TWISTED CHARACTER OF A SMALL REPRESENTATION OF GL(4)

YUuvAL Z. FLICKER AND DMITRII ZINOVIEV

ABSTRACT. We compute by a purely local method the (elliptic) f-twisted character xr, of
the representation my = I3 1)(13 X xy) of G = GL(4, F'), where F' is a p-adic field, p # 2, and
Y is an unramified quadratic extension of F'; xy is the nontrivial character of FX/Ny/FYX.

The representation 7y is normalizedly induced from (WBB n;kl ) — xy(m1), m; € GL(¢, F),
on the maximal parabolic subgroup of type (3,1); 6 is the “transpose-inverse” involution of G.

We show that the twisted character xr,- of Ty is an unstable function: its value at a twisted
regular elliptic conjugacy class with norm in Cy = Cy (F)=“(GL(2,Y)/F*)r” is minus its
value at the other class within the twisted stable conjugacy class. It is 0 at the classes without
norm in Cy. Moreover 7y is the endoscopic lift of the trivial representation of Cy .

We deal only with unramified Y/F, as globally this case occurs almost everywhere. The
case of ramified Y/F would require another paper.

Our Cy =“(Ry,p GL(2)/ GL(1))r” has Y-points Cy (Y) = {(g,9") € GL(2,Y)xGL(2,Y);
det(g) = det(¢’)}/Y ™ (Y™ embeds diagonally); o(# 1) in Gal(Y/F) acts by o(g,9') =
(0g’,09). It is a O-twisted elliptic endoscopic group of GL(4).

Naturally this computation plays a role in the theory of lifting of Cy and GSp(2) to GL(4)
using the trace formula, to be discussed elsewhere.

Our work extends — to the context of nontrivial central characters — the work of [FZ4], where
representations of PGL(4, F') are studied. In [FZ4] a 4-dimensional analogue of the model of
the small representation of PGL(3, F') introduced with Kazhdan in [FK] in a 3-dimensional
case is developed, and the local method of computation introduced in [FZ3] is extended. As
in [FZ4] we use here the classification of twisted (stable) regular conjugacy classes in GL(4, F')
of [F], motivated by Weissauer [W].

INTRODUCTION

Let m be an admissible representation (see Bernstein-Zelevinsky [BZ], 2.1) of a p-adic
reductive group G. Its character y, is a complex valued function defined by tr7(fdg) =
Jo x=(9)f(g)dg for all complex valued smooth compactly supported measures fdg ([BZ],
2.17). It is smooth on the regular set of the group G. The character is important since it
characterizes the representation up to equivalence. A fundamental result of Harish-Chandra
[H] establishes that the character is a locally integrable function in characteristic zero.

Department of Mathematics, The Ohio State University, 231 W. 18th Ave., Columbus, OH 43210-1174;
email: flicker@math.ohio-state.edu.

Institute for Problems in Information Transmission, Russian Academy of Sciences, Bolshoi Karetnyi
per. 19, GSP-4, Moscow 101447, Russia; email: zinov@iitp.ru;supported by Russian Academy of Science
research grant 03 - 01 - 00098

1991 Mathematics Subject Classification: 10D40, 10D30, 12A67, 12A85, 14G10, 22E55, 11F27, 11R42,
11540.

Typeset by ApS-TEX



2 YUVAL Z. FLICKER AND DMITRII ZINOVIEV

Let 6 be an automorphism of finite order of the group G. Define 7 by 7 (g) = 7 (6(g)).
When 7 is invariant under the action of # (thus ?r is equivalent to 7), Shintani and others
introduced an extension of 7 to the semidirect product G x (f). The twisted character
Xr(g x 0) is defined by trw(fdg x 0) = [, xx(g % 0)f(g)dg for all fdg. It depends only
on the #-conjugacy class {hgfd(h)~;h € G} of g. It is again smooth on the #-regular set,
and characterizes the #-invariant irreducible m up to isomorphism. Moreover, it is locally
integrable (see Clozel [C]) in characteristic zero.

Characters provide a very precise tool to express a relation of representations of different
groups, called lifting, initiated by Shintani and studied extensively in the case of base
change, and also in non base change situations such as twisting by characters (Kazhdan [K],
Waldspurger [Wal), and the symmetric square lifting from SL(2) to PGL(3) ([Fsym], [FK]).
In this last case twisted characters of §-invariant representations of PGL(3) are related to
packets of representations of SI(2), and 6 is the involution sending g to its transpose-inverse.

The aim of the present work is to compute the twisted (by 0) character of a specific
representation m = my = I31y(13 X xv), of the group G = GL(4,F), I' a p-adic field, p
odd. Here Y/F is an unramified quadratic extension and yy is the quadratic character of

F> which is trivial on the group Ny,pY ™, where Ny, p is the norm map from Y to F'. This
7 is normalizedly induced from the representation ("53 ﬂ;) — xy(m1), m; € GL(3, F), of
the standard (upper triangular) maximal parabolic subgroup P of type (3,1). It is invariant
under the involution 0(g) = J~'tg~1J, where J = (a;0;5—;), a1 = az = 1, a3 = ag = —1.

A natural setting for the statement of our result is the theory of liftings to the group
G = GL(4) from its #-twisted endoscopic (see Kottwitz-Shelstad [KS]) F-group

Cy ={(g,9) € GL(2) x GL(2); det g = det ¢'} /G,

where the multiplicative group G,, = GL(1) embeds as z — (zl3, z[3), I is the identity
2 x 2 matrix, with Gal(F/F)-action which is a composition of the usual Galois action on
each of the two factors GL(2) with the transposition (g, g’) — (¢',g) if o € Gal(F/F) has
nontrivial restriction to Y. Here F is a separable algebraic closure of F' containing Y.

The corresponding map Ay of dual groups is simply the natural embedding in G =
GL(4,C) of the non connected Cy = Z4(56)

- {geé:GL(4,(C);g§th:§J: (ufll;’)} =O<<w91 ‘g) ,C)

_ <<gg Zg) L= (12(1) ); <A: (gg),B) € {GL(2,C)% det A - det B = 1}/<CX>,

0o 1
where z € C* embeds as the central element (z,27!), and where § = diag(—1,1,—1,1)
10

defined on G by the same formula that defines # on @), and Gal(Y/F) acts via conjugation
by «¢.

and w = <0 e ) Thus Cy is the O-centralizer in G of the semisimple element 3 (and 0 is
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Indeed, our result can be viewed as asserting that the f-invariant representation 7 of
G = G(F), whose central character is xy # 1 of order two, is the endoscopic lift of the
trivial representation of Cy = Cy (F) = (GL(2,Y)/F*)p. The subscript F here indicates
that (GL(2,Y)/F*)F consists of g in GL(2,Y)/F* with det(g) in F*/F*2.

To state this we note that the embedding Ay : Cy — G defines a norm map. This norm
map relates the stable #-conjugacy classes in G with stable conjugacy classes in Cy, where
“stable” means the elements in G of an orbit in the points of G in a separable algebraic
closure F of F. The crucial case is that of f-elliptic elements. A stable §-conjugacy class
consists of several #-conjugacy classes. The stable #-conjugacy classes of elements in G, and
the #-conjugacy classes within the stable #-classes, have been described recently in [F], in
analogy with the description of the (stable) conjugacy classes in the group of symplectic
similitudes GSp(2, F') of Weissauer [W]. In fact in [FZ4] the simpler case of PGL(4, F) is
used, but here, as in [F], we deal with 6-classes in GL(4, F'). We give here full details of the
description in our case.

There are four types of #-elliptic elements of G, named in [F] and here I, II, III, TV,
depending on their splitting behaviour. As in [F], our work relies on an explicit presentation
of representatives of the #-conjugacy classes within the stable such classes in G. We present
here the same set of representatives as in [FZ4].

The norm map, which we describe explicitly here, relates #-conjugacy classes of types 11
and IV to conjugacy classes in C'y. It does not relate classes of types I, III to classes in
Cy. Our “quadratic” case behaves then in a complementary fashion to that of [FZ4], where
f-conjugacy classes of types I, III are related to conjugacy classes in the group C = SO(4)
of [FZ4], but #-conjugacy classes of types II, IV are not related to conjugacy classes in C.

We prove that the 0-character of 1 = 7y, xx(g X 0), vanishes on 0-reqular elements g
of type I and III. The stable #-conjugacy classes of types II and IV come associated with
a quadratic extension F/Fs, where Y = Ej3 is a quadratic extension of F. The two 0-
conjugacy classes g, within the stable f-classes are parametrized by r in E5 /Ng, g, E*.
We show that the value of x(gr X 0), multiplied by a suitable Jacobian A(g-0)/Ac(Ng),
is 2k(r); here k is the nontrivial character of E5' /N, g, E*. We deal only with unramified
Y/F, as globally this case occurs almost everywhere. The case of ramified Y/F would
require another paper.

In particular the character y,(g x €) is an unstable function, namely its value at one
f-conjugacy class within a stable #-conjugacy class of type II or IV is negative its value at
the other #-conjugacy class.

Our result is a special case of the lifting with respect to Ay to the group G = GL(4, F)
of representations of the group Cy = (GL(2,Y)/F*)p.

Our work develops the method of [FZ4] to the context of representations with nontrivial
central characters. We use a model of our representation my = I(31)(13 X xy), different
from the standard model of a parabolically induced representation. It is a twist of the four
dimensional analogue of [FZ4], dealing with m4 = I(31)(13 X 1), of a (three dimensional)
model introduced and used with Kazhdan in [FK] to compute the twisted (by transpose-
inverse) character of the representation m3 = I(21)(12) of PGL(3, F') normalizedly induced
from the trivial representation of the maximal parabolic subgroup. We do not use our
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results to prove the fundamental lemma since in our case, as well as that of [FZ4], the
fundamental lemma is already established in [F]. In the case of the symmetric square lifting
from SL(2, F) to PGL(3, F), an analogous purely local and simple proof of the fundamental
lemma was given in [Fsym. Unit elements].

The work of [FK] uses local arguments to compute the twisted character of 73 on one
of the two twisted conjugacy classes within the stable one (where the quadratic form is
anisotropic), and global arguments to reduce the computation on the other class (where the
quadratic form is isotropic) to that computed by local means. A purely local computation
for the second class is given in [FZ3]. In [FZ4] this local computation is developed in a four
dimensional projective case. A global type of argument as in [FK] is harder to apply as there
are not enough anisotropic quadratic forms in the four dimensional case. Anyway, a simpler,
local proof, is better. Here we extend the work of [FZ4] to #-invariant representations of
GL(4, F) whose central character is nontrivial, necessarily quadratic. Our work is parallel
to — but entirely independent of — the work of [FZ4].

