. Thus
the above expression is equal to:

(2" = Dk + ZZ: L%J : (5)

Next, we will prove by induction that:
-1
r+ 2
3 e ®
J=

Indeed, the case [ = 2, can be verified directly. Now suppose (6) holds for all [ < L. Consider
the case [ = L+ 1. When 0 < r < 2 — 1, we have that

2L
{LJ 0,
oL+1
and (6) holds by the induction hypothesis. When 2 < r < 2L7! — 1 we can write that

r =247 where 0 <1’ <2 — 1 and observing that the term (corresponding to j = L)

{QL +r+ ZLJ

oL+1 =1

Y

the left hand side of (6) is equal to

1 L-1 L-1
2L+r + 27 i r+29
Z{ JH = 1+ 27 o |
Jj= §j=0

7=0
Note that
L1
ZQL*J'*1 = 142+ 421 = ol 1, (7)
j=0

Moreover by induction hypothesis (for [ = L):

VQ%Q]J -y (8)

h
H

Il
=)

J
Thus (7) and (8) imply (6).
Note that k = [ D/2']. So, applying (6), (5) is equal to:

' —Vk+r = 2%k+r—k = D— {—J

The Lemma follows. O



5 Binary codes and sequences
Definition 5.1 For any integer D > 4, let Cj(m, D) denote the Zy-linear code of length n:
Ci(m, D) = {x = (Too, X0, -, Tn_2) € Zin|x; = Tr(f(&)), f € Sp}. 9)
Define now the punctured at infinity version of Cj(m, D).

Definition 5.2 For any integer D > 4, let C;(m, D)* denote the Zy-linear code of length
n—1:
Ci(m,D)* = {x = (o,...,%n2) € ZY | 2; = Tr(f(&)), f € Sp}. (10)

The following result is direct from the order of ¢ and Lemma 4.1.

Lemma 5.3 Let C(l,m, D) = MSB(C;(m, D)) be the image of C;(m, D) defined by (9) un-
der the MSB map. Then C(I,m, D) is a binary code of length n with 2(D=LD/2Nm codewords.

Further, its punctured at oo version C'(l,m, D)* is shift-invariant.

By this lemma, it makes sense to define the binary periodic sequences family S(I, m, D)
as the (periodized) image under the MSB map of Cj(m, D)*, or, equivalently the sequences
whose periods are the words of C(l,m, D)*.

6 PAPR

We employ the same techniques and notations as in the preceding section. Observe first
that the scalar product zy of x,y € Fy' can always be expressed — thanks to the existence
of a self-dual basis of ;" over Fy — by means of the trace function:

.y = tr(zy).

(We tacitly identify an element of Fom with its coordinate vector over the said basis.) Let
¢(y) denote the Walsh-Hadamard Fourier coefficient of ¢; in y, namely:

Ay)= Y (F1) e, (11)

LL’EIFQm

where ¢(&) = ¢, for t € T, is viewed as a Boolean function.
Theorem 6.1 For all c € C(I,m, D) and all y € F3', we have the bound

e(y)| < (20(2)/7 + 1)(D — 1)v/n



Proof. For any u € R we write u € Fom for its mod 2 reduction. Then for any u,v € R

we have that:
tr(av) = MSB(2" ' Tr(uv)).

Consequently
MSB(Tr(f(z))) + MSB(2" ' Tr(uz)) = MSB(Tr(f(z) + 2" tuz)).

Note that for any u € R the weighed degree of 2'"*ux € R[x] is < 1. Thus if f(x) € Sp
then the polynomial f(x) + 2'"'ux belongs to the linear space Sp. So, in (11) without lost
of generality, we can drop the tr term. Recall that £ € 7% is a generator of the Teichmiiller
set. By definition of ¢; and ¥,, (where 0 # ¢ € R), for any 0 < j < 2! — 1, we have:

(Tr(z)) = W ().
As we have ¢, = MSB(Tr(f(£"))), and by (1), we obtain that (—1)* is equal to:

2l—1 2l—1

p(T(FED) = D mts(T(FE)) = 3 m¥(F(EN))

Changing the order of summation, we obtain that:

S0 = Y Y () (12)

Applying (3), the absolute value of the Right Hand Side of (12) can be estimated from

above by:
2l—1

(I CTE (13)

Recall Corollary 7.4 of [5] which states that for [ > 4 the following estimate holds:

2l—1

20 1In(2
Sl < 2Ry
j=0

™

Thus (13) can be estimated from above by:
(2lIn(2)/m + 1)(Dy — 1)V2m.