CONJUGACY CLASSES

Let F' be a local nonarchimedean field, and R its ring of integers. Put G = GL(4),
G = G(F) and K = G(R). Put Cy = {(g1,92) € GL(2) x GL(2); det(g1) = det(g2)}/Gn,
(G,, embeds diagonally), viewed as a group over F' with Galois action 7(g,¢’) = (1g9,79’)
unless 7 € Gal(F'/F) has nontrivial restriction to Y, in which case 7(g, ¢') = (7¢’, 7g), where
7(9ij) = (7gij). It is a form of the group C of [FZ4], and in particular Cy (Y) = C(Y),
but the Gal(F/F)-action is different: 7 € Gal(F/F) takes (g,g') of C(F) to (rg,7g").
Then Cy = Cy(F) = {g € GL(2,Y)/F*; det(g) € F*} and K¢, = Cy(R). Set §(5) =

J=1t5=1J for 6 in G. Here J is 70w 13), where w = <(1) é) Fix a separable algebraic

closure F of F. The elements d, &' of G are called (stably) 6-conjugate if there is g in G
(resp. GL(4, F)) with ¢’ = g=166(g).

We recall some results of [F| concerning (stable) #-twisted regular conjugacy classes.
There are four types of #-elliptic classes, but the norm map N from G to Cy relates only
the twisted classes in G of type II and IV to conjugacy classes in Cy. We should then
expect the twisted character of the representation considered here to vanish on the twisted
classes of type I and III.

A set of representatives for the 6-conjugacy classes within a stable semisimple #-conjugacy
class of type Iin GL(4, F') which splits over a quadratic extension E = F(v/D)of F, D € F—
F?, is parametrized by (r,s) € F*/Ng,pE* x F* /[Ng;p E* ([F], p. 16). Representatives
for the @-regular (thus t0(t) is regular) stable #-conjugacy classes of type I in GL(4, F') which
split over E can be found in a torus 7' = T(F), T = h~'T*h, T* denoting the diagonal
subgroup in G, h = 6(h), and

al 0 0 CLQD
T = {t = ( 0 Z; ";ID 0 ) =h R t* = diag(a, b, ob, 0a) € T*}.

ag 0 0 aq

Here a = a1 + asV/D, b = by + bov/D € E*, and ¢ is regular if a/oa and b/ob are distinct
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and not equal to +1. Note that here T* = T*(F') where the Galois action is that obtained
from the Galois action on 7.

A set of representatives for the f-conjugacy classes within a stable #-conjugacy class can
be chosen in T. Indeed, if t = h™1t*h and t; = h='tjh in T are stably f-conjugate, then
there is g = h™'ph with t; = gtf(g)~!, thus ¢} = ut*0(u)~! and t30(t}) = ut*O(t*)u=t.
Since t is f-regular, p lies in the #-normalizer of T*(F) in G(F). Since the group W?(T*, G)
= NY(T*, G)/T*, quotient by T*(F) of the §-normalizer of T*(F) in G(F), is represented
by the group W9 (T*, G) = N%(T*,G)/T*, quotient by T* of the #-normalizer of T* in G,
we may modify p by an element of W?(T*, G), that is replace t; by a #-conjugate element,
and assume that p lies in T*(F). In this case uf(u)~! = diag(u, u’, ou’, ou) (since t, t; lie
in T%), with u = ou, v’ = ou’ in F*. Such t, t; are f-conjugate if g € G, thus g € T,
so p = diag(v,v’,0v’,0v) € T* and pf(p)~! = diag(vowv,v'ov’,v'ov’,vov). Hence a set
of representatives for the #-conjugacy classes within the stable f-conjugacy class of the
f-regular ¢ in T is given by ¢ - diag(r,s,s,r), where r, s € F* /Ng/p E*.

A set of representatives for the 6-conjugacy classes within a stable semisimple #-conjugacy
class of type I in GL(4, F') which splits over the biquadratic extension £ = Fj F5 of F' with
Galois group (o, 7), where Ey = F(V/D) = E™, E; = F(VAD) = E°7, E3 = F(V/A) = E°
are quadratic extensions of F, thus A, D € F — F?, is parametrized by r € F*/Ng, /rET,
s € F*/Ng,,rE5 ([F], p. 16). It is given by

0 bQS bls 0
asr O 0 air

air O 0 as Dr
( 0 bisbeADs 0 ) = h~'t*h - diag(r,s,s, ), t* = diag(a, b, b, 0a).

Here a = ay + axv/'D € Ey*, b= by +byVAD € ES, (h) = h.

A set of representatives for the 6-conjugacy classes within a stable semisimple #-conjugacy
class of type IIT in GL(4, F') which splits over the biquadratic extension E = E F5 of F with
Galois group (o, 7), where By = F(v/D) = E™, E; = F(V/AD) = E°7, E3 = F(V/A) = E°
are quadratic extensions of F', thus A, D € F — F?, is parametrized by (= ry + TQ\/Z) €
E5 /Ng/g,E* ([F], p. 16). Representatives for the stable regular -conjugacy classes can
be taken in the torus 7' = h~'T*h, consisting of

t= <Z bf) = h~Y4*h, t* = diag(a, T, 0T, o),

where h = 6(h) is described in [F|, p. 16. This ¢ is f-regular when a/oa, 7(a/oa) are
distinct and # +1. Here

a1a2A _ b1 b A . _ 7’17’214
a:<a2 a1>’ b-(b; §1>, put also r—<r2 7’1)'
Further « = a +bvVD € EX, a = a1 +axvVA € Ef, b=0b +byV/A € EX, oa =a—b/D,

Ta = Ta+ b/ D. Representatives for all §-conjugacy classes within the stable f-conjugacy
class of t can be taken in T. In fact if ' = gtf(g)~! lies in T and g = h™*ph, u € T*(F),
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then pf(p)~t = diag(u, Tu, o7y, ou) has u = ou, thus u € E. If g € T, thus p € T*,
then p = diag(v, 7v,o07v,00) and pf(p)~! = diag(vov, TvoTv, TVOTV, VOV), With vov €
Ng/g, E™. We conclude that a set of representatives for the #-conjugacy classes within the
stable f-conjugacy class of ¢ is given by t - diag(r,r), r € E5'/Ng g, E*.

Representatives for the stable regular #-conjugacy classes of type IV can be taken in the
torus T' = h~'T*h, consisting of

t= <‘; baD) = h~t*h, t* = diag(a, o, 03, 0%a),

where h = 60(h) is described in [F], p. 18. Here « ranges over a quadratic extension
E = F(v/D) = E3(v/D) of a quadratic extension E3 = F(y/A) of F. Thus A € F — F?,
D = dy + doVA lies in B3 — E?2 where d; € F. The normal closure E’ of E over F is E if
E/F is cyclic with Galois group Z/4, or a quadratic extension of E, generated by a fourth
root of unity (, in which case the Galois group is the dihedral group D,4. In both cases the
Galois group contains an element o with ovVA = —\/Z, oV D = \/E, o?v/D = —/D. In
the D, case Gal(E’/F) contains also 7 with 7¢ = —(, we may choose D = v/A, 7D = D
and ov'D = (/D.

In any case, t is f-regular when o # o2a. We write o« = a+bvVD € E*, a = a1 +asVA €
EX, b=0b +bVA € ES, oa=0a+obVoD, o?a =a—bv/D. Also

a=(nut). =% p=(07%)

Representatives for all #-conjugacy classes within the stable #-conjugacy class of t can
be taken in T. 1In fact if ¥ = gtf(g)~! lies in T and g = h~'ph, u € T*(F), then
pl(p)~t = diag(u,ou,o3u,0?u) has u = o?u, thus uw € EJ. If g € T, thus u € T%,
then p = diag(v,ov,0%v,0%v) and pf(p)~! = diag(vo?v,o(vo?v), o(ve?v),ve?v), with
vov € Ng/g, E*. It follows that a set of representatives for the #-conjugacy classes within

the stable f-conjugacy class of t = h=1t*h = (Z bf), where t* = diag(a, o, oc3a, 0%a), is

given by multiplying « by r, that is t* by t§ = diag(r, or,o%r, 0?r), where r = o?r ranges

over a set of representatives for EJ /Ng /g, E*. Now tg = h=1tsh = (r r). Hence a set of
representatives is given by t - diag(r,r), r € E5 /Ng/p, E*.

NORM MAP
The norm map N : G — Cy is defined on the diagonal torus T* of G by
N(diag(a, b, c,d)) = (diag(ab, cd), diag(ac, bd)).

Since both components have determinant abced, the image of NV is indeed in Cy-.
In type IT we have a € E, By = E™ = F(\/D), b€ Ef, E; = E°” = F(J/AD), and the

norm map becomes

N(diag(a,b,7b,0a)) = (diag(ab, 7(b)o(a)), diag(at(b), bo(a))).
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The two components on the right are mapped to each other by 7, while the pairs of eigen-
values ({ab, 7(b)o(a)} and {ar(b),bo(a)}) are permuted by o. Hence the right side defines
a conjugacy class in GL(2, E3)r (the determinant ab - 7(b)o(a) = a7(b) - bo(a) lies in F*,
and Fj is the fixed field of o in F). We choose Y to be the quadratic extension Fs of
F. The image of this torus is the torus (up to conjugacy) in Cy (F') which splits over the
biquadratic extension F of F'.

In type IV we have o € EX, E = E3(\V/D), ac?a € Ef, E3 = F(v/A), and the norm
map becomes

N(diag(e, oo, 0®ar, 0%a)) = (diag(aoa, o?ac?a), diag(acia, cac?a)).

Here 0 permutes the two diagonal matrices on the right, and o2 permutes each pair of
eigenvalues. Since both components of N(x) have equal determinants in F'*, diag(x, )
defines a conjugacy class in GL(2, E3)r. Hence the norm map defines a conjugacy class in
Cy = Cy (F) for each 6-stable conjugacy class of type IV in G = G(F'), where we take Y
to be Fjs.

In types I and III the image of the map N does not correspond to any conjugacy class
in Cy, for any quadratic extension Y of F.

JACOBIANS

The character relation that we study relates the product of the value at ¢ of the twisted
character of our representation my = I(31)(13 X xy) by a factor A(t x #), with the product
by a factor Ac(Nt) of the value at Nt of the character of the (trivial) representation 1¢,,
of Cy which lifts to my.

The factor A(t x ) is defined by

A(t x 0)* = | det(1 — Ad(t0))| Lie(G/T)|.

Here ¢ lies in the #-invariant torus 7' which we take to have the form T = h~'T*h, T* is
the diagonal subgroup and A = 0(h). Thus in the formula for A(t x 6) we may replace
t = h~='t*h and T by the diagonal t* and T*. Note that Lie(G/T*) = LieU @ LieU~, and
the upper and lower triangular subgroups U, U~ are f-invariant. We have

| det(1 — Ad(#9))| LieU| = [ [T(1 = > B(1))I,

© BEO

where the product ranges over the orbits © of 6 in the set of positive roots 3 > 0, and the
sum ranges over the roots in the #-orbit. Thus for ¢t = diag(a, b, ¢, d) we obtain

-39 (1-22) -2 (-2

| det(1 — Ad(t))| LieU ™| = 6(af)~*| det(1 — Ad(t6))| Lie U|

Further,
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where b b
5(t6) = [T A6 = GHEDEE) = [T 80 = 5(0).

© peO6 ¢ ¢ B>0
Altogether

_|(ac—=0bd)* (ab—cd)* (a—d)? (b—c)? 12

Alt0) = abed  abed  ad be
Similarly,
Ac(Nt) = 65Y2(N#)| det(1 — Nb)| LieUg| = |24 . o (1 - C‘—b) (1 - @>
¢ c “17led bd cd bd/ |’
and so
Ate)  |(a—d)? (b—c)2|"?
Ac(Nt) | ad ke

Then in case 11 if t = diag(a, b, 7b,0a), a = ay + axvV/D € E, b = by + by/AD € EJ,
we get

1/2
AB)  |(a—oa)? (b—ob)?|"?  |(202VD)? (2b2vVAD)?
Ac(Nt) | aoa bob a?—a3iD b —b2AD

In case IV, if t = diag(o, oo, 03, 0%a), a = a + bV'D, a = a1 + azVA, b = by + byV/A,
oo =ca+obVoD, oc3a = oa — obV/oD, a — o?a = 2bv/D, o(a — 0%a) = 20bV/o D, and

A(tB)  |(a—02)? ola—o2a)?[V? (4bob)2Do D 12
Ac(Nt) | ac?a fogeTende’ (a2 —b?D)o(a? — b2D)
CHARACTERS

Denote by f (resp. fc, ) a complex-valued compactly-supported smooth (thus locally-
constant since F' is nonarchimedean) function on G (resp. Cy). Fix Haar measures on G
and on CYy.

By a G-module 7 (resp. Cy-module m¢, ) we mean an admissible representation ([BZ])
of G (resp. Cy) in a complex space. An irreducible G-module 7 is called @-invariant if
it is equivalent to the G-module m, defined by 7(g) = 7(A(g)). In this case there is an
intertwining operator A on the space of 7 with 7(g)A = Am(6(g)) for all g. Since 6% = 1 we
have 7(g)A% = A% (g) for all g, and since 7 is irreducible A? is a scalar by Schur’s lemma.
We choose A with A2 = 1. This determines A up to a sign. When 7 has a Whittaker
model, which happens for all components of cuspidal automorphic representations of the
adele group GL(4, A), we specify a normalization of A which is compatible with a global
normalization, as follows, and then put 7(g x 0) = 7(g) x A.
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Fix a nontrivial character ¥ of F' in C*, and a character ¢)(u) =% (a1 2 + a2,3 — as ) of
u = (u;,;) in the upper triangular subgroup U of G. Note that 1(0(u)) = ¢ (u). Assume that
7 is a non degenerate G-module, namely it embeds in the space of “Whittaker” functions
W on G, which satisfy — by definition — W (ugk) = ¥ (u)W(g) for all g € G, u € U, k in a
compact open subgroup Ky of K, as a G-module under right shifts: (7(g)W)(h) = W (hg).
Then 7 is non degenerate and can be realized in the space of functions *W(g) = W(6(g)),
W in the space of 7. We take A to be the operator on the space of m which maps W to .

A G-module 7 is called unramified if the space of 7 contains a nonzero K-fixed vector.
The dimension of the space of K-fixed vectors is bounded by one if 7 is irreducible. If 7 is
f-invariant and unramified, and vy # 0 is a K-fixed vector in the space of 7, then Avg is a
multiple of vy (since 6K = K), namely Avg = cvg, with ¢ = £1. Replace A by cA to have
Avg = vg, and put 7(0) = A.

When 7 is (irreducible) unramified and has a Whittaker model, both normalizations of
the intertwining operator are equal. In this case 9 is unramified (trivial on R but not
on w1 R, where 7 is a generator of the maximal ideal of R), and there exists a unique
Whittaker function Wy in the space of m with respect to ¢ with Wy =1 on K. It is mapped
by 7(0) = A to Wy, which satisfies “Wy(k) = 1 for all k in K since K is f-invariant.
Namely A maps the unique normalized (by Wy(K) = 1) K-fixed vector Wy in the space of
7 to the unique normalized K-fixed vector W, in the space of %7, and we have Wy = Wj.

For any (admissible) 7w and (smooth) f the convolution operator 7 (fdg) = [ f(g)m(g)dg
has finite rank. If 7 is f-invariant put 7(fdgx0) = [o f(g)7(g)7(0)dg. Denote by tr 7(fdgx
0) the trace of the operator 7 (fdgx6). It depends on the choice of the Haar measure dg, but
the (twisted) character x, of m does not; x, is a locally-integrable complex-valued function
on G x 0 (see [C], [H]) which is f-conjugacy invariant and locally-constant on the #-regular
set, with tr 7(fdg x 0) = [ f(g)x=(g x 0)dg for all f.

Local integrability is not used in this work; rather it is recovered for our twisted character.

SMALL REPRESENTATION

To describe the G-module of interest in this paper, take P to be the upper triangular
parabolic subgroup of type (3,1), and fix its Levi factor to be M = {m = diag(ms, m1); ms €
GL(3,F), my € F*}. It is isomorphic to GL(3, F) x F*. Let § denote (as above) the
character §(p) = |Ad(p)|Lie N| of P; it is trivial on the unipotent radical N (= F?3)
of P. Then the value of § at p = mn is |m]°®detms|. Denote by I(m;) the G-module
7 = Ind(6/?m; P, G) normalizedly induced from m; on P to G. It is clear from [BZ] that
when 7 is self-contragredient and I(m) is irreducible then I(7;) is #-invariant, and it is
unramified if and only if m; is unramified.

Our aim in this work is to compute the 0-twisted character X, of the GL(4, F')-module
Ty = I(3,1)(13 X xv ), where 13 X xy is the P-module (”53 7;:1> — xy(m1), xy s a quadratic
character of F*, m; € GL(i, F), by purely local means.

We begin by describing a useful model of our representation, in analogy with the models
of [FK] and [FZ4] of analogous representations I(51)(12) of PGL(3, F') and I(31)(13) of
PGL(4, F). Indeed we shall express 7y as an integral operator in a convenient model, and
integrate the kernel over the diagonal to compute the character of 7y-.
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Denote by 1 = us the character p(x) = |z|¢T1/2 of F*, and by xy a quadratic character
of F*. This pair (i, xy) defines a character up = psy,p of P, trivial on N, by up(p) =

p((det msz)/m13)xy (my) if p = mn and m = <ﬂ83 7731) with mg in GL(3, F'), my in GL(1, F).

If s = 0, then up = 6'/2yy, where viewed as a character on P, xy takes the value
xy(m1) at p. Let Wy = WY be the space of complex-valued smooth functions 1) on G
with ¥ (pg) = pp(p)(g) for all p in P and g in G. The group G acts on Wy by right
translation: (m5(g)¥)(h) = ¥(hg). By definition, I(31)(13 X xy) is the G-module W, with
s = 0. The parameter s is introduced for purposes of analytic continuation.

We prefer to work in another model V, = V;Y of the G-module W,. Let V denote
the space of column 4-vectors over F'. Let V; be the space of smooth complex-valued
functions ¢ on V — {0} with ¢(Av) = u(A\)"*xy(A\)¢(v). The group G acts on V; by
(1s(9)9)(v) = p(det g)d(tgv). Let vg # 0 be a vector of V such that the line {Avg; A
in F'} is fixed under the action of *P. Explicitly, we take vog = %(0,0,0,1). It is clear
that the map V, — Wy, ¢ — ¢ = 1y, where ¢¥(g9) = (75(9)¢)(vo) = u(det g)¢(*gvo),
is a G-module isomorphism (check that v, (5 = 7s(9)¥e), With inverse ¢ — ¢ = ¢y,
d(v) = p(det g)~1(g) if v = tgvg (G acts transitively on V — {0}).

For v = Y(x,y,2,t) in V put ||v| = max(|z|, |y, ||, [t|). Let V? be the quotient of the
set V1 of v in V with ||v|| = 1, by the equivalence relation v ~ av if a is a unit in R.
Denote by PV the projective space of lines in V' — {0}. If ® is a function on V' — {0} with
®(\v) = |A|74®(v) and dv = dx dy dz dt, then ®(v)dv is homogeneous of degree zero.

Define
/ ®(v)dv to be / O(v)dv.
PV Vo

/ O(v)dv = / ®(gv)d(gv) = | det g d(gv)dv.
PV PV

PV
Put v(xz) = |z| and m = 2(s — 1). Note that v/us = p_s. Put (w,v) = *wJv. Then
{gw,0(g)v) = (W, V).

1. Proposition. The operator

Clearly we have

TV V= Vos,  (I79)(v) = - o(w)[{w, v)|"xy ((w, v))dw,

converges on Res > 1/2, and satisfies there TY 75(g) = 7_5(0(g))TY for all g in G.
Proof. We have
(TY (ra(9)))(v) = [(7() ) (W)W Iv|™xy (w, v))dw
— (et g)  $( gw) twv|™xy ((w, v) ydw
= |det g| "' u(det g) [ o(W)[*("g~ W) Iv["xy (g~ W, v))dw
 (uf)dotg) | ey end - g ATl gy i
= (1/v)(det g) [ o(w)[{w, 0("g)v)|"xy ((w, 0("g)v))dw
— (v/m)(det 6(g)) - (T D) (0(g)v) = [(m—+(8(0))) (T $)](v)

~— —

w
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for the functional equation.
For the convergence, we may assume that ¢ = 1 and v = (0,0, 0, 1), so that the integral
is fR |z|"™dx, which converges for Rem > —1. Our m is 2s — 2, as required. O

The spaces V; are isomorphic to the space W of locally-constant complex-valued functions
¢ on V1 with ¢(Av) = xy (M\)o(v) for all A € R*, and TY is equivalent to an operator T7"°
on W. The proof of Proposition 1 implies also

1. Corollary. The operator TY"° o 7,(g~1) is an integral operator with kernel

(1/v)(det () |(w,0( g~ Hv)["xy ((w,0(*g")v))  (v,w in V')
and trace
[T 0 7,(g71)] = (v/p)(det g) /V eV (v )iy,

Next we normalize the operator TY = TY:0. Recalling that xy is unramified (= 1 on
R*, xy(m) = —1), we normalize TY so that it acts trivially on the one-dimensional space
of K-fixed vectors in V5. This space is spanned by the function ¢g in Vi with ¢g(v) = 1 for
all v in V9. This is the only case studied in full in this paper.

Denote again by 7 a generator of the maximal ideal of the ring R of integers in our
local nonarchimedean field F' of odd residual characteristic. Denote by ¢ the number of
elements of the residue field R/mR of R. Normalize the absolute value by || = ¢~!, and
the measures by vol{|z| < 1} = 1. Then vol{|z|] = 1} =1 — ¢~!, and the volume of V? is
=g H/A=q ") =1+q¢"+q 2 +q°

2. Proposition. If vo =%(0,0,0,1), we have

(T ¢o)(vo) = B

®0(vo).

When s = 0, the constant is (1 +q~2)(1 +q)~ 1.