The result follows. [
This translates immediately in terms of PAPR.

Corollary 6.2 For all c € C(I,m, D) , we have, for large n, the bound
PAPR < 0.1951*(D — 1)*(1 + o(1)).

Proof. Follows immediately, by the well-known connection between Walsh-Hadamard
transform and distance to the Reed Muller code of the first order [6, 8]. O
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7 Minimum Distance

Theorem 7.1 With notation as above, and for all phase shifts T, in the range 0 < 7 <
2m —1, let (n=2")
n—2
1)02-&-7"
t=0

where ¢, = MSB(Tr(f1(£"))) and ¢, = MSB(Tr(f2(¢%))). We then have the bound (1 > 4):

o0 < (Zm@ +1) 0+ (0 - )vam),
where D = max{Dy,, Dy, }.

Proof. As we have ¢, = MSB(Tr(f;(¢"))), where ¢ ranges between 0 and n — 2 and by (1),
we obtain that (—1)° is equal to:

2l— 2t-1
p(Tr(f1(£9)) Z pitb (Tr(f2(¢ Z i %5(f1(6h))
Changing the order of summation, we obtain that:
2l—12l-1
Z Zﬂhﬂm Z\Ijjl (f1(€ j2(f2(£t+7))‘ (14)
J1=072=0

By definition of ¥, we have:

U, (F1(EN W5 (£(677)) = ¥(g(£h),

where g(z) = j1 fi(x)+jafo(z€7). Note that if f(x) € Sp then f(x£7) € Sp since, by Lemma
3.1 the change of variables x — x£™ does not increase the weighted degree. Moreover Sp is
an R-linear space. Thus the polynomial g(x) belongs to Sp along with f; and fy. Applying
(3), we obtain:

\Z\P RENTL(LEN| = | 3 wle@)| < 14 -1V (15)

xeT*
Recall the Corollary 14 of [5] which states that for [ > 4 the following estimate holds:

21212121%%\ = (%_Zl\uj!y < (%H)?. (16)

J1=0j2=0
Combining (15) with (16) the result follows. [
Using the standard connection between crosscorrelation and Hamming distance of binary

sequences we obtain the following.

Corollary 7.2 The binary code C(l,m, D) of length 2™ has minimum distance

1
>om-t 5 (0440 + DD —1)2m2,



8 Thecasel=3and D=3

In this section we consider in details the case [ = 3 and D = 3. Let R = GR(8, m). Following
Section IV, define
= {f(z) € R[z] | Dy < 3, fis canonical},

where Dy is the weighted degree of f. Let
f(z) = Fo(x) + 2F 1 (z) + 4F(x)
be the 2-adic expansion of f and d; be the degree in = of F;. Then
Dy = max{4dy,2d;,d2} < 3
implies dy =0, d; < 1, and dy < 3. Thus f(z) = 2F(x) + 4F3(x), where
Fi(x) = cox, Fy(z) = 10 + co2°, ¢, c1,¢c0 €T

As |T| = 2™, we obtain that S3 has 2°™ elements.
Recall Lemma 2 of [5]:

Sl = 2+v2). (17)

Thus we obtain the estimate on PAPR. The estimate on the minimum distance follows from:

ZZ!MZM = (Zw) _ (24 V2R

=0 7=0 7=0

To summarize, for m > 10, the binary code C(3,m, 3) has the following parameters:
e length n = 2™

e size |C(3,m,3)| = n?

e PAPR at most < 46.6(1 4 o(1)).

e minimum Hamming distance at least

> g — (2+V2)*V/n.