Proof. Since yy is unramified, we have

(TY ¢0)(vo) :/ ¢0(V)\tVJV0\mXY(tVJV0)dV:/ || xy () dzdydzdt
Vo Vo

= [/ —/ ] |z| " xy (x)dzdydzdt/ dx
[Iv][<1 [Iv][<1 |z|=1

= (1 + qm4)/| < ‘x|me(x)d:C/ it dr = (1 + q72(s+1))/(1 +q172s),

since m = 2(s — 1) and
/ lz|™xy (z)dz = (1 4+ ¢~ ™ 1)1 / dzx.
|z|<1 lz|=1

The proposition follows. O
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CHARACTER COMPUTATION FOR TYPE I

For the #-conjugacy class of type I, represented by g =t - diag(r, s, s, r), the product

air 0 0  apDr 0 0 0 1 t

‘ _ 0 bis byDs 0 0 0 1 0 z
vgJv=(tzzy) | 4 bos  bys 0 0 -1 0 0]z
asr 0 0 air -1 0 0 0 Yy

is equal to
—t2a5Dr — 2°byDs + 1%bos + y2a2r.

Note that r and s range over a set of representatives for F* /Ng,/pE*.
By Corollary 1, we need to compute

A(g0)

(p)(detg)m

/VO "vgJv|"xy (*vgJv)dv

o |rs|1_s|4a2b2D|
|(ai — a3D)(b} — b3D)|*/2

/ o2 Dy () dadydzdt.
Vo

Here o is 22bgs + y2aor — 2269 Ds — t2ax Dr. Put r' = _Z_sg

value at s = 0 of the product of

. Thus we need to compute the

b
bz

Xy (bas) || 7 4DF[(( )7 = (32 D)((

2_D —s/2
2 2D) () - D)

with the integral IY (r/, D), where Q = 2% — ry? — D2? +rDt? and
I (r,D) = / 1Q12¢ " Vxy (Q)dzdydzdt.
VO

I. Theorem. When Y/F is unramified, the value of IY (v, D) at s = 0 is 0.

Proof. Consider the case when the quadratic form Q = x? —ry? — Dz? 4+ rDt? is anisotropic
(does not represent zero). Thus D =« and r € R* — R*? (hence |[r| = 1, |D| = 1/q), or
D € R* — R*? and r = . The second case being equivalent to the first, it suffices to deal
with the first case.

The domain max{|z|, |y, |z|, [t|} = 1 is the disjoint union of {|z| = 1}, {|z| < 1, |y| = 1},
{lz] < 1,|ly| < 1,]z| = 1} and {|z| < 1,]y| < 1,|2| < 1,|t| = 1}. Note that yy (2 — ry® —
Dz? + rDt?) is equal to 1 on the first two subdomains and equals —1 on the other two.

Thus the integral IY (r, D) is the quotient by f|m|=1 dx of

/ d:l:+// da:dy—q_m/// dxdydz
|z|=1 |z|<1,|y|=1 |z]<1,|y|<1,[z|=1
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_m//// dxdydzdt
x| <1,|y|<1,|z|<1,|t|=1

_1_|_q1_q — m3_1+q1_q23_q—2s—1‘
The value at s = 0 is 0 and thus the theorem follows when the quadratic form is anisotropic.

We then turn to the case when the quadratic form is isotropic. Recall that r ranges over
a set of representatives for F* /Np,pE*, E = F(vD). Thus D € F — F?, and we may
assume that |D| and |r| lie in {1,¢"'}.

I.1. Proposition. When the quadratic form x? — ry? — Dz? 4+ rDt? is isotropic, r lies in
Ng/pE>, and we may assume that the quadratic form takes one of three shapes:

2> —y? =Dz + Dt?, De R* — R*? 2*+7my* —m2® —7n*t?, 2® —y? — 7w + 7wt

Proof. (1) If E/F is unramified, then |D| = 1, thus D € R* — R*2. The norm group
Ng/pE* is m?2R*. If 2? — ry* — Dz* 4+ rDt? represents 0 then r € R*, so we may take
r=1.
(2) If E/F is ramified then |D| = ¢~! and Ng/pE* = (—D)?R*2. The form z? — ry? —
Dz? + rDt? represents zero when r € R*? or r € —DR*2. Then the form can be taken to
be 22 + Dy? — D2? — D?t? withr = —D and |Dr| = ¢~ 2, or 22 —y?> — Dz? + Dt? withr = 1
and |Dr| = ¢—1. The proposition follows. O
The set V0 = V/ ~, where V = {v = (2,9, 2,t) € R*; max{|z|, [y|, ||, |t|} = 1} and ~ is
the equivalence relation v ~ av for « € R*, is the disjoint union of the subsets

VY =Vr,D)=V,(r,D)/ ~

n

where
Vi = Viu(r, D) = {v;max{|z|, |y|, |z, |t|} = 1, \332 —ry? — D2* + rDt2] =1/q"},

over n > 0, and of {v;x? —ry? — D22 + rDt?> = 0}/ ~, a set of measure zero.
Thus the integral I} (r, D) coincides with the sum

> (=1)"q " vol(V,)(x, D)).

n=0

When the quadratic form represents zero the problem is then to compute the volumes
vol(V2(r, D)) = vol(V,,(r, D))/(1 — 1/q) (n >0).

We need the following Technical Lemma.
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I.0. Lemma. When ¢ € R*? and n > 1, we have

2 1
)
le2—22|=q—" q q

Proof. Making the change of variables y = cx, we have

...d:z::/ .o.dy.
/ICQSCQI:q—” [1—y?|=g—"

From |1 — y?| = |1 — y||1 +y| = ¢~ ™ it follows that

d
y==+l+en™; || =1, aly:—8

n"

Thus the integral is equal to

2 2 1
y=t1l4ermm,|e|=1 q le|=1 q q

The lemma follows. O

I.1. Lemma. When D =m and r =1, thus |[rD| = 1/q, we have

1_1/Q7 an:()a
vol(V)) =< ¢ 11 —1/¢)(2+ 1/q), ifn =1,
2 (1= 1)1 +1/q),  ifn>2

Proof. In our case
Vo = Vo(1,m) = {(2,y, 2 t); max{|a], [y|, [], [t]} = 1, [2* — y* — w2 + 7t?| = 1}.
Since |z| < 1 and [t| < 1, we have |7(2%2 —t?)| < 1, and
L= |2? —y® —m® +wt?| = 2 — y?| = [z — y[|z + y].
Thus |z —y| = |z + y| = 1, and if |z| # |y|, |* £ y| = max{|z|, |y|}. We split V} into three

distinct subsets, corresponding to the cases |z| = |y| = 1; |z| = 1, |y| < 1; and |z| < 1,
ly| = 1. The volume is then

vol(Vp) = / / / [/ ] dydxdzdt
[t|<1 /|z[<1 J]z|=1 | J|y|=1,|z—y|=]z+y|=1
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—|—/ / [/ / —|—/ / ] dydxdzdt
ti<1 Jiz<t [Jlel=1 i<t Jzl<t Jlyl=1
2 1 1\?
:/ [/ ]dydx+—(1——):(1——).
z]=1 |/ |y|=1,Je—y|=|o+y|=1 q q q

Consider the case of V,, with n > 2. If |z| = 1, then put ¢ = c(x,t,2) = 22 + 7 (t? — 2?).
Since |m(t? — 22)| < 1, we have c(x,t,2) € R*?, and we can apply Lemma 1.0. Thus we

obtain
1 2 1

1\ 2 2
dydededt = ([1— =) = (1-=) == (1-=] .
t1<1 J|2|<1 Jja|=1 J|e—y2|=¢—" a/) q" q q" q

If |x| < 1 it follows that |y| < 1. Since max{|z|, |y|,|z|, |t|} = 1 and n > 2 it follows that
[t| = |z| = 1. Indeed, if, say, |t| = 1 but |z| < 1, then |2? — y? — 2% + wt?| = |nt?| = 1/q,
which is a contradiction. Further, dividing by m we obtain |22 + (y? — 2?) /7 — 2| = ¢* ™.
Put ¢ = c(z,y,2) = 22 + (y?> — 2%)/m. Since |(y? — z?)/7| < 1, we have ¢ € R*?, and using

Lemma 1.0 we obtain

2

1 1 1 2 1\?
/ / / / dtdzdydxr = o (1 — —) — (1 — —) = — (1 — —) .
lz|<1 J|y|<1 J|z|=1 J|c—t2|=q1—" q q q q

Adding the two cases we have (n > 2)

2 2
2 1 2 1 2 1 1
wit= 2 () L ()22 () (1)
Yo a) gt a) " q q
Consider the case n = 1. The case |x| = 1, is exactly the same as for n > 2. The

contribution is 2/q(1 — 1/q)?. Now if |z| < 1 then |y| < 1 and max{|z|,|t|} = 1. We have
|22 — y? — w2? + 7wt?| = |w(2% — t?)| = ¢~!. Dividing by 7 gives |2% — t?| = 1. The volume

of this subset is
1
—2 / / dtdz—I—/ / dtdz
|z]=1 J|2z2—t2|=1 |z]<1 J|t]=1
1 2 1 1 1 1\?
=— 1—— 1——)4+-11-= =— 1—= .
q q q q q q q

Adding the two cases, we have

) 1\2
=2 (1-2Y"
q q

W] =
VRS
[—

|
| =
~__

[\
I
Q| =
N
[\

+
Q| =
~__
N
—_

|
| =
~__

(V]

The lemma follows.
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I.2. Lemma. When D =7 and r = —m, thus |[rD| = 1/¢*, we have

1, ifn=20,

o ) e (1=1/q), ifn=1,
V=N 20 1y 2/g2). fn=2,
2 (1-1/q)(1+1/q),  ifn>3

Proof. To compute vol(Vp), recall that in our case
Vo = {(z,y, 2. t)ymax{|z|, [y], |2, [t]} = L, |2* + w(y* — 27) —w*?| = 1}.
Since |y| <1, |z| <1, |t| < 1, we have |2? + w(y? — 22) — w?t?| = |2?| = 1, and so

1
vol(Vy) = / / / / drdydzdt =1 — —.
[t1<1 J1z|<1 J|y|<1 J |z|=1 q

To compute vol(V,,), n > 1, recall that
Vo = {(z,y, 2, t)ymax{|al, [y], 2], [t]} = 1, [2° + 7w (y* — 2°) = w°¢*| = 1/¢"}.
Assume that || = 1. Then
1= 2% =2 +7(y? — 2%) — 7%t = 1/q" < 1.

Thus we have that |z| < 1 and max{|y|, |z], |t|} = 1.
Consider the case n = 1. Then |y? — 2?| = |y &+ 2| = 1. We have

vl = /|t|51 /|w|<1 [/|y|=1 /|yiz|:1 ! /|y|<1 /|z|:1] dedyded
[0 (-85 0D 0-0)

Consider the case n > 3. As in the analogous case of Lemma 1.1, we consider the cases
of [yl =1 and |y| < 1. Adding the two cases we have (n > 3)

) 1\2 2 1 2 1 1\?2
VOl(Vn):—n<1—_> + ntl (1——):—n<1+_> (1——) .
q q q q q q q

Consider the case n = 2. If |y| = 1 we apply Lemma 1.0 (as in the case n > 3) and the
contribution is 2/¢?(1 — 1/¢)?. Now if |y| < 1 then |2| < 1 and |t| = 1. The contribution
from this subset is

/ / / / dxdtdzdy = (1 — —) E (1 — g) .
ly|<1 /| |<1 [t|I=1 J|t2—(z/7)2|=1 q q

Adding the two cases (see Lemma 1.1 for details), we obtain

o3 (- (- 023 0-) (-3-3)

The lemma follows. 0
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I.3. Lemma. When E/F is unramified, thus [rD| =1, we have

1—1/q¢% ifn=0,

VOI(Vr?): { q—n(l_l/q)(1+2/q—|—1/q2), anzl

Proof. First we compute vol(Vy). Recall that in our case
Vo = {(z,y, 2, t)ymax{|z], |yl [2], [t|]} = 1, ]2* — y* = D(z* — t*)| = 1}.
Since |2? — y* — D(2* — *)| < max{|z], |yl |2|, |¢]},
Vo = {(z,y,2,t) € R* |2 —y* — D(2* —t?)| = 1}.

Make the change of variables ' =z +vy, vy =x—y, 2/ = 2+t, ' = 2 —t. Renaming 2/,
y', 2, t' as z, vy, z, t, we obtain

Assume that |ry| < 1. Since |zy — Dzt| = 1, it follows that |2t| = |z| = |t| = 1. The
contribution from the set |zy| < 1 is

/le /|Z|:1 [/|xl<1/|y|§+/|x|:1 /|y|<1] dydzdzdt
() G D)D)

Note that the contribution from |zy| = 1, |2t| < 1, is the same and equals

1 1)” 1
“(1-=) (2-=).
q q q
We are left with the case |zy| = |2t| = 1, 1le. |z| =yl =|2| =|t| = 1. If |z| = |y| =

|z| =1 we introduce U(x,y, z) = {t; |[t| =1, |xry — Dzt| = 1}, a set of volume 1 —2/q. The
contribution from this case is

3
1 2
/ / / / dtdzdyd:z; = (1 — —) (1 - —) .
lz|=1 Jly|=1 J]z|=1/U(z,y,2) q q

Thus we obtain

=203 (-3) - (-3 (-2 (- (+3)
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Next we compute vol(V,,), n > 1. Recall that in our case
Vn = {(m,y,z,t);max{|x|, |y|7 |Z|, |t|} = 17 |CU2 - y2 - D(Z2 - t2)| = 1/qn}
Making the change of variables u = = + vy, v = ¢ — y, we obtain
Vo = {(u,v, Zat); maX{|u + U|7 |u - U|7 |Z|7 |t|} =1, |UU - D(zz - t2)| = 1/qn}
Since the set {v = 0} is of measure zero, we assume that v # 0. Then |[uv—D(2%2—t2)| = 1/q¢"
implies that u = D(2? — t?)v~! + wv™lax™, where |w| = 1. There are two cases.
Assume that |v| = 1. Note that if |22 —t2| = 1, then max{|z|, |t|} = 1, and if |22 —#2| < 1,

then (since n > 1)

lu| = |D(2* — t*)v~! + woln"| < max{|z? — |, "} < 1,

and consequently |u 4+ v| = |v] = 1. So |v| = 1 implies that max{|u + v|, |u —v|, |z|, |t|} = 1.
Further, since |v| = 1, we have du = ¢~"dw. Thus the contribution from the set with
lv] =1 1is

1 1\?
dudvdzdt = —dv =—(1—-—-) .
1t1<1 J|z|<1 J|v|=1 J juv—D(22—12)|=1/¢q" lo|=1 Jjw|=1 4" qr q

Assume that |v| < 1 and |u| = 1. Thus max{|u + v|, |u — v|, ||, |t|]} = 1. We write
v=D(2%—t>)u"! + wuln" where |w| =1 and dv = ¢ "dw. Since

22 = 2] < max{[o],¢ 7"} < L,

it follows that |22 — t?| < 1. Note that

12 1 1 1
[ wa=] [ e [ a-(i-1)20-1(p00)
|22 —t2|<1 |z|=1 J|22—t2|<1 lz|<1 J|t|<1 q q q q

The volume of this subset equals

1 1
// / / dvdudzdt = — (2 — —) —n/ / dwdu
22—t2|<1 Ju|=1 J Juv—D(22—12)|=1/q" q lu|=1 J|w|=1
HGHEGH
=—— 11— - 2——1.
qq" q q

Assume that |v| < 1 and |u| < 1. Then we have |u £+ v| < 1 and thus max{|z|, |t|} = 1.
Since |uv — D(z? — t?)| < 1 it follows that |22 — 2| < 1. So we have |z| = [t| = 1. Put
c=c(z,u,v) = 22 —uvD~!. Then ¢ € R*? (since |[uvD~!| < 1). Dividing by D, we have

1

i luv — D(2* — t%)| = |c — t?|.
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Applying Lemma 1.0, the contribution from this subset is equal to

/ / / / dtdzdvdu = iz% ( — l)
lul<1 Jjv|<1 J|z|=1 J |c—t2|=q— q

Adding the contributions from |v| =1 and |v| < 1 we obtain

2 2 2

1 1 11 1 1 1 2 1
vol(V,) = — (1——) +o= (1——) (2——) o (1——)
q" q qq"” q q 7 q" q
2
1 1 2 1
LAY (a2 ),
q" q a 4q

The lemma follows. O

Proof of Theorem 1. We are now ready to complete the proof of Theorem I in the isotropic
case. Recall that we need to compute the value at s = 0 (m = —2) of IY (r, D). Here
IY (r, D) coincides with the sum

[e.9]

> (=g vol(V;)(x, D))

n=0

which converges for m > —1 by Proposition 1 or alternatively by Lemmas I.1-1.3. The value
at m = —2 is obtained then by analytic continuation of this sum.
Case of Lemma 1.1. The integral I} (r, D) is equal to

vol(V) — ™ vol(V?) + 3 (=1)"q ™™ vol(V?)

-1
1 1 1 1\ 1 1 1 1
=1--—=(1-2= 2—1——)——1—2(1——)(1+—)q_2(m+1)(1+—) .
q q( q)( q) qm q q gmt!

When m = —2, this is

1 1 1 1 1\ ¢?
l———q(2—=-—=5 ) +2(1—-=)[1+= =0.
q q q q q) 1+q

Case of Lemma 1.2. The integral I (r, D) is equal to

vol(VY) — ¢~ ™ vol(V}?) + ¢~ 2™ vol(V) + Z(—l)”q_"m vol(VY)
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1 1 1 \!
—2 (1 — —) (1 + —) g 3m+1) (1 + m—+1> .
q q q

When m = —2, this is

Once simplified this is equal to 0.
Case of Lemma 1.3. The integral IY (r, D) is equal to

-1
1 1 2 1 1
=1-=—(1-= 1+—+—)q<m“>(1+ ) .
q? ( q)( qg q? gmtt

When m = —2, this is

The theorem follows. O

CHARACTER COMPUTATION FOR TYPE II

For the #-conjugacy class of type II, represented by g = ¢ - diag(r, s, s, r), the product

air O 0 asDr 0 0O 0 1 t
¢ _ 0 bis byADs 0 0 0 1 0 z
vgJv = (t,z 2,y) 0 bys bis 0 0 -1 0 O T
asr 0 0 ar -1 0 0 O Y

is equal to
—t2ayDr — 2%by ADs 4 12bos + y2aor = bos(2? — y?r’ — 22AD + t>Dr').

Here a; + agv/D € E (Ey = F(V/D)) and by + bovVAD € ES (Ey = F(VAD)), and
r’ = —agr/bys. As r ranges over a set of representatives for F* /N, ,pE (and s for
F*/Ng,,rE5), we may rename r’ by r.

Thus, by Corollary 1, we need to compute the value at s = 0 of the product of
b1

PD()? - AD) 2

az

Xy (ba8) |~ 4 DVAI((1)? = (3
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and the value when r is r’ and Q = 22 — ry? — AD2? + rDt? of the integral

1(,4,0) = [ QP x(@dadydit.
VO

The property of the numbers A, D and AD that we need is that their square roots gen-
erate the three distinct quadratic extensions of F'. Thus we may assume that {A, D, AD} =
{u,m,ur}, where u € R* — R*?. Of course with this normalization AD is no longer the
product of A and D, but its representative in the set {1,u,m, ur} mod F*2. Since r ranges
over a set of representatives for F*/Ng, ,pE7, it can be assumed to range over {1,7} if
D = u, and over {1,u} if |D| = |m|.

In this section we prove

II. Theorem. When Y/F is unramified, the value of
Xy (bos)[Ar DV A|TY (v, A, D) /(TY $o)(vo)

at s =0 is —2xy (b2s)d(Y, Es).

Recall that Es = F(v/A). As usual, §(Y, E3) is 1if Y = E3 and 0 if Y # Fs.

The meaning of this result is that the twisted character of 7y on elements of tori of type
IT relates to values of the trivial character on Cy (F'), Y = Ej3, on the torus which splits
over E. It does not relate to such values on Cy/(F), Y’ # FEs.

To prove this theorem we need some lemmas.

Recall Theorem 6.26 and Theorem 6.27 of the book “Finite Fields” [LN] by Lidl and
Niederreiter:

Lemma (FF). Let f(x1,x2,...,2,) be a quadratic form in n variables. Let n be the qua-
dratic character of Fq : its value on F)? is 1, on F)* —Fx? its value is —1, and n(0) = 0.
The number of solutions in Fy of the quadratic equation f(z1,xs2,...,x,) =b (b € Fy) is as
follows.

(1) If n is an odd integer, the number is

¢+ g (- 1) Db det(f)).
(13) If n is even, then putting v(b) = —1 if b # 0, and v(0) = q — 1, the number is
"~ 4 0(b)g" P 2n((—1)"2 det(f))-

Here det(f) is the determinant of the symmetric matriz representing the quadratic form
f(l'l, T2y ouny .fI?n>
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I1.0. Lemma. The quadratic form x® — ry? — ADz? 4 rDt? takes one of siz forms:
22—y +w(t? —uz2?), 2% —uy? +un(t? — 22), 22 — y? + ut? —umwz?, 22 — y? — uz? + w2,
22 —my? +um(t? — 22), 22 — uy? — uz? +umwt?, where u € R* — R*2. It is always isotropic.
Proof. (1) If E1/F is unramified then D = u where v € R* — R*2. The norm group
NEl/FE1X is m?2R*. Sor =1 or  and A = . We obtain two quadratic forms: z2 — y? —
umz? + ut?, and 22 — wy? — umw(z? — ?).
(2) If Ey/F is ramified then D = 7 and Ng, ;pE{ = (—=D)?R*?. Then r = 1 or u, and
A = wuorumr. Note that if A = umr we take AD = u. We obtain the following quadratic forms:
ifr =1, A =wu we have 22 —y? —mw(uz? —t?); if r = 1, A = um we have 2? —y? —uz? +mt?; if
r = u, A = u we have 22 —uy? —um(z? —t2); if r = u, A = um we have % —uy? —uz? +unt.
The proposition follows. O

The set VO = V/ ~, where V = {v = (2,9, 2,t) € RY; max{|z|,|yl, |z|, |t|} = 1} and ~ is
the equivalence relation v ~ av for « € R*, is the disjoint union of the subsets

V2 =V2(r,A,D)="V,(r,A D)/ ~,

where

Vo = Vi(x, 4, D) = {vsmas{fal, lyl 21, ]} = 1, |2 — vy — AD2* +xDe| = 1/g"},
over n > 0, and of {v;z? —ry? — ADz? + rDt? = 0}/ ~, a set of measure zero.