For instance, in case of m = 10, we get the estimate
e length n = 1024
e size |C(3,10,3)] = 2%0
e PAPR at most < 46.7.

e minimum Hamming distance at least

> 139.
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9 Conclusion

In this note we constructed a distance invariant binary code C(l,m, D) with the following

parameters
e length n = 2™
e size |C(I,m,D)| = 2P-LP/2])m
e PAPR at most 0.195/2(D — 1)?

e minimum Hamming distance d at least > 2™~ — 1(0.44] + 1)?(D — 1)2m/2

1
2
Equivalently we constructed a family S(I,m, D) of binary periodic sequences of

e periodn—1=2"—-1

size |Sp| ~ 2P=LP/2N)m /(1)

PAPR at most 0.195/*(D — 1)?
e periodic correlation at most (0.441 + 1)2[1 + (D — 1)2™/?]

By comparison the explicit constructions in [8] are limited to a small PAPR (=1 or 2) and
logarithmic family size. Here we allow an arbitrary PAPR but with many more sequences.
It is shown in the Appendix that these parameters, in a suitable range, lie above the Gilbert-
Varshamov-style bound of [8, Lemma 2].

10 Appendix: a Gilbert-Varshamov-style bound

For any 0 < r < n, set

k=0
i.e. the number of words in a Hamming sphere of dimension n and radius r. Let

Hy(x) = —xlogy(x) — (1 — x)logy(1 — ).

Lemma 7, Ch.10, §11 of [6] asserts that for any 0 < p < 1/2 the following estimate holds

onHz(p)

2T () < 2, (18)

8nu(l — u)

The goal of this section is to verify that for the certain choice of parameters [, m and D the
code C' = C(l,m, D) satisfies

onH(d, — 1) + 2P~ PR (g — 1) > 27

11



where d, = min{d.(c) : c € C}. In fact, we want to show that
2D=LP/2Dm (g — 1) > 2n, (19)

where recall that

n (0.441 4+ 1)%(D — 1)
153 (1- QU V0=

Using the Taylor expansion of In, we have that for any |§] < 1
1 1 « 5%
o(-1-6) =1-—-S 2
? (2( >) an;Qk(%—l)

Taking into account that |0] < 1 and

o0

S - L Ll
£~ 2k(2k—1)  3-4 5.6 3’
we obtain ) 52 51
Hy[=(1—-0 1-— — . 2
2(2( )) ~ 2In2  3In2 (20)
Thus, using (18) and (20), we obtain
n 2nH2(§(175)) gn(1-6%/(21n2)—6*/(31n2))
H(d=1) > H(5(1-0) > > C@
2 2n(1 — 6?) V2n
where
5 — (0.441 + 1)*(D — 1)
B 2/n '
Taking the logarithms of (19) and applying (21), we arrive at
no? né*  In(2n)
D(1—2"ym— — — > 0.
( M g 3mz 2 =
We recall that n = 2™ and rewrite this inequality
no> 262 (m+1)In(2)
D(1—2"ym > 11— )+ —= 22
( Ty ( 3 ) * 2 (22)

Assume that [ > 1 and D > 1 are fixed integers, choose m > 8 so that 2m > I*D. Then
v =2"?2>2m > 12D and
I’D
2v/n
When [ > 2 (m is at least 8 and D > 1), the right hand side of inequality (22) can be
estimated from above by (we use that 1/(2In2) < 0.73 and § < 0.451>°D/\/n)

0 <

< 0.5.

0.73n0% + 0.37m < 0.15[*D? +0.37Dm < 0.3Dm + 0.37Dm < 0.75Dm < D(1 —27")m.

12



When [ = 1 (m is at least 8 and D > 4), the right hand side of inequality (22) can be
estimated from above by (we use that 1/(2In2) < 0.73 and § < 1.041>°D/\/n)

0.73n6%2 +0.37m < 0.791*D? + 0.1Dm < 0.4Dm + 0.1Dm < 0.5Dm.

Thus inequality (22) is verified.
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