Since Y/F is unramified, the integral IY (r, A, D) is equal to

oo

> (=1)"g " vol(V)(r, A, D)).

n=0

The problem is then to compute the volumes
vol(V2(x, A, D)) = vol(Vi (v, A, D))/(1 - 1/g)  (n>0).

Choose u to be a non square unit. In Lemmas I1.1 and 11.2, E3 = F(v/A) is unramified
over F'.

I1.1. Lemma. When the quadratic form is x* — y? + w(t?> — uz?) (thusr = 1, A = u,
D =7 up to squares), we have

1-1/q, ifn =0,
vol(Vy) = { 2/q¢—1/¢° + 1/, ifn=1,
2¢7™(1 —-1/q), ifn > 2.

Proof. In our case

Vo = {(z,y, 2, t); max{|a], [yl |2], [t]} = 1, [2* — y* + 7(t* —w®)| = 1}.
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This is the same case as that of Lemma [.1. The volume is then

vol(Vp) = (1 _ 5)2

Consider the case of V,, with n > 2. If |z| = 1, then put ¢ = c(x,t,2) = 2% + w(t* — uz?).
Since |m(t? — uz?)| < 1, we have c(z,t,2) € R*?, and we can apply Lemma 1.0. Thus we
obtain

2
1\ 2 1 2 1

/ / / / dyd:l:dzdt:(l——)—(l——):—(1——) .
t1<1 J]2[<1 2| =1 J e—y?|=g—n a/ a q q" q

If |z| < 1 it follows that |y| < 1. Thus max{|z|, |#|} = 1. Since t* —uz? does not represent
zero non trivially, we have [t? — uz?| = 1, which is a contradiction. Thus

vol(V,) = = (1 - 1)2.

q" q

Consider the case of n = 1. Note that in this case |z? — y?| < 1.
(A) Case of [t? — uz?| < 1. Since t? — uz? does not represent zero non trivially, it follows
that |z| < 1, |[t| < 1. Thus |m(t? — uz?)| < 1/¢%, and

Vi = {(z,y,2t); max{|z|, |y|} = 1, |2* — y*| = 1/q}.

Applying Lemma 1.0, the contribution of this case is

1 1) 2 1
/ / / / dydzdidz = — (1 — —) — (1 — —) .
|z|<1 J|t|<1 J|z|=1 J |22 —y?|=q~ ! q q/) 4 q

B1) Case of t2 - ’LLZ2 =1 and 132 — 92 <1 q. Since t2 - UZ2 does not represent Zero non
Yy
trivially, we have

1 1
// dzdt:/ / dzdt—i—/ / dzdt:(l——) (1—1——).
[t2 —uz2|=1 [t|=1J]z|<1 [t|<1 J|z|=1 q q

Furthermore,

1Y\ 2 1
// d:l:dy:/ / dyd:l:+/ / dydx:(l——>—2+—2.
|22 —y?|<1/q? |z|=1 J]z?—y?|<1/q? lz]<1 Jy|<1 1/ 4 q

Thus the contribution of this case is equal to

(=) ()00 )
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(B2) Case of [t? —uz?| =1 and |22 —y?| =1/q. Set w =2 —y, v =z +y (dwdv = dxdy).

Then |wv| = 1/q and |wv + 7(t? — uz?)| = 1/q, and the contribution of this case is (there
are two integrals that correspond to |w| =1, |v| = 1/q and |w| = 1/q, |v] = 1):

2// / / dwdvdtdz.
[t2—uz2|=1 J|v|=1/q J |w|=1,|lwv+7 (t2—uz2)|=1/q

Since |(t? — uz?)(v/m)~!| = 1, we have that w # 0, —(t*> — uz?)(v/m)~! (mod m). So, the
above integral is equal to

{(-D0-Di0-D6-3)

Adding the contributions from Cases (A), (B1), and (B2) (divided by (1 — 1/q)), we

obtain
2 1 1 1 2 2 1 2
= 2 (1= 1) (102 (3-2) 2 (1- 1) (1-2).
q q q q q q q q

Once simplified this is equal to 2/q¢ — 1/¢*> + 1/¢®. The lemma follows. O

I1.2. Lemma. When the quadratic form is x* — uy® + un(t?> — 2%) (thusr = u, A = u,
D =7 up to squares), we have

1+1/q, ifn=0,
vol(V,)) = ¢ a72(1 = 1/g), ifn=1,
2¢~ ("t (1 - 1/q), ifn > 2.

Proof. Consider the case of n = 0. Then
Vo = {(2,y, 2, t); max{|z], [y], |2], [t} = 1, [2* — ug® +um(t® = 2%)| = 1}.

2 — uy? does not represent zero non trivially, we have

Since zx
1= |2 —uy® + ur(t® — 2°)| = |2® — uy®| = max{|z], Jy|}.

We obtain

1 1 1 1 1
VOl(Vo):/ / dyd:l:—i—/ / dyder =1——+— (1__) — (1__) (14__).
|z|=1 J]y|<1 |z|<1 J|y|=1 q q q q q

Consider the case of n = 1. Then

Vi = {(z,y, 2, t); max{|z|, |yl [2], [t} = 1, [2* — uy® + um(t® - 2*)| = 1/q}.
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If max{|z|,|y|} = 1, then |2? — uy?| = 1. It implies that |z| < 1, |y| < 1, and |22 — uy?| <
1/g*. The contribution from this subset is equal to

1
/ / / / dtdzdydr = — / / dzdt + / / dzdt
lz|<1 Jy|<1 [t2—22|=1 q [t|=1 J[t2—22|=1 [t|<1 J]z|=1
2
1 1 2 1 1 1 1
S IGHICHEICh R
q q q q q q q

Consider the case of n > 2. Then

Vo = {(z,y, 2,); max{lz], [yl, ||, |t} = 1, |o* — uy® + um(t® = 2%)| = ¢7"}.

If max{|z|,|y|} = 1 then |2 — uy?| = 1, which is a contradiction. Hence |z| < 1, |y| < 1,
and max{|z|,|t|} = 1. The latter implies that |z| = |t| = 1. Dividing by umr, we have

Vi ={(x,y,2,t); || <1, ly| < 1, |z| =1, |t| =1, |z2—t2—|—7r((y/7r)2—u*1(x/7r)2)\ = qlfn}.

Applying Lemma 1.0 (with ¢ = 2% + w((y/m)? — u=(z/7)?)), its volume is equal to

1 2 1\ 2
/ / / / didzdydr = -5 = (1_ _) .
lz|<1 J|y|<1 J|z|=1 J[c—t2|=q " q°q q

Dividing by (1 — 1/q) we obtain the vol(V,?). The lemma follows. O
I1.3. Lemma. When the quadratic form is ? — y? + ut®> — umz? or 2% — y? — uz? + wt?,
we have
1, ifn =0,
vol(V)) =% 1/g, ifn=1,
¢ (1-1/¢%), if n>2.

Proof. Since the quadratic form x? — y? — uz? +wt? is equal to —(y? — 2% + uz? — wt?), the
computations for this form are identical to those of 22 — y2 + ut? — umwz2.
Consider the case of n = 0. Then
VO = {(w,y,z,t); max{|x|, |y|7 |Z|7 |t|} = 17 |.1,‘2 - y2 + th - Uﬂ-22| = 1}

We have the following three cases.
(A) Case of |t| < 1. Tt follows that |z? — y?| = 1. The contribution of this case is

1
[ [ ], aytsras =L [ [ [ awe| ] dydx]
|z|<1 Jt|<1 |z2—y2?|=1 q |z]=1 J|z2—y2?|=1 |z|<1 Jy|=1
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0D 22020

(B1) Case of |t| = 1, |[#% — y?| < 1. The contribution from this case is equal to (we apply

Lemma 1.0):
/ / / dydzxdt + / / / dydzdt
[t|=1J|z|=1 J]|zZ—y2|<q—1 [t|=1J]|z[<1 J|y|<1
2 1\° 1 1 1\ /2 1
—Z(i-2) w5 (-2 )=(1-2)(2-5).
q q q q q q q

(B2) Case of |t| =1, |22 —y?| =1. Set w =2 —y, v =+ y. Then |w| = |v| = 1 and also
|ut?>w™1] = 1. Thus the contribution from this case is given by the integral

2
/ / / dvdwdt = (1 — 1) (1 — g) .
[t|=1 J|w|=1 J |v|=1,|lwv+ut?|=1 q q

Adding the contributions from Cases (A), (B1), and (B2) (divided by (1 — 1/q)), we

obtain
1 1 2 1 1 2
=L (11 2 L (11 (1-2)
q q q q q q

Consider the case of n > 2. We have the following three cases.

(A) Case of |z| < 1. Since the quadratic form y? — ut? does not represent zero non trivially,
we have that |y? — ut?| = 1 if and only if max{|y|, [t|} = 1. It implies that |y| < 1, |t| < 1,
and thus |22 — y? + ut? — um2?| = |w2%| = 1/q, which is a contradiction.

(B1) Case of |z| = 1, |t| < 1. The contribution from this case is given by the following
integral (we apply Lemma 1.0):

1 1)\ 2 1
/ / / / dydxdzdt = — (1 — —) — (1 — —) .
[t|<1 J|z|<1 J|z|=1 J|(z22+ut?2 —umz2)—y2|=q—" q q/ q q

(B2) Case of |z| =1, |[t| = 1. Set w =2 —y, v = x +y. Then we have that |w| = |v| =1,
and from |wv + ut? — umz?| = ¢, we have

1
w=u(rz? — vt fev ", dw = —de, le] = 1.
q

The volume of this subset is given by

/ / / / dwdvdtdz
|2|<1 J|t|=1 J|v|=1 J|w|=1,|vwtut2—urz2|=¢—"
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1 2 3
UL
q |5|:1qn q" q

Adding the contributions from cases (A), (B1), and (B2) (divided by (1—1/q)), we obtain

2 1\ 1 1\? 1 1\ 1
i) =2 (1o L () () L
q q) q" qa) q" q) q"

Consider the case of n = 1. We have the following three cases.

(A) Case of |z| < 1. Since the quadratic form y? — ut? does not represent zero non trivially,
we have that |y — ut?| = 1 if and only if max{|y|, [t|} = 1. Hence |y| < 1, |t| < 1, and thus
|z| = 1. The volume of this subset is equal to

1
/ / / / dzdtdydxr = (1 - —) )
lz|<1 J|y|<1 J|t|<1 J|z|=1

(B1) Case of |z| =1, |t| < 1. Applying Lemma 1.0, we have

2 1
/ / / / dyd:z:dzdt (1 — —) — (1 — —) .
[t|<1 J|2z|<1 Jz|=1 J|(z2+ut?2 —umrz2)—y2|=q— q q

(B2) Case of |z| =1, [t| = 1. Set w =2 —y, v =z +y. We have that |w| = |v| = 1, and we
arrive to the same case as that of n > 2 (with n = 1). The contribution is

3
1 1
S(1-2)
q q

Adding the contributions from cases (A), (B1), and (B2) (divided by (1—1/q)), we obtain

2 1 1 1\? 1
I—=-)+=(1-2) ==,
q q q q

The lemma follows. 0

1
+

0y _
VOl(Vl ) = q—3

»Qw|

I1.4. Lemma. When the quadratic form is x? — wy? + un(t® — 22), we have

1, ifn =20,
vol(V,)) =% 1/4, ifn=1,
g (1 -1/¢), if n>2.

Proof. Consider the case of n = 0. Then

Vo = {(z,y, 2,t); max{la[, [yl [2], [t]} = 1, [2* — 7y* + um(z® — %) = 1}.
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Obviously we have
1
vol(Vp) = / de =1——.
|z|=1 q

Consider the case of n > 2. It follows that |z| < 1, and dividing by 7, we have
Vo = {(z,y, 2,t)y max{lyl, || |t]} = 1, [o] <1, |2* = #* + uy® —um(z/m)*| = ¢' "},
This case is the same as that of Lemma I1.3. We have that vol(V}V) is the product of 1/q

and the vol(VY_,) of Lemma II1.3, which is equal to ¢~ (1 — 1/¢?)g~ "~V = (1 — 1/¢%)q™ ™.
Consider the case of n = 1. Then

Vi = {(z,y, 2, t); max{la], y|, [2], [t]} = 1, [2* — wy* + um(2* — )| = 1/q}.
It follows that |x| < 1, and dividing by &, we have
Vi = {(z,y,2,t); max{ly|, [2], [t} = 1, |2 <L, [z* — t* + wy” + um(z/m)*| = 1/q}.

The volume of this subset is the volume of V4 of Lemma I1.3 multiplied by 1/q. The lemma
follows. O

2

I1.5. Lemma. When the quadratic form is x? — uy? — uz? + umt?, we have

17 an: O,
vol(V,)) =% 1/4, ifn=1,
g "(1-1/¢%), if n>2.

Proof. If —1 € R*?, the form is —u(y? + 22 — u~'2? — wt?), and its integral has already

been considered in Lemma I1.3. Thus we can take u = —1, so the form is 2 + 32 + 22 — wt2.
Lemma (FF) implies that equation 2% + 2 + x5 = 0 in three variables, has ¢ solutions
over [F,.

Consider the case of n = 0. Then
Vo = {(z,y, 2, t); max{|z|, [y, |2], [t]} = 1, [2° +y* + 2% —7wt?| = 1},

namely Vo = {(z,y, 2,t); |2% + y? + 22| = 1}. By Theorem 6.27 of [LN], we have

1
/// dxdydz = —.
|z2+y2+22|<1 q
Hence
1
vol(Vp) = / /// drdydzdt =1 — /// drdydz =1 — ~.
lt]<1 lz2+y2+22]=1 |22 +y2+22|<1 q
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Consider the case of n > 2. Any p-adic number a such that |a| <1 can be written (not
uniquely) as a power series in 7:

oo
a:Zami:ao—i—aﬂr—i—agnQ—f—..., a; € R.
i=0
If |a] = 1/¢™ we may assume that ap = a1 = - = a,—1 =0 and a,, # 0. We can write

[ee] o o o
T = g T, oy = E Yy, oz = g Zziwt, t= E timt.
i=0 i=0 i=0 i=0

Their squares are

o0 o0 o0 oo
z? = E amt, Y= E b, 2= E e, 2= E d;m",
i=0 i=0 i=0 i=0
where

@i =Y wiwi g, b= Uil =3 zzij, di=> titij,
Jj=0 Jj=0 Jj=0 Jj=0

and z;, yi, 2, ti, ai, b, ¢;, di € R.
We have

oo
2? +y? + 22 —wt? :Zfﬂri, fi € R,
i=0

where fo = ag+bo +co, fi = a; +b; +¢; —d;_1 (1 > 1). Since |2? +y? + 22 —«wt?| = 1/q"
we may assume that fo = f1 = ... = f,,_1 = 0 and f, # 0. Thus we obtain the relations
(modulo )

a0+b0+00:0, ai+bi+ci—di_1:0(i:1,...,n—1), an+bn+cn—dn_17é0.
If ag = by = ¢p = 0, it follows that xo = yo = 20 = to =0 (ie. |z| <1, |yl <1, |z]| < 1).
Then a; = 2130131 = 0, b1 = 2y0y1 = O, C1 = 22021 = 0, and thus d() = a1 + b1 +c = O,

i.e. |t| < 1. This is a contradiction, since max{|z|, |y, |z|, |t|} = 1. Assume that ag # 0 (i.e.
x9 #0). From a; +b; +¢; —d;—1 =0 (i =1,...,n — 1) it follows that (since zy # 0)

i—1 n—1
xXr; = (di—l — bz — C; — Zl’j&?i_j>/(2$o), In 7§ (dn—l — bn — Cp — ija:n_j)/@xo),
j=1 j=1

where in the case of ¢ = 1 the sum over j is empty. Thus, we have

1 n—1 1
/ / // dydzdtdr = (—) (1 — —) )
|z|=1J|t[<1 |z2+y2+22 —7t2|=q—" q q
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Applying Lemma (FF), we have

1
/// dxdydz——(——).
lz2+y?+22|<1, max{|z|,|y|,|z|}=1 q
1 1 1 1 1\ 1
= L (e L= () (i) L
( ) qn_l ( q) q3 (q ) q q2 qn

Consider the case of n = 1. Recall that

Thus

Vi = {(z,y, 2, t); max{|z|, |y|, [2], [t} = 1, [2* + y° + 2° —wt?| = 1/q}.

We consider two cases.

(A) Case of max{|z|,|y|, ||} < 1, ie. |z| <1, |y| <1, |z] <1, and, consequently, |t| = 1.
The contribution from this case is

1
/ / / / dtdzdydr = —3 (1 - —)
lz|<1 J|y|<1 J|z|<1 J|t]=1

(B) Case of max{|z|, |y|, |z|} = 1. This is the same as case n > 2 (with n = 1). It contributes

1—g¢ Hg(1—q72).
Adding the contributions from Cases (A) and (B) (divided by (1 —1/q)), we obtain

1 1 1 1
vol(V? :—+—(1——):—.
(1) qg q

The lemma follows. 0

Proof of Theorem II. We are now ready to complete the proof of Theorem II. Recall that
we need to compute the value at s = 0 (m = —2) of the product

Xy (b28)[4rDVA|IY (x, A, D) /(TY ¢)(vo).

Here IY (r, A, D) is equal to the sum

[&.9]

> (=) vol(V,)(x, D))

n=0

which converges for m > —1 by Proposition 1 or alternatively by Lemmas I1.1-11.3. The
value at m = —2 is obtained then by analytic continuation of this sum.
Case of Lemma I1.1. We have |[4rD+/A| = 1/q, and the integral I (r, A, D) is equal to

vol(V) — ™ vol(V?) + 3 (=1)"q ™™ vol(V?)
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—1
1 2 1 1)\ 1 1 1
el (2l Y L (1 e (14 )
q (q @ @) qm q gmtt

When m = —2, this is

1 2 1 1 1 2 —2 1
1———q2(———2+—3)+2(1——) 4 :—q(1+—2).
q a 9 q q) 1+q 1+g¢ q
Multiplying by |4rD+v/ A| = 1/q we obtain —2(1+1/¢?)(14q)~!. We are done by Proposition

2.
Case of Lemma I1.2. We have [4rD+v/A| = 1/q, and the integral IY (r, A, D) is equal to

vol(Vy) — g™ vol(V) + ) (=1)"¢ "™ vol(V;?)
n=2

-1
1 1 1\ 1 2 1 1
(Rt
q q q) 4" q q qm
When m = —2, this is
1 1 2 1\ ¢? 2q 1
1+-—-1+-+—-(1—-- =— 14+ 5.
q q q q) 1+q 1+gq q

Multiplying by [4rDv/A| = 1/q we obtain 2(1 +1/¢%)(1 4 ¢)~*.
Case of Lemmas 11.3, 114, IL5. The integral IY (r, A, D) is equal to

S

[&.9]

vol(Vy)) — ¢~ vol(V) + ) (—1)"g~ ™" vol(V;?)
n=2

—1
11 1 1 1
:1———+(1——)<1+—)q—2<m+1>(1+ ) .
qqm q q gmt!

When m = —2, this is

CHARACTER COMPUTATION FOR TYPE III

For the #-conjugacy class of type III we write out the representative g = ¢ - diag(r,r) as

air1 + CLQ’I“QA (al’l“g + ag’l“l)A (blT‘l + bQ’I“QA)D (bl’l“g —+ bg?“l)AD
ai1r2 + asrq airi + QQ’I“QA (blT‘Q —+ bg’l‘l)D (bl’l“l —+ bQTQA)D
b17“1 +b27’2A (b17’2 +b27’1)A a1’ +CL27‘2A (asz +a2r1)A
517’2 + b27“1 b17’1 +b27’2A a1re + asry airq +a2r2A
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The product ‘vgJv (where ‘v = (z,y, 2, t)) is equal to
(birg + bory ) (12 4+ 22 A — y*D — 22 AD) + 2(byr1 + baro A) (2t — xyD),
where a1 +asVA € E3 and by +boV/A € E3. The trace is a function of g, and r = 4 +rov/A
ranges over a set of representatives in E;* (Es3 = F(VA)) for EJ /Ng g, E*.
Define the quadratic form Q = Q(x,y, 2,t) to be
rb — 7(rd)
2V A

Set IY (r, A, D) to be equal to

(t* + 22A — y*D — 22 AD) + (rb+ 7(rb)) (2t — 2y D).

/0 \Q!2(s_”><y(@)dxdydzdt.
1%

The property of the numbers A, D and AD that we need is that their square roots generate
the three distinct quadratic extensions of F. Thus we may assume that {A, D, AD} =
{u,m,ur}, where u € R* — R*2. Of course with this normalization AD is no longer the
product of A and D, but its representative in the set {1, u,m, um} mod F*2.

IIL.1. Proposition. (i) If D=u and A=m (or wu) then VA ¢ Ng,p, E* = AZR}.

(i1) If A= and —1 € R*2, and D =7 (or wu) then VA & Ng,p, E* = (—D)2R}>.

(iti) If A=u=—1¢ R*? and D = m (or wu) then there is d € R* with d*+1 € —R*? =
R* —R*2, henced+i € RY — RX? (i=+A) and sod+i € B — Ng/p,E*.

Proof. For (iii) note that R*/{1 + wR} is the multiplicative group of a finite field F of
q elements. There are 1 + 3(¢ — 1) elements in each of the sets {1 + 2?; z € F} and
{—y* y e F}. As2(1+ %(q — 1)) > q, there are z, y with 1 + 22 = —y%. But y # 0 as
—1 € F*2. Hence there is  with 1 + 22 € F*2, and our d exists. 0O

Since r ranges over a set of representatives for E5 /Ng /B, >, by Proposition IIL.1 we

can choose br to be 1 or v/A or d +i. Correspondingly the quadratic form takes one of the
three shapes

t2 + 22A —y?D — 22AD, zt — xyD, or t? — 2% —y?D + 22D + 2d(zt — 2yD).
III. Theorem. When Y/F is unramified, the value of IY (v, A, D) at s =0 is 0.

Proof. Assume that br = VA ¢ Ng g, E, thus [brr(br)D| = |AD|, and the quadratic form
is t?2 4+ 22A —y?D — 22AD. If |A| = 1/q or —1 is a square, we can replace A with —A. The
quadratic form then becomes the same as that of type I. The result of the computation is
0, see proof of Theorem I, case of anisotropic quadratic forms and we are done in this case.
If A= —1,br = d+i € Ng/g, £, the quadratic form is t2—22—y?D+2?D+2d(2t—xyD).
It is equal to X2 —uY? — D(Z? —uT?) with X =t+dz, Y =2, Z =y +dx, T = z and
u=d?+1¢€ R*— R*2. Since |D| = 1/q the quadratic form is anisotropic and the result
of the computation is 0 by the proof of Theorem I, case of anisotropic quadratic forms.
Assume that br = 1, thus |br7(br)D| = |D| and the quadratic form is zt — xyD. Then it
is § times (z +¢)? — (z —t)® — D[(z + y)? — (& — y)?]. Since max{|z|, |y|, |z, t|} = 1 implies
max{|z + y|, |z — y|, |z + t|, |z — t|} = 1, the result of the computation is 0 by the proof of
Theorem I, cases of Lemmas 1.1 and I.3. The theorem follows. 0
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CHARACTER COMPUTATION FOR TYPE IV

For the #-conjugacy class of type IV we write the representative g = t - diag(r,r) (where
t = h=1t*h, t* = diag(a, oo, 03a, 0%a)) as

air1 + CLQ’I“QA (al’l“g + (l2’l“1)A (bllT‘l + bl2T2A)D (bll’l“g —+ b'er)AD
a1y + asry airy + asro A (byro +05r1)D (b + braA)D
b17“1 +b27’2A (b17’2 +b27’1)A a1’ +CL27‘2A (asz +a2r1)A
biry + bary biry + bara A airy + asr airy + asroA

Here E5 = F(y/A) is a quadratic extension of F and E = E3(v/D) is a quadratic extension
of B3, thus A€ F — F? and D =d; + dyVA € Es — E2, d; € F.

If -1 € F*? we can and do take D = /A, where A is a nonsquare unit u if E3/E is
unramified, or a uniformizer « if E3/F is ramified. If —1 ¢ F*2 and E3/F is ramified, once
again we may and do take A = and D = VA.

If -1 ¢ F*? and F3/F is unramified, take A = —1 and note that a primitive 4th root
¢ =i of 1 lies in F3 (and generates it over F'). Then E/Fj5 is unramified, generated by
VD, D = d; + idy, and we can (and do) take dy = 1 and a unit d; = d in F* such that
d>+1¢ F*2 Then D = d+i ¢ E5? The existence of d is shown as in the proof of
Proposition III.1.

Further o = a 4+ bv/D € E*, where a = a; + asvVA € ES, b= by +by/A € EX, and
r=r1+r2VA € EY /Ng/p,E*. The relation bD = b} + byv/A defines b} = bidy + bads A
and bl2 = b2d1 + bldg.

Recall from Corollary 1 that we need to compute

(%) (detg)%g)) /VO I*vgJv|"xy (‘vgJv)dv. (*)

Since det g = ar - o(ar) - o®(ar) - %(ar), we have

YN (et oy WD | lar = 0?(ar)? alar = o*(ar)? |
(,u) (det g) Ac(Ng) |detg aro?(ar) o(ar)o3(ar)
|4br Do (br D)

= [r2(a? — 02D)o(r2(a? — b2D))[*/2”

When s = 0, this is |brDo (brD)]|.
The product *vgJv (where ‘v = (z,y, z,t)) is then equal to

(birg + bory) (12 + 22 A) — (Dyry + bhyry) (y? + 22 A) + 2(byry + borg A)zt — 2(byry + bhyro A)xy.
Since bD = b, + bh\/A, this is

br — o (br)

W(t2 + 22 A) + (br + o (br))zt
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_brD —o(brD)
2V A

Note that r ranges over a set of representatives for E5 /Ng /g, E*, and b lies in E5. As

b is fixed, we may take br to range over E35 /N g, E*.

Further, note that E3/F is unramified if and only if E/FE3 is unramified. Hence br can
be taken to range over {1,7} if E3/F is unramified, and over {1,u} if E3/F is ramified,
where 7 is a uniformizer in F' and w is a nonsquare unit in F', in these two cases. Thus in
both cases we have that o(br) = br, and the quadratic form is equal to br@, where

D —o(D)
2V A

Thus we need to compute the value at s = 0 of the product of |br Do (brD)|, xy (br)|br|2(s—1)
and

(y* + 2®A) — (brD + o (brD))zy.

Q=0Q(x,y,z,t) =2zt — (y* + 2%A) — (D + o(D))zy.

IY(r,A,D) = / Q12 Vxy (Q)dxdydzdt.
1%
IV. Theorem. When Y/F is unramified, the the value of
xy (br)|br |2V br Do (brD)|IY (r, A, D) /(TY ¢0)(vo)
at s =0 is —2xy (br)d(Y, E3).
To prove this theorem we need some auxiliary results.

IV.1. Proposition. Up to a change of coordinates, the quadratic form
D —o(D)
2V A
is equal to either x2 +my? — 2zt or 2 —uy? — 2zt with uw € R* — R*2. It is always isotropic.

Proof. In the cases when D = /A, we have (D) = —D. When D = d+i, oD = d —i.
Thus the quadratic form takes one of the following three shapes

22t — (y* + 2%2A) — (D + o(D))zy

22t — (y* + wa?), 22t — (y* — ux?), 22t — (y* — x°) — 2dxy.
For the third quadratic form we have
22t — (y* — 2°) — 2dzy = (x — dy)* — (d* + 1)y* + 22t
Recall that u = d? +1 € R* — R*2. After the change of variables ' = x — dy, followed by
2’ +— x, the quadratic form is 2% — uy? + 2zt. Change z — —z to get 22 —uy? — 2zt. O

Recall that Y/F is unramified. Then the integral I} (r, A, D) is equal to

oo

> (1)"g " vol(VY (x, A, D)),

n=0

The problem is then to compute the volumes

vol(VO(r, A, D)) = vol(V,(r, A, D)) /(1 — 1/q) (n>0).
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2

IV.2. Lemma. When the quadratic form is z2 — uy? — 2zt, we have

{1+1/q27 if n =0,

VOl(Vn): q*”(l—l/q)(l‘f‘l/qQ)a if n > 1.

Proof. Consider the case of n = 0. Then

‘/0 = {(x7y727t>; max{‘l.’v ‘yyv ‘Z‘, ’t’} = 17 ‘12 - uy2 - QZt’ = 1}

(A) Case of |#? — uy?| =1 and |zt| < 1. The contribution is the product of

1 1
// dxdy = / / dydz —I—/ / dydxr = (1 — —) (1 + —)
|22 —uy?|=1 lz|=1J]y|<1 lz|<1 J]y|=1 q q
// dzdt:/ / dtdz—i—/ / dzdtzl—f—l(l—l):l(Q—l).
|2t| <1 lz|<1 /|t <1 |z|=1 J|t]<1 qa 9 q q q

(B) Case of |22 —uy?| < 1 and |2t| = 1 (i.e. |z] = 1, |t| = 1). Since 2 — uy? does not
represent zero non trivially, the condition implies that |z| < 1, |y| < 1. Thus we obtain

1\2
/ / / / dtdzdydr = — (1 — —) .
lz|<1 J|y|<1 J|z|=1 J|t|=1

(C) Case of |22 — uy?| = 1 and |zt| = 1. In this case, once z, y, and z are chosen, we have
that |[t| = 1, and the condition |2? — uy? — 22t| = 1 implies t # (2 — uy?)/(22) (mod ).
Since || dxdy =1 — ¢~ 2, we obtain

o2 —uy?|=1

1 1 2
// / / dtdzdzxdy = (1 — —2) (1 — —) (1 — —) .
|z2—uy?|=1 J|z|=1 J|t|=1,|22 —uy?+zt|=1 q q q

Adding the contributions from Cases (A), (B), and (C) (divided by (1 —1/q)), we obtain

=3 oe2) -2) e (-2 (- 0+ 0D

Once simplified this is equal to 1+ 1/¢>.
Consider the case n > 1. We have the following two cases.

(A) Case of |z| = 1. Then 22 —uy®—22t = ex™, where |¢| = 1, and t = (2? —uy®—en™)/(22).
Further, dt = ¢~ "de, and the contribution from this case is

1\ 1 1 1\?
/ / / / —dsdzdyda: = (1 — —) —/ de = — (1 — —) .
lz|<1 J|y|<1 J|z|=1 J|e|=1 4" q) 9" Jie|=1 qr q
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(B) Case of |z|] < 1. If |t| < 1, then max{|z|,|y|} = 1, and since 2% — uy? does not represent

zero non trivially, we have that |2? — uy? — 22t| = |22 — uy?| = 1, which is a contradiction,

since n > 1. Hence |t| = 1. We have 22 — uy® — 22t = ex™, where |¢| = 1. Further, from

2 —uy® e,
2t 2t

it follows that |22 — uy?| < 1, and thus |x| < 1, |y| < 1. The contribution from this case is

1 1\* 1
/ / / / —dedtdyd:z; = — (1 — —) —-
le|<1 J|y|<1 J|t|=1 J|e|=1 4" q q q

Adding the contributions from Cases (A) and (B) (divided by (1 —1/q)), we obtain

vol(V9) = (1 - %) (1 - qig) qin

The lemma follows. 0

|z| = = |2? —uy® —en"| < 1,

Proof of Theorem IV. We are now ready to complete the proof of Theorem IV. Recall that
we need to compute the value at s =0 (m = —2) of IY (r, A, D). Since Y/F is unramified,
the integral IY (r, A, D) coincides with the sum

oo

D (=1)"g " vol(V)(4, D))
n=0
which converges for m > —1. The value at m = —2 is obtained then by analytic continuation

of this sum.

Case of x* + wy? — 2zt. Make a change of variables z — 2u~'2/, followed by 2’ + z. Thus
the quadratic form is equal to

—u (2 = t)? — (2 4+ 1) —uz® — umy?).

Note that up to a multiple by a unit, this is a form of Lemma II.3. Since max{|z|,|t|} =1
implies max{|z + t|, |z — t|} = 1, the result of that lemma holds for our quadratic form as
well. In this case E3/F is ramified, and our integral is zero.

Case of 2 — uy? — 2zt. This is the case where E3/F is unramified. By Lemma IV.2, the
integral

1Y (r, A, D) = vol(V) Z " yol(V0)

L] oY (e -1 (-1 -1
TV U E) e )

When m = —2, this is

1+1+(1 1)(1+1) 4 _ 2 (1+1>
q> q ) g+l 1+g¢ )’

The theorem follows by Proposition 2. OJ

is equal to
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